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Remarks

Remarks

Until now, we’ve defined random experiments by identify/visualizing the
sample space, and noting the assignment of probabilities.

Some experiments have non-numeric outcomes, e.g. a coin flip S = {H,T}.
Some experiments naturally have numeric outcomes, e.g. a die roll S = {1, 2, 3, 4, 5, 6}.

Now, we consider mapping each experiment outcome to a numeric result. This
enables rather insightful analysis via averages.

Various strategies exists to make this mapping/assignment.

The strategy adopted depends on ones needs/interest.
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Random Variables

Random Variables

A random variable is defined by a function (or mapping) which assigns a real number
to each sample point in the sample space of an experiment.

Consider 3 repeated fair coin flips:
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Clearly, outcomes for this sample space are non-numeric sequences, e.g. H1T2T3.
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Random Variables

Random Variables

Appropriate random variables can be associated with this experiment. Consider the
count of heads in each sequence. For example, let define K = # heads.

Do you recognize this process?

3 coin flips are essentially repeated independent Bernoulli subexperiments. The random
variable K has a Binomial distribution,

Pr(K = k) =

{(3
k

)
pk (1− p)3−k , when k ∈ {0, 1, 2, 3}

0, when k /∈ {0, 1, 2, 3}. (1)

− Note that k has nonzero probability for
discrete values of 0,1,2, and 3. Thus,
we say k is a discrete random variable
and {0,1,2,3} is called the range of k.

− We plot this for p = 0.5
.	.	.	0
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4<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit>

5
<latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit><latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit><latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit><latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit>�1<latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit>�2<latexit sha1_base64="Lz0bIhcQaFeofVQFIDPtUngFItQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw0WtX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSatW9dyqd39Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+VmjO0=</latexit><latexit sha1_base64="Lz0bIhcQaFeofVQFIDPtUngFItQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw0WtX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSatW9dyqd39Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+VmjO0=</latexit><latexit sha1_base64="Lz0bIhcQaFeofVQFIDPtUngFItQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw0WtX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSatW9dyqd39Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+VmjO0=</latexit><latexit sha1_base64="Lz0bIhcQaFeofVQFIDPtUngFItQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw0WtX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSatW9dyqd39Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+VmjO0=</latexit>

.	.	.	

1

8
<latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit><latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit><latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit><latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit>

3

8
<latexit sha1_base64="WYEqqp48RhaGh1kO4Q3ZwhjCt/o=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt5ChYL9GMxKFg3XB6O/e7j0wbruQDzhIWxGQsecQpQSv1B5EmNLvMs0Y+rNa8ureA+5f4BalBgdaw+jkYKZrGTCIVxJi+7yUYZEQjp4LllUFqWELolIxZ31JJYmaCbHFy7p5ZZeRGStuS6C7UnxMZiY2ZxaHtjAlOzKo3F//z+ilGjSDjMkmRSbpcFKXCReXO/3dHXDOKYmYJoZrbW106ITYFtClVbAj+6st/Seei7nt1//6q1rwp4ijDCZzCOfhwDU24gxa0gYKCJ3iBVwedZ+fNeV+2lpxi5hh+wfn4BkVukTs=</latexit><latexit sha1_base64="WYEqqp48RhaGh1kO4Q3ZwhjCt/o=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt5ChYL9GMxKFg3XB6O/e7j0wbruQDzhIWxGQsecQpQSv1B5EmNLvMs0Y+rNa8ureA+5f4BalBgdaw+jkYKZrGTCIVxJi+7yUYZEQjp4LllUFqWELolIxZ31JJYmaCbHFy7p5ZZeRGStuS6C7UnxMZiY2ZxaHtjAlOzKo3F//z+ilGjSDjMkmRSbpcFKXCReXO/3dHXDOKYmYJoZrbW106ITYFtClVbAj+6st/Seei7nt1//6q1rwp4ijDCZzCOfhwDU24gxa0gYKCJ3iBVwedZ+fNeV+2lpxi5hh+wfn4BkVukTs=</latexit><latexit sha1_base64="WYEqqp48RhaGh1kO4Q3ZwhjCt/o=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt5ChYL9GMxKFg3XB6O/e7j0wbruQDzhIWxGQsecQpQSv1B5EmNLvMs0Y+rNa8ureA+5f4BalBgdaw+jkYKZrGTCIVxJi+7yUYZEQjp4LllUFqWELolIxZ31JJYmaCbHFy7p5ZZeRGStuS6C7UnxMZiY2ZxaHtjAlOzKo3F//z+ilGjSDjMkmRSbpcFKXCReXO/3dHXDOKYmYJoZrbW106ITYFtClVbAj+6st/Seei7nt1//6q1rwp4ijDCZzCOfhwDU24gxa0gYKCJ3iBVwedZ+fNeV+2lpxi5hh+wfn4BkVukTs=</latexit><latexit sha1_base64="WYEqqp48RhaGh1kO4Q3ZwhjCt/o=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt5ChYL9GMxKFg3XB6O/e7j0wbruQDzhIWxGQsecQpQSv1B5EmNLvMs0Y+rNa8ureA+5f4BalBgdaw+jkYKZrGTCIVxJi+7yUYZEQjp4LllUFqWELolIxZ31JJYmaCbHFy7p5ZZeRGStuS6C7UnxMZiY2ZxaHtjAlOzKo3F//z+ilGjSDjMkmRSbpcFKXCReXO/3dHXDOKYmYJoZrbW106ITYFtClVbAj+6st/Seei7nt1//6q1rwp4ijDCZzCOfhwDU24gxa0gYKCJ3iBVwedZ+fNeV+2lpxi5hh+wfn4BkVukTs=</latexit>

1

8
<latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit><latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit><latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit><latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit>

3

8
<latexit sha1_base64="WYEqqp48RhaGh1kO4Q3ZwhjCt/o=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt5ChYL9GMxKFg3XB6O/e7j0wbruQDzhIWxGQsecQpQSv1B5EmNLvMs0Y+rNa8ureA+5f4BalBgdaw+jkYKZrGTCIVxJi+7yUYZEQjp4LllUFqWELolIxZ31JJYmaCbHFy7p5ZZeRGStuS6C7UnxMZiY2ZxaHtjAlOzKo3F//z+ilGjSDjMkmRSbpcFKXCReXO/3dHXDOKYmYJoZrbW106ITYFtClVbAj+6st/Seei7nt1//6q1rwp4ijDCZzCOfhwDU24gxa0gYKCJ3iBVwedZ+fNeV+2lpxi5hh+wfn4BkVukTs=</latexit><latexit sha1_base64="WYEqqp48RhaGh1kO4Q3ZwhjCt/o=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt5ChYL9GMxKFg3XB6O/e7j0wbruQDzhIWxGQsecQpQSv1B5EmNLvMs0Y+rNa8ureA+5f4BalBgdaw+jkYKZrGTCIVxJi+7yUYZEQjp4LllUFqWELolIxZ31JJYmaCbHFy7p5ZZeRGStuS6C7UnxMZiY2ZxaHtjAlOzKo3F//z+ilGjSDjMkmRSbpcFKXCReXO/3dHXDOKYmYJoZrbW106ITYFtClVbAj+6st/Seei7nt1//6q1rwp4ijDCZzCOfhwDU24gxa0gYKCJ3iBVwedZ+fNeV+2lpxi5hh+wfn4BkVukTs=</latexit><latexit sha1_base64="WYEqqp48RhaGh1kO4Q3ZwhjCt/o=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt5ChYL9GMxKFg3XB6O/e7j0wbruQDzhIWxGQsecQpQSv1B5EmNLvMs0Y+rNa8ureA+5f4BalBgdaw+jkYKZrGTCIVxJi+7yUYZEQjp4LllUFqWELolIxZ31JJYmaCbHFy7p5ZZeRGStuS6C7UnxMZiY2ZxaHtjAlOzKo3F//z+ilGjSDjMkmRSbpcFKXCReXO/3dHXDOKYmYJoZrbW106ITYFtClVbAj+6st/Seei7nt1//6q1rwp4ijDCZzCOfhwDU24gxa0gYKCJ3iBVwedZ+fNeV+2lpxi5hh+wfn4BkVukTs=</latexit><latexit sha1_base64="WYEqqp48RhaGh1kO4Q3ZwhjCt/o=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt5ChYL9GMxKFg3XB6O/e7j0wbruQDzhIWxGQsecQpQSv1B5EmNLvMs0Y+rNa8ureA+5f4BalBgdaw+jkYKZrGTCIVxJi+7yUYZEQjp4LllUFqWELolIxZ31JJYmaCbHFy7p5ZZeRGStuS6C7UnxMZiY2ZxaHtjAlOzKo3F//z+ilGjSDjMkmRSbpcFKXCReXO/3dHXDOKYmYJoZrbW106ITYFtClVbAj+6st/Seei7nt1//6q1rwp4ijDCZzCOfhwDU24gxa0gYKCJ3iBVwedZ+fNeV+2lpxi5hh+wfn4BkVukTs=</latexit>

PK(k)
<latexit sha1_base64="Zu9d1JYYrh9X/Kvu2jJwWHsmg5I=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF8FLBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqZ+64lqw5R8sOOEhgIPJIsZwdZJzXrvrjI665XKftWfAS2TICdlyFHvlb66fUVSQaUlHBvTCfzEhhnWlhFOJ8VuamiCyQgPaMdRiQU1YTa7doJOndJHsdKupEUz9fdEhoUxYxG5ToHt0Cx6U/E/r5Pa+CrMmExSSyWZL4pTjqxC09dRn2lKLB87golm7lZEhlhjYl1ARRdCsPjyMmmeVwO/GtxflGvXeRwFOIYTqEAAl1CDW6hDAwg8wjO8wpunvBfv3fuYt654+cwR/IH3+QOFjo5s</latexit><latexit sha1_base64="Zu9d1JYYrh9X/Kvu2jJwWHsmg5I=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF8FLBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqZ+64lqw5R8sOOEhgIPJIsZwdZJzXrvrjI665XKftWfAS2TICdlyFHvlb66fUVSQaUlHBvTCfzEhhnWlhFOJ8VuamiCyQgPaMdRiQU1YTa7doJOndJHsdKupEUz9fdEhoUxYxG5ToHt0Cx6U/E/r5Pa+CrMmExSSyWZL4pTjqxC09dRn2lKLB87golm7lZEhlhjYl1ARRdCsPjyMmmeVwO/GtxflGvXeRwFOIYTqEAAl1CDW6hDAwg8wjO8wpunvBfv3fuYt654+cwR/IH3+QOFjo5s</latexit><latexit sha1_base64="Zu9d1JYYrh9X/Kvu2jJwWHsmg5I=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF8FLBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqZ+64lqw5R8sOOEhgIPJIsZwdZJzXrvrjI665XKftWfAS2TICdlyFHvlb66fUVSQaUlHBvTCfzEhhnWlhFOJ8VuamiCyQgPaMdRiQU1YTa7doJOndJHsdKupEUz9fdEhoUxYxG5ToHt0Cx6U/E/r5Pa+CrMmExSSyWZL4pTjqxC09dRn2lKLB87golm7lZEhlhjYl1ARRdCsPjyMmmeVwO/GtxflGvXeRwFOIYTqEAAl1CDW6hDAwg8wjO8wpunvBfv3fuYt654+cwR/IH3+QOFjo5s</latexit><latexit sha1_base64="Zu9d1JYYrh9X/Kvu2jJwWHsmg5I=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF8FLBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqZ+64lqw5R8sOOEhgIPJIsZwdZJzXrvrjI665XKftWfAS2TICdlyFHvlb66fUVSQaUlHBvTCfzEhhnWlhFOJ8VuamiCyQgPaMdRiQU1YTa7doJOndJHsdKupEUz9fdEhoUxYxG5ToHt0Cx6U/E/r5Pa+CrMmExSSyWZL4pTjqxC09dRn2lKLB87golm7lZEhlhjYl1ARRdCsPjyMmmeVwO/GtxflGvXeRwFOIYTqEAAl1CDW6hDAwg8wjO8wpunvBfv3fuYt654+cwR/IH3+QOFjo5s</latexit>

k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

X is called a discrete random variable if its range is a countable set.1

1A set is countable if there is a one-to-one mapping between its members and the positive integers.
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Probability Mass Function (PMF)

Probability Mass Function (PMF)

Since a random variable is defined by assigning a real number to each outcome, each
of these real numbers has a probability associated with it.

The probability mass function (PMF) of discrete random variable X is function

PX (x) = Pr(X = x).

The function PX (x) is defined for all x ∈ R
The value of PX (x) conveys the probability of event {X = x}.
Uppercase X indicates a random variable; lower case x represents a possible realization of X .

Since the PMF defines a probability space, it also satisfies the axioms of probability.

For a discrete random variable X with PMF PX (x) defined on range SX :

1 PX (x) ≥ 0 for all x .

2

∑
x∈SX

PX (x) = 1.

3 For any event B ⊂ SX , it has probability Pr(B) =
∑
x∈B

PX (x).
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Example 3.5 Problem

When the basketball player Wilt Chamberlain shot two free throws, each

shot was equally likely either to be good (g) or bad (b). Each shot that

was good was worth 1 point. What is the PMF of X, the number of

points that he scored?



Quiz 3.2

The random variable N has PMF

PN(n) =

8
<
:

c/n n = 1,2,3,

0 otherwise.
(1)

Find

(a) The value of the constant c

(b) P[N = 1]

(c) P[N � 2]

(d) P[N > 3]



Families of Discrete Random Variables

Families of Discrete Random Variables: Bernoulli

We’ve seen various experiments that can be described by fundamental processes.
For example, a Bernoulli process can represents a coin flip, a pass/fail test, a win/lose choice, etc.

Similarly, a set of basic random variables can represent various experiments.
You will notice that several of these random variable models we’ve already discussed as “processes.”

Bernoulli Random Variable:

X is a Bernoulli random variable if it has a PMF of form:

PX (x) =





1− p, x = 0
p, x = 1
0, otherwise,

where 0 ≤ p ≤ 1. (2)

At times we denote this by the shorthand notation X ∼ Ber(p).

Several other r.v. types emerge as a result of repeated Bernoulli trials.
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Example 3.8

If there is a 0.2 probability of a reject, the PMF of the Bernoulli (0.2)

random variable is

PX(x)

−1 0 1 2
0

0.5

1

x

PX(x) =

8
>><
>>:

0.8 x = 0,

0.2 x = 1,

0 otherwise.

(1)



Families of Discrete Random Variables

Families of Discrete R.V.’s: Binomial Random Variable

Binomial Random Variable:

K is a binomial random variable if it has a PMF of form

PK (k) =

{(
n
k

)
pk(1− p)n−k , k = 0, 1, 2, . . . , n

0, otherwise,
(3)

where 0 ≤ p ≤ 1. This is often denoted as K ∼ binomial(n, p).

Recall that the binomial distribution is obtained by counting the # ones (i.e. successes,
heads, wins, etc.) occurring in a sequence of repeated Bernoulli trials.

The probability of obtaining k successes in n independent Bernoulli trials equals PK (k) in (3)

Recall examples 2.19, 2.20, and 2.21 Yates/Goodman: each can use binomial r.v. as a model.

It should not be surprising that a binomial r.v. is obtained by adding together n
independent Bernoulli random variables, i.e. K = X1 + X2 + · · ·+ Xn where
Xi ∼ Ber(p), i = 1, 2, . . . , n.
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Families of Discrete Random Variables

Families of Discrete R.V.’s: Geometric Random Variable

Geometric Random Variable:

Consider repeating a Bernoulli experiment until the first success. For example,
repeating a coin flip indefinitely until we obtain the first head.

The sample space for this is illustrated below. Let the random variable L equal the
number of trials before obtaining the first success.
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<latexit sha1_base64="rsXD9hmUA0t0Gmve251G3OzRpzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3eR9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCy+Y1m</latexit><latexit sha1_base64="rsXD9hmUA0t0Gmve251G3OzRpzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3eR9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCy+Y1m</latexit><latexit sha1_base64="rsXD9hmUA0t0Gmve251G3OzRpzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3eR9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCy+Y1m</latexit><latexit sha1_base64="rsXD9hmUA0t0Gmve251G3OzRpzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3eR9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCy+Y1m</latexit>

S	

F	

p
<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>

1 � p
<latexit sha1_base64="rsXD9hmUA0t0Gmve251G3OzRpzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3eR9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCy+Y1m</latexit><latexit sha1_base64="rsXD9hmUA0t0Gmve251G3OzRpzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3eR9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCy+Y1m</latexit><latexit sha1_base64="rsXD9hmUA0t0Gmve251G3OzRpzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3eR9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCy+Y1m</latexit><latexit sha1_base64="rsXD9hmUA0t0Gmve251G3OzRpzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3eR9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCy+Y1m</latexit>

S	

F	
· · ·<latexit sha1_base64="3J3YM5kQNFhF+Fz4K7ACLuQz+sI=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtEs3u2F3IpTQH+HFgyJe/T3e/Ddu2hy09cHA470ZZuaFqeAGPe/bWVvf2NzaruxUd/f2Dw5rR8cdozJNWZsqoXQvJIYJLlkbOQrWSzUjSShYN5zcFX73iWnDlXzEacqChIwkjzklaKXugEYKTXVYq3sNbw53lfglqUOJ1rD2NYgUzRImkQpiTN/3UgxyopFTwWbVQWZYSuiEjFjfUkkSZoJ8fu7MPbdK5MZK25LoztXfEzlJjJkmoe1MCI7NsleI/3n9DOObIOcyzZBJulgUZ8JF5Ra/uxHXjKKYWkKo5vZWl46JJhRtQkUI/vLLq6Rz2fC9hv9wVW/elnFU4BTO4AJ8uIYm3EML2kBhAs/wCm9O6rw4787HonXNKWdO4A+czx/k5o9D</latexit><latexit sha1_base64="3J3YM5kQNFhF+Fz4K7ACLuQz+sI=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtEs3u2F3IpTQH+HFgyJe/T3e/Ddu2hy09cHA470ZZuaFqeAGPe/bWVvf2NzaruxUd/f2Dw5rR8cdozJNWZsqoXQvJIYJLlkbOQrWSzUjSShYN5zcFX73iWnDlXzEacqChIwkjzklaKXugEYKTXVYq3sNbw53lfglqUOJ1rD2NYgUzRImkQpiTN/3UgxyopFTwWbVQWZYSuiEjFjfUkkSZoJ8fu7MPbdK5MZK25LoztXfEzlJjJkmoe1MCI7NsleI/3n9DOObIOcyzZBJulgUZ8JF5Ra/uxHXjKKYWkKo5vZWl46JJhRtQkUI/vLLq6Rz2fC9hv9wVW/elnFU4BTO4AJ8uIYm3EML2kBhAs/wCm9O6rw4787HonXNKWdO4A+czx/k5o9D</latexit><latexit sha1_base64="3J3YM5kQNFhF+Fz4K7ACLuQz+sI=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtEs3u2F3IpTQH+HFgyJe/T3e/Ddu2hy09cHA470ZZuaFqeAGPe/bWVvf2NzaruxUd/f2Dw5rR8cdozJNWZsqoXQvJIYJLlkbOQrWSzUjSShYN5zcFX73iWnDlXzEacqChIwkjzklaKXugEYKTXVYq3sNbw53lfglqUOJ1rD2NYgUzRImkQpiTN/3UgxyopFTwWbVQWZYSuiEjFjfUkkSZoJ8fu7MPbdK5MZK25LoztXfEzlJjJkmoe1MCI7NsleI/3n9DOObIOcyzZBJulgUZ8JF5Ra/uxHXjKKYWkKo5vZWl46JJhRtQkUI/vLLq6Rz2fC9hv9wVW/elnFU4BTO4AJ8uIYm3EML2kBhAs/wCm9O6rw4787HonXNKWdO4A+czx/k5o9D</latexit><latexit sha1_base64="3J3YM5kQNFhF+Fz4K7ACLuQz+sI=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtEs3u2F3IpTQH+HFgyJe/T3e/Ddu2hy09cHA470ZZuaFqeAGPe/bWVvf2NzaruxUd/f2Dw5rR8cdozJNWZsqoXQvJIYJLlkbOQrWSzUjSShYN5zcFX73iWnDlXzEacqChIwkjzklaKXugEYKTXVYq3sNbw53lfglqUOJ1rD2NYgUzRImkQpiTN/3UgxyopFTwWbVQWZYSuiEjFjfUkkSZoJ8fu7MPbdK5MZK25LoztXfEzlJjJkmoe1MCI7NsleI/3n9DOObIOcyzZBJulgUZ8JF5Ra/uxHXjKKYWkKo5vZWl46JJhRtQkUI/vLLq6Rz2fC9hv9wVW/elnFU4BTO4AJ8uIYm3EML2kBhAs/wCm9O6rw4787HonXNKWdO4A+czx/k5o9D</latexit>

• l = 3
<latexit sha1_base64="hcL00SnM0gSPJpfzyatOu0YspjM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlUUBCh6MZlBfuAJpTJdNIOnUzCzEQpsZ/ixoUibv0Sd/6NkzYLrR7uhcM59zJ3TpBwprTjfFmlpeWV1bXyemVjc2t7x67utlWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjK9zv3NPpWKxuNOThPoRHgoWMoK1kfp21QtSzqlG3kVe/PKkb9ecujMD+kvcgtSgQLNvf3qDmKQRFZpwrFTPdRLtZ1hqRjidVrxU0QSTMR7SnqECR1T52ez0KTo0ygCFsTQtNJqpPzcyHCk1iQIzGWE9UoteLv7n9VIdnvsZE0mqqSDzh8KUIx2jPAc0YJISzSeGYCKZuRWREZaYaJNWxYTgLn75L2kf112n7t6e1hpXRRxl2IcDOAIXzqABN9CEFhB4gCd4gVfr0Xq23qz3+WjJKnb24Besj28yMpKj</latexit><latexit sha1_base64="hcL00SnM0gSPJpfzyatOu0YspjM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlUUBCh6MZlBfuAJpTJdNIOnUzCzEQpsZ/ixoUibv0Sd/6NkzYLrR7uhcM59zJ3TpBwprTjfFmlpeWV1bXyemVjc2t7x67utlWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjK9zv3NPpWKxuNOThPoRHgoWMoK1kfp21QtSzqlG3kVe/PKkb9ecujMD+kvcgtSgQLNvf3qDmKQRFZpwrFTPdRLtZ1hqRjidVrxU0QSTMR7SnqECR1T52ez0KTo0ygCFsTQtNJqpPzcyHCk1iQIzGWE9UoteLv7n9VIdnvsZE0mqqSDzh8KUIx2jPAc0YJISzSeGYCKZuRWREZaYaJNWxYTgLn75L2kf112n7t6e1hpXRRxl2IcDOAIXzqABN9CEFhB4gCd4gVfr0Xq23qz3+WjJKnb24Besj28yMpKj</latexit><latexit sha1_base64="hcL00SnM0gSPJpfzyatOu0YspjM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlUUBCh6MZlBfuAJpTJdNIOnUzCzEQpsZ/ixoUibv0Sd/6NkzYLrR7uhcM59zJ3TpBwprTjfFmlpeWV1bXyemVjc2t7x67utlWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjK9zv3NPpWKxuNOThPoRHgoWMoK1kfp21QtSzqlG3kVe/PKkb9ecujMD+kvcgtSgQLNvf3qDmKQRFZpwrFTPdRLtZ1hqRjidVrxU0QSTMR7SnqECR1T52ez0KTo0ygCFsTQtNJqpPzcyHCk1iQIzGWE9UoteLv7n9VIdnvsZE0mqqSDzh8KUIx2jPAc0YJISzSeGYCKZuRWREZaYaJNWxYTgLn75L2kf112n7t6e1hpXRRxl2IcDOAIXzqABN9CEFhB4gCd4gVfr0Xq23qz3+WjJKnb24Besj28yMpKj</latexit><latexit sha1_base64="hcL00SnM0gSPJpfzyatOu0YspjM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlUUBCh6MZlBfuAJpTJdNIOnUzCzEQpsZ/ixoUibv0Sd/6NkzYLrR7uhcM59zJ3TpBwprTjfFmlpeWV1bXyemVjc2t7x67utlWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjK9zv3NPpWKxuNOThPoRHgoWMoK1kfp21QtSzqlG3kVe/PKkb9ecujMD+kvcgtSgQLNvf3qDmKQRFZpwrFTPdRLtZ1hqRjidVrxU0QSTMR7SnqECR1T52ez0KTo0ygCFsTQtNJqpPzcyHCk1iQIzGWE9UoteLv7n9VIdnvsZE0mqqSDzh8KUIx2jPAc0YJISzSeGYCKZuRWREZaYaJNWxYTgLn75L2kf112n7t6e1hpXRRxl2IcDOAIXzqABN9CEFhB4gCd4gVfr0Xq23qz3+WjJKnb24Besj28yMpKj</latexit>

• l = 2
<latexit sha1_base64="l13e11evR1DXK0AeNzaC4KBPMZA=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQICiIU3bisYB/QhDKZTtqhk0mYuVFK7Ke4caGIW7/EnX/jpM1CWw/3wuGce5k7J0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8U3udx6Y0jyW9zBJmB+RoeQhpwSM1LcrXpAKwQB7l3mJq3rfrjo1Zwa8TNyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwaZlL9UsIXRMhqxnqCQR0342O32KT4wywGGsTEvAM/X3RkYirSdRYCYjAiO96OXif14vhfDCz7hMUmCSzh8KU4EhxnkOeMAVoyAmhhCquLkV0xFRhIJJq2xCcBe/vEza9Zrr1Ny7s2rjuoijhI7QMTpFLjpHDXSLmqiFKHpEz+gVvVlP1ov1bn3MR1esYucQ/YH1+QMwrpKi</latexit><latexit sha1_base64="l13e11evR1DXK0AeNzaC4KBPMZA=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQICiIU3bisYB/QhDKZTtqhk0mYuVFK7Ke4caGIW7/EnX/jpM1CWw/3wuGce5k7J0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8U3udx6Y0jyW9zBJmB+RoeQhpwSM1LcrXpAKwQB7l3mJq3rfrjo1Zwa8TNyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwaZlL9UsIXRMhqxnqCQR0342O32KT4wywGGsTEvAM/X3RkYirSdRYCYjAiO96OXif14vhfDCz7hMUmCSzh8KU4EhxnkOeMAVoyAmhhCquLkV0xFRhIJJq2xCcBe/vEza9Zrr1Ny7s2rjuoijhI7QMTpFLjpHDXSLmqiFKHpEz+gVvVlP1ov1bn3MR1esYucQ/YH1+QMwrpKi</latexit><latexit sha1_base64="l13e11evR1DXK0AeNzaC4KBPMZA=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQICiIU3bisYB/QhDKZTtqhk0mYuVFK7Ke4caGIW7/EnX/jpM1CWw/3wuGce5k7J0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8U3udx6Y0jyW9zBJmB+RoeQhpwSM1LcrXpAKwQB7l3mJq3rfrjo1Zwa8TNyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwaZlL9UsIXRMhqxnqCQR0342O32KT4wywGGsTEvAM/X3RkYirSdRYCYjAiO96OXif14vhfDCz7hMUmCSzh8KU4EhxnkOeMAVoyAmhhCquLkV0xFRhIJJq2xCcBe/vEza9Zrr1Ny7s2rjuoijhI7QMTpFLjpHDXSLmqiFKHpEz+gVvVlP1ov1bn3MR1esYucQ/YH1+QMwrpKi</latexit><latexit sha1_base64="l13e11evR1DXK0AeNzaC4KBPMZA=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQICiIU3bisYB/QhDKZTtqhk0mYuVFK7Ke4caGIW7/EnX/jpM1CWw/3wuGce5k7J0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8U3udx6Y0jyW9zBJmB+RoeQhpwSM1LcrXpAKwQB7l3mJq3rfrjo1Zwa8TNyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwaZlL9UsIXRMhqxnqCQR0342O32KT4wywGGsTEvAM/X3RkYirSdRYCYjAiO96OXif14vhfDCz7hMUmCSzh8KU4EhxnkOeMAVoyAmhhCquLkV0xFRhIJJq2xCcBe/vEza9Zrr1Ny7s2rjuoijhI7QMTpFLjpHDXSLmqiFKHpEz+gVvVlP1ov1bn3MR1esYucQ/YH1+QMwrpKi</latexit>

• l = 1
<latexit sha1_base64="WYGJYGPVEpW1F7xg2VwjqbNkwIM=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQiKIhQdOOygn1AE8pkOmmHTiZh5kYpsZ/ixoUibv0Sd/6NkzYLbT3cC4dz7mXunCARXIPjfFulldW19Y3yZmVre2d3z67ut3WcKspaNBax6gZEM8ElawEHwbqJYiQKBOsE45vc7zwwpXks72GSMD8iQ8lDTgkYqW9XvSAVggH2LvMSV27frjl1Zwa8TNyC1FCBZt/+8gYxTSMmgQqidc91EvAzooBTwaYVL9UsIXRMhqxnqCQR0342O32Kj40ywGGsTEvAM/X3RkYirSdRYCYjAiO96OXif14vhfDCz7hMUmCSzh8KU4EhxnkOeMAVoyAmhhCquLkV0xFRhIJJq2JCcBe/vEzap3XXqbt3Z7XGdRFHGR2iI3SCXHSOGugWNVELUfSIntErerOerBfr3fqYj5asYucA/YH1+QMvKpKh</latexit><latexit sha1_base64="WYGJYGPVEpW1F7xg2VwjqbNkwIM=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQiKIhQdOOygn1AE8pkOmmHTiZh5kYpsZ/ixoUibv0Sd/6NkzYLbT3cC4dz7mXunCARXIPjfFulldW19Y3yZmVre2d3z67ut3WcKspaNBax6gZEM8ElawEHwbqJYiQKBOsE45vc7zwwpXks72GSMD8iQ8lDTgkYqW9XvSAVggH2LvMSV27frjl1Zwa8TNyC1FCBZt/+8gYxTSMmgQqidc91EvAzooBTwaYVL9UsIXRMhqxnqCQR0342O32Kj40ywGGsTEvAM/X3RkYirSdRYCYjAiO96OXif14vhfDCz7hMUmCSzh8KU4EhxnkOeMAVoyAmhhCquLkV0xFRhIJJq2JCcBe/vEzap3XXqbt3Z7XGdRFHGR2iI3SCXHSOGugWNVELUfSIntErerOerBfr3fqYj5asYucA/YH1+QMvKpKh</latexit><latexit sha1_base64="WYGJYGPVEpW1F7xg2VwjqbNkwIM=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQiKIhQdOOygn1AE8pkOmmHTiZh5kYpsZ/ixoUibv0Sd/6NkzYLbT3cC4dz7mXunCARXIPjfFulldW19Y3yZmVre2d3z67ut3WcKspaNBax6gZEM8ElawEHwbqJYiQKBOsE45vc7zwwpXks72GSMD8iQ8lDTgkYqW9XvSAVggH2LvMSV27frjl1Zwa8TNyC1FCBZt/+8gYxTSMmgQqidc91EvAzooBTwaYVL9UsIXRMhqxnqCQR0342O32Kj40ywGGsTEvAM/X3RkYirSdRYCYjAiO96OXif14vhfDCz7hMUmCSzh8KU4EhxnkOeMAVoyAmhhCquLkV0xFRhIJJq2JCcBe/vEzap3XXqbt3Z7XGdRFHGR2iI3SCXHSOGugWNVELUfSIntErerOerBfr3fqYj5asYucA/YH1+QMvKpKh</latexit><latexit sha1_base64="WYGJYGPVEpW1F7xg2VwjqbNkwIM=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQiKIhQdOOygn1AE8pkOmmHTiZh5kYpsZ/ixoUibv0Sd/6NkzYLbT3cC4dz7mXunCARXIPjfFulldW19Y3yZmVre2d3z67ut3WcKspaNBax6gZEM8ElawEHwbqJYiQKBOsE45vc7zwwpXks72GSMD8iQ8lDTgkYqW9XvSAVggH2LvMSV27frjl1Zwa8TNyC1FCBZt/+8gYxTSMmgQqidc91EvAzooBTwaYVL9UsIXRMhqxnqCQR0342O32Kj40ywGGsTEvAM/X3RkYirSdRYCYjAiO96OXif14vhfDCz7hMUmCSzh8KU4EhxnkOeMAVoyAmhhCquLkV0xFRhIJJq2JCcBe/vEzap3XXqbt3Z7XGdRFHGR2iI3SCXHSOGugWNVELUfSIntErerOerBfr3fqYj5asYucA/YH1+QMvKpKh</latexit>

• l = 4
<latexit sha1_base64="uHEjOEBBdCaiT2AiCHVIIBVDNCQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQiKIhQdOOygn1AE8pkOmmHTiZh5kYpsZ/ixoUibv0Sd/6NkzYLbT3cC4dz7mXunCARXIPjfFulldW19Y3yZmVre2d3z67ut3WcKspaNBax6gZEM8ElawEHwbqJYiQKBOsE45vc7zwwpXks72GSMD8iQ8lDTgkYqW9XvSAVggH2LvMSV2d9u+bUnRnwMnELUkMFmn37yxvENI2YBCqI1j3XScDPiAJOBZtWvFSzhNAxGbKeoZJETPvZ7PQpPjbKAIexMi0Bz9TfGxmJtJ5EgZmMCIz0opeL/3m9FMILP+MySYFJOn8oTAWGGOc54AFXjIKYGEKo4uZWTEdEEQomrYoJwV388jJpn9Zdp+7endUa10UcZXSIjtAJctE5aqBb1EQtRNEjekav6M16sl6sd+tjPlqyip0D9AfW5w8ztpKk</latexit><latexit sha1_base64="uHEjOEBBdCaiT2AiCHVIIBVDNCQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQiKIhQdOOygn1AE8pkOmmHTiZh5kYpsZ/ixoUibv0Sd/6NkzYLbT3cC4dz7mXunCARXIPjfFulldW19Y3yZmVre2d3z67ut3WcKspaNBax6gZEM8ElawEHwbqJYiQKBOsE45vc7zwwpXks72GSMD8iQ8lDTgkYqW9XvSAVggH2LvMSV2d9u+bUnRnwMnELUkMFmn37yxvENI2YBCqI1j3XScDPiAJOBZtWvFSzhNAxGbKeoZJETPvZ7PQpPjbKAIexMi0Bz9TfGxmJtJ5EgZmMCIz0opeL/3m9FMILP+MySYFJOn8oTAWGGOc54AFXjIKYGEKo4uZWTEdEEQomrYoJwV388jJpn9Zdp+7endUa10UcZXSIjtAJctE5aqBb1EQtRNEjekav6M16sl6sd+tjPlqyip0D9AfW5w8ztpKk</latexit><latexit sha1_base64="uHEjOEBBdCaiT2AiCHVIIBVDNCQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQiKIhQdOOygn1AE8pkOmmHTiZh5kYpsZ/ixoUibv0Sd/6NkzYLbT3cC4dz7mXunCARXIPjfFulldW19Y3yZmVre2d3z67ut3WcKspaNBax6gZEM8ElawEHwbqJYiQKBOsE45vc7zwwpXks72GSMD8iQ8lDTgkYqW9XvSAVggH2LvMSV2d9u+bUnRnwMnELUkMFmn37yxvENI2YBCqI1j3XScDPiAJOBZtWvFSzhNAxGbKeoZJETPvZ7PQpPjbKAIexMi0Bz9TfGxmJtJ5EgZmMCIz0opeL/3m9FMILP+MySYFJOn8oTAWGGOc54AFXjIKYGEKo4uZWTEdEEQomrYoJwV388jJpn9Zdp+7endUa10UcZXSIjtAJctE5aqBb1EQtRNEjekav6M16sl6sd+tjPlqyip0D9AfW5w8ztpKk</latexit><latexit sha1_base64="uHEjOEBBdCaiT2AiCHVIIBVDNCQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQiKIhQdOOygn1AE8pkOmmHTiZh5kYpsZ/ixoUibv0Sd/6NkzYLbT3cC4dz7mXunCARXIPjfFulldW19Y3yZmVre2d3z67ut3WcKspaNBax6gZEM8ElawEHwbqJYiQKBOsE45vc7zwwpXks72GSMD8iQ8lDTgkYqW9XvSAVggH2LvMSV2d9u+bUnRnwMnELUkMFmn37yxvENI2YBCqI1j3XScDPiAJOBZtWvFSzhNAxGbKeoZJETPvZ7PQpPjbKAIexMi0Bz9TfGxmJtJ5EgZmMCIz0opeL/3m9FMILP+MySYFJOn8oTAWGGOc54AFXjIKYGEKo4uZWTEdEEQomrYoJwV388jJpn9Zdp+7endUa10UcZXSIjtAJctE5aqBb1EQtRNEjekav6M16sl6sd+tjPlqyip0D9AfW5w8ztpKk</latexit>

etc.	

Clearly, the illustrated sample space shows that the PMF for L is given by

PL(l) =

{
p(1− p)l−1, l = 1, 2, 3, . . .
0, otherwise,

where 0 ≤ p ≤ 1. (4)

We say L ∼ geometric(p) if it has a PMF of the form (4).
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Example 3.10

If there is a 0.2 probability of a reject, the PMF of the geometric (0.2)

random variable is

PY(y)

0 10 20
0

0.1

0.2

y

PY (y) =

8
<
:
(0.2)(0.8)y�1 y = 1,2, . . .

0 otherwise.



Families of Discrete Random Variables

Families of Discrete R.V.’s: Uniform Random Variable

Uniform Random Variable:

X is a discrete uniform random variable if, for n ≥ 1, it has a PMF of the form

PX (x) =

{
1
n , if x ∈ {k , k + 1, k + 2, . . . , k + n − 1}
0, otherwise.

Many experiments modeled via the uniform distribution: fair coin flips and die rolls

Poisson Random Variable:

There are several problems in engineering and science where the arrival of specific
phenomena are anticipated. For example,

the number of customers arriving in line at Starbucks during a fixed period of time

the number of order requests Amazon.com receives per minute

the number of particle emissions from a radio active source per second

the number of lightning strike incidents per hour world-wide

It is useful to have a way of modeling the # of these events occuring per unit time.
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Families of Discrete Random Variables

Families of Discrete R.V.’s: Poisson Random Variable

N is a Poisson (α) random variable if it has a PMF of form

PN(n) =





αne−α

n!
, n = 0, 1, 2, 3, . . . ; where α > 0

0, otherwise.
(5)

By convention, we refer to each counter increase as an “arrival.”

The Poisson PMF in (5) is often used to model the probability of observing N arrivals
during some specified unit of time. This is captured by

assuming some arrival rate λ (average # arrivals per unit time) for the process of interest

and then specifying a duration of observation T ;

PMF parameter is then determined as α = λT .
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Example 3.17 Problem

The number of hits at a website in any time interval is a Poisson random

variable. A particular site has on average � = 2 hits per second. What

is the probability that there are no hits in an interval of 0.25 seconds?

What is the probability that there are no more than two hits in an interval

of one second?



Cumulative Distribution Function (CDF)

Cumulative Distribution Function (CDF)

The PMF of a random variable gives a complete picture of its probablistic behavior.

There is another useful function that carries the same information.

The cumulative distribution function (CDF) of random variable X is defined as

FX (x) = Pr[X ≤ x ] =
∑

a ∈ SX : a ≤ x

PX (a)

where FX is the typical notation for the CDF of X .

The CDF also has a set of properties following from the axioms of probability
1 FX (−∞) = 0 and FX (∞) = 1 [starts at zero ends at unity]
2 FX (a) ≤ FX (b) for any a ≤ b in SX [monotonically increasing function]
3 PX (x) = FX (x)− FX (x − ϵ) for enough small ϵ > 0 [jumps given by PMF]
4 FX (x) = FX (ai ) for all x ∈ SX such that ai ≤ x < ai+1 where SX = {a1, a2, a3, . . .}.
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Example 3.21 Problem

In Example 3.5, random variable X has PMF

PX(x)

−1 0 1 2 3
0

0.5

x

PX(x) =

8
>>>>><
>>>>>:

1/4 x = 0,

1/2 x = 1,

1/4 x = 2,

0 otherwise.

(1)

Find and sketch the CDF of random variable X.



Cumulative Distribution Function (CDF)

CDF and Interval Probabilities

For all a ≤ b in range SX :

Pr(a < X ≤ b) =
∑

x ∈ SX :
a < x ≤ b

PX (x)

=
∑

x ∈ SX :
x ≤ b

PX (x)−
∑

x ∈ SX :
x ≤ a

PX (x)

= FX (b)− FX (a).
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Quiz 3.4

Use the CDF FY(y) to find the following probabilities:

FY(y)

0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

y

(a) P[Y < 1]

(b) P[Y  1]

(c) P[Y > 2]

(d) P[Y � 2]

(e) P[Y = 1]

(f) P[Y = 3]



Averages and Expected Values

Averages and Expected Values

It is useful to define numbers (called statistics) that provide a quick summary of the
behavior of a random variable or process.

Statistics identifying points of central tendency include the mean, median, and mode.

The mean or expected value or expectation of discrete r.v. X is

E [X ] =
∑

x∈SX

x · PX (x).

The mean is the effective center of mass of the PMF.

A median of a discrete r.v. X is a number xmed that satisfies

Pr(X ≤ xmed) ≥
1

2
, and Pr(X ≥ xmed) ≥

1

2
.

A mode of a discrete r.v. is a number xmod that satisfies

PX (x) ≤ PX (xmod) for all x ∈ SX .
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Example 3.24 Problem

Random variable X in Example 3.5 has PMF

PX(x)

−1 0 1 2 3
0

0.5

x

PX(x) =

8
>>>>><
>>>>>:

1/4 x = 0,

1/2 x = 1,

1/4 x = 2,

0 otherwise.

(1)

What is E[X]?

Find Mean, Mode and Median.

What about Binomial r.v. in (1)?



Averages and Expected Values

Averages and Expected Values

Consider n independent observations X1,X2, . . . ,Xn of a r.v. and its sample average:

sn =
1

n

n∑

i=1

Xi =
1

n

∑

x∈SX

k(x) · x =
∑

x∈SX

k(x)

n
· x

where k(x) is the number of occurences of outcome Xi = x , i = 1, 2, . . . , n.

As n → ∞ we expect that
k(x)

n
→ PX (x) by the relative frequency definition of probability:

lim
n→∞

sn = lim
n→∞

∑

x∈SX

k(x)

n
· x =

∑

x∈SX

lim
n→∞

k(x)

n
· x =

∑

x∈SX

PX (x) · x = E [X ].

Later, we will investigate the conditions under which this is always true.

Intuitively, E [X ] equals the average a large number of independent realizations 1
n

∑n
i=1 Xi
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Averages and Expected Values

Example Calculations of Expected Values (1)

A Bernoulli(p) r.v. X has mean E [X ] = p:

E [X ] =
∑

x∈SX

x · PX (x) = 0 · (1− p) + 1 · p = p.

Geometric (p) r.v. L has mean E [L] = 1/p:

E [L] =
∑

l∈SL

l · PL(l) =
∞∑

l=1

l · p · (1− p)l−1 = p
∞∑

l=1

− d

dp
(1− p)l

= −p
d

dp

∞∑

l=1

(1− p)l = −p
d

dp

(
−1 +

∞∑

l=0

(1− p)l

)

= −p
d

dp

(
−1 +

1

1− (1− p)

)
= −p

d

dp

(
−1 +

1

p

)
=

1

p
.

where third equality follows from well-known derivate d
dy y

n = nyn−1.
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Averages and Expected Values

Example Calculations of Expected Values (2)

Poisson (α) r.v. N has mean E [N] = α:

E [N] =
∑

n∈SN

n · PN(n) =
∞∑

n=0

n · α
ne−α

n!
=

∞∑

n=1

αe−α · αn−1

(n − 1)!

= αe−α
∞∑

n=1

αn−1

(n − 1)!
= αe−α

∞∑

k=0

αk

k!
= αe−α · eα = α

where the third to last equality follows from variable change k = n − 1; second to last equality

follows from exponent Taylor series, i.e. ea =
∞∑

k=0

ak

k!
.

Recall α = λT ; thus, since E [N] = α we have λ = E [N]/T ;
justifies λ as arrival rate, i.e. the average number of arrivals per unit time.
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Averages and Expected Values

Example Calculations of Expected Values (3)

The Binomial (n, p) r.v. has mean E [K ] = np (to be proven later).

The Uniform r.v. has mean E [X ] = k + (n−1)
2 , i.e. the midpoint:

E [X ] =
∑

x∈SX

x · PX (x) =
k+n−1∑

x=k

x · 1
n
=

1

n
[k + (k + 1) + (k + 2) + · · ·+ (k + n − 1)]

=
1

n
[n · k + (0 + 1 + 2 + 3 + · · ·+ n − 1)] = k +

1

n

[
(n − 1)n

2

]

= k +
(n − 1)

2
=

k + (k + n − 1)

2
.
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The Poisson Process

Note on Poisson Process

The arrivals of a Poisson process can be seen as instances on a continuous time axis:

T<latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

(Time)	

For an interval of duration T , the Poisson distribution models the probability of receiving
k ∈ {0, 1, 2, . . .} arrivals.

Recall that the Binomial distribution describes the probability of receiving
k ∈ {0, 1, . . . , n} successes in n independent Bernoulli trials.

It will now be shown that a Poisson distribution is the limiting distribution of a
judiciously chosen Binomial processs.
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The Poisson Process

Understanding Poisson Processes (1)

Consider dividing an interval of duration T into n equal slots of duration ∆T = T/n, where
n is large enough that we assume only one arrival is possible during a slot:

T<latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

(Time)	

�T = T/n
<latexit sha1_base64="HVGpxPMHiezdNGoUwcWORBhjdF8=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7grgl6EoB48RsgLkhBmJ51kyOzsMjMrhmV/xYsHRbz6I978GyePg0YLGoqqbrq7glhwbTzvy8mtrK6tb+Q3C1vbO7t77n6xoaNEMayzSESqFVCNgkusG24EtmKFNAwENoPxzdRvPqDSPJI1M4mxG9Kh5APOqLFSzy12blEYSmrkiqS17DSVWc8teWVvBvKX+AtSggWqPfez049YEqI0TFCt274Xm25KleFMYFboJBpjysZ0iG1LJQ1Rd9PZ7Rk5tkqfDCJlSxoyU39OpDTUehIGtjOkZqSXvan4n9dOzOCym3IZJwYlmy8aJIKYiEyDIH2ukBkxsYQyxe2thI2ooszYuAo2BH/55b+kcVb2vbJ/f16qXC/iyMMhHMEJ+HABFbiDKtSBwSM8wQu8Opnz7Lw57/PWnLOYOYBfcD6+AYtNk3c=</latexit><latexit sha1_base64="HVGpxPMHiezdNGoUwcWORBhjdF8=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7grgl6EoB48RsgLkhBmJ51kyOzsMjMrhmV/xYsHRbz6I978GyePg0YLGoqqbrq7glhwbTzvy8mtrK6tb+Q3C1vbO7t77n6xoaNEMayzSESqFVCNgkusG24EtmKFNAwENoPxzdRvPqDSPJI1M4mxG9Kh5APOqLFSzy12blEYSmrkiqS17DSVWc8teWVvBvKX+AtSggWqPfez049YEqI0TFCt274Xm25KleFMYFboJBpjysZ0iG1LJQ1Rd9PZ7Rk5tkqfDCJlSxoyU39OpDTUehIGtjOkZqSXvan4n9dOzOCym3IZJwYlmy8aJIKYiEyDIH2ukBkxsYQyxe2thI2ooszYuAo2BH/55b+kcVb2vbJ/f16qXC/iyMMhHMEJ+HABFbiDKtSBwSM8wQu8Opnz7Lw57/PWnLOYOYBfcD6+AYtNk3c=</latexit><latexit sha1_base64="HVGpxPMHiezdNGoUwcWORBhjdF8=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7grgl6EoB48RsgLkhBmJ51kyOzsMjMrhmV/xYsHRbz6I978GyePg0YLGoqqbrq7glhwbTzvy8mtrK6tb+Q3C1vbO7t77n6xoaNEMayzSESqFVCNgkusG24EtmKFNAwENoPxzdRvPqDSPJI1M4mxG9Kh5APOqLFSzy12blEYSmrkiqS17DSVWc8teWVvBvKX+AtSggWqPfez049YEqI0TFCt274Xm25KleFMYFboJBpjysZ0iG1LJQ1Rd9PZ7Rk5tkqfDCJlSxoyU39OpDTUehIGtjOkZqSXvan4n9dOzOCym3IZJwYlmy8aJIKYiEyDIH2ukBkxsYQyxe2thI2ooszYuAo2BH/55b+kcVb2vbJ/f16qXC/iyMMhHMEJ+HABFbiDKtSBwSM8wQu8Opnz7Lw57/PWnLOYOYBfcD6+AYtNk3c=</latexit><latexit sha1_base64="HVGpxPMHiezdNGoUwcWORBhjdF8=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7grgl6EoB48RsgLkhBmJ51kyOzsMjMrhmV/xYsHRbz6I978GyePg0YLGoqqbrq7glhwbTzvy8mtrK6tb+Q3C1vbO7t77n6xoaNEMayzSESqFVCNgkusG24EtmKFNAwENoPxzdRvPqDSPJI1M4mxG9Kh5APOqLFSzy12blEYSmrkiqS17DSVWc8teWVvBvKX+AtSggWqPfez049YEqI0TFCt274Xm25KleFMYFboJBpjysZ0iG1LJQ1Rd9PZ7Rk5tkqfDCJlSxoyU39OpDTUehIGtjOkZqSXvan4n9dOzOCym3IZJwYlmy8aJIKYiEyDIH2ukBkxsYQyxe2thI2ooszYuAo2BH/55b+kcVb2vbJ/f16qXC/iyMMhHMEJ+HABFbiDKtSBwSM8wQu8Opnz7Lw57/PWnLOYOYBfcD6+AYtNk3c=</latexit>

Since 0 or 1 arrivals occur in each slot, the arrivals are modeled as a Bernoulli (p) process.

The expected number of successes in n independent repetitions of Bernoulli trials (i.e. expected value
of a Binomial (n, p) r.v.) is given by np.

Recall expected value of a Poisson distribution is α = λT .

Thus, matching expectations means that np = α =⇒ p = α/n = λn∆T/n = λ∆T .

−Using a probability of success
given by p = λ∆T = λT/n
we have Bernoulli trial:

Arrival	in		�T
<latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit><latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit><latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit><latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit>

No	Arrival	in		�T
<latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit><latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit><latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit><latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit>

��T
<latexit sha1_base64="n44b0stC65RRVo5WNQxZ9K1XC8Q=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LKoC5cV+oImlMnkth06eTAzKZTQP3HjQhG3/ok7/8Zpm4W2Hhg4nHMu984JUsGVdpxvq7SxubW9U96t7O0fHB7ZxydtlWSSYYslIpHdgCoUPMaW5lpgN5VIo0BgJxjfz/3OBKXiSdzU0xT9iA5jPuCMaiP1bdsTJhxS4j2g0JQ0+3bVqTkLkHXiFqQKBRp9+8sLE5ZFGGsmqFI910m1n1OpORM4q3iZwpSyMR1iz9CYRqj8fHH5jFwYJSSDRJoXa7JQf0/kNFJqGgUmGVE9UqveXPzP62V6cOvnPE4zjTFbLhpkguiEzGsgIZfItJgaQpnk5lbCRlRSpk1ZFVOCu/rlddK+qrlOzX26rtbvijrKcAbncAku3EAdHqEBLWAwgWd4hTcrt16sd+tjGS1Zxcwp/IH1+QN3u5Li</latexit><latexit sha1_base64="n44b0stC65RRVo5WNQxZ9K1XC8Q=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LKoC5cV+oImlMnkth06eTAzKZTQP3HjQhG3/ok7/8Zpm4W2Hhg4nHMu984JUsGVdpxvq7SxubW9U96t7O0fHB7ZxydtlWSSYYslIpHdgCoUPMaW5lpgN5VIo0BgJxjfz/3OBKXiSdzU0xT9iA5jPuCMaiP1bdsTJhxS4j2g0JQ0+3bVqTkLkHXiFqQKBRp9+8sLE5ZFGGsmqFI910m1n1OpORM4q3iZwpSyMR1iz9CYRqj8fHH5jFwYJSSDRJoXa7JQf0/kNFJqGgUmGVE9UqveXPzP62V6cOvnPE4zjTFbLhpkguiEzGsgIZfItJgaQpnk5lbCRlRSpk1ZFVOCu/rlddK+qrlOzX26rtbvijrKcAbncAku3EAdHqEBLWAwgWd4hTcrt16sd+tjGS1Zxcwp/IH1+QN3u5Li</latexit><latexit sha1_base64="n44b0stC65RRVo5WNQxZ9K1XC8Q=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LKoC5cV+oImlMnkth06eTAzKZTQP3HjQhG3/ok7/8Zpm4W2Hhg4nHMu984JUsGVdpxvq7SxubW9U96t7O0fHB7ZxydtlWSSYYslIpHdgCoUPMaW5lpgN5VIo0BgJxjfz/3OBKXiSdzU0xT9iA5jPuCMaiP1bdsTJhxS4j2g0JQ0+3bVqTkLkHXiFqQKBRp9+8sLE5ZFGGsmqFI910m1n1OpORM4q3iZwpSyMR1iz9CYRqj8fHH5jFwYJSSDRJoXa7JQf0/kNFJqGgUmGVE9UqveXPzP62V6cOvnPE4zjTFbLhpkguiEzGsgIZfItJgaQpnk5lbCRlRSpk1ZFVOCu/rlddK+qrlOzX26rtbvijrKcAbncAku3EAdHqEBLWAwgWd4hTcrt16sd+tjGS1Zxcwp/IH1+QN3u5Li</latexit><latexit sha1_base64="n44b0stC65RRVo5WNQxZ9K1XC8Q=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LKoC5cV+oImlMnkth06eTAzKZTQP3HjQhG3/ok7/8Zpm4W2Hhg4nHMu984JUsGVdpxvq7SxubW9U96t7O0fHB7ZxydtlWSSYYslIpHdgCoUPMaW5lpgN5VIo0BgJxjfz/3OBKXiSdzU0xT9iA5jPuCMaiP1bdsTJhxS4j2g0JQ0+3bVqTkLkHXiFqQKBRp9+8sLE5ZFGGsmqFI910m1n1OpORM4q3iZwpSyMR1iz9CYRqj8fHH5jFwYJSSDRJoXa7JQf0/kNFJqGgUmGVE9UqveXPzP62V6cOvnPE4zjTFbLhpkguiEzGsgIZfItJgaQpnk5lbCRlRSpk1ZFVOCu/rlddK+qrlOzX26rtbvijrKcAbncAku3EAdHqEBLWAwgWd4hTcrt16sd+tjGS1Zxcwp/IH1+QN3u5Li</latexit>

1 � ��T
<latexit sha1_base64="TENplYWedGqesiPvxgbAwAx902o=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBjSURQZdFXbis0Bc0oUwmk3boZBJmJkIJ9VfcuFDErR/izr9x2mahrQcGDuecy71zgpQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRRyWZJLRNEp7IXoAV5UzQtmaa014qKY4DTrvB+Hbmdx+pVCwRLT1JqR/joWARI1gbaWBX3XPkcZMPMfLuKNcYtQZ2zak7c6BV4hakBgWaA/vLCxOSxVRowrFSfddJtZ9jqRnhdFrxMkVTTMZ4SPuGChxT5efz46fo1CghihJpntBorv6eyHGs1CQOTDLGeqSWvZn4n9fPdHTt50ykmaaCLBZFGUc6QbMmUMgkJZpPDMFEMnMrIiMsMdGmr4opwV3+8irpXNRdp+4+XNYaN0UdZTiGEzgDF66gAffQhDYQmMAzvMKb9WS9WO/WxyJasoqZKvyB9fkDrpqTfg==</latexit><latexit sha1_base64="TENplYWedGqesiPvxgbAwAx902o=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBjSURQZdFXbis0Bc0oUwmk3boZBJmJkIJ9VfcuFDErR/izr9x2mahrQcGDuecy71zgpQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRRyWZJLRNEp7IXoAV5UzQtmaa014qKY4DTrvB+Hbmdx+pVCwRLT1JqR/joWARI1gbaWBX3XPkcZMPMfLuKNcYtQZ2zak7c6BV4hakBgWaA/vLCxOSxVRowrFSfddJtZ9jqRnhdFrxMkVTTMZ4SPuGChxT5efz46fo1CghihJpntBorv6eyHGs1CQOTDLGeqSWvZn4n9fPdHTt50ykmaaCLBZFGUc6QbMmUMgkJZpPDMFEMnMrIiMsMdGmr4opwV3+8irpXNRdp+4+XNYaN0UdZTiGEzgDF66gAffQhDYQmMAzvMKb9WS9WO/WxyJasoqZKvyB9fkDrpqTfg==</latexit><latexit sha1_base64="TENplYWedGqesiPvxgbAwAx902o=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBjSURQZdFXbis0Bc0oUwmk3boZBJmJkIJ9VfcuFDErR/izr9x2mahrQcGDuecy71zgpQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRRyWZJLRNEp7IXoAV5UzQtmaa014qKY4DTrvB+Hbmdx+pVCwRLT1JqR/joWARI1gbaWBX3XPkcZMPMfLuKNcYtQZ2zak7c6BV4hakBgWaA/vLCxOSxVRowrFSfddJtZ9jqRnhdFrxMkVTTMZ4SPuGChxT5efz46fo1CghihJpntBorv6eyHGs1CQOTDLGeqSWvZn4n9fPdHTt50ykmaaCLBZFGUc6QbMmUMgkJZpPDMFEMnMrIiMsMdGmr4opwV3+8irpXNRdp+4+XNYaN0UdZTiGEzgDF66gAffQhDYQmMAzvMKb9WS9WO/WxyJasoqZKvyB9fkDrpqTfg==</latexit><latexit sha1_base64="TENplYWedGqesiPvxgbAwAx902o=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBjSURQZdFXbis0Bc0oUwmk3boZBJmJkIJ9VfcuFDErR/izr9x2mahrQcGDuecy71zgpQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRRyWZJLRNEp7IXoAV5UzQtmaa014qKY4DTrvB+Hbmdx+pVCwRLT1JqR/joWARI1gbaWBX3XPkcZMPMfLuKNcYtQZ2zak7c6BV4hakBgWaA/vLCxOSxVRowrFSfddJtZ9jqRnhdFrxMkVTTMZ4SPuGChxT5efz46fo1CghihJpntBorv6eyHGs1CQOTDLGeqSWvZn4n9fPdHTt50ykmaaCLBZFGUc6QbMmUMgkJZpPDMFEMnMrIiMsMdGmr4opwV3+8irpXNRdp+4+XNYaN0UdZTiGEzgDF66gAffQhDYQmMAzvMKb9WS9WO/WxyJasoqZKvyB9fkDrpqTfg==</latexit>

Henry Pfister (Duke) Discrete Random Variables Lecture 3 20 / 34



The Poisson Process

Understanding Poisson Processes (2)

Consider a Binomial (n, p = α/n = λT/n) r.v. with PMF

PKn(k) =

(
n

k

)(α
n

)k (
1− α

n

)n−k

, k = 0, 1, 2, . . . , n − 1, n. (6)

This Binomial distribution characterizes the count of # arrivals in duration T :
Each time slot is an iid Bernoulli trial, with success probability p = λ∆T = λT/n.

The Bernoulli trial for any time slot is independent of the Bernoulli trials in other time slots.
Thus, nonoverlapping time intervals are mutually independent and the process has no memory.

Knowing no arrivals occurred for an hour does not affect chance of an arrival in the next 5 mins.

The limiting behavior of (6) as n → ∞ (or ∆T → 0) is given by
(
n

k

)
· 1

nk
=

n!

k! · (n − k)! · nk =
n(n − 1)(n − 2) · · · (n − k)(n − k − 1) · · · 2 · 1

(n − k)(n − k − 1) · · · 2 · 1 · k! · nk

=
n(n − 1)(n − 2) · · · (n − k + 1)

k! · nk =
nk + ak−1n

k−1 + · · ·+ a1n + ao
k! · nk

=
1 + ak−1

nk−1

nk
+ · · ·+ a1

n
nk

+ ao
1
nk

k!
→ 1

k!
as n → ∞
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The Poisson Process

Understanding Poisson Processes (3)

Further note that for fixed k we have limits1

lim
n→∞

(
1− α

n

)n
= e−α, and lim

n→∞

(
1− α

n

)−k

= 1.

Thus, we have

lim
n→∞

PKn(k) =
1

k!
· αk · e−α, k = 0, 1, 2, 3, . . .

that we recognize as the Poisson distribution.

1
Recall from calculus that lim

s→∞

(
1 +

q

s

)s

= eq .
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Quiz 3.5

In a pay-as-you go cellphone plan, the cost of sending an SMS text

message is 10 cents and the cost of receiving a text is 5 cents. For

a certain subscriber, the probability of sending a text is 1/3 and the

probability of receiving a text is 2/3. Let C equal the cost (in cents) of

one text message and find

(a) The PMF PC(c)

(b) The expected value E[C]

(c) The probability that the subscriber receives four texts before sending

a text.

(d) The expected number of texts received by the subscriber before the

subscriber sends a text.



Functions of a Random Variable

Functions of a Random Variable (1)

There are many situations where the random values of some experiment outcome are
used to compute other quantities.

For example, let the number of open cash register lines in a supermarket be C . This number may
be determined by the number of customers K arriving per minute, such that2 C = ⌈ 1

5
K⌉.

Given two rolls of a four-sided die yielding (D1,D2), Di ∈ {1, 2, 3, 4}, i = 1, 2; perhaps we’re
interested in the larger of the two numbers, i.e. X = max(D1,D2).

Given r.v.’s X1,X2, . . . ,Xn, the sample mean is
1

n

n∑
k=1

Xi .

Let g(x) be some arbitrary function defined on the range of X , i.e. for x ∈ SX . If
Y = g(X ) where X is a r.v., the Y is also a r.v.; we refer to Y as a derived random
variable.

A function of random variables is itself a random variable. Thus, it is also described by
some PMF, i.e. there is some PY (y) defined for y ∈ SY .

2The “ceiling” of x , denoted ⌈x⌉, is the smallest integer greater than or equal to x .
Similarly, the “floor” of x , denoted ⌊x⌋, is the greatest integer less than or equal to x .
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Functions of a Random Variable

Functions of a Random Variable (2)

Theorem: Given discrete r.v. X with PMF PX (x), the PMF of derived r.v. Y = g(X ) is

PY (y) = Pr(Y = y) = Pr[g(X ) = y ] =
∑

x∈SX :g(x)=y

PX (x).

Note that if function g(x) is one-to-one (i.e. y = g(x) =⇒ x = g−1(y)), then

PY (y) = Pr(Y = y) = Pr[g(X ) = y ] = Pr[X = g−1(y) = x ] = PX (x).
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Quiz 3.6

Monitor three customers purchasing smartphones at the Phonesmart

store and observe whether each buys an Apricot phone for $450 or a

Banana phone for $300. The random variable N is the number of cus-

tomers purchasing an Apricot phone. Assume N has PMF

PN(n) =

8
>><
>>:

0.4 n = 0,

0.2 n = 1,2,3,

0 otherwise.

(1)

M dollars is the amount of money paid by three customers.

(a) Express M as a function of N .

(b) Find PM(m) and E[M ].



Functions of a Random Variable

Expected Value of a Derived Random Variable

Given discrete r.v. X ∼ PX (x), the expected value of derived r.v. Y = g(X ) is

E [Y ] =
∑

y∈SY

y · PY (y) =
∑

y∈SY

y
∑

x∈SX :g(x)=y

PX (x)

=
∑

y∈SY

∑

x∈SX :g(x)=y

g(x) · PX (x) =
∑

x∈SX

g(x) · PX (x) = E [g(X )].

Thus, expected value of derived r.v. Y = g(X ) can be found without knowing PMF PY (y).

Given discrete r.v. X with PMF PX (x), consider the derived r.v. Y = aX + b, a, b ∈ R:

E [Y ] = E [aX + b] =
∑

x∈SX

(ax + b) · PX (x) =
∑

x∈SX

[ax · PX (x) + b · PX (x)]

= a
∑

x∈SX

x · PX (x) + b
∑

x∈SX

PX (x) = a · E [X ] + b · 1.

Thus, a linear transformation of a r.v. has mean E [aX + b] = aE [X ] + b.

What is the expected value of Y = X − E [X ]?

E [Y ] = E [X ]− E [X ] = 0.

Thus, a r.v. obtained by subtracting off its mean yields a zero mean r.v.
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Example 3.30 Problem

Recall from Examples 3.5 and 3.24 that X has PMF

PX(x)

−1 0 1 2 3
0

0.5

x

PX(x) =

8
>>>>><
>>>>>:

1/4 x = 0,

1/2 x = 1,

1/4 x = 2,

0 otherwise.

(1)

What is the expected value of V = g(X) = 4X + 7?



Example 3.29 Problem

In Example 3.26,

PX(x) =

8
<
:
1/4 x = 1,2,3,4,

0 otherwise,

Y = g(X) =

8
<
:
105X � 5X2 1  X  5,

500 6  X  10.

What is E[Y ]?



Functions of a Random Variable

Expected Value of a Derived Random Variable

Given discrete r.v. X ∼ PX (x), consider r.v. Y = g(X ) = a1g1(X ) + a2g2(X ),
where a1, a2 ∈ R:

E [Y ] = E [g(X )] =
∑

x∈SX

g(x) · PX (x) =
∑

x∈SX

[a1g1(x) + a2g2(x)] · PX (x)

= a1
∑

x∈SX

g1(x) · PX (x) + a2
∑

x∈SX

g2(x) · PX (x) = a1 · E [g1(X )] + a2E [g2(X )].

Thus, a linear combination of functions has mean

E [a1g1(X ) + a2g2(X )] = a1E [g1(X )] + a2E [g2(X )].

Key idea: Expectation is a linear operation
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Variance, Standard Deviation, and Moments

Variance, Standard Deviation, and Moments

The PMF completely describes a r.v.; we can deduce many things from PMF PX (x).

Recall that expected value or mean of a r.v. provides a measure of central tendancy.
E [X ] =

∑
x∈SX

x · PX (x) is the center of mass of PMF.

E [X ] is only a single number (summarizes only one aspect of r.v.)

How much might does X deviates from E [X ]? Deviation can be quantified in many ways:
absolute distance |X − E [X ]|
squared distance (X − E [X ])2

or other valid distance metric d(X ,E [X ]), etc.

Squared distance (X − E [X ])2 is popular choice due to ease of use.

Average squared distance from distribution mean E [X ] is the variance of r.v. X :

Var[X ] = E{(X − E [X ])2} =
∑

x∈SX
(x − E [X ])2 · PX (x).

For a r.v. X , typical notation is µX
△
= E [X ] and σ2

X

△
= Var[X ].
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Variance, Standard Deviation, and Moments

Variance, Standard Deviation, and Moments

The variance can be written

Var[X ] = E
[
(X − E [X ])2

]

= E
[
X 2 − 2X · E [X ] + E [X ]2

]

= E [X 2]− 2E [X ] · E [X ] + E [X ]2

= E [X 2]− E [X ]2.

Since (X − E [X ])2 ≥ 0, it follows that

Var[X ] =
∑

x∈SX

(x − E [X ])2 · PX (x) ≥ 0, always.

Note that if Var[X ] = 0, then it follows that X = E [X ] deterministically.

The standard deviation of r.v. X is the square root of the variance:

σX =
√
Var[X ] =

√
E [X 2]− E 2[X ].

Note σX and E [X ] have the same units as X .
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Variance, Standard Deviation, and Moments

Guessing the Value of X as the Mean, i.e. X̂ = E [X ]

How should we guess the value that r.v. X will assume?...call it X̂ .

Consider choosing X̂ to minimize E
[
(X̂ − X )2

]
, i.e. the mean squared error (MSE):

E
[
(X̂ − X )2

]
=
∑

x∈SX

(X̂ − x)2PX (x)

d

dX̂
E
[
(X̂ − X )2

]
=

d

dX̂

∑

x∈SX

(X̂ − x)2PX (x) =
∑

x∈SX

2(X̂ − x)PX (x)

Solving for the unique stationary point gives

0 = 2X̂
∑

x∈SX

PX (x)− 2
∑

x∈SX

x · PX (x) = 2X̂ − 2E [X ]

=⇒ X̂ = E [X ].

Thus, X̂ = E [X ] is the guess that minimizes the MSE.
Since E

[
(X̂ − X )2

]
= E

[
(X − X̂ )2

]
, the minimum MSE is E

[
(X − E [X ])2

]
, i.e. the variance Var[X ].
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Moments of a R.V.

The n-th moment of r.v. X ∼ PX is

E [X n] =
∑

x∈SX

xn · PX (x).

The n-th central moment of r.v. X ∼ PX is

E{(X − E [X ])n} =
∑

x∈SX

(x − E [X ])n · PX (x).

The mean E [X ] is the first moment and E [X 2] is the second moment;

The variance σ2
X = E{(X − E [X ])2} is the second central moment.

Consider derived r.v. Y = aX + b. What’s it’s variance Var[Y ] = E [Y 2]− E 2[Y ] = ?

E [Y 2] = E [(aX + b)2] = E [a2X 2 + 2abX + b2] = a2E [X 2] + 2abE [X ] + b2

E [Y ]2 = (aE [X ] + b)2 = a2E [X ]2 + 2abE [X ] + b2

E [Y 2]− E 2[Y ] = a2(E [X 2]− E [X ]2) = a2σ2
X

Thus, Var[aX + b] = a2Var[X ].
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Example 3.32 Problem

Continuing Examples 3.5, 3.24, and 3.30, we recall that X has PMF

PX(x)

−1 0 1 2 3
0

0.5

x

PX(x) =

8
>>>>><
>>>>>:

1/4 x = 0,

1/2 x = 1,

1/4 x = 2,

0 otherwise,

(1)

and expected value E[X] = 1. What is the variance of X?



Example 3.33 Problem

A printer automatically prints an initial cover page that precedes the

regular printing of an X page document. Using this printer, the number

of printed pages is Y = X + 1. Express the expected value and variance

of Y as functions of E[X] and Var[X].



Quiz 3.8

In an experiment with three customers entering the Phonesmart store,

the observation is N , the number of phones purchased. The PMF of N

is

PN(n) =

8
<
:
(4 � n)/10 n = 0,1,2,3

0 otherwise.
(1)

Find

(a) The expected value E[N ]

(b) The second moment E[N2]

(c) The variance Var[N ]

(d) The standard deviation �N
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More on Variance and Some Examples

X ∼ Bernoulli (p):

E [X ] = 0 · (1− p) + 1 · p = p, E [X 2] = 02 · (1− p) + 12 · p = p,

Var[X ] = E [X 2]− E 2[X ] = p − p2 = p(1− p).

N ∼ Poisson (α): (note that: E [N(N − 1)] = E [N2]− E [N])

E [N(N − 1)] =
∞∑

n=0

n(n − 1)PN(n) =
∞∑

n=0

n(n − 1)
αne−α

n!
=

∞∑

n=2

n(n − 1)
αne−α

n!

= α2e−α
∞∑

n=2

αn−2

(n − 2)!
= α2e−α

∞∑

k=0

αk

k!
= α2e−αeα = α2.

Thus, E [N2] = α2 + E [N] = α2 + α and Var[N] = E [N2]− E [N]2 = α2 + α− α2 = α.
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More on Variance and Some Examples

L ∼ Geometric (p):

Setup: E [L] =
1

p
, E [L2] =

∑

l∈SL

l2 · PL(l) =
∞∑

l=1

l2 · p · (1− p)l−1.

Note: (1− p)
d2

dp2
(1− p)l = l2(1− p)l−1 − l(1− p)l−1

E [L2] = p
∞∑

l=1

l2(1− p)l−1 = p
∞∑

l=1

(1− p)
d2

dp2
(1− p)l + l(1− p)l−1

= p(1− p)
d2

dp2

∞∑

l=1

(1− p)l + E [L] = p(1− p)
d2

dp2

(
−1 +

1

p

)
+ E [L]

E [L2] =
2(1− p)

p2
+ E [L] =

2(1− p)

p2
+

1

p

=⇒ Var[L] = E [L2]− E [L]2 =
1− p

p2
.
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More on Variance and Some Examples

X ∼ Uniform on {k , k + 1, . . . , k + n − 1}3

Assume k = 1 and check that E [X ] = n+1
2

E [X 2] =
n∑

x=1

x2 · 1
n
=

1

n
· n(n + 1)(2n + 1)

6
=

(n + 1)(2n + 1)

6
=⇒

Var[X ] = E [X 2]− E 2[X ] =
(n + 1)(2n + 1)

6
− (n + 1)2

4

= (n + 1)

[
2(2n + 1)− 3(n + 1)

12

]
= (n + 1)

n − 1

12
=

n2 − 1

12

Since variance is not changed by translation/shift, this is also variance for k ̸= 1

3Can verify sum of squares given by
∑n

k=1 k
2 = 1 + 22 + 32 + · · ·+ (n − 1)2 + n2 = n(n+1)(2n+1)

6
.
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