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Remarks

Remarks

Last chapter we discussed sequential events and the value of using a probability tree diagram
to represent the sample space. Recall that:

Tree diagrams capture sequential nature.

Probabilities for first branch are prior probabilities.

Probabilities of all other subsequent branches are conditional probabilities.

Probability of an outcome is obtained by product of all tree probabilities leading to it.

The probabilities on the branches leaving any node must sum to 1.

The probabilities of all the terminal leaves of the tree must sum to 1.

Examples 2.3 and 2.4 Yates/Goodman
To be discussed in class
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Example 2.3 Problem

Suppose you have two coins, one biased, one fair, but you don’t know

which coin is which. Coin 1 is biased. It comes up heads with probability

3/4, while coin 2 comes up heads with probability 1/2. Suppose you pick

a coin at random and flip it. Let Ci denote the event that coin i is picked.

Let H and T denote the possible outcomes of the flip. Given that the

outcome of the flip is a head, what is P[C1|H], the probability that you

picked the biased coin? Given that the outcome is a tail, what is the

probability P[C1|T ] that you picked the biased coin?



Example 2.4 Problem

In the Monty Hall game, a new car is hidden behind one of three closed doors while a
goat is hidden behind each of the other two doors. Your goal is to select the door that
hides the car. You make a preliminary selection and then a final selection. The game
proceeds as follows:

• You select a door.

• The host, Monty Hall (who knows where the car is hidden), opens one of the two
doors you didn’t select to reveal a goat.

• Monty then asks you if you would like to switch your selection to the other unopened
door.

• After you make your choice (either staying with your original door, or switching
doors), Monty reveals the prize behind your chosen door.

To maximize your probability P[C] of winning the car, is switching to the other door
either (a) a good idea, (b) a bad idea or (c) makes no di↵erence?



Counting: Permutations and Combinations

Counting: Permutations and Combinations

An exhaustive list of mutually exclusive events is called the sample space.

Counting possibilities is an important exercise for various processes.

Consider choosing a subset of k items from a total list of n distinct items.

How many possible k-length sequences are there? The answer is that it depends:
If each item is replaced after choosing it from the total list of n possible items, then each selection will
have n possibilities. Thus, the total number of k-length sequences is

n × n × · · · × n (i.e. k times) = nk .

If, however, each item can only be chosen once without replacement, then the first item will have n
possibilities; the second will have n − 1 possibilities; the third will have n − 2 possibilities, etc.; and the
k-th item will be chosen from the remaining n − (k − 1) items. Thus, the total number of possible
k-length sequences is

n × (n − 1)× (n − 2)× · · · × (n − (k − 2))× (n − (k − 1)) =
n!

(n − k)!

△
= (n)k

where n! = n × (n − 1)× (n − 2)× · · · × 3× 2× 1.
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Counting: Permutations and Combinations

Counting: Permutations and Combinations

How many ways are their to select k distinguishable items in order from n?

This is an interpretation of the n! divided by (n − k)!
n! is the total number of possible arrangements for an n-length sequence.

For any fixed set of values for the first k items in the n-length sequence, note that the last (n − k)
items can be in (n − k)! different orders.

Thus, by taking the ratio n!/(n− k)! we obtain simply the total number of possible k-length sequences.
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Counting: Permutations and Combinations

Example: Counting of Permutations and Combinations

How many ways can k = 2 of n = 4 items A,B,C ,D be chosen with replacement?
The answer is nk = 42 = 16.

A tree diagram can be used to keep track as in figure: the first item has four choices indicated
by the first four branches emerging from the initial node. The second item only has 3 choices.
Thus, the total number of k = 2 length sequences is 4× 3 = 12; namely,

=⇒
AB BA CA DA
AC BC CB DB
AD BD CD DC
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Counting: Permutations and Combinations

Example: Counting of Permutations and Combinations

Continuing discussion of example: n = 4 items A,B,C and D

Regarding interpretation of the n! divided by (n − k)!, note that the total number
of n = 4 length sequences is n! = 4! = 4 · 3 · 2 · 1 = 24.

Can you see how to modify the tree diagram to show all 24 sequences?

For any fixed set of values for the first k = 2 items in a n = 4 length sequence, the
last (n − k) = (4− 2) = 2 items have (n − k)! = 2! = 2 possibilities.

For example, all 4-length sequences starting with AB are given by {ABCD,ABDC};
All 4-length sequences starting with CB are given by {CBAD,CBDA}; etc.
By taking the ratio n!/(n − k)! = 24/2 = 12 we obtain the precise number of n = 4-length
sequences whose beginning k = 2 letters yield the set of all k = 2-length sequences once.
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Counting: Permutations and Combinations

Example: Counting of Permutations and Combinations

Continuing the discussion of n = 4 items A,B,C and D:

Our sequence list counts all arrangements (or permutations), i.e. we’re treating sequence AB as
different from BA, and sequence AC as different from CA, and so on; i.e.

# k-length permutations of n items =
n!

(n − k)!
.

Suppose we don’t care about the order, but only the combination (or set) of items, where sequences
such as AB and BA are treated as the same outcome?

Given k items there are k! such possible arrangements. Thus, a count of the total number of k-length
combinations is obtained by dividing the total number of k-length permutations, i.e. n!/(n − k)!, by
the number of possible ways to arrange k items, i.e. k!:

# k-length combinations of n items =
n!

k! · (n − k)!

△
=

(n
k

)
For n = 4 andk = 2,

(4
2

)
= 6. A set determines its complement and this implies

(n
k

)
=

( n
n−k

)
.
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Example 2.5 Problem

Choose 7 cards at random from a deck of 52 di↵erent cards. Display

the cards in the order in which you choose them. How many di↵erent

sequences of cards are possible?



Example 2.10 Problem

There are four queens in a deck of 52 cards. You are given seven cards at

random from the deck. What is the probability that you have no queens?



Example 2.11 Problem

There are four queens in a deck of 52 cards. You are given seven cards

at random from the deck. After receiving each card you return it to the

deck and receive another card at random. Observe whether you have not

received any queens among the seven cards you were given. What is the

probability that you have received no queens?



Binary Sequences

Binary Sequences

An n-length binary sequence is a sequence of binary digits bi ∈ {0, 1}, i = 1, 2, . . . , n,
sometimes written as a string b1b2 · · · bn or as (b1, b2, · · · , bn).

Binary digits are sometimes referred to as “bits” for short.

Binary sequences are used often to model various types of sequential experiments where
each subexperiment outcome is one of only two possibilities. For example,

Series of repeated coin flips, each flip yielding a heads or tails outcome.

Series of repeated tests, each test resulting in a pass or fail.

Series of repeated attempts, each attempt classified as a success or failure.

Series of signal transmissions, each either a +A amplitude signal or −A amplitude.

etc.
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Binary Sequences

Binary Sequences: Example 2.17

Example 2.17: For five subexperiments each producing a binary output bi ∈ Ssub = {0, 1},
i = 1, 2, . . . , 5 what is the number of observation sequences (b1, b2, b3, b4, b5) in which 0
appears twice and 1 appears three times?

Trying to list all possibilities and counting will work in this case, but is tedious and not scalable. Let’s
see if we can reach a solution using what we’ve learned about counting.

Consider one such binary sequence, say 10110. Let’s label each digit in the sequence using letters
A,B,C ,D and E as pointers to keep track:

10110
<latexit sha1_base64="oqNV7z9ixo/xXqc5Mza3Ceo9Ik4=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU0lEqMeiF48V3LbQLiWbZtvQbHZJskJZ+hu8eFDEqz/Im//GtN2Dtj4YeLw3w8y8MJXCWIy/vdLG5tb2Tnm3srd/cHhUPT5pmyTTjPsskYnuhtRwKRT3rbCSd1PNaRxK3gknd3O/88S1EYl6tNOUBzEdKREJRq2TfIIJwYNqDdfxAmidkILUoEBrUP3qDxOWxVxZJqkxPYJTG+RUW8Ekn1X6meEpZRM64j1HFY25CfLFsTN04ZQhihLtSlm0UH9P5DQ2ZhqHrjOmdmxWvbn4n9fLbHQT5EKlmeWKLRdFmUQ2QfPP0VBozqycOkKZFu5WxMZUU2ZdPhUXAll9eZ20r+oE18nDda15W8RRhjM4h0sg0IAm3EMLfGAg4Ble4c1T3ov37n0sW0teMXMKf+B9/gA2Ro2f</latexit><latexit sha1_base64="oqNV7z9ixo/xXqc5Mza3Ceo9Ik4=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU0lEqMeiF48V3LbQLiWbZtvQbHZJskJZ+hu8eFDEqz/Im//GtN2Dtj4YeLw3w8y8MJXCWIy/vdLG5tb2Tnm3srd/cHhUPT5pmyTTjPsskYnuhtRwKRT3rbCSd1PNaRxK3gknd3O/88S1EYl6tNOUBzEdKREJRq2TfIIJwYNqDdfxAmidkILUoEBrUP3qDxOWxVxZJqkxPYJTG+RUW8Ekn1X6meEpZRM64j1HFY25CfLFsTN04ZQhihLtSlm0UH9P5DQ2ZhqHrjOmdmxWvbn4n9fLbHQT5EKlmeWKLRdFmUQ2QfPP0VBozqycOkKZFu5WxMZUU2ZdPhUXAll9eZ20r+oE18nDda15W8RRhjM4h0sg0IAm3EMLfGAg4Ble4c1T3ov37n0sW0teMXMKf+B9/gA2Ro2f</latexit><latexit sha1_base64="oqNV7z9ixo/xXqc5Mza3Ceo9Ik4=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU0lEqMeiF48V3LbQLiWbZtvQbHZJskJZ+hu8eFDEqz/Im//GtN2Dtj4YeLw3w8y8MJXCWIy/vdLG5tb2Tnm3srd/cHhUPT5pmyTTjPsskYnuhtRwKRT3rbCSd1PNaRxK3gknd3O/88S1EYl6tNOUBzEdKREJRq2TfIIJwYNqDdfxAmidkILUoEBrUP3qDxOWxVxZJqkxPYJTG+RUW8Ekn1X6meEpZRM64j1HFY25CfLFsTN04ZQhihLtSlm0UH9P5DQ2ZhqHrjOmdmxWvbn4n9fLbHQT5EKlmeWKLRdFmUQ2QfPP0VBozqycOkKZFu5WxMZUU2ZdPhUXAll9eZ20r+oE18nDda15W8RRhjM4h0sg0IAm3EMLfGAg4Ble4c1T3ov37n0sW0teMXMKf+B9/gA2Ro2f</latexit><latexit sha1_base64="oqNV7z9ixo/xXqc5Mza3Ceo9Ik4=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU0lEqMeiF48V3LbQLiWbZtvQbHZJskJZ+hu8eFDEqz/Im//GtN2Dtj4YeLw3w8y8MJXCWIy/vdLG5tb2Tnm3srd/cHhUPT5pmyTTjPsskYnuhtRwKRT3rbCSd1PNaRxK3gknd3O/88S1EYl6tNOUBzEdKREJRq2TfIIJwYNqDdfxAmidkILUoEBrUP3qDxOWxVxZJqkxPYJTG+RUW8Ekn1X6meEpZRM64j1HFY25CfLFsTN04ZQhihLtSlm0UH9P5DQ2ZhqHrjOmdmxWvbn4n9fLbHQT5EKlmeWKLRdFmUQ2QfPP0VBozqycOkKZFu5WxMZUU2ZdPhUXAll9eZ20r+oE18nDda15W8RRhjM4h0sg0IAm3EMLfGAg4Ble4c1T3ov37n0sW0teMXMKf+B9/gA2Ro2f</latexit>

A	 B	 C	 D	 E	

First we identify the number of ways these 5 bits can be shuffled around, i.e. determine the number of
possible permutations.

Clearly, there are 5! = 5 · 4 · 3 · 2 · 1 = 120 possible arrangements.

Next we determine how many arrangements point to exactly the same sequence.

The three ones have pointers A,C and D. These can be rearranged 3! = 3 · 2 · 1 = 6 ways, yet
yielding the same sequence 10110; namely, ACD,ADC ,DAC ,DCA,CDA and CAD.
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Binary Sequences

Binary Sequences: Example 2.17 Cont.

Example 2.17 (Cont.):

More of determining # arrangements pointing to exactly the same sequence:
The two zeros have pointers B and E that can be rearranged in 2! = 2 · 1 = 2 ways, yet yielding the
same sequence 10110; namely, BE and EB.

Thus, there are 3!× 2! = 12 replicas of sequence 10110 among the 5! = 120 total arrangements.

In fact, there are 12 replicas of every sequence containing three 1’s and two 0’s among the 120
arrangements for exactly the same reason.

Dividing by the number of permutations that leave the binary sequence unchanged gives the count of
only the distinguishable arrangements or combinations.

Let the number subexperiments be denoted n = 5, the number of ones be denoted k = 3, and then the
number of zeros is n − k = 5− 3 = 2.

The number of unique sequences with three 1’s and two 0’s is obtained by

# unique sequences
with three 1’s & two 0’s

=

# permutations for
n-length sequence

# permutations resulting
in same sequence

=
5!

3!× 2!
=

120

12
= 10,

in general,

(
# unique sequences

with k ones & (n − k) zeros

)
=

n!

k!× (n − k)!
=

(n
k

)
The binomial coefficient counts the unique n-length binary sequences with k ones (or n − k zeros).
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Binary Sequences

Binary Sequences: Example 2.17 Cont.

Example 2.17 (Cont.):

The 10 unique sequences are

10110 11100 10011 11001 00111
01101 01011 11010 01110 10101.

Since binary sequences can represent many types of n repeated subexperiments, each having
one of two possible outcomes, it is useful to be able to count the number of ways these
trials can lead to k ones (or heads, or passes, or successes, etc.).
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Bernoulli Process

Bernoulli Process

Any experiment with two possible outcomes is known as a Bernoulli process. Examples seen
already include: coin flip (heads/tails), pass/fail testing, etc.

p
<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>

1 � p
<latexit sha1_base64="rsXD9hmUA0t0Gmve251G3OzRpzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3eR9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCy+Y1m</latexit><latexit sha1_base64="rsXD9hmUA0t0Gmve251G3OzRpzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3eR9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCy+Y1m</latexit><latexit sha1_base64="rsXD9hmUA0t0Gmve251G3OzRpzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3eR9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCy+Y1m</latexit><latexit sha1_base64="rsXD9hmUA0t0Gmve251G3OzRpzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3eR9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCy+Y1m</latexit>

Outcome	1	
(0,	tails,	failure,	etc.)	

Outcome	2	
(1,	heads,	success,	etc.)	

Clearly, n repetitions of a Bernoulli process yields an actual or effective binary sequence.
Recall that probability is interpreted as a measure of relative frequency (or fraction)

Thus, if k is the number of 1’s (or heads, successes, etc.) from n independent repetitions of a Bernoulli
experiment then as n → ∞ we expect that

k

n
→ p.
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Bernoulli Process

Bernoulli Process

More on n repetitions of a Bernoulli process yielding binary sequence:
It is reasonable, therefore, if n is large enough to use relative frequency as an estimate of p, i.e. if p is
unknown then it can be estimated via

p̂(b1, b2, . . . , bn) =
# of Outcome 2

# Repetitions
=

k

n
.

The probability of a specific binary sequence with k ones is pk · (1− p)n−k .

(see a probability tree diagram)
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Binomial Process

Binomial Process

Consider an n = 3-length binary sequence b1b2b3 resulting from repeated independent
Bernoulli subexperiments.

Let k be the # of ones in this sequence. Clearly, k ∈ K = {0, 1, 2, 3}.
What is the Pr(k = 0), Pr(k = 1), Pr(k = 2), and Pr(k = 3)?

(see probability tree for sample space)

The sample space is given in the table below.

Outcome Pr(·) k = #ones
000 (1− p)3 0
001 (1− p)2p 1
010 (1− p)2p 1
011 (1− p)p2 2
100 (1− p)2p 1
101 (1− p)p2 2
110 (1− p)p2 2
111 p3 3

=⇒

Clearly, for this example we have

Event k = (·) Pr(·)
0 (1− p)3

1 3(1− p)2p
2 3(1− p)p2

3 p3

Henry Pfister (Duke) Sequential Experiments and Counting Lecture 2 15 / 23



Binomial Process

Binomial Process

Since Pr(k ∈ Kc) = 0, and k ∈ K for every sequence b1b2b3, it follows that

Pr(k = 0) + Pr(k = 1) + Pr(k = 2) + Pr(k = 3)
= (1− p)3 + 3(1− p)2p + 3(1− p)p2 + p3 = 1

(1)

Setting z1 = p, z2 = 1− p, and n = 3 in binomial formula we also obtain (1), i.e.

(z1 + z2)
n =

n∑
k=0

(
n

k

)
zk1 z

n−k
2

(p + 1− p)3 =
3∑

k=0

(
n

k

)
pk(1− p)3−k

1 = (1− p)3 + 3(1− p)2p + 3(1− p)p2 + p3.

Hence, the name “Binomial process” for k .

For the length-n binary sequence b1b2 · · · bn resulting from repeated independent Bernoulli
subexperiments, the probability of k ∈ K = {0, 1, . . . , n} ones in this sequence equals

Pr(k ones) =

(
n

k

)
pk(1− p)n−k
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Example 2.19 Problem

What is the probability P[E2,3] of two failures and three successes in five

independent trials with success probability p.



Example 1.19 Problem

A company has three machines B1, B2, and B3 making 1 k⌦ resistors.

Resistors within 50 ⌦ of the nominal value are considered acceptable. It

has been observed that 80% of the resistors produced by B1 and 90% of

the resistors produced by B2 are acceptable. The percentage for machine

B3 is 60%. Each hour, machine B1 produces 3000 resistors, B2 produces

4000 resistors, and B3 produces 3000 resistors. All of the resistors are

mixed together at random in one bin and packed for shipment. What is

the probability that the company ships an acceptable resistor?



Example 2.20 Problem

In Example 1.19, we found that a randomly tested resistor was acceptable

with probability P[A] = 0.78. If we randomly test 100 resistors, what is

the probability of Ti, the event that i resistors test acceptable?



Example 2.21 Problem

To communicate one bit of information reliably, cellular phones trans-

mit the same binary symbol five times. Thus the information “zero” is

transmitted as 00000 and “one” is 11111. The receiver detects the cor-

rect information if three or more binary symbols are received correctly.

What is the information error probability P[E], if the binary symbol error

probability is q = 0.1?



m-ary Sequences

m-ary Sequences

Consider a trial/subexperiment that can result in only one of m possibilities where
Pr(Outcome i) = pi , i = 1, 2, . . . ,m:

Outcome	1	

Outcome	2	

Outcome	3	
...<latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit>

Outcome	m-1	

Outcome	m	

p1
<latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit>

p2
<latexit sha1_base64="DjS1oOAr1VR/VatzfCTqK/ymJgE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRnUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tevdXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwEEjZk=</latexit><latexit sha1_base64="DjS1oOAr1VR/VatzfCTqK/ymJgE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRnUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tevdXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwEEjZk=</latexit><latexit sha1_base64="DjS1oOAr1VR/VatzfCTqK/ymJgE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRnUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tevdXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwEEjZk=</latexit><latexit sha1_base64="DjS1oOAr1VR/VatzfCTqK/ymJgE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRnUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tevdXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwEEjZk=</latexit>

pm
<latexit sha1_base64="V1WJzDT4J2tV9B+W4wkmQyy8t98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ30kPZUr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AVpwjdQ=</latexit><latexit sha1_base64="V1WJzDT4J2tV9B+W4wkmQyy8t98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ30kPZUr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AVpwjdQ=</latexit><latexit sha1_base64="V1WJzDT4J2tV9B+W4wkmQyy8t98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ30kPZUr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AVpwjdQ=</latexit><latexit sha1_base64="V1WJzDT4J2tV9B+W4wkmQyy8t98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ30kPZUr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AVpwjdQ=</latexit>

pm�1
<latexit sha1_base64="x5v3WmJ4GaLWRhrnabcVTwbb7AU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXBD0WvXisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNkmqCW2RhCe6G2FDOZO0ZZnltKs0xSLitBNN7nK/80S1YYl8tFNFQ4FHksWMYOukjhpk4iKYDao1v+7PgVZJUJAaFGgOql/9YUJSQaUlHBvTC3xlwwxrywins0o/NVRhMsEj2nNUYkFNmM3PnaEzpwxRnGhX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vgkzJlVqqSSLRXHKkU1Q/jsaMk2J5VNHMNHM3YrIGGtMrEuo4kIIll9eJe3LeuDXg4erWuO2iKMMJ3AK5xDANTTgHprQAgITeIZXePOU9+K9ex+L1pJXzBzDH3ifP/uMj1I=</latexit><latexit sha1_base64="x5v3WmJ4GaLWRhrnabcVTwbb7AU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXBD0WvXisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNkmqCW2RhCe6G2FDOZO0ZZnltKs0xSLitBNN7nK/80S1YYl8tFNFQ4FHksWMYOukjhpk4iKYDao1v+7PgVZJUJAaFGgOql/9YUJSQaUlHBvTC3xlwwxrywins0o/NVRhMsEj2nNUYkFNmM3PnaEzpwxRnGhX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vgkzJlVqqSSLRXHKkU1Q/jsaMk2J5VNHMNHM3YrIGGtMrEuo4kIIll9eJe3LeuDXg4erWuO2iKMMJ3AK5xDANTTgHprQAgITeIZXePOU9+K9ex+L1pJXzBzDH3ifP/uMj1I=</latexit><latexit sha1_base64="x5v3WmJ4GaLWRhrnabcVTwbb7AU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXBD0WvXisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNkmqCW2RhCe6G2FDOZO0ZZnltKs0xSLitBNN7nK/80S1YYl8tFNFQ4FHksWMYOukjhpk4iKYDao1v+7PgVZJUJAaFGgOql/9YUJSQaUlHBvTC3xlwwxrywins0o/NVRhMsEj2nNUYkFNmM3PnaEzpwxRnGhX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vgkzJlVqqSSLRXHKkU1Q/jsaMk2J5VNHMNHM3YrIGGtMrEuo4kIIll9eJe3LeuDXg4erWuO2iKMMJ3AK5xDANTTgHprQAgITeIZXePOU9+K9ex+L1pJXzBzDH3ifP/uMj1I=</latexit><latexit sha1_base64="x5v3WmJ4GaLWRhrnabcVTwbb7AU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXBD0WvXisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNkmqCW2RhCe6G2FDOZO0ZZnltKs0xSLitBNN7nK/80S1YYl8tFNFQ4FHksWMYOukjhpk4iKYDao1v+7PgVZJUJAaFGgOql/9YUJSQaUlHBvTC3xlwwxrywins0o/NVRhMsEj2nNUYkFNmM3PnaEzpwxRnGhX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vgkzJlVqqSSLRXHKkU1Q/jsaMk2J5VNHMNHM3YrIGGtMrEuo4kIIll9eJe3LeuDXg4erWuO2iKMMJ3AK5xDANTTgHprQAgITeIZXePOU9+K9ex+L1pJXzBzDH3ifP/uMj1I=</latexit>

p3
<latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit><latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit><latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit><latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit>

...<latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit>

This subexperiment will be referred to as m-ary trial and m = 2 is a Bernoulli trial.

Repeating an m-ary trial n times results in a sequence s1s2 · · · sn where si ∈ {1, 2, . . . ,m}.
If each subexperiment is independent, then the probability of a specific sequence is

Pr(s1s2 · · · sn) = pk11 · pk22 · · · pkmm
where kj ∈ {0, 1, 2, . . . , n} is the # of subexperiments resulting in outcome j ∈ {1, 2, . . . ,m} such that
k1 + k2 + · · ·+ km = n.
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m-ary Sequences

m-ary Sequences: Example

Consider nine subexperiments with a ternary output ti ∈ Tsub = {0, 1, 2}, i = 1, 2, . . . , 9.
How many output sequences (t1, t2, . . . , t9) contain 3 zeros, 4 ones, and 2 twos?

Clearly, m = 3, n = 9, and interest is in k1 = 3, k2 = 4, and k3 = 2.

An example sequence with 3 zeros, 4 ones, and 2 twos, is say 210011210:

210011210
<latexit sha1_base64="L/5+V4gTtWUC/RLkoBAX1yzafRs=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclaQIuiy6cVnBPrAdSibNtKGZzJBkhDL0L9y4UMStf+POvzHTzkJbDyQczrmXe+8JEimMxfjbW1vf2NzaLu2Ud/f2Dw4rR8dtE6ea8RaLZay7ATVcCsVbVljJu4nmNAok7wST29zvPHFtRKwe7DThfkRHSoSCUeukxzrBmBD3lweVKq7hOdAqIQWpQoHmoPLVH8YsjbiyTFJjegQn1s+otoJJPiv3U8MTyiZ0xHuOKhpx42fzjWfo3ClDFMbaPWXRXP3dkdHImGkUuMqI2rFZ9nLxP6+X2vDaz4RKUssVWwwKU4lsjPLz0VBozqycOkKZFm5XxMZUU2ZdSHkIZPnkVdKu1wiukfvLauOmiKMEp3AGF0DgChpwB01oAQMFz/AKb57xXrx372NRuuYVPSfwB97nDy+EjqA=</latexit><latexit sha1_base64="L/5+V4gTtWUC/RLkoBAX1yzafRs=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclaQIuiy6cVnBPrAdSibNtKGZzJBkhDL0L9y4UMStf+POvzHTzkJbDyQczrmXe+8JEimMxfjbW1vf2NzaLu2Ud/f2Dw4rR8dtE6ea8RaLZay7ATVcCsVbVljJu4nmNAok7wST29zvPHFtRKwe7DThfkRHSoSCUeukxzrBmBD3lweVKq7hOdAqIQWpQoHmoPLVH8YsjbiyTFJjegQn1s+otoJJPiv3U8MTyiZ0xHuOKhpx42fzjWfo3ClDFMbaPWXRXP3dkdHImGkUuMqI2rFZ9nLxP6+X2vDaz4RKUssVWwwKU4lsjPLz0VBozqycOkKZFm5XxMZUU2ZdSHkIZPnkVdKu1wiukfvLauOmiKMEp3AGF0DgChpwB01oAQMFz/AKb57xXrx372NRuuYVPSfwB97nDy+EjqA=</latexit><latexit sha1_base64="L/5+V4gTtWUC/RLkoBAX1yzafRs=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclaQIuiy6cVnBPrAdSibNtKGZzJBkhDL0L9y4UMStf+POvzHTzkJbDyQczrmXe+8JEimMxfjbW1vf2NzaLu2Ud/f2Dw4rR8dtE6ea8RaLZay7ATVcCsVbVljJu4nmNAok7wST29zvPHFtRKwe7DThfkRHSoSCUeukxzrBmBD3lweVKq7hOdAqIQWpQoHmoPLVH8YsjbiyTFJjegQn1s+otoJJPiv3U8MTyiZ0xHuOKhpx42fzjWfo3ClDFMbaPWXRXP3dkdHImGkUuMqI2rFZ9nLxP6+X2vDaz4RKUssVWwwKU4lsjPLz0VBozqycOkKZFm5XxMZUU2ZdSHkIZPnkVdKu1wiukfvLauOmiKMEp3AGF0DgChpwB01oAQMFz/AKb57xXrx372NRuuYVPSfwB97nDy+EjqA=</latexit><latexit sha1_base64="L/5+V4gTtWUC/RLkoBAX1yzafRs=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclaQIuiy6cVnBPrAdSibNtKGZzJBkhDL0L9y4UMStf+POvzHTzkJbDyQczrmXe+8JEimMxfjbW1vf2NzaLu2Ud/f2Dw4rR8dtE6ea8RaLZay7ATVcCsVbVljJu4nmNAok7wST29zvPHFtRKwe7DThfkRHSoSCUeukxzrBmBD3lweVKq7hOdAqIQWpQoHmoPLVH8YsjbiyTFJjegQn1s+otoJJPiv3U8MTyiZ0xHuOKhpx42fzjWfo3ClDFMbaPWXRXP3dkdHImGkUuMqI2rFZ9nLxP6+X2vDaz4RKUssVWwwKU4lsjPLz0VBozqycOkKZFm5XxMZUU2ZdSHkIZPnkVdKu1wiukfvLauOmiKMEp3AGF0DgChpwB01oAQMFz/AKb57xXrx372NRuuYVPSfwB97nDy+EjqA=</latexit>

A	 B	 C	 D	 E	 F	 G	H	 I	
where letters are used as pointers.

Note there are 9! total permutations of pointers ABCDEFGHI .
How many copies of this specific sequence are there among the 9! permutations?

The 3 zeros with pointers CDI can be arranged 3! = 6 ways to give the same sequence 210011210.

The 4 ones with pointers BEFH can be arranged 4! = 24 ways to give the same sequence 210011210.

The 2 twos with pointers AG can be arranged 2! = 2 ways to give the same sequence 210011210.

Thus, there are 3!× 4!× 2! = 288 permutations that give exactly the same sequence 210011210.
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m-ary Sequences

m-ary Sequences: Example

Continuing this example on # copies of this specific sequence among 9! permutations:
There are 288 copies of every sequence containing 3 zeros, 4 ones, and 2 twos.

Dividing 9! = 362880 by 3!× 4!× 2! = 288 gives the # of unique seq with 3 zeros, 4 ones, and 2 twos:

n!

k1!× k2!× k3!
=

9!

3!× 4!× 2!
=

362880

288
= 1260.

In general this is called the multinomial coefficient:1

n!

k1!× k2!× · · · × km!

△
=

(
n

k1, k2, . . . , km

)
and is a generalization of the binomial coefficient.

1
The multinomial theorem provides a compact polynomial expansion of the sum of m terms raised to a power n:

(z1 + z2 + · · · + zm)
n =

∑
k1+k2+···+km=n

( n

k1, k2, . . . , km

) m∏
j=1

z
kj
j

where n is a whole number; the sum is over all m-tuples (k1, k2, . . . , km), kj ∈ {0, 1, 2, . . . , n} such that

k1 + k2 + · · · + km = n.
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Multinomial Process

Multinomial Process

In general given a n-length sequence s1s2s3 · · · sn resulting from repeated independent m-ary
subexperiments, the probability of obtaining kj occurences of outcome j ∈ {1, 2, . . . ,m}
such that k1 + k2 + · · ·+ km = n is given by

Pr(k1, k2, . . . , km) =

(
n

k1, k2, . . . , km

)
︸ ︷︷ ︸ × pk11 · pk22 · · · pkmm︸ ︷︷ ︸

Count of all
such sequences

probability of
specific sequence

where clearly the multinomial coefficient is the total number of unique sequences containing
kj occurences of outcome j .

This is called the multinomial process due to its connection to the multinomial theorem.

Set zi = pi , i = 1, 2, . . . ,m, and note probability space.
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Multinomial Process

A Bernoulli Trial Interpretation of m-ary Trials

Consider n repeated independent m-ary subexperiments yielding kj occurences of outcome j
such that k1 + k2 + · · ·+ km = n. For the possible resulting sequences s1s2 · · · sn, note that

Outcome		

Not	Outcome	
1 � pj

<latexit sha1_base64="YPV4b7URKS47XUmTtcWNnDp18Ww=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHoxWMF0xbaUDbbTbt2swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOThsmiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ987T3mOvUnVr7gxkmXgFqUKBRq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bETcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1Moyug1yoNEOu2HxRlEmCCZl+TvpCc4ZybAllWthbCRtSTRnafMo2BG/x5WXSvKh5bs27v6zWb4o4SnAMJ3AGHlxBHe6gAT4wEPAMr/DmKOfFeXc+5q0rTjFzBH/gfP4AL4iOQw==</latexit><latexit sha1_base64="YPV4b7URKS47XUmTtcWNnDp18Ww=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHoxWMF0xbaUDbbTbt2swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOThsmiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ987T3mOvUnVr7gxkmXgFqUKBRq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bETcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1Moyug1yoNEOu2HxRlEmCCZl+TvpCc4ZybAllWthbCRtSTRnafMo2BG/x5WXSvKh5bs27v6zWb4o4SnAMJ3AGHlxBHe6gAT4wEPAMr/DmKOfFeXc+5q0rTjFzBH/gfP4AL4iOQw==</latexit><latexit sha1_base64="YPV4b7URKS47XUmTtcWNnDp18Ww=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHoxWMF0xbaUDbbTbt2swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOThsmiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ987T3mOvUnVr7gxkmXgFqUKBRq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bETcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1Moyug1yoNEOu2HxRlEmCCZl+TvpCc4ZybAllWthbCRtSTRnafMo2BG/x5WXSvKh5bs27v6zWb4o4SnAMJ3AGHlxBHe6gAT4wEPAMr/DmKOfFeXc+5q0rTjFzBH/gfP4AL4iOQw==</latexit><latexit sha1_base64="YPV4b7URKS47XUmTtcWNnDp18Ww=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHoxWMF0xbaUDbbTbt2swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOThsmiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ987T3mOvUnVr7gxkmXgFqUKBRq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bETcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1Moyug1yoNEOu2HxRlEmCCZl+TvpCc4ZybAllWthbCRtSTRnafMo2BG/x5WXSvKh5bs27v6zWb4o4SnAMJ3AGHlxBHe6gAT4wEPAMr/DmKOfFeXc+5q0rTjFzBH/gfP4AL4iOQw==</latexit>

pj
<latexit sha1_base64="h7gwmPV4X6Va0nVHrffJZLp7T9k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+6T/2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBV5I3R</latexit><latexit sha1_base64="h7gwmPV4X6Va0nVHrffJZLp7T9k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+6T/2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBV5I3R</latexit><latexit sha1_base64="h7gwmPV4X6Va0nVHrffJZLp7T9k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+6T/2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBV5I3R</latexit><latexit sha1_base64="h7gwmPV4X6Va0nVHrffJZLp7T9k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+6T/2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBV5I3R</latexit>

j
<latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit>

j
<latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit>

Outcome	1	

Outcome	2	

Outcome	3	
...<latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit>

Outcome	

Outcome		

p1
<latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit>

p2
<latexit sha1_base64="DjS1oOAr1VR/VatzfCTqK/ymJgE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRnUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tevdXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwEEjZk=</latexit><latexit sha1_base64="DjS1oOAr1VR/VatzfCTqK/ymJgE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRnUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tevdXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwEEjZk=</latexit><latexit sha1_base64="DjS1oOAr1VR/VatzfCTqK/ymJgE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRnUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tevdXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwEEjZk=</latexit><latexit sha1_base64="DjS1oOAr1VR/VatzfCTqK/ymJgE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRnUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tevdXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwEEjZk=</latexit>

pm
<latexit sha1_base64="V1WJzDT4J2tV9B+W4wkmQyy8t98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ30kPZUr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AVpwjdQ=</latexit><latexit sha1_base64="V1WJzDT4J2tV9B+W4wkmQyy8t98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ30kPZUr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AVpwjdQ=</latexit><latexit sha1_base64="V1WJzDT4J2tV9B+W4wkmQyy8t98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ30kPZUr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AVpwjdQ=</latexit><latexit sha1_base64="V1WJzDT4J2tV9B+W4wkmQyy8t98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ30kPZUr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AVpwjdQ=</latexit>

pm�1
<latexit sha1_base64="x5v3WmJ4GaLWRhrnabcVTwbb7AU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXBD0WvXisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNkmqCW2RhCe6G2FDOZO0ZZnltKs0xSLitBNN7nK/80S1YYl8tFNFQ4FHksWMYOukjhpk4iKYDao1v+7PgVZJUJAaFGgOql/9YUJSQaUlHBvTC3xlwwxrywins0o/NVRhMsEj2nNUYkFNmM3PnaEzpwxRnGhX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vgkzJlVqqSSLRXHKkU1Q/jsaMk2J5VNHMNHM3YrIGGtMrEuo4kIIll9eJe3LeuDXg4erWuO2iKMMJ3AK5xDANTTgHprQAgITeIZXePOU9+K9ex+L1pJXzBzDH3ifP/uMj1I=</latexit><latexit sha1_base64="x5v3WmJ4GaLWRhrnabcVTwbb7AU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXBD0WvXisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNkmqCW2RhCe6G2FDOZO0ZZnltKs0xSLitBNN7nK/80S1YYl8tFNFQ4FHksWMYOukjhpk4iKYDao1v+7PgVZJUJAaFGgOql/9YUJSQaUlHBvTC3xlwwxrywins0o/NVRhMsEj2nNUYkFNmM3PnaEzpwxRnGhX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vgkzJlVqqSSLRXHKkU1Q/jsaMk2J5VNHMNHM3YrIGGtMrEuo4kIIll9eJe3LeuDXg4erWuO2iKMMJ3AK5xDANTTgHprQAgITeIZXePOU9+K9ex+L1pJXzBzDH3ifP/uMj1I=</latexit><latexit sha1_base64="x5v3WmJ4GaLWRhrnabcVTwbb7AU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXBD0WvXisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNkmqCW2RhCe6G2FDOZO0ZZnltKs0xSLitBNN7nK/80S1YYl8tFNFQ4FHksWMYOukjhpk4iKYDao1v+7PgVZJUJAaFGgOql/9YUJSQaUlHBvTC3xlwwxrywins0o/NVRhMsEj2nNUYkFNmM3PnaEzpwxRnGhX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vgkzJlVqqSSLRXHKkU1Q/jsaMk2J5VNHMNHM3YrIGGtMrEuo4kIIll9eJe3LeuDXg4erWuO2iKMMJ3AK5xDANTTgHprQAgITeIZXePOU9+K9ex+L1pJXzBzDH3ifP/uMj1I=</latexit><latexit sha1_base64="x5v3WmJ4GaLWRhrnabcVTwbb7AU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXBD0WvXisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNkmqCW2RhCe6G2FDOZO0ZZnltKs0xSLitBNN7nK/80S1YYl8tFNFQ4FHksWMYOukjhpk4iKYDao1v+7PgVZJUJAaFGgOql/9YUJSQaUlHBvTC3xlwwxrywins0o/NVRhMsEj2nNUYkFNmM3PnaEzpwxRnGhX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vgkzJlVqqSSLRXHKkU1Q/jsaMk2J5VNHMNHM3YrIGGtMrEuo4kIIll9eJe3LeuDXg4erWuO2iKMMJ3AK5xDANTTgHprQAgITeIZXePOU9+K9ex+L1pJXzBzDH3ifP/uMj1I=</latexit>

p3
<latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit><latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit><latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit><latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit>

...<latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit>

m
<latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit>

m � 1
<latexit sha1_base64="of6I2z9HxQAt3ur+p0WZeDWG5Hw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcugjWVEYwLJEfY2c8mS3b1jd08IIT/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap10L8+CbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezUCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jfpcY3MipEjlGnubiVsQDVl1qVTciEEiy8vk8fzauBXg7uLSu06j6MIR3AMpxDAJdTgFurQAAZ9eIZXePOE9+K9ex/z1oKXzxzCH3ifP67ljWM=</latexit><latexit sha1_base64="of6I2z9HxQAt3ur+p0WZeDWG5Hw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcugjWVEYwLJEfY2c8mS3b1jd08IIT/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap10L8+CbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezUCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jfpcY3MipEjlGnubiVsQDVl1qVTciEEiy8vk8fzauBXg7uLSu06j6MIR3AMpxDAJdTgFurQAAZ9eIZXePOE9+K9ex/z1oKXzxzCH3ifP67ljWM=</latexit><latexit sha1_base64="of6I2z9HxQAt3ur+p0WZeDWG5Hw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcugjWVEYwLJEfY2c8mS3b1jd08IIT/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap10L8+CbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezUCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jfpcY3MipEjlGnubiVsQDVl1qVTciEEiy8vk8fzauBXg7uLSu06j6MIR3AMpxDAJdTgFurQAAZ9eIZXePOE9+K9ex/z1oKXzxzCH3ifP67ljWM=</latexit><latexit sha1_base64="of6I2z9HxQAt3ur+p0WZeDWG5Hw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcugjWVEYwLJEfY2c8mS3b1jd08IIT/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap10L8+CbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezUCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jfpcY3MipEjlGnubiVsQDVl1qVTciEEiy8vk8fzauBXg7uLSu06j6MIR3AMpxDAJdTgFurQAAZ9eIZXePOE9+K9ex/z1oKXzxzCH3ifP67ljWM=</latexit>

i.e. j-th Outcome of m-ary Subexperiment can be interpeted as Bernoulli process.
total number of possible arrangements of n-length sequences that have k1 occurences of outcome 1 is
given by the binomial coefficient

( n
k1

)
; see above Figure with j = 1.

total number of possible arrangements of the remaining the n − k1 sequence elements having k2
occurences of outcome 2 is given by the binomial coefficient

(n−k1
k2

)
.
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A Bernoulli Trial Interpretation of m-ary Trials

More on repeated m-ary subexperiements:
the total number of distinct arrangements of the remaining n − k1 − k2 sequence elements having k3
occurences of outcome 3 is given by the binomial coefficient

(n−k1−k2
k3

)
...

the total number of distinct arrangements of the remaining n − k1 − k2 − · · · − km−1 sequence

elements having km of outcome m is given by the binomial coefficient
(n−k1−k2−···−km−1

km

)
.

The product of these binomial decompositions of n subexperiments must yield the same number of
permutations as the multinomial coefficient. Thus, we have the identity( n

k1, k2, . . . , km

)
=

( n

k1

)(n − k1

k2

)(n − k1 − k2

k3

)
· · ·

(n − k1 − k2 − · · · − km−1

km

)
How might one prove this equality?
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