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A Large Number of Outcomes

Consider a game spinner:
1	 2	

1	 2	

3	 4	

ETC.	

✓
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>

X 2 {1, 2}
<latexit sha1_base64="xGDsWL4GYEEBdlEF0Mm6y//Q6gU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4kJIUQY9FLx4r2A9oQtlst+3SzSbuTgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dtbWNza3tgs7xd29/YPD0tFx08SpZrzBYhnrdkgNl0LxBgqUvJ1oTqNQ8lY4upv5rTHXRsTqEScJDyI6UKIvGEUrBW3iC0X8zLus+tNuqexW3DnIKvFyUoYc9W7py+/FLI24QiapMR3PTTDIqEbBJJ8W/dTwhLIRHfCOpYpG3ATZ/OgpObdKj/RjbUshmau/JzIaGTOJQtsZURyaZW8m/ud1UuzfBJlQSYpcscWifioJxmSWAOkJzRnKiSWUaWFvJWxINWVocyraELzll1dJs1rx3Ir3cFWu3eZxFOAUzuACPLiGGtxDHRrA4Ame4RXenLHz4rw7H4vWNSefOYE/cD5/ACLdkQY=</latexit><latexit sha1_base64="xGDsWL4GYEEBdlEF0Mm6y//Q6gU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4kJIUQY9FLx4r2A9oQtlst+3SzSbuTgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dtbWNza3tgs7xd29/YPD0tFx08SpZrzBYhnrdkgNl0LxBgqUvJ1oTqNQ8lY4upv5rTHXRsTqEScJDyI6UKIvGEUrBW3iC0X8zLus+tNuqexW3DnIKvFyUoYc9W7py+/FLI24QiapMR3PTTDIqEbBJJ8W/dTwhLIRHfCOpYpG3ATZ/OgpObdKj/RjbUshmau/JzIaGTOJQtsZURyaZW8m/ud1UuzfBJlQSYpcscWifioJxmSWAOkJzRnKiSWUaWFvJWxINWVocyraELzll1dJs1rx3Ir3cFWu3eZxFOAUzuACPLiGGtxDHRrA4Ame4RXenLHz4rw7H4vWNSefOYE/cD5/ACLdkQY=</latexit><latexit sha1_base64="xGDsWL4GYEEBdlEF0Mm6y//Q6gU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4kJIUQY9FLx4r2A9oQtlst+3SzSbuTgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dtbWNza3tgs7xd29/YPD0tFx08SpZrzBYhnrdkgNl0LxBgqUvJ1oTqNQ8lY4upv5rTHXRsTqEScJDyI6UKIvGEUrBW3iC0X8zLus+tNuqexW3DnIKvFyUoYc9W7py+/FLI24QiapMR3PTTDIqEbBJJ8W/dTwhLIRHfCOpYpG3ATZ/OgpObdKj/RjbUshmau/JzIaGTOJQtsZURyaZW8m/ud1UuzfBJlQSYpcscWifioJxmSWAOkJzRnKiSWUaWFvJWxINWVocyraELzll1dJs1rx3Ir3cFWu3eZxFOAUzuACPLiGGtxDHRrA4Ame4RXenLHz4rw7H4vWNSefOYE/cD5/ACLdkQY=</latexit><latexit sha1_base64="xGDsWL4GYEEBdlEF0Mm6y//Q6gU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4kJIUQY9FLx4r2A9oQtlst+3SzSbuTgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dtbWNza3tgs7xd29/YPD0tFx08SpZrzBYhnrdkgNl0LxBgqUvJ1oTqNQ8lY4upv5rTHXRsTqEScJDyI6UKIvGEUrBW3iC0X8zLus+tNuqexW3DnIKvFyUoYc9W7py+/FLI24QiapMR3PTTDIqEbBJJ8W/dTwhLIRHfCOpYpG3ATZ/OgpObdKj/RjbUshmau/JzIaGTOJQtsZURyaZW8m/ud1UuzfBJlQSYpcscWifioJxmSWAOkJzRnKiSWUaWFvJWxINWVocyraELzll1dJs1rx3Ir3cFWu3eZxFOAUzuACPLiGGtxDHRrA4Ame4RXenLHz4rw7H4vWNSefOYE/cD5/ACLdkQY=</latexit>

X 2 {1, 2, 3, 4}
<latexit sha1_base64="MOHRkmeCcQGh5GocvpfmWRcAwUs=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwUEpSC3osevFYwX5AE8pmu2mXbjZhd6OU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmBQlnSjvOt7W2vrG5tV3YKe7u7R8c2qWjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8c3M7zxQqVgs7vUkoX6Eh4KFjGBtpL5d6iKPCeRlbqVWuajUvWnfLjtVZw60StyclCFHs29/eYOYpBEVmnCsVM91Eu1nWGpGOJ0WvVTRBJMxHtKeoQJHVPnZ/PQpOjPKAIWxNCU0mqu/JzIcKTWJAtMZYT1Sy95M/M/rpTq88jMmklRTQRaLwpQjHaNZDmjAJCWaTwzBRDJzKyIjLDHRJq2iCcFdfnmVtGtV16m6d/Vy4zqPowAncArn4MIlNOAWmtACAo/wDK/wZj1ZL9a79bFoXbPymWP4A+vzB1++kh4=</latexit><latexit sha1_base64="MOHRkmeCcQGh5GocvpfmWRcAwUs=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwUEpSC3osevFYwX5AE8pmu2mXbjZhd6OU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmBQlnSjvOt7W2vrG5tV3YKe7u7R8c2qWjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8c3M7zxQqVgs7vUkoX6Eh4KFjGBtpL5d6iKPCeRlbqVWuajUvWnfLjtVZw60StyclCFHs29/eYOYpBEVmnCsVM91Eu1nWGpGOJ0WvVTRBJMxHtKeoQJHVPnZ/PQpOjPKAIWxNCU0mqu/JzIcKTWJAtMZYT1Sy95M/M/rpTq88jMmklRTQRaLwpQjHaNZDmjAJCWaTwzBRDJzKyIjLDHRJq2iCcFdfnmVtGtV16m6d/Vy4zqPowAncArn4MIlNOAWmtACAo/wDK/wZj1ZL9a79bFoXbPymWP4A+vzB1++kh4=</latexit><latexit sha1_base64="MOHRkmeCcQGh5GocvpfmWRcAwUs=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwUEpSC3osevFYwX5AE8pmu2mXbjZhd6OU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmBQlnSjvOt7W2vrG5tV3YKe7u7R8c2qWjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8c3M7zxQqVgs7vUkoX6Eh4KFjGBtpL5d6iKPCeRlbqVWuajUvWnfLjtVZw60StyclCFHs29/eYOYpBEVmnCsVM91Eu1nWGpGOJ0WvVTRBJMxHtKeoQJHVPnZ/PQpOjPKAIWxNCU0mqu/JzIcKTWJAtMZYT1Sy95M/M/rpTq88jMmklRTQRaLwpQjHaNZDmjAJCWaTwzBRDJzKyIjLDHRJq2iCcFdfnmVtGtV16m6d/Vy4zqPowAncArn4MIlNOAWmtACAo/wDK/wZj1ZL9a79bFoXbPymWP4A+vzB1++kh4=</latexit><latexit sha1_base64="MOHRkmeCcQGh5GocvpfmWRcAwUs=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwUEpSC3osevFYwX5AE8pmu2mXbjZhd6OU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmBQlnSjvOt7W2vrG5tV3YKe7u7R8c2qWjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8c3M7zxQqVgs7vUkoX6Eh4KFjGBtpL5d6iKPCeRlbqVWuajUvWnfLjtVZw60StyclCFHs29/eYOYpBEVmnCsVM91Eu1nWGpGOJ0WvVTRBJMxHtKeoQJHVPnZ/PQpOjPKAIWxNCU0mqu/JzIcKTWJAtMZYT1Sy95M/M/rpTq88jMmklRTQRaLwpQjHaNZDmjAJCWaTwzBRDJzKyIjLDHRJq2iCcFdfnmVtGtV16m6d/Vy4zqPowAncArn4MIlNOAWmtACAo/wDK/wZj1ZL9a79bFoXbPymWP4A+vzB1++kh4=</latexit>

X 2 {1, 2, 3, . . . , 8}
<latexit sha1_base64="8nVu7ivworSu7tUi75dpiGqw1+w=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCi1CSKthl0Y3LCvYBTSiTyaQdOpkJMxOhhLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JU0aVdt1va2V1bX1js7RV3t7Z3du3Dw7bSmQSkxYWTMhuiBRhlJOWppqRbioJSkJGOuHoZup3HohUVPB7PU5JkKABpzHFSBupbx93oU859HPPqTkXjs8ioZVT9yd9u+JW3RngMvEKUgEFmn37y48EzhLCNWZIqZ7npjrIkdQUMzIp+5kiKcIjNCA9QzlKiAry2QcTeGaUCMZCmuIaztTfEzlKlBonoelMkB6qRW8q/uf1Mh3Xg5zyNNOE4/miOGNQCziNA0ZUEqzZ2BCEJTW3QjxEEmFtQiubELzFl5dJu1b13Kp3d1lpXBdxlMAJOAXnwANXoAFuQRO0AAaP4Bm8gjfryXqx3q2PeeuKVcwcgT+wPn8ApKKVFg==</latexit><latexit sha1_base64="8nVu7ivworSu7tUi75dpiGqw1+w=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCi1CSKthl0Y3LCvYBTSiTyaQdOpkJMxOhhLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JU0aVdt1va2V1bX1js7RV3t7Z3du3Dw7bSmQSkxYWTMhuiBRhlJOWppqRbioJSkJGOuHoZup3HohUVPB7PU5JkKABpzHFSBupbx93oU859HPPqTkXjs8ioZVT9yd9u+JW3RngMvEKUgEFmn37y48EzhLCNWZIqZ7npjrIkdQUMzIp+5kiKcIjNCA9QzlKiAry2QcTeGaUCMZCmuIaztTfEzlKlBonoelMkB6qRW8q/uf1Mh3Xg5zyNNOE4/miOGNQCziNA0ZUEqzZ2BCEJTW3QjxEEmFtQiubELzFl5dJu1b13Kp3d1lpXBdxlMAJOAXnwANXoAFuQRO0AAaP4Bm8gjfryXqx3q2PeeuKVcwcgT+wPn8ApKKVFg==</latexit><latexit sha1_base64="8nVu7ivworSu7tUi75dpiGqw1+w=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCi1CSKthl0Y3LCvYBTSiTyaQdOpkJMxOhhLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JU0aVdt1va2V1bX1js7RV3t7Z3du3Dw7bSmQSkxYWTMhuiBRhlJOWppqRbioJSkJGOuHoZup3HohUVPB7PU5JkKABpzHFSBupbx93oU859HPPqTkXjs8ioZVT9yd9u+JW3RngMvEKUgEFmn37y48EzhLCNWZIqZ7npjrIkdQUMzIp+5kiKcIjNCA9QzlKiAry2QcTeGaUCMZCmuIaztTfEzlKlBonoelMkB6qRW8q/uf1Mh3Xg5zyNNOE4/miOGNQCziNA0ZUEqzZ2BCEJTW3QjxEEmFtQiubELzFl5dJu1b13Kp3d1lpXBdxlMAJOAXnwANXoAFuQRO0AAaP4Bm8gjfryXqx3q2PeeuKVcwcgT+wPn8ApKKVFg==</latexit><latexit sha1_base64="8nVu7ivworSu7tUi75dpiGqw1+w=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCi1CSKthl0Y3LCvYBTSiTyaQdOpkJMxOhhLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JU0aVdt1va2V1bX1js7RV3t7Z3du3Dw7bSmQSkxYWTMhuiBRhlJOWppqRbioJSkJGOuHoZup3HohUVPB7PU5JkKABpzHFSBupbx93oU859HPPqTkXjs8ioZVT9yd9u+JW3RngMvEKUgEFmn37y48EzhLCNWZIqZ7npjrIkdQUMzIp+5kiKcIjNCA9QzlKiAry2QcTeGaUCMZCmuIaztTfEzlKlBonoelMkB6qRW8q/uf1Mh3Xg5zyNNOE4/miOGNQCziNA0ZUEqzZ2BCEJTW3QjxEEmFtQiubELzFl5dJu1b13Kp3d1lpXBdxlMAJOAXnwANXoAFuQRO0AAaP4Bm8gjfryXqx3q2PeeuKVcwcgT+wPn8ApKKVFg==</latexit>

X 2 {1, 2, 3, . . . , 16}
<latexit sha1_base64="UZgr9G2X2PYCs6OHlX0BazRCroA=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgIpRMFXVZdOOygn1AE8pkMmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhts9DWAxcO59zLvfcEKWdKu+63tbS8srq2Xtoob25t7+zae/stlWSS0CZJeCI7AVaUM0GbmmlOO6mkOA44bQfDm4nffqBSsUTc61FK/Rj3BYsYwdpIPfuwAz0moJcjp+acOR4PE60cdOGNe3bFrbpTwEWCClIBBRo9+8sLE5LFVGjCsVJd5Kbaz7HUjHA6LnuZoikmQ9ynXUMFjqny8+kLY3hilBBGiTQlNJyqvydyHCs1igPTGWM9UPPeRPzP62Y6uvJzJtJMU0Fmi6KMQ53ASR4wZJISzUeGYCKZuRWSAZaYaJNa2YSA5l9eJK1aFblVdHdeqV8XcZTAETgGpwCBS1AHt6ABmoCAR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/GBeVTw==</latexit><latexit sha1_base64="UZgr9G2X2PYCs6OHlX0BazRCroA=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgIpRMFXVZdOOygn1AE8pkMmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhts9DWAxcO59zLvfcEKWdKu+63tbS8srq2Xtoob25t7+zae/stlWSS0CZJeCI7AVaUM0GbmmlOO6mkOA44bQfDm4nffqBSsUTc61FK/Rj3BYsYwdpIPfuwAz0moJcjp+acOR4PE60cdOGNe3bFrbpTwEWCClIBBRo9+8sLE5LFVGjCsVJd5Kbaz7HUjHA6LnuZoikmQ9ynXUMFjqny8+kLY3hilBBGiTQlNJyqvydyHCs1igPTGWM9UPPeRPzP62Y6uvJzJtJMU0Fmi6KMQ53ASR4wZJISzUeGYCKZuRWSAZaYaJNa2YSA5l9eJK1aFblVdHdeqV8XcZTAETgGpwCBS1AHt6ABmoCAR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/GBeVTw==</latexit><latexit sha1_base64="UZgr9G2X2PYCs6OHlX0BazRCroA=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgIpRMFXVZdOOygn1AE8pkMmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhts9DWAxcO59zLvfcEKWdKu+63tbS8srq2Xtoob25t7+zae/stlWSS0CZJeCI7AVaUM0GbmmlOO6mkOA44bQfDm4nffqBSsUTc61FK/Rj3BYsYwdpIPfuwAz0moJcjp+acOR4PE60cdOGNe3bFrbpTwEWCClIBBRo9+8sLE5LFVGjCsVJd5Kbaz7HUjHA6LnuZoikmQ9ynXUMFjqny8+kLY3hilBBGiTQlNJyqvydyHCs1igPTGWM9UPPeRPzP62Y6uvJzJtJMU0Fmi6KMQ53ASR4wZJISzUeGYCKZuRWSAZaYaJNa2YSA5l9eJK1aFblVdHdeqV8XcZTAETgGpwCBS1AHt6ABmoCAR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/GBeVTw==</latexit><latexit sha1_base64="UZgr9G2X2PYCs6OHlX0BazRCroA=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgIpRMFXVZdOOygn1AE8pkMmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhts9DWAxcO59zLvfcEKWdKu+63tbS8srq2Xtoob25t7+zae/stlWSS0CZJeCI7AVaUM0GbmmlOO6mkOA44bQfDm4nffqBSsUTc61FK/Rj3BYsYwdpIPfuwAz0moJcjp+acOR4PE60cdOGNe3bFrbpTwEWCClIBBRo9+8sLE5LFVGjCsVJd5Kbaz7HUjHA6LnuZoikmQ9ynXUMFjqny8+kLY3hilBBGiTQlNJyqvydyHCs1igPTGWM9UPPeRPzP62Y6uvJzJtJMU0Fmi6KMQ53ASR4wZJISzUeGYCKZuRWSAZaYaJNa2YSA5l9eJK1aFblVdHdeqV8XcZTAETgGpwCBS1AHt6ABmoCAR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/GBeVTw==</latexit>

Divide disc into n sectors (“pie slices”) of equal size, and define discrete r.v. X as the
number for sector that spinner arrow falls in.

Let X PMF be PX (x) =
1
n
for X ∈ {1, 2, . . . , n}, and zero otherwise.

Clearly, as n → ∞, i.e. more and more pie slices allowed:

# sectors becomes infinite

Pr(X = x) = PX (x) =
1
n
→ 0, i.e. probability of particular sector is zero.

−This does not mean that obtaining an outcome of X = x
is impossible, only that there are infinite possibilities.

So how might we handle such scenarios, or similar ones?
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Continuous Sample Spaces

What about r.v. given by angle θ ∈ [0, 2π]?...or more generally what about a r.v. X defined
on the real interval [a, b], i.e. SX = {x : a ≤ x ≤ b}?

The real interval [a, b] contains an infinite # (uncountable) possible values for X .

By axioms of probability, the total probability on [a, b] must be unity.

So how might we handle such scenarios?...or in general a r.v. whose value may fall anywhere within
continuous ranges?
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Probability Density Function (PDF)

Probability Density Function (PDF)

The PDF of a r.v. X is denoted fX (x) and defined such that, for any reasonable set B ⊆ R,

Pr(X ∈ B) =

∫

B

fX (x)dx ,

i.e. the probability of X falling in set B is given by integrating the PDF over the set B.

For example, if B = {x : x1 ≤ x ≤ x2} then

Pr(X ∈ B) = Pr(x1 ≤ X ≤ x2) =

∫ x2

x1

fX (x)dx .

Notation X ∼ fX (x) indicates that r.v. X has PDF fX (x).

Probability is given by area under the density function.
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Probability Density Function (PDF)

The area under fX (x) for interval of width zero, i.e. a single point, is equal to zero:

Pr(X = x1) =

∫ x1

x1

fX (x)dx = 0. (1)

Not because outcome X = x1 is impossible but due to infinitely many possibilities nearby x1.

Thus, including or excluding endpoints in an interval has no effect on the probability, i.e.

Pr(x1 ≤ X ≤ x2) = Pr(x1 < X ≤ x2) = Pr(x1 ≤ X < x2) = Pr(x1 < X < x2).

The axioms of probability require the PDF to possess the following properties:
a) fX (x) ≥ 0 for all x ∈ SX [otherwise negative probability would occur].

b)

∫ ∞

−∞
fX (x) dx = Pr(−∞ < X < ∞) = 1 [probability of universal set is unity].

Small δ > 0,

Pr(x < X ≤ x + δ) =

∫ x+δ

x

fX (u)du ≈ fX (x) · δ (2)

PDF fX (x) provides a measure of “probability per unit length.” not probability

Thus, used to compute but not equal to a probability and not restricted to be ≤ 1.
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Probability Density Function (PDF)

Example PDF: Uniform R.V.

Consider r.v. X with range SX = {x : a ≤ x ≤ b} with PDF

fX (x) =

{
γ, a ≤ x ≤ b
0, Otherwise.

Note that ∫ b

a

fX (x) dx = γ

∫ b

a

dx = γ · (b − a) = 1 =⇒ γ =
1

b − a
.

Thus, r.v. uniformly distributed on interval [a, b] has PDF

fX (x) =

{ 1

b − a
, a ≤ x ≤ b

0, Otherwise.

x
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(3)

Indicator function 1S (x) ≜ {1, if x ∈ S, and 0 otherwise =⇒ fX (x) =
1

b−a
1[a,b](x).

For b = a+ ϵ and small ϵ > 0, we have [a, b] = [a, a+ ϵ] and b− a = ϵ and fX (x) =
1
ϵ
for x ∈ [a, a+ ϵ]

Thus, PDF can assume arbitrarily large values near a for small enough ϵ > 0.
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Cumulative Distribution Function (CDF)

Cumulative Distribution Function (CDF)

The cumulative distribution function (CDF) for r.v. X ∼ fX (x) is defined by

FX (x) = Pr(X ≤ x) =

∫ x

−∞
fX (u) du (4)

which is very similar to the discrete r.v. case.
The CDF “accumulates” all probability up to and including the value x .

Example: Uniform r.v.: Consider r.v. X with PDF given in (3).

FX (x) = Pr(X ≤ x) =

∫ x

−∞
fX (u) du =

1

b − a

∫ x

−∞
1[a,b](u)du

=





0, x < a
1

b − a

∫ x

a

du =
x − a

b − a
, a ≤ x ≤ b

1, x > b.

PDF fX(x)
<latexit sha1_base64="Kjyty57gGkevxz+FXZY67WKm74c=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCmqIjLCvYBTQiT6aQdOpMJMxNpDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdMGFXacb6thcWl5ZXVwlpxfWNza9ve2W0okUpM6lgwIVshUoTRmNQ11Yy0EkkQDxlphv2rsd98IFJREd/rYUJ8jroxjShG2kiBve/xUAyy2vXNCHoXMApa5cFxYJecijMBnCduTkogRy2wv7yOwCknscYMKdV2nUT7GZKaYkZGRS9VJEG4j7qkbWiMOFF+Nrl+BI+M0oGRkKZiDSfq74kMcaWGPDSdHOmemvXG4n9eO9XRuZ/ROEk1ifF0UZQyqAUcRwE7VBKs2dAQhCU1t0LcQxJhbQIrmhDc2ZfnSeOk4joV9+60VL3M4yiAA3AIysAFZ6AKbkEN1AEGj+AZvII368l6sd6tj2nrgpXP7IE/sD5/ALgvlBQ=</latexit><latexit sha1_base64="Kjyty57gGkevxz+FXZY67WKm74c=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCmqIjLCvYBTQiT6aQdOpMJMxNpDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdMGFXacb6thcWl5ZXVwlpxfWNza9ve2W0okUpM6lgwIVshUoTRmNQ11Yy0EkkQDxlphv2rsd98IFJREd/rYUJ8jroxjShG2kiBve/xUAyy2vXNCHoXMApa5cFxYJecijMBnCduTkogRy2wv7yOwCknscYMKdV2nUT7GZKaYkZGRS9VJEG4j7qkbWiMOFF+Nrl+BI+M0oGRkKZiDSfq74kMcaWGPDSdHOmemvXG4n9eO9XRuZ/ROEk1ifF0UZQyqAUcRwE7VBKs2dAQhCU1t0LcQxJhbQIrmhDc2ZfnSeOk4joV9+60VL3M4yiAA3AIysAFZ6AKbkEN1AEGj+AZvII368l6sd6tj2nrgpXP7IE/sD5/ALgvlBQ=</latexit><latexit sha1_base64="Kjyty57gGkevxz+FXZY67WKm74c=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCmqIjLCvYBTQiT6aQdOpMJMxNpDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdMGFXacb6thcWl5ZXVwlpxfWNza9ve2W0okUpM6lgwIVshUoTRmNQ11Yy0EkkQDxlphv2rsd98IFJREd/rYUJ8jroxjShG2kiBve/xUAyy2vXNCHoXMApa5cFxYJecijMBnCduTkogRy2wv7yOwCknscYMKdV2nUT7GZKaYkZGRS9VJEG4j7qkbWiMOFF+Nrl+BI+M0oGRkKZiDSfq74kMcaWGPDSdHOmemvXG4n9eO9XRuZ/ROEk1ifF0UZQyqAUcRwE7VBKs2dAQhCU1t0LcQxJhbQIrmhDc2ZfnSeOk4joV9+60VL3M4yiAA3AIysAFZ6AKbkEN1AEGj+AZvII368l6sd6tj2nrgpXP7IE/sD5/ALgvlBQ=</latexit><latexit sha1_base64="Kjyty57gGkevxz+FXZY67WKm74c=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCmqIjLCvYBTQiT6aQdOpMJMxNpDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdMGFXacb6thcWl5ZXVwlpxfWNza9ve2W0okUpM6lgwIVshUoTRmNQ11Yy0EkkQDxlphv2rsd98IFJREd/rYUJ8jroxjShG2kiBve/xUAyy2vXNCHoXMApa5cFxYJecijMBnCduTkogRy2wv7yOwCknscYMKdV2nUT7GZKaYkZGRS9VJEG4j7qkbWiMOFF+Nrl+BI+M0oGRkKZiDSfq74kMcaWGPDSdHOmemvXG4n9eO9XRuZ/ROEk1ifF0UZQyqAUcRwE7VBKs2dAQhCU1t0LcQxJhbQIrmhDc2ZfnSeOk4joV9+60VL3M4yiAA3AIysAFZ6AKbkEN1AEGj+AZvII368l6sd6tj2nrgpXP7IE/sD5/ALgvlBQ=</latexit>

CDF FX(x)
<latexit sha1_base64="UiSDpeidV/p6klqiz/yoID8WuVI=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWomzIjgoKbYqW4rGAf0BmGTJq2oUlmSDLSOhR/xY0LRdz6H+78G9N2Ftp64MLhnHu5954wZlRpx/m2lpZXVtfWcxv5za3tnV17b7+hokRiUscRi2QrRIowKkhdU81IK5YE8ZCRZjioTPzmA5GKRuJej2Lic9QTtEsx0kYK7EOPh9EwrdxUx9C7gtWgVRyeBnbBKTlTwEXiZqQAMtQC+8vrRDjhRGjMkFJt14m1nyKpKWZknPcSRWKEB6hH2oYKxIny0+n1Y3hilA7sRtKU0HCq/p5IEVdqxEPTyZHuq3lvIv7ntRPdvfRTKuJEE4Fni7oJgzqCkyhgh0qCNRsZgrCk5laI+0girE1geROCO//yImmclVyn5N6dF8rXWRw5cASOQRG44AKUwS2ogTrA4BE8g1fwZj1ZL9a79TFrXbKymQPwB9bnD3Kyk+c=</latexit><latexit sha1_base64="UiSDpeidV/p6klqiz/yoID8WuVI=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWomzIjgoKbYqW4rGAf0BmGTJq2oUlmSDLSOhR/xY0LRdz6H+78G9N2Ftp64MLhnHu5954wZlRpx/m2lpZXVtfWcxv5za3tnV17b7+hokRiUscRi2QrRIowKkhdU81IK5YE8ZCRZjioTPzmA5GKRuJej2Lic9QTtEsx0kYK7EOPh9EwrdxUx9C7gtWgVRyeBnbBKTlTwEXiZqQAMtQC+8vrRDjhRGjMkFJt14m1nyKpKWZknPcSRWKEB6hH2oYKxIny0+n1Y3hilA7sRtKU0HCq/p5IEVdqxEPTyZHuq3lvIv7ntRPdvfRTKuJEE4Fni7oJgzqCkyhgh0qCNRsZgrCk5laI+0girE1geROCO//yImmclVyn5N6dF8rXWRw5cASOQRG44AKUwS2ogTrA4BE8g1fwZj1ZL9a79TFrXbKymQPwB9bnD3Kyk+c=</latexit><latexit sha1_base64="UiSDpeidV/p6klqiz/yoID8WuVI=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWomzIjgoKbYqW4rGAf0BmGTJq2oUlmSDLSOhR/xY0LRdz6H+78G9N2Ftp64MLhnHu5954wZlRpx/m2lpZXVtfWcxv5za3tnV17b7+hokRiUscRi2QrRIowKkhdU81IK5YE8ZCRZjioTPzmA5GKRuJej2Lic9QTtEsx0kYK7EOPh9EwrdxUx9C7gtWgVRyeBnbBKTlTwEXiZqQAMtQC+8vrRDjhRGjMkFJt14m1nyKpKWZknPcSRWKEB6hH2oYKxIny0+n1Y3hilA7sRtKU0HCq/p5IEVdqxEPTyZHuq3lvIv7ntRPdvfRTKuJEE4Fni7oJgzqCkyhgh0qCNRsZgrCk5laI+0girE1geROCO//yImmclVyn5N6dF8rXWRw5cASOQRG44AKUwS2ogTrA4BE8g1fwZj1ZL9a79TFrXbKymQPwB9bnD3Kyk+c=</latexit><latexit sha1_base64="UiSDpeidV/p6klqiz/yoID8WuVI=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWomzIjgoKbYqW4rGAf0BmGTJq2oUlmSDLSOhR/xY0LRdz6H+78G9N2Ftp64MLhnHu5954wZlRpx/m2lpZXVtfWcxv5za3tnV17b7+hokRiUscRi2QrRIowKkhdU81IK5YE8ZCRZjioTPzmA5GKRuJej2Lic9QTtEsx0kYK7EOPh9EwrdxUx9C7gtWgVRyeBnbBKTlTwEXiZqQAMtQC+8vrRDjhRGjMkFJt14m1nyKpKWZknPcSRWKEB6hH2oYKxIny0+n1Y3hilA7sRtKU0HCq/p5IEVdqxEPTyZHuq3lvIv7ntRPdvfRTKuJEE4Fni7oJgzqCkyhgh0qCNRsZgrCk5laI+0girE1geROCO//yImmclVyn5N6dF8rXWRw5cASOQRG44AKUwS2ogTrA4BE8g1fwZj1ZL9a79TFrXbKymQPwB9bnD3Kyk+c=</latexit>

1

b � a
<latexit sha1_base64="qfKLH0dgN4Q8tKKNVJLuqxGx+Ig=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbArgh6DXjxGMA9IljA76U2GzM6uM7OBsOx3ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvjVFpHstHM0nQj+hA8pAzaqzkd0NFWeblWXBB81654lbdGcgq8RakAgvUe+Wvbj9maYTSMEG17nhuYvyMKsOZwLzUTTUmlI3oADuWShqh9rPZ0Tk5s0qfhLGyJQ2Zqb8nMhppPYkC2xlRM9TL3lT8z+ukJrzxMy6T1KBk80VhKoiJyTQB0ucKmRETSyhT3N5K2JDaHIzNqWRD8JZfXiXNy6rnVr2Hq0rtdhFHEU7gFM7Bg2uowT3UoQEMnuAZXuHNGTsvzrvzMW8tOIuZY/gD5/MHrCCSBQ==</latexit><latexit sha1_base64="qfKLH0dgN4Q8tKKNVJLuqxGx+Ig=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbArgh6DXjxGMA9IljA76U2GzM6uM7OBsOx3ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvjVFpHstHM0nQj+hA8pAzaqzkd0NFWeblWXBB81654lbdGcgq8RakAgvUe+Wvbj9maYTSMEG17nhuYvyMKsOZwLzUTTUmlI3oADuWShqh9rPZ0Tk5s0qfhLGyJQ2Zqb8nMhppPYkC2xlRM9TL3lT8z+ukJrzxMy6T1KBk80VhKoiJyTQB0ucKmRETSyhT3N5K2JDaHIzNqWRD8JZfXiXNy6rnVr2Hq0rtdhFHEU7gFM7Bg2uowT3UoQEMnuAZXuHNGTsvzrvzMW8tOIuZY/gD5/MHrCCSBQ==</latexit><latexit sha1_base64="qfKLH0dgN4Q8tKKNVJLuqxGx+Ig=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbArgh6DXjxGMA9IljA76U2GzM6uM7OBsOx3ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvjVFpHstHM0nQj+hA8pAzaqzkd0NFWeblWXBB81654lbdGcgq8RakAgvUe+Wvbj9maYTSMEG17nhuYvyMKsOZwLzUTTUmlI3oADuWShqh9rPZ0Tk5s0qfhLGyJQ2Zqb8nMhppPYkC2xlRM9TL3lT8z+ukJrzxMy6T1KBk80VhKoiJyTQB0ucKmRETSyhT3N5K2JDaHIzNqWRD8JZfXiXNy6rnVr2Hq0rtdhFHEU7gFM7Bg2uowT3UoQEMnuAZXuHNGTsvzrvzMW8tOIuZY/gD5/MHrCCSBQ==</latexit><latexit sha1_base64="qfKLH0dgN4Q8tKKNVJLuqxGx+Ig=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbArgh6DXjxGMA9IljA76U2GzM6uM7OBsOx3ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvjVFpHstHM0nQj+hA8pAzaqzkd0NFWeblWXBB81654lbdGcgq8RakAgvUe+Wvbj9maYTSMEG17nhuYvyMKsOZwLzUTTUmlI3oADuWShqh9rPZ0Tk5s0qfhLGyJQ2Zqb8nMhppPYkC2xlRM9TL3lT8z+ukJrzxMy6T1KBk80VhKoiJyTQB0ucKmRETSyhT3N5K2JDaHIzNqWRD8JZfXiXNy6rnVr2Hq0rtdhFHEU7gFM7Bg2uowT3UoQEMnuAZXuHNGTsvzrvzMW8tOIuZY/gD5/MHrCCSBQ==</latexit>

x � a

b � a
<latexit sha1_base64="3IyzAF/mivypeJWDzK8PXoIdR9M=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCF8uuCHosevFYwX5AW8psmm1Ds9klyYp16S/x4kERr/4Ub/4b03YP2vpghsd7M2TygkRwbTzv21lZXVvf2CxsFbd3dvdK7v5BQ8epoqxOYxGrVoCaCS5Z3XAjWCtRDKNAsGYwupn6zQemNI/lvRknrBvhQPKQUzRW6rmlTqiQZo9nOMkC23pu2at4M5Bl4uekDDlqPfer049pGjFpqECt276XmG6GynAq2KTYSTVLkI5wwNqWSoyY7mazwyfkxCp9EsbKljRkpv7eyDDSehwFdjJCM9SL3lT8z2unJrzqZlwmqWGSzh8KU0FMTKYpkD5XjBoxtgSp4vZWQodokzA2q6INwV/88jJpnFd8r+LfXZSr13kcBTiCYzgFHy6hCrdQgzpQSOEZXuHNeXJenHfnYz664uQ7h/AHzucPu8KTHw==</latexit><latexit sha1_base64="3IyzAF/mivypeJWDzK8PXoIdR9M=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCF8uuCHosevFYwX5AW8psmm1Ds9klyYp16S/x4kERr/4Ub/4b03YP2vpghsd7M2TygkRwbTzv21lZXVvf2CxsFbd3dvdK7v5BQ8epoqxOYxGrVoCaCS5Z3XAjWCtRDKNAsGYwupn6zQemNI/lvRknrBvhQPKQUzRW6rmlTqiQZo9nOMkC23pu2at4M5Bl4uekDDlqPfer049pGjFpqECt276XmG6GynAq2KTYSTVLkI5wwNqWSoyY7mazwyfkxCp9EsbKljRkpv7eyDDSehwFdjJCM9SL3lT8z2unJrzqZlwmqWGSzh8KU0FMTKYpkD5XjBoxtgSp4vZWQodokzA2q6INwV/88jJpnFd8r+LfXZSr13kcBTiCYzgFHy6hCrdQgzpQSOEZXuHNeXJenHfnYz664uQ7h/AHzucPu8KTHw==</latexit><latexit sha1_base64="3IyzAF/mivypeJWDzK8PXoIdR9M=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCF8uuCHosevFYwX5AW8psmm1Ds9klyYp16S/x4kERr/4Ub/4b03YP2vpghsd7M2TygkRwbTzv21lZXVvf2CxsFbd3dvdK7v5BQ8epoqxOYxGrVoCaCS5Z3XAjWCtRDKNAsGYwupn6zQemNI/lvRknrBvhQPKQUzRW6rmlTqiQZo9nOMkC23pu2at4M5Bl4uekDDlqPfer049pGjFpqECt276XmG6GynAq2KTYSTVLkI5wwNqWSoyY7mazwyfkxCp9EsbKljRkpv7eyDDSehwFdjJCM9SL3lT8z2unJrzqZlwmqWGSzh8KU0FMTKYpkD5XjBoxtgSp4vZWQodokzA2q6INwV/88jJpnFd8r+LfXZSr13kcBTiCYzgFHy6hCrdQgzpQSOEZXuHNeXJenHfnYz664uQ7h/AHzucPu8KTHw==</latexit><latexit sha1_base64="3IyzAF/mivypeJWDzK8PXoIdR9M=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCF8uuCHosevFYwX5AW8psmm1Ds9klyYp16S/x4kERr/4Ub/4b03YP2vpghsd7M2TygkRwbTzv21lZXVvf2CxsFbd3dvdK7v5BQ8epoqxOYxGrVoCaCS5Z3XAjWCtRDKNAsGYwupn6zQemNI/lvRknrBvhQPKQUzRW6rmlTqiQZo9nOMkC23pu2at4M5Bl4uekDDlqPfer049pGjFpqECt276XmG6GynAq2KTYSTVLkI5wwNqWSoyY7mazwyfkxCp9EsbKljRkpv7eyDDSehwFdjJCM9SL3lT8z2unJrzqZlwmqWGSzh8KU0FMTKYpkD5XjBoxtgSp4vZWQodokzA2q6INwV/88jJpnFd8r+LfXZSr13kcBTiCYzgFHy6hCrdQgzpQSOEZXuHNeXJenHfnYz664uQ7h/AHzucPu8KTHw==</latexit>

Area = FX(c)
<latexit sha1_base64="4IZfvYCGrWR1rwaQEYn1pk7vNIs=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZEXQjVAVxWcE+oB2GTJq2oXkMSUasQ/FX3LhQxK3/4c6/MW1noa0HAodz7uHenChmVBvP+3ZyC4tLyyv51cLa+sbmlru9U9cyUZjUsGRSNSOkCaOC1Aw1jDRjRRCPGGlEg6ux37gnSlMp7swwJgFHPUG7FCNjpdDda/NIPqQXNjOC5/A6bJbwUegWvbI3AZwnfkaKIEM1dL/aHYkTToTBDGnd8r3YBClShmJGRoV2okmM8AD1SMtSgTjRQTq5fgQPrdKBXansEwZO1N+JFHGthzyykxyZvp71xuJ/Xisx3bMgpSJODBF4uqibMGgkHFcBO1QRbNjQEoQVtbdC3EcKYWMLK9gS/Nkvz5P6cdn3yv7tSbFymdWRB/vgAJSAD05BBdyAKqgBDB7BM3gFb86T8+K8Ox/T0ZyTZXbBHzifP9LPlCQ=</latexit><latexit sha1_base64="4IZfvYCGrWR1rwaQEYn1pk7vNIs=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZEXQjVAVxWcE+oB2GTJq2oXkMSUasQ/FX3LhQxK3/4c6/MW1noa0HAodz7uHenChmVBvP+3ZyC4tLyyv51cLa+sbmlru9U9cyUZjUsGRSNSOkCaOC1Aw1jDRjRRCPGGlEg6ux37gnSlMp7swwJgFHPUG7FCNjpdDda/NIPqQXNjOC5/A6bJbwUegWvbI3AZwnfkaKIEM1dL/aHYkTToTBDGnd8r3YBClShmJGRoV2okmM8AD1SMtSgTjRQTq5fgQPrdKBXansEwZO1N+JFHGthzyykxyZvp71xuJ/Xisx3bMgpSJODBF4uqibMGgkHFcBO1QRbNjQEoQVtbdC3EcKYWMLK9gS/Nkvz5P6cdn3yv7tSbFymdWRB/vgAJSAD05BBdyAKqgBDB7BM3gFb86T8+K8Ox/T0ZyTZXbBHzifP9LPlCQ=</latexit><latexit sha1_base64="4IZfvYCGrWR1rwaQEYn1pk7vNIs=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZEXQjVAVxWcE+oB2GTJq2oXkMSUasQ/FX3LhQxK3/4c6/MW1noa0HAodz7uHenChmVBvP+3ZyC4tLyyv51cLa+sbmlru9U9cyUZjUsGRSNSOkCaOC1Aw1jDRjRRCPGGlEg6ux37gnSlMp7swwJgFHPUG7FCNjpdDda/NIPqQXNjOC5/A6bJbwUegWvbI3AZwnfkaKIEM1dL/aHYkTToTBDGnd8r3YBClShmJGRoV2okmM8AD1SMtSgTjRQTq5fgQPrdKBXansEwZO1N+JFHGthzyykxyZvp71xuJ/Xisx3bMgpSJODBF4uqibMGgkHFcBO1QRbNjQEoQVtbdC3EcKYWMLK9gS/Nkvz5P6cdn3yv7tSbFymdWRB/vgAJSAD05BBdyAKqgBDB7BM3gFb86T8+K8Ox/T0ZyTZXbBHzifP9LPlCQ=</latexit><latexit sha1_base64="4IZfvYCGrWR1rwaQEYn1pk7vNIs=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZEXQjVAVxWcE+oB2GTJq2oXkMSUasQ/FX3LhQxK3/4c6/MW1noa0HAodz7uHenChmVBvP+3ZyC4tLyyv51cLa+sbmlru9U9cyUZjUsGRSNSOkCaOC1Aw1jDRjRRCPGGlEg6ux37gnSlMp7swwJgFHPUG7FCNjpdDda/NIPqQXNjOC5/A6bJbwUegWvbI3AZwnfkaKIEM1dL/aHYkTToTBDGnd8r3YBClShmJGRoV2okmM8AD1SMtSgTjRQTq5fgQPrdKBXansEwZO1N+JFHGthzyykxyZvp71xuJ/Xisx3bMgpSJODBF4uqibMGgkHFcBO1QRbNjQEoQVtbdC3EcKYWMLK9gS/Nkvz5P6cdn3yv7tSbFymdWRB/vgAJSAD05BBdyAKqgBDB7BM3gFb86T8+K8Ox/T0ZyTZXbBHzifP9LPlCQ=</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit> b

<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

a
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Henry D. Pfister (Duke) Continuous Random Variables Lecture 4 8 / 40



Quiz 4.2

The cumulative distribution function of the random variable Y is

FY (y) =

8
>><
>>:

0 y < 0,

y/4 0  y  4,

1 y > 4.

(1)

Sketch the CDF of Y and calculate the following probabilities:

(a) P[Y  �1]

(b) P[Y  1]

(c) P[2 < Y  3]

(d) P[Y > 1.5]



Expected Values: Mean, Variance, Functions of R.V.

Expected Values: Mean, Variance, Functions of R.V.

The mean or expected value of a continuous r.v. X ∼ fX (x) is defined as

E [X ] =

∫ ∞

−∞
x · fX (x)dx

The expected value of g(X ), a function of r.v. X ∼ fX (x) is defined as

E [g(X )] =

∫ ∞

−∞
g(x) · fX (x)dx .

The variance of continuous r.v. X ∼ fX (x) is defined as

Var[X ] = E [(X − E [X ])2] =

∫ ∞

−∞
(x − E [X ])2 · fX (x)dx △

= σ2
X .

As in the discrete r.v. case, it follows that

0 ≤ Var[X ] = E [X 2]− E [X ]2.

The standard deviation is the σX =
√
Var[X ].
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Expected Values: Mean, Variance, Functions of R.V.

Expected Values: Mean, Variance, Functions of R.V.

The n-th moment and n-th central moment are respectively defined as

E [X n] =

∫ ∞

−∞
xn · fX (x)dx , and E [(X − E [X ])n] =

∫ ∞

−∞
(x − E [X ])n · fX (x)dx .

It can be shown, as in discrete r.v. case, that if Y = aX + b where a, b ∈ R then

E [Y ] = aE [X ] + b, Var[Y ] = a2Var[X ].

Example: Assume r.v. X is uniform on [a, b]. What is E [X ] and Var[X ]?

E [X ] =

∫ ∞

−∞
x · fX (x) dx =

1

b − a

∫ b

a

x dx =
1

b − a

[
1

2
x2
∣∣∣∣
b

a

]
=

1

(b − a)
· (b

2 − a2)

2
=

b + a

2

E [X 2] =

∫ ∞

−∞
x2 · fX (x) dx =

1

b − a

∫ b

a

x2 dx =
1

b − a

[
1

3
x3
∣∣∣∣
b

a

]
=

1

(b − a)
· (b

3 − a3)

3

=
(b − a)(b2 + ab + a2)

3(b − a)
=

b2 + ab + a2

3
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Expected Values: Mean, Variance, Functions of R.V.

Expected Values: Mean, Variance, Functions of R.V.

Example Cont.: The variance is

Var[X ] = E [X 2]− E [X ]2 =
b2 + ab + a2

3
−

(
b + a

2

)2

=
4(b2 + ab + a2)− 3(b2 + 2ab + a2)

12
=

b2 + a2 − 2ab

12
=

(b − a)2

12
.

Note that the standard deviation is

1

2
√
3
(b − a) = 0.29× (b − a) ≈ 1

3
× (width of interval support).

Thus, Pr(X ∈ [E [X ]−σX ,E [X ]+σX ]) =
1√
3
= 0.5774; i.e. not quite, but close enough to ∼ 2

3
= 0.67.

Try calculating the mean and variance of 3X + π...
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Families of Continuous Random Variables

Families of Continuous Random Variables

The uniform distribution is discussed above as an example. So, we summarize briefly next.

Uniform Random Variable:

X is said to be a uniform (a, b) r.v. if it has PDF given by (3). It has mean (b + a)/2 and
variance (b − a)2/12.

Exponential Random Variables:

X is an exponential (λ) r.v. if for parameter λ > 0 it has PDF

fX (x) =

{
λe−λx , x ≥ 0
0, Otherwise,

(5)

Plot graph of PDF1...

The CDF for an exponential (λ) r.v. is obtained via

FX (x) =

∫ x

−∞
fX (u)du =





0, x < 0∫ x

0

λe−λudu, x ≥ 0.

1Recall e−1 = 0.3679, e−2 = 0.1353, and e−3 = 0.0498, etc.
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Families of Continuous Random Variables

Families of Continuous R.V.: Exponential PDF

Note that exponential CDF follows from
∫ x

0

λe−λudu = λ

∫ x

0

e−λudu = λ

∫ −λx

0

et
dt

−λ
=

∫ 0

−λx

etdt = et
∣∣0
−λx

= 1− e−λx (6)

where change of variable t = −λu =⇒ dt = −λdu is adopted in second equality.

It follows that the CDF of an exponential (λ) r.v. is

FX (x) =

{
1− e−λx x ≥ 0
0, Otherwise.

(Plot graph of CDF...)

The mean of exponential r.v. is E [X ] = 1/λ evaluated as:

E [X ] =

∫ ∞

−∞
x · fX (x)dx = λ

∫ ∞

0

x · e−λx dx = λ · −x

λ
e−λx

∣∣∣∣
∞

0

− λ

∫ ∞

0

−1

λ
e−λx dx

= −xe−λx
∣∣∞
0

+

∫ ∞

0

e−λx dx = (0− 0) +
1

λ
=

1

λ

(7)

where integration by parts uses variables u = x , dv = e−λxdx =⇒ du = dx , v = − 1
λe

−λx .
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Families of Continuous Random Variables

Families of Continuous R.V.: Erlang PDF

More on expontential PDF:
Use integration by parts to show that E [X 2] = 2/λ2 for an exponential (λ) r.v. X .

The variance of an exponential (λ) r.v. is therefore

Var[X ] = E [X 2]− E [X ]2 =
2

λ2
− 1

λ2
=

1

λ2
.

Erlang Random Variable: models the time of the k-th event in Poisson process

X is an Erlang (r , λ) r.v. if for parameters λ > 0 and integer r ≥ 1 it has PDF

fX (x) =





λrx r−1e−λx

(r − 1)!
, x ≥ 0,

0, Otherwise.
(8)

Parameter r is often called the order of the Erlang process.

The Erlang PDF generalizes the exponential PDF (5) and is the same when r = 1.

A Useful Integral Identity: Note that because (8) is a PDF, the following identity holds:

1 =

∫ ∞

−∞
fX (x)dx =

∫ ∞

0

λrx r−1e−λx

(r − 1)!
dx =⇒

∫ ∞

0

x r−1e−λx dx =
(r − 1)!

λr
. (9)
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Families of Continuous Random Variables

Families of Continuous R.V.: Erlang PDF (optional)

The n-th moment of an Erlang r.v. X ∼ λrx r−1e−λx

(r − 1)!
, x ≥ 0 for n ≥ 1:

E [X n] =

∫ ∞

−∞
xn · fX (x)dx =

∫ ∞

0

xn · λ
rx r−1e−λx

(r − 1)!
dx =

λr

(r − 1)!

∫ ∞

0

x (n+r)−1e−λxdx

=
λr

(r − 1)!
· (n + r − 1)!

λn+r
=

(n + r − 1)(n + r − 2)(n + r − 3) · · · r(r − 1) · · · 2 · 1
(r − 1)(r − 2) · · · 2 · 1 · 1

λn

=
(n + r − 1)(n + r − 2)(n + r − 3) · · · (r + 1)r

λn
.

Thus, the first and second moments are given respectively by

E [X ] =
r

λ
, E [X 2] =

(r + 1)r

λ2
. (10)

The variance of an r -order Erlang r.v. is therefore

Var[X ] = E [X 2]− E [X ]2 =
(r + 1)r

λ2
− r2

λ2
=

r2 + r − r2

λ2
=

r

λ2
.
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Quiz 4.3

Random variable X has probability density function

fX(x) =

8
<
:

cxe�x/2 x � 0,

0 otherwise.
(1)

Sketch the PDF and find the following:

(a) the constant c

(b) the CDF FX(x)

(c) P[0  X  4]

(d) P[�2  X  2]



Quiz 4.4

The probability density function of the random variable Y is

fY (y) =

8
<
:
3y2/2 �1  y  1,

0 otherwise.
(1)

Sketch the PDF and find the following:

(a) the expected value E[Y ]

(b) the second moment E[Y 2]

(c) the variance Var[Y ]

(d) the standard deviation �Y



Families of Continuous Random Variables

Relationship Between Erlang PDF and Poisson PMF (optional)

For a Poisson process with λ arrivals per unit time, the random # of arrivals in duration T is

characterized by a Poisson (α) r.v. K ∼ PK (k) =
αke−α

k! , for k = 0, 1, 2, . . . where α = λT :

T<latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

(Time)	

Let the arrival time of the r -th arrival be Tr . Then,
Pr(Tr > t) = Pr(r -th arrival time exceeds t) = Pr

(
no more than r − 1 arrivals

occur in duration t

)

= Pr(K ≤ r − 1 for duration T = t) =
r−1∑

k=0

(λt)ke−λt

k!
=⇒

FTr (t) = Pr(Tr ≤ t) = 1− Pr(Tr > t) = 1−
r−1∑

k=0

(λt)ke−λt

k!
= 1− Γ(r , λt)

(r − 1)!

= 1−
∫ ∞

λt

ur−1e−u

(r − 1)!
du = 1−

∫ ∞

t

(λv)r−1e−λv

(r − 1)!
λdv =

∫ t

0

(λv)r−1e−λv

(r − 1)!
λdv

=

∫ t

−∞
U(v) · (λv)

r−1e−λv

(r − 1)!
λdv =

∫ t

−∞
fTr (v)dv
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Families of Continuous Random Variables

Relationship Between Erlang PDF and Poisson PMF (optional)

Regarding the previous calculation2, the fourth to last equality follows from the change of
variables v = u/λ; the third to last equality follows since 1− Pr(A) = Pr(Ac) for any event
A; the second to last equality introduces the unit step function3; the last equality simply
recognizes that the integrand for an integral in this form must be the PDF by the
fundamental theorem of calculus.

Thus, the PDF of the r -th arrival time Tr is obtained via differentiation:

fTr (t) =
d

dt
FTr (t) =





(λt)r−1e−λt

(r − 1)!
λ, t ≥ 0

0, otherwise
(11)

which we recognize as the Erlang PDF (8).

2The complete Gamma function is defined as the integral Γ(a, x) =
∫∞
x ua−1e−udu. When a = m, i.e. a is an integer,

then Γ(m, x) = (m − 1)!e−x
∑m−1

k=0
xk

k!
.

3The unit step function is U(x) = 1 for all x ≥ 0, and U(x) = 0 for x < 0.
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Families of Continuous Random Variables

Relationship Between Erlang PDF and Poisson PMF (optional)

Thus, we have the interesting result that the arrival time for the r -th arrival of a Poisson
process has an Erlang PDF.

Note that the time elapsed before the first arrival, i.e. for the r = 1 case, is a first order Erlang or
equivalently an exponential PDF: T1 ∼ λe−λt , t ≥ 0.

Also, because adjacent time intervals are independent, the time between arrivals (called interarrival
times) is also given by an exponential PDF.

It is noteworthy that the r -th arrival time Tr can be interpreted as the sum of r independent identically
distributed interarrival times, i.e. Tr = X1 + X2 + · · ·+ Xr where Xi ∼ exponential (λ), i = 1, 2, . . . , r
and statistically independent.
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Families of Continuous Random Variables

Relationship Between Erlang PDF and Poisson PMF

There’s an alternative approach to establish this relationship between the Poisson PMF and
the Erlang PDF.

Recall that a Poisson process can be decomposed into a series of independent Bernoulli trials by
dividing the time interval duration T into many small time slots of duration ∆T :

Arrival	in		�T
<latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit><latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit><latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit><latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit>

No	Arrival	in		�T
<latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit><latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit><latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit><latexit sha1_base64="iwB+3nNq5B7uaHZ/UcNH6XLMXt0=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsWrgJAE/YkMlQsEZWqnTuwOJjDb65Ypbdeegq8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpaF1XPrXoPl5XaTR5HkZyQU3JOPHJFauSe1EmTcCLJM3klb86j8+K8Ox+L1oKTzxyTP3A+fwBe9Y+E</latexit>

��T
<latexit sha1_base64="n44b0stC65RRVo5WNQxZ9K1XC8Q=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LKoC5cV+oImlMnkth06eTAzKZTQP3HjQhG3/ok7/8Zpm4W2Hhg4nHMu984JUsGVdpxvq7SxubW9U96t7O0fHB7ZxydtlWSSYYslIpHdgCoUPMaW5lpgN5VIo0BgJxjfz/3OBKXiSdzU0xT9iA5jPuCMaiP1bdsTJhxS4j2g0JQ0+3bVqTkLkHXiFqQKBRp9+8sLE5ZFGGsmqFI910m1n1OpORM4q3iZwpSyMR1iz9CYRqj8fHH5jFwYJSSDRJoXa7JQf0/kNFJqGgUmGVE9UqveXPzP62V6cOvnPE4zjTFbLhpkguiEzGsgIZfItJgaQpnk5lbCRlRSpk1ZFVOCu/rlddK+qrlOzX26rtbvijrKcAbncAku3EAdHqEBLWAwgWd4hTcrt16sd+tjGS1Zxcwp/IH1+QN3u5Li</latexit><latexit sha1_base64="n44b0stC65RRVo5WNQxZ9K1XC8Q=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LKoC5cV+oImlMnkth06eTAzKZTQP3HjQhG3/ok7/8Zpm4W2Hhg4nHMu984JUsGVdpxvq7SxubW9U96t7O0fHB7ZxydtlWSSYYslIpHdgCoUPMaW5lpgN5VIo0BgJxjfz/3OBKXiSdzU0xT9iA5jPuCMaiP1bdsTJhxS4j2g0JQ0+3bVqTkLkHXiFqQKBRp9+8sLE5ZFGGsmqFI910m1n1OpORM4q3iZwpSyMR1iz9CYRqj8fHH5jFwYJSSDRJoXa7JQf0/kNFJqGgUmGVE9UqveXPzP62V6cOvnPE4zjTFbLhpkguiEzGsgIZfItJgaQpnk5lbCRlRSpk1ZFVOCu/rlddK+qrlOzX26rtbvijrKcAbncAku3EAdHqEBLWAwgWd4hTcrt16sd+tjGS1Zxcwp/IH1+QN3u5Li</latexit><latexit sha1_base64="n44b0stC65RRVo5WNQxZ9K1XC8Q=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LKoC5cV+oImlMnkth06eTAzKZTQP3HjQhG3/ok7/8Zpm4W2Hhg4nHMu984JUsGVdpxvq7SxubW9U96t7O0fHB7ZxydtlWSSYYslIpHdgCoUPMaW5lpgN5VIo0BgJxjfz/3OBKXiSdzU0xT9iA5jPuCMaiP1bdsTJhxS4j2g0JQ0+3bVqTkLkHXiFqQKBRp9+8sLE5ZFGGsmqFI910m1n1OpORM4q3iZwpSyMR1iz9CYRqj8fHH5jFwYJSSDRJoXa7JQf0/kNFJqGgUmGVE9UqveXPzP62V6cOvnPE4zjTFbLhpkguiEzGsgIZfItJgaQpnk5lbCRlRSpk1ZFVOCu/rlddK+qrlOzX26rtbvijrKcAbncAku3EAdHqEBLWAwgWd4hTcrt16sd+tjGS1Zxcwp/IH1+QN3u5Li</latexit><latexit sha1_base64="n44b0stC65RRVo5WNQxZ9K1XC8Q=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LKoC5cV+oImlMnkth06eTAzKZTQP3HjQhG3/ok7/8Zpm4W2Hhg4nHMu984JUsGVdpxvq7SxubW9U96t7O0fHB7ZxydtlWSSYYslIpHdgCoUPMaW5lpgN5VIo0BgJxjfz/3OBKXiSdzU0xT9iA5jPuCMaiP1bdsTJhxS4j2g0JQ0+3bVqTkLkHXiFqQKBRp9+8sLE5ZFGGsmqFI910m1n1OpORM4q3iZwpSyMR1iz9CYRqj8fHH5jFwYJSSDRJoXa7JQf0/kNFJqGgUmGVE9UqveXPzP62V6cOvnPE4zjTFbLhpkguiEzGsgIZfItJgaQpnk5lbCRlRSpk1ZFVOCu/rlddK+qrlOzX26rtbvijrKcAbncAku3EAdHqEBLWAwgWd4hTcrt16sd+tjGS1Zxcwp/IH1+QN3u5Li</latexit>

1 � ��T
<latexit sha1_base64="TENplYWedGqesiPvxgbAwAx902o=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBjSURQZdFXbis0Bc0oUwmk3boZBJmJkIJ9VfcuFDErR/izr9x2mahrQcGDuecy71zgpQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRRyWZJLRNEp7IXoAV5UzQtmaa014qKY4DTrvB+Hbmdx+pVCwRLT1JqR/joWARI1gbaWBX3XPkcZMPMfLuKNcYtQZ2zak7c6BV4hakBgWaA/vLCxOSxVRowrFSfddJtZ9jqRnhdFrxMkVTTMZ4SPuGChxT5efz46fo1CghihJpntBorv6eyHGs1CQOTDLGeqSWvZn4n9fPdHTt50ykmaaCLBZFGUc6QbMmUMgkJZpPDMFEMnMrIiMsMdGmr4opwV3+8irpXNRdp+4+XNYaN0UdZTiGEzgDF66gAffQhDYQmMAzvMKb9WS9WO/WxyJasoqZKvyB9fkDrpqTfg==</latexit><latexit sha1_base64="TENplYWedGqesiPvxgbAwAx902o=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBjSURQZdFXbis0Bc0oUwmk3boZBJmJkIJ9VfcuFDErR/izr9x2mahrQcGDuecy71zgpQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRRyWZJLRNEp7IXoAV5UzQtmaa014qKY4DTrvB+Hbmdx+pVCwRLT1JqR/joWARI1gbaWBX3XPkcZMPMfLuKNcYtQZ2zak7c6BV4hakBgWaA/vLCxOSxVRowrFSfddJtZ9jqRnhdFrxMkVTTMZ4SPuGChxT5efz46fo1CghihJpntBorv6eyHGs1CQOTDLGeqSWvZn4n9fPdHTt50ykmaaCLBZFGUc6QbMmUMgkJZpPDMFEMnMrIiMsMdGmr4opwV3+8irpXNRdp+4+XNYaN0UdZTiGEzgDF66gAffQhDYQmMAzvMKb9WS9WO/WxyJasoqZKvyB9fkDrpqTfg==</latexit><latexit sha1_base64="TENplYWedGqesiPvxgbAwAx902o=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBjSURQZdFXbis0Bc0oUwmk3boZBJmJkIJ9VfcuFDErR/izr9x2mahrQcGDuecy71zgpQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRRyWZJLRNEp7IXoAV5UzQtmaa014qKY4DTrvB+Hbmdx+pVCwRLT1JqR/joWARI1gbaWBX3XPkcZMPMfLuKNcYtQZ2zak7c6BV4hakBgWaA/vLCxOSxVRowrFSfddJtZ9jqRnhdFrxMkVTTMZ4SPuGChxT5efz46fo1CghihJpntBorv6eyHGs1CQOTDLGeqSWvZn4n9fPdHTt50ykmaaCLBZFGUc6QbMmUMgkJZpPDMFEMnMrIiMsMdGmr4opwV3+8irpXNRdp+4+XNYaN0UdZTiGEzgDF66gAffQhDYQmMAzvMKb9WS9WO/WxyJasoqZKvyB9fkDrpqTfg==</latexit><latexit sha1_base64="TENplYWedGqesiPvxgbAwAx902o=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBjSURQZdFXbis0Bc0oUwmk3boZBJmJkIJ9VfcuFDErR/izr9x2mahrQcGDuecy71zgpQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRRyWZJLRNEp7IXoAV5UzQtmaa014qKY4DTrvB+Hbmdx+pVCwRLT1JqR/joWARI1gbaWBX3XPkcZMPMfLuKNcYtQZ2zak7c6BV4hakBgWaA/vLCxOSxVRowrFSfddJtZ9jqRnhdFrxMkVTTMZ4SPuGChxT5efz46fo1CghihJpntBorv6eyHGs1CQOTDLGeqSWvZn4n9fPdHTt50ykmaaCLBZFGUc6QbMmUMgkJZpPDMFEMnMrIiMsMdGmr4opwV3+8irpXNRdp+4+XNYaN0UdZTiGEzgDF66gAffQhDYQmMAzvMKb9WS9WO/WxyJasoqZKvyB9fkDrpqTfg==</latexit>
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The Poisson process is then determined by the number of successes in n independent Bernoulli trials,
i.e. a Binomial process.

We showed that in the limit of ∆T → 0 that this Binomial distribution approaches the Poisson PMF.
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Families of Continuous Random Variables

Relationship Between Erlang PDF and Poisson PMF

A simple argument for the Erlang PDF:

Consider the probability of the r -th arrival time, i.e. the duration up to and including the
r -th arrival. By independence of nonoverlapping time intervals, it follows that for t ≥ 0:

Pr(t ≤ Tr ≤ t +∆T ) = Pr(K = r − 1 in duration t) · Pr(one arrival in ∆T )

= Pr(Poi(λt) = r − 1) · λ∆T =
(λt)r−1e−λt

(r − 1)!
· λ∆T

but as ∆T → 0 recall from (2) =⇒ Pr(t ≤ Tr ≤ t +∆T ) ≈ fTr (t) ·∆T

Thus, it follows that

fTr (t) =
(λt)r−1e−λt

(r − 1)!
· λ, for t ≥ 0

which is again the Erlang PDF.
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Moment Generating Functions

Moment Generating Functions (MGF)4

Transforms such as the Laplace transform and Fourier transform play important roles in
many areas of science, engineering, and mathematics. Probability theory is no exception.

Transforms can be advantageous to establish important theorems, computing moments, and
analyses of sums of random variables. We introduce the concept now.

The moment generating function (MGF) of a r.v. X is defined as

ϕX (s) = E [esX ]

for continuous and discrete random variables, differing only in formula for expectation.

For continuous r.v. X ∼ fX (x) the MGF is

ϕX (s) = E [esX ] =

∫ ∞

−∞
esx · fX (x) dx . (12)

The integral defining the MGF in (12) is simply the Laplace transform of the PDF. The
values of s for which the integral converges (ϕX (s) exists) is the region of convergence.

4See Chapter 9.2 in Yates/Goodman [1]
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Moment Generating Functions

Moment Generating Functions (MGF)

For discrete r.v. X ∼ PX (x) the MGF is

ϕX (s) = E [esX ] =
∑

x∈SX

esx · PX (x).

Note from the definition of MGF that ϕX (0) = 1:

continuous r.v.: ϕX (0) = E [e0·X ] =
∫ ∞

−∞
e0·x · fX (x)dx =

∫ ∞

−∞
1 · fX (x)dx = 1.

discrete r.v.: ϕX (0) = E [e0·X ] =
∑

x∈SX

e0·x · PX (x) =
∑

x∈SX

1 · PX (x) = 1.

Thus, s = 0 is always in the region of convergence.

Because of the uniqueness of Laplace transforms, knowledge of MGF ϕX (s) completely
characterizes the PDF fX (x) (or PMF PX (x) if discrete). Thus, in theory, the MGF is a
complete description of a r.v.
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Moment Generating Functions

MGF and n-th Moments

Random variable X ∼ fX (x) with MGF ϕX (s) has n-th moment:

E [X n] =
dnϕX (s)

dsn

∣∣∣∣
s=0

.

dϕX (s)

ds
=

d

ds

∫ ∞

−∞
esx · fX (x) dx =

∫ ∞

−∞

d

ds
esx · fX (x) dx =

∫ ∞

−∞
x · esx · fX (x) dx =⇒

dϕX (s)

ds

∣∣∣∣
s=0

=

∫ ∞

−∞
x · fX (x) dx = E [X ].

d2ϕX (s)

ds2
=

d2

ds2

∫ ∞

−∞
esx · fX (x) dx =

∫ ∞

−∞

d2

ds2
esx · fX (x) dx =

∫ ∞

−∞
x2 · esx · fX (x) dx =⇒

d2ϕX (s)

ds2

∣∣∣∣
s=0

=

∫ ∞

−∞
x2 · fX (x) dx = E [X 2],

dnϕX (s)

dsn
=

dn

dsn

∫ ∞

−∞
esx · fX (x) dx =

∫ ∞

−∞

dn

dsn
esx · fX (x) dx =

∫ ∞

−∞
xn · esx · fX (x) dx =⇒

dnϕX (s)

dsn

∣∣∣∣
s=0

=

∫ ∞

−∞
xn · fX (x) dx = E [X n].
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Moment Generating Functions

MGF and n-th Moments

Regarding a discrete r.v. X ∼ PX (x), one obtains

dnϕX (s)

dsn
=

dn

dsn

∑

x∈SX

esx · PX (x) =
∑

x∈SX

dn

dsn
esx · PX (x) =

∑

x∈SX

xn · esx · PX (x) =⇒

dnϕX (s)

dsn

∣∣∣∣
s=0

=
∑

x∈SX

xn · PX (x) = E [X n].

Hence, named “moment” generating function.

Evaluation of moments for a r.v.
in several cases can be significantly
simpler to do with the MGF than directly
with the PDF because differentiation
is often easier to do than integration.

A bit of humor from author Randall Munroe
(https://xkcd.com/2117/) =⇒
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Moment Generating Functions

MGFs: Example

Example: Consider X ∼ fX (x) = λe−λx , x ≥ 0, i.e. an exponential (λ) r.v.
The MGF is evaluated as

ϕX (s) = E [esX ] =

∫ ∞

−∞
esx · fX (x)dx =

∫ ∞

0

esx · λe−λx dx = λ

∫ ∞

0

e(s−λ)x dx

= λ

∫ −∞

0

eu
du

s − λ
=

λ

s − λ
·
(
eu|−∞

0

)
=

λ

s − λ
· (0− 1) =

λ

λ− s

where variable change is u = (s − λ)x , du = (s − λ) dx for Re(s − λ) < 0.
As a test, note that ϕX (0) = λ/(λ− 0) = 1.

The first moment can be obtained via

dϕX (s)

ds
=

λ(−1)

(λ− s)2
· (−1) =

λ

(λ− s)2
=⇒ dϕX (s)

ds

∣∣∣∣
s=0

=
λ

λ2
=

1

λ
= E [X ].

The second moment follows from

d2ϕX (s)

ds2
=

λ(−2)

(λ− s)3
· (−1) =

2λ

(λ− s)3
=⇒ dϕX (s)

ds

∣∣∣∣
s=0

=
2λ

λ3
=

2

λ2
= E [X 2].

A table of various MGFs is provided in Table 9.1 of Yates/Goodman [1] p. 312.
Henry D. Pfister (Duke) Continuous Random Variables Lecture 4 25 / 40



Gaussian Random Variables

Gaussian Random Variables

The Gaussian distribution appears quite frequently in many applications. Thus, it is a
probability model with which it is worth becoming very familiar.

X is a Gaussian (µ, σ) r.v. if it has PDF

fX (x) =
1√
2πσ2

e−
(x−µ)2

2σ2 , for −∞ ≤ x ≤ ∞ (13)

where parameters µ ∈ R and σ > 0.
A Gaussian r.v. is also sometimes referred to as a normal r.v.

Shorthand notation X ∼ N(µ, σ2) is often used to indicate a Gaussian (µ, σ) r.v.

Gaussian PDF illustrated below; the name “bell curve” has clear origin:

Henry D. Pfister (Duke) Continuous Random Variables Lecture 4 26 / 40



Gaussian Random Variables

MGF of Gaussian R.V.s

Since (13) is a PDF, it must hold that

1 =

∫ ∞

−∞
fX (x)dx =

∫ ∞

−∞

1√
2πσ2

e−
(x−µ)2

2σ2 dx =⇒
∫ ∞

−∞
e−

(x−µ)2

2σ2 dx =
√
2πσ2. (14)

The MGF for a Gaussian r.v. with PDF (13) is ϕX (s) = esµ+
s2σ2

2 :

ϕX (s) = E [esX ] =

∫ ∞

−∞
esx · fX (x)dx =

∫ ∞

−∞
esx · 1√

2πσ2
e−

(x−µ)2

2σ2 dx

=
1√
2πσ2

∫ ∞

−∞
e−

x2−2xµ+µ2+2σ2sx

2σ2 dx =
e

µ2

2σ2

√
2πσ2

∫ ∞

−∞
e−

x2−2x(µ+σ2s)

2σ2 dx .

Completing the square in x we obtain

ϕX (s) =
e

µ2

2σ2

√
2πσ2

∫ ∞

−∞
e−

[x−(µ+σ2s)]2−(µ+σ2s)2

2σ2 dx =
e

µ2−(µ+σ2s)2

2σ2

√
2πσ2

∫ ∞

−∞
e−

[x−(µ+σ2s)]2

2σ2 dx

=
e−

µ2−(µ2+2µσ2s+σ4s2)

2σ2

√
2πσ2

·
√
2πσ2 = esµ+

s2σ2

2 where integral by (14)
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Gaussian Random Variables

Mean and Variance of Gaussian R.V.s

The first moment E [X ] is easily deduced from the symmetry of the PDF (13), i.e. the center
of mass is clearly E [X ] = µ. This can be established formally via:

dϕX (s)

ds
=

(
µ+ sσ2

)
esµ+

s2σ2

2 =⇒ dϕX (s)

ds

∣∣∣∣
s=0

= µ = E [X ].

The second moment E [X 2] follows from

d2ϕX (s)

ds2
=

(
µ+ sσ2

)2
esµ+

s2σ2

2 + σ2 · esµ+ s2σ2

2 =⇒ d2ϕX (s)

ds2

∣∣∣∣
s=0

= µ2 + σ2 = E [X 2].

Thus, the variance of a Gaussian r.v. (13) is

Var[X ] = E [X 2]− E [X ]2 = µ2 + σ2 − µ2 = σ2.

The parameters of Gaussian PDF (µ, σ2) are therefore respectively the mean and variance:

X ∼ N(µ, σ2) =⇒ E [X ] = µ, and Var[X ] = σ2.
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Gaussian Random Variables

Gaussians and Linear Transformations

Important property: Gaussian r.v.’s regenerate under linear transformations.
If X ∼ N(µ, σ2) then Y = aX + b ∼ N(aµ+ b, a2σ2):

E [esY ] = E [es(aX+b)] = esb · E [esaX ] = esb · E [e s̃X ]
∣∣∣
s̃=sa

= esb · e s̃µ+ s̃2σ2

2

∣∣∣∣
s̃=sa

= esb · esaµ+ s2a2σ2

2 = esµY+
s2σ2

Y
2 , where µY = aµ+ b, σ2

Y = a2σ2.

Thus, by uniqueness of the Laplace transform, it follows that Y ∼ N(aµ+ b, a2σ2).

Random variable Z ∼ N(0, 1) is said to be a standardized normal random variable. It has
the property that E [Z ] = 0 and Var[Z ] = 1.

Convince yourself that if X ∼ N(µ, σ2), then Z = (X − µ)/σ ∼ N(0, 1).

The CDF for a standardized normal random variable is a well-tabulated function (see Table
4.2, p. 143 in [1]. MATLAB also have special functions available for its calculation (see
functions erf and erfc)).
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Gaussian Random Variables

CDF of Standardized Gaussian R.V.

The r.v. Z ∼ N(0, 1) has CDF given by

Pr(Z ≤ z) =
1√
2π

∫ z

−∞
e

−u2

2 du
△
= Φ(z)

N(0, 1)
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. . .<latexit sha1_base64="eU8Ci1Y/pURL1pAwGegDUXNN6hU=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2ruufWvYfrWvO2qKMMZ3AOl+BBA5pwDy3wgYGAZ3iFN0c5L86787EcLTlF5hT+wPn8AfFojsI=</latexit><latexit sha1_base64="eU8Ci1Y/pURL1pAwGegDUXNN6hU=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2ruufWvYfrWvO2qKMMZ3AOl+BBA5pwDy3wgYGAZ3iFN0c5L86787EcLTlF5hT+wPn8AfFojsI=</latexit><latexit sha1_base64="eU8Ci1Y/pURL1pAwGegDUXNN6hU=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2ruufWvYfrWvO2qKMMZ3AOl+BBA5pwDy3wgYGAZ3iFN0c5L86787EcLTlF5hT+wPn8AfFojsI=</latexit><latexit sha1_base64="eU8Ci1Y/pURL1pAwGegDUXNN6hU=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2ruufWvYfrWvO2qKMMZ3AOl+BBA5pwDy3wgYGAZ3iFN0c5L86787EcLTlF5hT+wPn8AfFojsI=</latexit>

The r.v. Z ∼ N(0, 1) has complimentary CDF given by

Pr(Z > z) =
1√
2π

∫ ∞

z

e
−u2

2 du = 1− Φ(z)
△
= Q(z).

where notation Q(·) is adopted to indicate this function.

Consider r.v. X ∼ N(µ, σ2) and note that it has CDF

FX (x) = Pr(X ≤ x) = Pr(X − µ ≤ x − µ) = Pr[(X − µ)/σ ≤ (x − µ)/σ]

= Pr[Z ≤ (x − µ)/σ] = Φ

(
x − µ

σ

)
.

Pr(a < X ≤ b) = Pr[(a− µ)/σ < Z ≤ (b − µ)/σ] = Φ

(
b − µ

σ

)
− Φ

(
a− µ

σ

)
.
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Gaussian Random Variables

Using CDF of Standardized Gaussian R.V.

Consider that for X ∼ N(µ, σ2) we have

Pr [|X − µ| ≤ aσ] = Pr [−aσ ≤ X − µ ≤ aσ] = Pr

[
−a ≤ X − µ

σ
≤ a

]
= Pr [−a ≤ Z ≤ a]

= Φ(a)− Φ(−a) = Φ(a)− [1− Φ(a)] = 2Φ(a)− 1

where integrals and symmetry Φ(−a) = 1− Φ(a) are illustrated in Figure:

z
<latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit>

z
<latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit> +a

<latexit sha1_base64="CFKkx7yhOeXW/QgM8Kzmr3kg8i4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVzQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzBymnjRo=</latexit><latexit sha1_base64="CFKkx7yhOeXW/QgM8Kzmr3kg8i4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVzQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzBymnjRo=</latexit><latexit sha1_base64="CFKkx7yhOeXW/QgM8Kzmr3kg8i4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVzQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzBymnjRo=</latexit><latexit sha1_base64="CFKkx7yhOeXW/QgM8Kzmr3kg8i4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVzQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzBymnjRo=</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit> 0

<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

N(0, 1)
<latexit sha1_base64="K4S+klCv+DSfmL9NBuBx6hXNHQw=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7Iuix6MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3z90/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjpeZdxTvzT3tu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPK/6XtW/vyjXrvM4inAEx1ABHy6hBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDsu6N4g==</latexit><latexit sha1_base64="K4S+klCv+DSfmL9NBuBx6hXNHQw=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7Iuix6MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3z90/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjpeZdxTvzT3tu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPK/6XtW/vyjXrvM4inAEx1ABHy6hBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDsu6N4g==</latexit><latexit sha1_base64="K4S+klCv+DSfmL9NBuBx6hXNHQw=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7Iuix6MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3z90/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjpeZdxTvzT3tu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPK/6XtW/vyjXrvM4inAEx1ABHy6hBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDsu6N4g==</latexit><latexit sha1_base64="K4S+klCv+DSfmL9NBuBx6hXNHQw=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7Iuix6MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3z90/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjpeZdxTvzT3tu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPK/6XtW/vyjXrvM4inAEx1ABHy6hBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDsu6N4g==</latexit>

N(0, 1)
<latexit sha1_base64="K4S+klCv+DSfmL9NBuBx6hXNHQw=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7Iuix6MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3z90/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjpeZdxTvzT3tu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPK/6XtW/vyjXrvM4inAEx1ABHy6hBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDsu6N4g==</latexit><latexit sha1_base64="K4S+klCv+DSfmL9NBuBx6hXNHQw=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7Iuix6MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3z90/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjpeZdxTvzT3tu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPK/6XtW/vyjXrvM4inAEx1ABHy6hBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDsu6N4g==</latexit><latexit sha1_base64="K4S+klCv+DSfmL9NBuBx6hXNHQw=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7Iuix6MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3z90/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjpeZdxTvzT3tu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPK/6XtW/vyjXrvM4inAEx1ABHy6hBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDsu6N4g==</latexit><latexit sha1_base64="K4S+klCv+DSfmL9NBuBx6hXNHQw=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7Iuix6MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3z90/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjpeZdxTvzT3tu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPK/6XtW/vyjXrvM4inAEx1ABHy6hBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDsu6N4g==</latexit>

�(�a)
<latexit sha1_base64="CX47gfntDZNXYQRqTFPqRZuDQ3Q=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ5lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epoqxBYxGrdoCaCS5Zw3AjWDtRDKNAsFYwup36rSemNI/lgxknzI9wIHnIKRortbv1Ia+c41mvVHar7gxkmXg5KUOOeq/01e3HNI2YNFSg1h3PTYyfoTKcCjYpdlPNEqQjHLCOpRIjpv1sdu+EnFqlT8JY2ZKGzNTfExlGWo+jwHZGaIZ60ZuK/3md1ITXfsZlkhom6XxRmApiYjJ9nvS5YtSIsSVIFbe3EjpEhdTYiIo2BG/x5WXSvKh6btW7vyzXbvI4CnAMJ1ABD66gBndQhwZQEPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz66PJg==</latexit><latexit sha1_base64="CX47gfntDZNXYQRqTFPqRZuDQ3Q=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ5lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epoqxBYxGrdoCaCS5Zw3AjWDtRDKNAsFYwup36rSemNI/lgxknzI9wIHnIKRortbv1Ia+c41mvVHar7gxkmXg5KUOOeq/01e3HNI2YNFSg1h3PTYyfoTKcCjYpdlPNEqQjHLCOpRIjpv1sdu+EnFqlT8JY2ZKGzNTfExlGWo+jwHZGaIZ60ZuK/3md1ITXfsZlkhom6XxRmApiYjJ9nvS5YtSIsSVIFbe3EjpEhdTYiIo2BG/x5WXSvKh6btW7vyzXbvI4CnAMJ1ABD66gBndQhwZQEPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz66PJg==</latexit><latexit sha1_base64="CX47gfntDZNXYQRqTFPqRZuDQ3Q=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ5lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epoqxBYxGrdoCaCS5Zw3AjWDtRDKNAsFYwup36rSemNI/lgxknzI9wIHnIKRortbv1Ia+c41mvVHar7gxkmXg5KUOOeq/01e3HNI2YNFSg1h3PTYyfoTKcCjYpdlPNEqQjHLCOpRIjpv1sdu+EnFqlT8JY2ZKGzNTfExlGWo+jwHZGaIZ60ZuK/3md1ITXfsZlkhom6XxRmApiYjJ9nvS5YtSIsSVIFbe3EjpEhdTYiIo2BG/x5WXSvKh6btW7vyzXbvI4CnAMJ1ABD66gBndQhwZQEPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz66PJg==</latexit><latexit sha1_base64="CX47gfntDZNXYQRqTFPqRZuDQ3Q=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ5lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epoqxBYxGrdoCaCS5Zw3AjWDtRDKNAsFYwup36rSemNI/lgxknzI9wIHnIKRortbv1Ia+c41mvVHar7gxkmXg5KUOOeq/01e3HNI2YNFSg1h3PTYyfoTKcCjYpdlPNEqQjHLCOpRIjpv1sdu+EnFqlT8JY2ZKGzNTfExlGWo+jwHZGaIZ60ZuK/3md1ITXfsZlkhom6XxRmApiYjJ9nvS5YtSIsSVIFbe3EjpEhdTYiIo2BG/x5WXSvKh6btW7vyzXbvI4CnAMJ1ABD66gBndQhwZQEPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz66PJg==</latexit>

N(0, 1)
<latexit sha1_base64="K4S+klCv+DSfmL9NBuBx6hXNHQw=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7Iuix6MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3z90/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjpeZdxTvzT3tu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPK/6XtW/vyjXrvM4inAEx1ABHy6hBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDsu6N4g==</latexit><latexit sha1_base64="K4S+klCv+DSfmL9NBuBx6hXNHQw=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7Iuix6MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3z90/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjpeZdxTvzT3tu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPK/6XtW/vyjXrvM4inAEx1ABHy6hBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDsu6N4g==</latexit><latexit sha1_base64="K4S+klCv+DSfmL9NBuBx6hXNHQw=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7Iuix6MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3z90/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjpeZdxTvzT3tu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPK/6XtW/vyjXrvM4inAEx1ABHy6hBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDsu6N4g==</latexit><latexit sha1_base64="K4S+klCv+DSfmL9NBuBx6hXNHQw=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7Iuix6MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3z90/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjpeZdxTvzT3tu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPK/6XtW/vyjXrvM4inAEx1ABHy6hBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDsu6N4g==</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

z
<latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit>

2�(a) � 1
<latexit sha1_base64="P6l/kMr26UFdjctQpq2GGP6JYM0=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiwbAbBD0GvXiMYB6QLKF3MkmGzM6uM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHDR0lirI6jUSkWgFqJrhkdcONYK1YMQwDwZrB6G7mN8dMaR7JRzOJmR/iQPI+p2is5FdIpzbkJbwgl8TrFopu2Z2DrBIvI0XIUOsWvjq9iCYhk4YK1LrtubHxU1SGU8Gm+U6iWYx0hAPWtlRiyLSfzo+eknOr9Eg/UrakIXP190SKodaTMLCdIZqhXvZm4n9eOzH9Gz/lMk4Mk3SxqJ8IYiIyS4D0uGLUiIklSBW3txI6RIXU2JzyNgRv+eVV0qiUPbfsPVwVq7dZHDk4hTMogQfXUIV7qEEdKDzBM7zCmzN2Xpx352PRuuZkMyfwB87nD7t1kBs=</latexit><latexit sha1_base64="P6l/kMr26UFdjctQpq2GGP6JYM0=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiwbAbBD0GvXiMYB6QLKF3MkmGzM6uM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHDR0lirI6jUSkWgFqJrhkdcONYK1YMQwDwZrB6G7mN8dMaR7JRzOJmR/iQPI+p2is5FdIpzbkJbwgl8TrFopu2Z2DrBIvI0XIUOsWvjq9iCYhk4YK1LrtubHxU1SGU8Gm+U6iWYx0hAPWtlRiyLSfzo+eknOr9Eg/UrakIXP190SKodaTMLCdIZqhXvZm4n9eOzH9Gz/lMk4Mk3SxqJ8IYiIyS4D0uGLUiIklSBW3txI6RIXU2JzyNgRv+eVV0qiUPbfsPVwVq7dZHDk4hTMogQfXUIV7qEEdKDzBM7zCmzN2Xpx352PRuuZkMyfwB87nD7t1kBs=</latexit><latexit sha1_base64="P6l/kMr26UFdjctQpq2GGP6JYM0=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiwbAbBD0GvXiMYB6QLKF3MkmGzM6uM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHDR0lirI6jUSkWgFqJrhkdcONYK1YMQwDwZrB6G7mN8dMaR7JRzOJmR/iQPI+p2is5FdIpzbkJbwgl8TrFopu2Z2DrBIvI0XIUOsWvjq9iCYhk4YK1LrtubHxU1SGU8Gm+U6iWYx0hAPWtlRiyLSfzo+eknOr9Eg/UrakIXP190SKodaTMLCdIZqhXvZm4n9eOzH9Gz/lMk4Mk3SxqJ8IYiIyS4D0uGLUiIklSBW3txI6RIXU2JzyNgRv+eVV0qiUPbfsPVwVq7dZHDk4hTMogQfXUIV7qEEdKDzBM7zCmzN2Xpx352PRuuZkMyfwB87nD7t1kBs=</latexit><latexit sha1_base64="P6l/kMr26UFdjctQpq2GGP6JYM0=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiwbAbBD0GvXiMYB6QLKF3MkmGzM6uM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHDR0lirI6jUSkWgFqJrhkdcONYK1YMQwDwZrB6G7mN8dMaR7JRzOJmR/iQPI+p2is5FdIpzbkJbwgl8TrFopu2Z2DrBIvI0XIUOsWvjq9iCYhk4YK1LrtubHxU1SGU8Gm+U6iWYx0hAPWtlRiyLSfzo+eknOr9Eg/UrakIXP190SKodaTMLCdIZqhXvZm4n9eOzH9Gz/lMk4Mk3SxqJ8IYiIyS4D0uGLUiIklSBW3txI6RIXU2JzyNgRv+eVV0qiUPbfsPVwVq7dZHDk4hTMogQfXUIV7qEEdKDzBM7zCmzN2Xpx352PRuuZkMyfwB87nD7t1kBs=</latexit>

1 � �(a)
<latexit sha1_base64="ZNmXXDKSdirKy8BAhZUqkuNAbjg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahHiyJCHosevFYwX5AGspmu2mXbjZhdyKU0p/hxYMiXv013vw3btsctPXBwOO9GWbmhakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzXiTJTLRnZAaLoXiTRQoeSfVnMah5O1wdDfz209cG5GoRxynPIjpQIlIMIpW8j1yQbqNoajS81654tbcOcgq8XJSgRyNXvmr209YFnOFTFJjfM9NMZhQjYJJPi11M8NTykZ0wH1LFY25CSbzk6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n+dnGN0EE6HSDLlii0VRJgkmZPY/6QvNGcqxJZRpYW8lbEg1ZWhTKtkQvOWXV0nrsua5Ne/hqlK/zeMowgmcQhU8uIY63EMDmsAggWd4hTcHnRfn3flYtBacfOYY/sD5/AHtMI+1</latexit><latexit sha1_base64="ZNmXXDKSdirKy8BAhZUqkuNAbjg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahHiyJCHosevFYwX5AGspmu2mXbjZhdyKU0p/hxYMiXv013vw3btsctPXBwOO9GWbmhakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzXiTJTLRnZAaLoXiTRQoeSfVnMah5O1wdDfz209cG5GoRxynPIjpQIlIMIpW8j1yQbqNoajS81654tbcOcgq8XJSgRyNXvmr209YFnOFTFJjfM9NMZhQjYJJPi11M8NTykZ0wH1LFY25CSbzk6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n+dnGN0EE6HSDLlii0VRJgkmZPY/6QvNGcqxJZRpYW8lbEg1ZWhTKtkQvOWXV0nrsua5Ne/hqlK/zeMowgmcQhU8uIY63EMDmsAggWd4hTcHnRfn3flYtBacfOYY/sD5/AHtMI+1</latexit><latexit sha1_base64="ZNmXXDKSdirKy8BAhZUqkuNAbjg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahHiyJCHosevFYwX5AGspmu2mXbjZhdyKU0p/hxYMiXv013vw3btsctPXBwOO9GWbmhakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzXiTJTLRnZAaLoXiTRQoeSfVnMah5O1wdDfz209cG5GoRxynPIjpQIlIMIpW8j1yQbqNoajS81654tbcOcgq8XJSgRyNXvmr209YFnOFTFJjfM9NMZhQjYJJPi11M8NTykZ0wH1LFY25CSbzk6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n+dnGN0EE6HSDLlii0VRJgkmZPY/6QvNGcqxJZRpYW8lbEg1ZWhTKtkQvOWXV0nrsua5Ne/hqlK/zeMowgmcQhU8uIY63EMDmsAggWd4hTcHnRfn3flYtBacfOYY/sD5/AHtMI+1</latexit><latexit sha1_base64="ZNmXXDKSdirKy8BAhZUqkuNAbjg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahHiyJCHosevFYwX5AGspmu2mXbjZhdyKU0p/hxYMiXv013vw3btsctPXBwOO9GWbmhakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzXiTJTLRnZAaLoXiTRQoeSfVnMah5O1wdDfz209cG5GoRxynPIjpQIlIMIpW8j1yQbqNoajS81654tbcOcgq8XJSgRyNXvmr209YFnOFTFJjfM9NMZhQjYJJPi11M8NTykZ0wH1LFY25CSbzk6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n+dnGN0EE6HSDLlii0VRJgkmZPY/6QvNGcqxJZRpYW8lbEg1ZWhTKtkQvOWXV0nrsua5Ne/hqlK/zeMowgmcQhU8uIY63EMDmsAggWd4hTcHnRfn3flYtBacfOYY/sD5/AHtMI+1</latexit>

As an example, note that for X ∼ N(µ, σ2):

Pr [−aσ ≤ X − µ ≤ aσ] = 2Φ(a)− 1 =





0.682, a = 1
0.954, a = 2
0.997, a = 3.

Thus, there’s 68% chance (i.e. ∼ 2
3
= 0.67 probability) r.v. X belongs to [µ− σ, µ+ σ]; Almost 70% of

the time r.v. X will be within a standard deviation of its mean value.

There’s a 95% chance r.v. X belongs to [µ− 2σ, µ+ 2σ], i.e. it will be within two standard deviations
of its mean value with 95% certainty.
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Gaussian Random Variables

Exceeding Mean µ by Multiples of σ

Note probability of X exceeding its mean by multiples of the standard deviation:

Pr [X − µ > aσ] = 1− Φ(a) =
1

2
{1− [2Φ(a)− 1]} =





0.1587, a = 1
0.0228, a = 2
0.0013, a = 3.

Thus, exceedance of mean µ by σ is about ∼ 1/6;

exceedance of mean µ by 2σ is about ∼ 1/50;

exceedance of mean µ by 3σ is about ∼ 1/1000;

Last two events are quite rare.
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Quiz 4.6

X is the Gaussian (0,1) random variable and Y is the Gaussian (0,2)

random variable. Sketch the PDFs fX(x) and fY(y) on the same axes

and find:

(a) P[�1 < X  1],

(b) P[�1 < Y  1],

(c) P[X > 3.5],

(d) P[Y > 3.5].



Delta Functions, and Mixed Random Variables

Delta Functions, and Mixed Random Variables

So far we’ve considered only continuous random variables with ranges such that SX ⊆ R,
and having CDF functions FX (x) that are continuous.

Recall that for such r.v.’s Pr(X = x1) =
∫ x1
x1

fX (u)du = 0.

Our discussion of discrete r.v.’s on the otherhand focused on r.v.’s with ranges
SX = {s1, s2, s3, . . .} ⊆ R, i.e. consisting of a countable number of elements.

It is desired to consider a mixed / hybrid r.v. that is like both a continuous r.v. and a
discrete r.v., such that for a point x1 ∈ SX it is possible to have nonzero
Pr(X = x1) =

∫ x1
x1

fX (u)du > 0 for X defined on an uncountable range SX ⊆ R.

Such a mixed r.v. is made possible by consideration of the Dirac delta unit impulse function
denoted as δ(x).

The Dirac delta function δ(x) is defined by how it behaves under the integral sign, rather
than the specific values it assume for x ∈ R.

Such functions are called generalized function or distribution.
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Delta Functions, and Mixed Random Variables

Delta Functions, and Mixed Random Variables

Consider the function δ∆(x) defined as

δ∆(x) =

{
1

∆
, −∆

2 ≤ x ≤ ∆
2

0, Otherwise
x<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>�

2<latexit sha1_base64="y3/luA8IrzdW35n99+GBzyBm8XI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSRF0GNRDx4r2A9oQtlsN+3SzSbsTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YSq4Rtf9tkobm1vbO+Xdyt7+weGRfXzS1kmmKGvRRCSqGxLNBJeshRwF66aKkTgUrBOO7+Z+Z8KU5ol8wmnKgpgMJY84JWikvm37kSI09++ZQDLL67O+XXVr7gLOOvEKUoUCzb795Q8SmsVMIhVE657nphjkRCGngs0qfqZZSuiYDFnPUElipoN8cfnMuTDKwIkSZUqis1B/T+Qk1noah6YzJjjSq95c/M/rZRjdBDmXaYZM0uWiKBMOJs48BmfAFaMopoYQqri51aEjYqJAE1bFhOCtvrxO2vWa59a8x6tq47aIowxncA6X4ME1NOABmtACChN4hld4s3LrxXq3PpatJauYOYU/sD5/AKv6k6s=</latexit><latexit sha1_base64="y3/luA8IrzdW35n99+GBzyBm8XI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSRF0GNRDx4r2A9oQtlsN+3SzSbsTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YSq4Rtf9tkobm1vbO+Xdyt7+weGRfXzS1kmmKGvRRCSqGxLNBJeshRwF66aKkTgUrBOO7+Z+Z8KU5ol8wmnKgpgMJY84JWikvm37kSI09++ZQDLL67O+XXVr7gLOOvEKUoUCzb795Q8SmsVMIhVE657nphjkRCGngs0qfqZZSuiYDFnPUElipoN8cfnMuTDKwIkSZUqis1B/T+Qk1noah6YzJjjSq95c/M/rZRjdBDmXaYZM0uWiKBMOJs48BmfAFaMopoYQqri51aEjYqJAE1bFhOCtvrxO2vWa59a8x6tq47aIowxncA6X4ME1NOABmtACChN4hld4s3LrxXq3PpatJauYOYU/sD5/AKv6k6s=</latexit><latexit sha1_base64="y3/luA8IrzdW35n99+GBzyBm8XI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSRF0GNRDx4r2A9oQtlsN+3SzSbsTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YSq4Rtf9tkobm1vbO+Xdyt7+weGRfXzS1kmmKGvRRCSqGxLNBJeshRwF66aKkTgUrBOO7+Z+Z8KU5ol8wmnKgpgMJY84JWikvm37kSI09++ZQDLL67O+XXVr7gLOOvEKUoUCzb795Q8SmsVMIhVE657nphjkRCGngs0qfqZZSuiYDFnPUElipoN8cfnMuTDKwIkSZUqis1B/T+Qk1noah6YzJjjSq95c/M/rZRjdBDmXaYZM0uWiKBMOJs48BmfAFaMopoYQqri51aEjYqJAE1bFhOCtvrxO2vWa59a8x6tq47aIowxncA6X4ME1NOABmtACChN4hld4s3LrxXq3PpatJauYOYU/sD5/AKv6k6s=</latexit><latexit sha1_base64="y3/luA8IrzdW35n99+GBzyBm8XI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSRF0GNRDx4r2A9oQtlsN+3SzSbsTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YSq4Rtf9tkobm1vbO+Xdyt7+weGRfXzS1kmmKGvRRCSqGxLNBJeshRwF66aKkTgUrBOO7+Z+Z8KU5ol8wmnKgpgMJY84JWikvm37kSI09++ZQDLL67O+XXVr7gLOOvEKUoUCzb795Q8SmsVMIhVE657nphjkRCGngs0qfqZZSuiYDFnPUElipoN8cfnMuTDKwIkSZUqis1B/T+Qk1noah6YzJjjSq95c/M/rZRjdBDmXaYZM0uWiKBMOJs48BmfAFaMopoYQqri51aEjYqJAE1bFhOCtvrxO2vWa59a8x6tq47aIowxncA6X4ME1NOABmtACChN4hld4s3LrxXq3PpatJauYOYU/sD5/AKv6k6s=</latexit>

��

2<latexit sha1_base64="2bvxWh8RK5dmJpUZKY2tmuDvjV0=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYkmKoMeiHjxWsB/QhLLZbtqlm03Y3Sgl5qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v7duWgreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD31Ow9UKhaLez1JqB/hoWAhI1gbqW9XzrxQYpJ5N5RrnGf1vG9XnZozA1ombkGqUKDZt7+8QUzSiApNOFaq5zqJ9jMsNSOc5mUvVTTBZIyHtGeowBFVfjY7PUcnRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh5d+xkSSairIfFGYcqRjNM0BDZikRPOJIZhIZm5FZIRNFNqkVTYhuIsvL5N2veY6NffuvNq4KuIowREcwym4cAENuIUmtIDAIzzDK7xZT9aL9W59zFtXrGLmEP7A+vwBGC6T4g==</latexit><latexit sha1_base64="2bvxWh8RK5dmJpUZKY2tmuDvjV0=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYkmKoMeiHjxWsB/QhLLZbtqlm03Y3Sgl5qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v7duWgreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD31Ow9UKhaLez1JqB/hoWAhI1gbqW9XzrxQYpJ5N5RrnGf1vG9XnZozA1ombkGqUKDZt7+8QUzSiApNOFaq5zqJ9jMsNSOc5mUvVTTBZIyHtGeowBFVfjY7PUcnRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh5d+xkSSairIfFGYcqRjNM0BDZikRPOJIZhIZm5FZIRNFNqkVTYhuIsvL5N2veY6NffuvNq4KuIowREcwym4cAENuIUmtIDAIzzDK7xZT9aL9W59zFtXrGLmEP7A+vwBGC6T4g==</latexit><latexit sha1_base64="2bvxWh8RK5dmJpUZKY2tmuDvjV0=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYkmKoMeiHjxWsB/QhLLZbtqlm03Y3Sgl5qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v7duWgreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD31Ow9UKhaLez1JqB/hoWAhI1gbqW9XzrxQYpJ5N5RrnGf1vG9XnZozA1ombkGqUKDZt7+8QUzSiApNOFaq5zqJ9jMsNSOc5mUvVTTBZIyHtGeowBFVfjY7PUcnRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh5d+xkSSairIfFGYcqRjNM0BDZikRPOJIZhIZm5FZIRNFNqkVTYhuIsvL5N2veY6NffuvNq4KuIowREcwym4cAENuIUmtIDAIzzDK7xZT9aL9W59zFtXrGLmEP7A+vwBGC6T4g==</latexit><latexit sha1_base64="2bvxWh8RK5dmJpUZKY2tmuDvjV0=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYkmKoMeiHjxWsB/QhLLZbtqlm03Y3Sgl5qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v7duWgreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD31Ow9UKhaLez1JqB/hoWAhI1gbqW9XzrxQYpJ5N5RrnGf1vG9XnZozA1ombkGqUKDZt7+8QUzSiApNOFaq5zqJ9jMsNSOc5mUvVTTBZIyHtGeowBFVfjY7PUcnRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh5d+xkSSairIfFGYcqRjNM0BDZikRPOJIZhIZm5FZIRNFNqkVTYhuIsvL5N2veY6NffuvNq4KuIowREcwym4cAENuIUmtIDAIzzDK7xZT9aL9W59zFtXrGLmEP7A+vwBGC6T4g==</latexit>

1

�
<latexit sha1_base64="l8V+L1N9LUOjl8QhXCJSdsroQk8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GNRDx4r2A9oQtlsJ+3SzQe7m0IJ+SdePCji1X/izX/jts1Bqw8GHu/NMDMvSAVX2nG+rMra+sbmVnW7trO7t39gHx51VJJJhm2WiET2AqpQ8BjbmmuBvVQijQKB3WByO/e7U5SKJ/GjnqXoR3QU85Azqo00sG0vlJTlbpF7dyg0LQZ23Wk4C5C/xC1JHUq0BvanN0xYFmGsmaBK9V0n1X5OpeZMYFHzMoUpZRM6wr6hMY1Q+fni8oKcGWVIwkSaijVZqD8nchopNYsC0xlRPVar3lz8z+tnOrz2cx6nmcaYLReFmSA6IfMYyJBLZFrMDKFMcnMrYWNqotAmrJoJwV19+S/pXDRcp+E+XNabN2UcVTiBUzgHF66gCffQgjYwmMITvMCrlVvP1pv1vmytWOXMMfyC9fENqgOTqg==</latexit><latexit sha1_base64="l8V+L1N9LUOjl8QhXCJSdsroQk8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GNRDx4r2A9oQtlsJ+3SzQe7m0IJ+SdePCji1X/izX/jts1Bqw8GHu/NMDMvSAVX2nG+rMra+sbmVnW7trO7t39gHx51VJJJhm2WiET2AqpQ8BjbmmuBvVQijQKB3WByO/e7U5SKJ/GjnqXoR3QU85Azqo00sG0vlJTlbpF7dyg0LQZ23Wk4C5C/xC1JHUq0BvanN0xYFmGsmaBK9V0n1X5OpeZMYFHzMoUpZRM6wr6hMY1Q+fni8oKcGWVIwkSaijVZqD8nchopNYsC0xlRPVar3lz8z+tnOrz2cx6nmcaYLReFmSA6IfMYyJBLZFrMDKFMcnMrYWNqotAmrJoJwV19+S/pXDRcp+E+XNabN2UcVTiBUzgHF66gCffQgjYwmMITvMCrlVvP1pv1vmytWOXMMfyC9fENqgOTqg==</latexit><latexit sha1_base64="l8V+L1N9LUOjl8QhXCJSdsroQk8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GNRDx4r2A9oQtlsJ+3SzQe7m0IJ+SdePCji1X/izX/jts1Bqw8GHu/NMDMvSAVX2nG+rMra+sbmVnW7trO7t39gHx51VJJJhm2WiET2AqpQ8BjbmmuBvVQijQKB3WByO/e7U5SKJ/GjnqXoR3QU85Azqo00sG0vlJTlbpF7dyg0LQZ23Wk4C5C/xC1JHUq0BvanN0xYFmGsmaBK9V0n1X5OpeZMYFHzMoUpZRM6wr6hMY1Q+fni8oKcGWVIwkSaijVZqD8nchopNYsC0xlRPVar3lz8z+tnOrz2cx6nmcaYLReFmSA6IfMYyJBLZFrMDKFMcnMrYWNqotAmrJoJwV19+S/pXDRcp+E+XNabN2UcVTiBUzgHF66gCffQgjYwmMITvMCrlVvP1pv1vmytWOXMMfyC9fENqgOTqg==</latexit><latexit sha1_base64="l8V+L1N9LUOjl8QhXCJSdsroQk8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GNRDx4r2A9oQtlsJ+3SzQe7m0IJ+SdePCji1X/izX/jts1Bqw8GHu/NMDMvSAVX2nG+rMra+sbmVnW7trO7t39gHx51VJJJhm2WiET2AqpQ8BjbmmuBvVQijQKB3WByO/e7U5SKJ/GjnqXoR3QU85Azqo00sG0vlJTlbpF7dyg0LQZ23Wk4C5C/xC1JHUq0BvanN0xYFmGsmaBK9V0n1X5OpeZMYFHzMoUpZRM6wr6hMY1Q+fni8oKcGWVIwkSaijVZqD8nchopNYsC0xlRPVar3lz8z+tnOrz2cx6nmcaYLReFmSA6IfMYyJBLZFrMDKFMcnMrYWNqotAmrJoJwV19+S/pXDRcp+E+XNabN2UcVTiBUzgHF66gCffQgjYwmMITvMCrlVvP1pv1vmytWOXMMfyC9fENqgOTqg==</latexit>

��(x)
<latexit sha1_base64="ueBO3QXWe6MuTbNpQbPJVrvVhCE=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LKoC5cV7AOaECaT23bo5MHMRAyh/oobF4q49UPc+TdO2iy09cDlHs65l7lz/IQzqSzr21hZXVvf2KxsVbd3dvf2zYPDroxTQaFDYx6Lvk8kcBZBRzHFoZ8IIKHPoedPrgu/9wBCsji6V1kCbkhGERsySpSWPLPmBMAV8XLnpuhT3Hg89cy61bRmwMvELkkdlWh75pcTxDQNIVKUEykHtpUoNydCMcphWnVSCQmhEzKCgaYRCUG6+ez4KT7RSoCHsdAVKTxTf2/kJJQyC309GRI1loteIf7nDVI1vHRzFiWpgojOHxqmHKsYF0nggAmgimeaECqYvhXTMRGEKp1XVYdgL355mXTPmrbVtO/O662rMo4KOkLHqIFsdIFa6Ba1UQdRlKFn9IrejCfjxXg3PuajK0a5U0N/YHz+AALZlFU=</latexit><latexit sha1_base64="ueBO3QXWe6MuTbNpQbPJVrvVhCE=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LKoC5cV7AOaECaT23bo5MHMRAyh/oobF4q49UPc+TdO2iy09cDlHs65l7lz/IQzqSzr21hZXVvf2KxsVbd3dvf2zYPDroxTQaFDYx6Lvk8kcBZBRzHFoZ8IIKHPoedPrgu/9wBCsji6V1kCbkhGERsySpSWPLPmBMAV8XLnpuhT3Hg89cy61bRmwMvELkkdlWh75pcTxDQNIVKUEykHtpUoNydCMcphWnVSCQmhEzKCgaYRCUG6+ez4KT7RSoCHsdAVKTxTf2/kJJQyC309GRI1loteIf7nDVI1vHRzFiWpgojOHxqmHKsYF0nggAmgimeaECqYvhXTMRGEKp1XVYdgL355mXTPmrbVtO/O662rMo4KOkLHqIFsdIFa6Ba1UQdRlKFn9IrejCfjxXg3PuajK0a5U0N/YHz+AALZlFU=</latexit><latexit sha1_base64="ueBO3QXWe6MuTbNpQbPJVrvVhCE=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LKoC5cV7AOaECaT23bo5MHMRAyh/oobF4q49UPc+TdO2iy09cDlHs65l7lz/IQzqSzr21hZXVvf2KxsVbd3dvf2zYPDroxTQaFDYx6Lvk8kcBZBRzHFoZ8IIKHPoedPrgu/9wBCsji6V1kCbkhGERsySpSWPLPmBMAV8XLnpuhT3Hg89cy61bRmwMvELkkdlWh75pcTxDQNIVKUEykHtpUoNydCMcphWnVSCQmhEzKCgaYRCUG6+ez4KT7RSoCHsdAVKTxTf2/kJJQyC309GRI1loteIf7nDVI1vHRzFiWpgojOHxqmHKsYF0nggAmgimeaECqYvhXTMRGEKp1XVYdgL355mXTPmrbVtO/O662rMo4KOkLHqIFsdIFa6Ba1UQdRlKFn9IrejCfjxXg3PuajK0a5U0N/YHz+AALZlFU=</latexit><latexit sha1_base64="ueBO3QXWe6MuTbNpQbPJVrvVhCE=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LKoC5cV7AOaECaT23bo5MHMRAyh/oobF4q49UPc+TdO2iy09cDlHs65l7lz/IQzqSzr21hZXVvf2KxsVbd3dvf2zYPDroxTQaFDYx6Lvk8kcBZBRzHFoZ8IIKHPoedPrgu/9wBCsji6V1kCbkhGERsySpSWPLPmBMAV8XLnpuhT3Hg89cy61bRmwMvELkkdlWh75pcTxDQNIVKUEykHtpUoNydCMcphWnVSCQmhEzKCgaYRCUG6+ez4KT7RSoCHsdAVKTxTf2/kJJQyC309GRI1loteIf7nDVI1vHRzFiWpgojOHxqmHKsYF0nggAmgimeaECqYvhXTMRGEKp1XVYdgL355mXTPmrbVtO/O662rMo4KOkLHqIFsdIFa6Ba1UQdRlKFn9IrejCfjxXg3PuajK0a5U0N/YHz+AALZlFU=</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>
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(15)

where clearly δ∆(x) has unit area for all ∆ > 0, i.e.

∫ ∞

−∞
δ∆(x) dx =

1

∆

∫ ∆
2

−∆
2

dx =
1

∆
x

∣∣∣∣
∆
2

−∆
2

=
1

∆
(
∆

2
− −∆

2
) =

∆

∆
= 1.

As ∆ → 0, width becomes arbitrarily small while area under the pulse is fiexd to 1.
The length of interval [−∆

2
, ∆

2
], i.e. ∆, approaches zero.

This assigns a nonzero probability (area) to a single point, i.e. a width zero interval.

The limiting form of δ∆(x) as ∆ → 0 is denoted δ(x), and is graphically denoted as in above
Figure where the number in parentheses (·) indicates the area, i.e.∫ ∞

−∞
δ(x) dx = 1.
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Delta Functions, and Mixed Random Variables

Sifting Property of Dirac Delta Function

Consider a function g(x) and the area under g(x) · δ∆(x):
∫ ∞

−∞
g(x)δ∆(x) dx =

1

∆

∫ ∆
2

−∆
2

g(x) dx ≈ 1

∆
· g(0) ·∆ = g(0)

where approximation is similar to that in (2) and exact as ∆ → 0.

Similarly, for function g(x) the area under g(x) · δ∆(x − x0):
∫ ∞

−∞
g(x)δ∆(x − x0) dx =

1

∆

∫ x0+
∆
2

x0−∆
2

g(x) dx ≈ 1

∆
· g(x0) ·∆ = g(x0)

where approximation improves as ∆ → 0 for same reasons aforementioned.

Thus, we have the sifting property of the Dirac delta function:
∫ ∞

−∞
g(x)δ(x − x0) dx = g(x0), (16)

i.e. integral of function times a delayed/shifted unit impulse equals function evaluated at delay/shift
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Delta Functions, and Mixed Random Variables

Dirac Delta Relation to Unit Step Function

From equation (15) and the figure below it, note that the cumulative integral of function
δ∆(x) is denoted U∆(x) and illustrated below:

x<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>�

2<latexit sha1_base64="y3/luA8IrzdW35n99+GBzyBm8XI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSRF0GNRDx4r2A9oQtlsN+3SzSbsTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YSq4Rtf9tkobm1vbO+Xdyt7+weGRfXzS1kmmKGvRRCSqGxLNBJeshRwF66aKkTgUrBOO7+Z+Z8KU5ol8wmnKgpgMJY84JWikvm37kSI09++ZQDLL67O+XXVr7gLOOvEKUoUCzb795Q8SmsVMIhVE657nphjkRCGngs0qfqZZSuiYDFnPUElipoN8cfnMuTDKwIkSZUqis1B/T+Qk1noah6YzJjjSq95c/M/rZRjdBDmXaYZM0uWiKBMOJs48BmfAFaMopoYQqri51aEjYqJAE1bFhOCtvrxO2vWa59a8x6tq47aIowxncA6X4ME1NOABmtACChN4hld4s3LrxXq3PpatJauYOYU/sD5/AKv6k6s=</latexit><latexit sha1_base64="y3/luA8IrzdW35n99+GBzyBm8XI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSRF0GNRDx4r2A9oQtlsN+3SzSbsTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YSq4Rtf9tkobm1vbO+Xdyt7+weGRfXzS1kmmKGvRRCSqGxLNBJeshRwF66aKkTgUrBOO7+Z+Z8KU5ol8wmnKgpgMJY84JWikvm37kSI09++ZQDLL67O+XXVr7gLOOvEKUoUCzb795Q8SmsVMIhVE657nphjkRCGngs0qfqZZSuiYDFnPUElipoN8cfnMuTDKwIkSZUqis1B/T+Qk1noah6YzJjjSq95c/M/rZRjdBDmXaYZM0uWiKBMOJs48BmfAFaMopoYQqri51aEjYqJAE1bFhOCtvrxO2vWa59a8x6tq47aIowxncA6X4ME1NOABmtACChN4hld4s3LrxXq3PpatJauYOYU/sD5/AKv6k6s=</latexit><latexit sha1_base64="y3/luA8IrzdW35n99+GBzyBm8XI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSRF0GNRDx4r2A9oQtlsN+3SzSbsTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YSq4Rtf9tkobm1vbO+Xdyt7+weGRfXzS1kmmKGvRRCSqGxLNBJeshRwF66aKkTgUrBOO7+Z+Z8KU5ol8wmnKgpgMJY84JWikvm37kSI09++ZQDLL67O+XXVr7gLOOvEKUoUCzb795Q8SmsVMIhVE657nphjkRCGngs0qfqZZSuiYDFnPUElipoN8cfnMuTDKwIkSZUqis1B/T+Qk1noah6YzJjjSq95c/M/rZRjdBDmXaYZM0uWiKBMOJs48BmfAFaMopoYQqri51aEjYqJAE1bFhOCtvrxO2vWa59a8x6tq47aIowxncA6X4ME1NOABmtACChN4hld4s3LrxXq3PpatJauYOYU/sD5/AKv6k6s=</latexit><latexit sha1_base64="y3/luA8IrzdW35n99+GBzyBm8XI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSRF0GNRDx4r2A9oQtlsN+3SzSbsTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YSq4Rtf9tkobm1vbO+Xdyt7+weGRfXzS1kmmKGvRRCSqGxLNBJeshRwF66aKkTgUrBOO7+Z+Z8KU5ol8wmnKgpgMJY84JWikvm37kSI09++ZQDLL67O+XXVr7gLOOvEKUoUCzb795Q8SmsVMIhVE657nphjkRCGngs0qfqZZSuiYDFnPUElipoN8cfnMuTDKwIkSZUqis1B/T+Qk1noah6YzJjjSq95c/M/rZRjdBDmXaYZM0uWiKBMOJs48BmfAFaMopoYQqri51aEjYqJAE1bFhOCtvrxO2vWa59a8x6tq47aIowxncA6X4ME1NOABmtACChN4hld4s3LrxXq3PpatJauYOYU/sD5/AKv6k6s=</latexit>

��

2<latexit sha1_base64="2bvxWh8RK5dmJpUZKY2tmuDvjV0=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYkmKoMeiHjxWsB/QhLLZbtqlm03Y3Sgl5qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v7duWgreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD31Ow9UKhaLez1JqB/hoWAhI1gbqW9XzrxQYpJ5N5RrnGf1vG9XnZozA1ombkGqUKDZt7+8QUzSiApNOFaq5zqJ9jMsNSOc5mUvVTTBZIyHtGeowBFVfjY7PUcnRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh5d+xkSSairIfFGYcqRjNM0BDZikRPOJIZhIZm5FZIRNFNqkVTYhuIsvL5N2veY6NffuvNq4KuIowREcwym4cAENuIUmtIDAIzzDK7xZT9aL9W59zFtXrGLmEP7A+vwBGC6T4g==</latexit><latexit sha1_base64="2bvxWh8RK5dmJpUZKY2tmuDvjV0=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYkmKoMeiHjxWsB/QhLLZbtqlm03Y3Sgl5qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v7duWgreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD31Ow9UKhaLez1JqB/hoWAhI1gbqW9XzrxQYpJ5N5RrnGf1vG9XnZozA1ombkGqUKDZt7+8QUzSiApNOFaq5zqJ9jMsNSOc5mUvVTTBZIyHtGeowBFVfjY7PUcnRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh5d+xkSSairIfFGYcqRjNM0BDZikRPOJIZhIZm5FZIRNFNqkVTYhuIsvL5N2veY6NffuvNq4KuIowREcwym4cAENuIUmtIDAIzzDK7xZT9aL9W59zFtXrGLmEP7A+vwBGC6T4g==</latexit><latexit sha1_base64="2bvxWh8RK5dmJpUZKY2tmuDvjV0=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYkmKoMeiHjxWsB/QhLLZbtqlm03Y3Sgl5qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v7duWgreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD31Ow9UKhaLez1JqB/hoWAhI1gbqW9XzrxQYpJ5N5RrnGf1vG9XnZozA1ombkGqUKDZt7+8QUzSiApNOFaq5zqJ9jMsNSOc5mUvVTTBZIyHtGeowBFVfjY7PUcnRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh5d+xkSSairIfFGYcqRjNM0BDZikRPOJIZhIZm5FZIRNFNqkVTYhuIsvL5N2veY6NffuvNq4KuIowREcwym4cAENuIUmtIDAIzzDK7xZT9aL9W59zFtXrGLmEP7A+vwBGC6T4g==</latexit><latexit sha1_base64="2bvxWh8RK5dmJpUZKY2tmuDvjV0=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYkmKoMeiHjxWsB/QhLLZbtqlm03Y3Sgl5qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v7duWgreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD31Ow9UKhaLez1JqB/hoWAhI1gbqW9XzrxQYpJ5N5RrnGf1vG9XnZozA1ombkGqUKDZt7+8QUzSiApNOFaq5zqJ9jMsNSOc5mUvVTTBZIyHtGeowBFVfjY7PUcnRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh5d+xkSSairIfFGYcqRjNM0BDZikRPOJIZhIZm5FZIRNFNqkVTYhuIsvL5N2veY6NffuvNq4KuIowREcwym4cAENuIUmtIDAIzzDK7xZT9aL9W59zFtXrGLmEP7A+vwBGC6T4g==</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

Z x

�1
��(u)du = U�(x)

<latexit sha1_base64="8zNSTPS0TYQAavOmA1nSDOHs5lU=">AAACHnicbVDLSsQwFE19juOr6tJNcBDGhUMrim4EURcuR7A6MB1LmqYaJk1LcisOpV/ixl9x40IRwZX+jZnHQkcPhHs4515u7gkzwTU4zpc1MTk1PTNbmavOLywuLdsrq5c6zRVlHk1Fqloh0UxwyTzgIFgrU4wkoWBXYfek71/dMaV5Ki+gl7FOQm4kjzklYKTA3vO5hKDYNiWGXnl9j/2ICSBB4Z/2a4nr+RaOcnyIvWAo1e+3ArvmNJwB8F/ijkgNjdAM7A8/SmmeMAlUEK3brpNBpyAKOBWsrPq5ZhmhXXLD2oZKkjDdKQbnlXjTKBGOU2WeBDxQf04UJNG6l4SmMyFwq8e9vvif184hPugUXGY5MEmHi+JcYEhxPyscccUoiJ4hhCpu/orpLVGEgkm0akJwx0/+Sy53Gq7TcM93a0fHozgqaB1toDpy0T46QmeoiTxE0QN6Qi/o1Xq0nq03633YOmGNZtbQL1if37V6oYY=</latexit><latexit sha1_base64="8zNSTPS0TYQAavOmA1nSDOHs5lU=">AAACHnicbVDLSsQwFE19juOr6tJNcBDGhUMrim4EURcuR7A6MB1LmqYaJk1LcisOpV/ixl9x40IRwZX+jZnHQkcPhHs4515u7gkzwTU4zpc1MTk1PTNbmavOLywuLdsrq5c6zRVlHk1Fqloh0UxwyTzgIFgrU4wkoWBXYfek71/dMaV5Ki+gl7FOQm4kjzklYKTA3vO5hKDYNiWGXnl9j/2ICSBB4Z/2a4nr+RaOcnyIvWAo1e+3ArvmNJwB8F/ijkgNjdAM7A8/SmmeMAlUEK3brpNBpyAKOBWsrPq5ZhmhXXLD2oZKkjDdKQbnlXjTKBGOU2WeBDxQf04UJNG6l4SmMyFwq8e9vvif184hPugUXGY5MEmHi+JcYEhxPyscccUoiJ4hhCpu/orpLVGEgkm0akJwx0/+Sy53Gq7TcM93a0fHozgqaB1toDpy0T46QmeoiTxE0QN6Qi/o1Xq0nq03633YOmGNZtbQL1if37V6oYY=</latexit><latexit sha1_base64="8zNSTPS0TYQAavOmA1nSDOHs5lU=">AAACHnicbVDLSsQwFE19juOr6tJNcBDGhUMrim4EURcuR7A6MB1LmqYaJk1LcisOpV/ixl9x40IRwZX+jZnHQkcPhHs4515u7gkzwTU4zpc1MTk1PTNbmavOLywuLdsrq5c6zRVlHk1Fqloh0UxwyTzgIFgrU4wkoWBXYfek71/dMaV5Ki+gl7FOQm4kjzklYKTA3vO5hKDYNiWGXnl9j/2ICSBB4Z/2a4nr+RaOcnyIvWAo1e+3ArvmNJwB8F/ijkgNjdAM7A8/SmmeMAlUEK3brpNBpyAKOBWsrPq5ZhmhXXLD2oZKkjDdKQbnlXjTKBGOU2WeBDxQf04UJNG6l4SmMyFwq8e9vvif184hPugUXGY5MEmHi+JcYEhxPyscccUoiJ4hhCpu/orpLVGEgkm0akJwx0/+Sy53Gq7TcM93a0fHozgqaB1toDpy0T46QmeoiTxE0QN6Qi/o1Xq0nq03633YOmGNZtbQL1if37V6oYY=</latexit><latexit sha1_base64="8zNSTPS0TYQAavOmA1nSDOHs5lU=">AAACHnicbVDLSsQwFE19juOr6tJNcBDGhUMrim4EURcuR7A6MB1LmqYaJk1LcisOpV/ixl9x40IRwZX+jZnHQkcPhHs4515u7gkzwTU4zpc1MTk1PTNbmavOLywuLdsrq5c6zRVlHk1Fqloh0UxwyTzgIFgrU4wkoWBXYfek71/dMaV5Ki+gl7FOQm4kjzklYKTA3vO5hKDYNiWGXnl9j/2ICSBB4Z/2a4nr+RaOcnyIvWAo1e+3ArvmNJwB8F/ijkgNjdAM7A8/SmmeMAlUEK3brpNBpyAKOBWsrPq5ZhmhXXLD2oZKkjDdKQbnlXjTKBGOU2WeBDxQf04UJNG6l4SmMyFwq8e9vvif184hPugUXGY5MEmHi+JcYEhxPyscccUoiJ4hhCpu/orpLVGEgkm0akJwx0/+Sy53Gq7TcM93a0fHozgqaB1toDpy0T46QmeoiTxE0QN6Qi/o1Xq0nq03633YOmGNZtbQL1if37V6oYY=</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
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Thus, we have the following property that the cumulative integral of the unit impulse
function is the unit step function:

∫ x

−∞
δ(u)du = U(x) =

{
1, x ≥ 0
0, Otherwise

(17)

Extending the fundamental theorem of calculus to “distributions”, one writes

δ(x) =
d

dx
U(x).
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Delta Functions, and Mixed Random Variables

Example: Using PDF to Represent a Discrete R.V.

Consider the PDF fX (x) =
1
4δ(x) +

1
4δ(x − 1) + 1

2δ(x − 2), illustrated below

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

FX(x) =

Z x

�1
fX(u)du

<latexit sha1_base64="c3d1BJ4b7MiWK66zfWnaNdgA0qE=">AAACC3icbVDLSgMxFM34rPU16tJNaBHahWVGBN0IRUFcVrAPaOuQSTNtaCYzJHekZejejb/ixoUibv0Bd/6N6WOhrQcu93DOvST3+LHgGhzn21paXlldW89sZDe3tnd27b39mo4SRVmVRiJSDZ9oJrhkVeAgWCNWjIS+YHW/fzX26w9MaR7JOxjGrB2SruQBpwSM5Nm5a69RGBTxBW5xCV56bFoAw9H9AAfGSYqdxLPzTsmZAC8Sd0byaIaKZ3+1OhFNQiaBCqJ103ViaKdEAaeCjbKtRLOY0D7psqahkoRMt9PJLSN8ZJQODiJlSgKeqL83UhJqPQx9MxkS6Ol5byz+5zUTCM7bKZdxAkzS6UNBIjBEeBwM7nDFKIihIYQqbv6KaY8oQsHElzUhuPMnL5LaScl1Su7tab58OYsjgw5RDhWQi85QGd2gCqoiih7RM3pFb9aT9WK9Wx/T0SVrtnOA/sD6/AHQiJml</latexit><latexit sha1_base64="c3d1BJ4b7MiWK66zfWnaNdgA0qE=">AAACC3icbVDLSgMxFM34rPU16tJNaBHahWVGBN0IRUFcVrAPaOuQSTNtaCYzJHekZejejb/ixoUibv0Bd/6N6WOhrQcu93DOvST3+LHgGhzn21paXlldW89sZDe3tnd27b39mo4SRVmVRiJSDZ9oJrhkVeAgWCNWjIS+YHW/fzX26w9MaR7JOxjGrB2SruQBpwSM5Nm5a69RGBTxBW5xCV56bFoAw9H9AAfGSYqdxLPzTsmZAC8Sd0byaIaKZ3+1OhFNQiaBCqJ103ViaKdEAaeCjbKtRLOY0D7psqahkoRMt9PJLSN8ZJQODiJlSgKeqL83UhJqPQx9MxkS6Ol5byz+5zUTCM7bKZdxAkzS6UNBIjBEeBwM7nDFKIihIYQqbv6KaY8oQsHElzUhuPMnL5LaScl1Su7tab58OYsjgw5RDhWQi85QGd2gCqoiih7RM3pFb9aT9WK9Wx/T0SVrtnOA/sD6/AHQiJml</latexit><latexit sha1_base64="c3d1BJ4b7MiWK66zfWnaNdgA0qE=">AAACC3icbVDLSgMxFM34rPU16tJNaBHahWVGBN0IRUFcVrAPaOuQSTNtaCYzJHekZejejb/ixoUibv0Bd/6N6WOhrQcu93DOvST3+LHgGhzn21paXlldW89sZDe3tnd27b39mo4SRVmVRiJSDZ9oJrhkVeAgWCNWjIS+YHW/fzX26w9MaR7JOxjGrB2SruQBpwSM5Nm5a69RGBTxBW5xCV56bFoAw9H9AAfGSYqdxLPzTsmZAC8Sd0byaIaKZ3+1OhFNQiaBCqJ103ViaKdEAaeCjbKtRLOY0D7psqahkoRMt9PJLSN8ZJQODiJlSgKeqL83UhJqPQx9MxkS6Ol5byz+5zUTCM7bKZdxAkzS6UNBIjBEeBwM7nDFKIihIYQqbv6KaY8oQsHElzUhuPMnL5LaScl1Su7tab58OYsjgw5RDhWQi85QGd2gCqoiih7RM3pFb9aT9WK9Wx/T0SVrtnOA/sD6/AHQiJml</latexit><latexit sha1_base64="c3d1BJ4b7MiWK66zfWnaNdgA0qE=">AAACC3icbVDLSgMxFM34rPU16tJNaBHahWVGBN0IRUFcVrAPaOuQSTNtaCYzJHekZejejb/ixoUibv0Bd/6N6WOhrQcu93DOvST3+LHgGhzn21paXlldW89sZDe3tnd27b39mo4SRVmVRiJSDZ9oJrhkVeAgWCNWjIS+YHW/fzX26w9MaR7JOxjGrB2SruQBpwSM5Nm5a69RGBTxBW5xCV56bFoAw9H9AAfGSYqdxLPzTsmZAC8Sd0byaIaKZ3+1OhFNQiaBCqJ103ViaKdEAaeCjbKtRLOY0D7psqahkoRMt9PJLSN8ZJQODiJlSgKeqL83UhJqPQx9MxkS6Ol5byz+5zUTCM7bKZdxAkzS6UNBIjBEeBwM7nDFKIihIYQqbv6KaY8oQsHElzUhuPMnL5LaScl1Su7tab58OYsjgw5RDhWQi85QGd2gCqoiih7RM3pFb9aT9WK9Wx/T0SVrtnOA/sD6/AHQiJml</latexit>

1

4
<latexit sha1_base64="OfYWJwkCeHSKCQV7xi8fEYmnIYY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66VzVPbfuPTRqzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/PEqRNQ==</latexit><latexit sha1_base64="OfYWJwkCeHSKCQV7xi8fEYmnIYY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66VzVPbfuPTRqzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/PEqRNQ==</latexit><latexit sha1_base64="OfYWJwkCeHSKCQV7xi8fEYmnIYY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66VzVPbfuPTRqzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/PEqRNQ==</latexit><latexit sha1_base64="OfYWJwkCeHSKCQV7xi8fEYmnIYY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66VzVPbfuPTRqzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/PEqRNQ==</latexit>

1

2
<latexit sha1_base64="3Lt9aNVFsd9wyQlQAZEW9yEqh2U=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66TTqnlv3Hq5qzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/OUCRMw==</latexit><latexit sha1_base64="3Lt9aNVFsd9wyQlQAZEW9yEqh2U=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66TTqnlv3Hq5qzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/OUCRMw==</latexit><latexit sha1_base64="3Lt9aNVFsd9wyQlQAZEW9yEqh2U=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66TTqnlv3Hq5qzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/OUCRMw==</latexit><latexit sha1_base64="3Lt9aNVFsd9wyQlQAZEW9yEqh2U=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66TTqnlv3Hq5qzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/OUCRMw==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

fX(x)
<latexit sha1_base64="AnBMmZD0IYXp9t4LHIRFByNKLjQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+q1K09nvVLZq3oz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5XvW9qn93Ua5d53EU4BhOoAI+XEINbqEODaDwAM/wCm9IoRf0jj7mrSsonzmCP0CfP87wjpw=</latexit><latexit sha1_base64="AnBMmZD0IYXp9t4LHIRFByNKLjQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+q1K09nvVLZq3oz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5XvW9qn93Ua5d53EU4BhOoAI+XEINbqEODaDwAM/wCm9IoRf0jj7mrSsonzmCP0CfP87wjpw=</latexit><latexit sha1_base64="AnBMmZD0IYXp9t4LHIRFByNKLjQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+q1K09nvVLZq3oz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5XvW9qn93Ua5d53EU4BhOoAI+XEINbqEODaDwAM/wCm9IoRf0jj7mrSsonzmCP0CfP87wjpw=</latexit><latexit sha1_base64="AnBMmZD0IYXp9t4LHIRFByNKLjQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+q1K09nvVLZq3oz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5XvW9qn93Ua5d53EU4BhOoAI+XEINbqEODaDwAM/wCm9IoRf0jj7mrSsonzmCP0CfP87wjpw=</latexit> ✓

1

2

◆

<latexit sha1_base64="Ohl23MvLKDM4GU9iZSTovjk/Eiw=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyUpgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu16zXVq7t1FpXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKbGl2A=</latexit><latexit sha1_base64="Ohl23MvLKDM4GU9iZSTovjk/Eiw=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyUpgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu16zXVq7t1FpXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKbGl2A=</latexit><latexit sha1_base64="Ohl23MvLKDM4GU9iZSTovjk/Eiw=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyUpgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu16zXVq7t1FpXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKbGl2A=</latexit><latexit sha1_base64="Ohl23MvLKDM4GU9iZSTovjk/Eiw=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyUpgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu16zXVq7t1FpXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKbGl2A=</latexit>

✓
1

4

◆

<latexit sha1_base64="AcOCBHIbfq0NdAbfzeNq+2bMcLM=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyWRgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu2LmuvU3Lt6pXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKnil2I=</latexit><latexit sha1_base64="AcOCBHIbfq0NdAbfzeNq+2bMcLM=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyWRgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu2LmuvU3Lt6pXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKnil2I=</latexit><latexit sha1_base64="AcOCBHIbfq0NdAbfzeNq+2bMcLM=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyWRgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu2LmuvU3Lt6pXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKnil2I=</latexit><latexit sha1_base64="AcOCBHIbfq0NdAbfzeNq+2bMcLM=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyWRgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu2LmuvU3Lt6pXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKnil2I=</latexit>

✓
1

4

◆

<latexit sha1_base64="AcOCBHIbfq0NdAbfzeNq+2bMcLM=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyWRgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu2LmuvU3Lt6pXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKnil2I=</latexit><latexit sha1_base64="AcOCBHIbfq0NdAbfzeNq+2bMcLM=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyWRgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu2LmuvU3Lt6pXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKnil2I=</latexit><latexit sha1_base64="AcOCBHIbfq0NdAbfzeNq+2bMcLM=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyWRgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu2LmuvU3Lt6pXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKnil2I=</latexit><latexit sha1_base64="AcOCBHIbfq0NdAbfzeNq+2bMcLM=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyWRgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu2LmuvU3Lt6pXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKnil2I=</latexit>

Using (17) the CDF is shown to be

FX (x) =

∫ x

−∞
fX (u)du =

∫ x

−∞

1

4
δ(u) +

1

4
δ(u − 1) +

1

2
δ(u − 2)du

=
1

4
U(x) +

1

4
U(x − 1) +

1

2
U(x − 2) (illustrated above)

Clearly, unit impulse function provides a way of representing discrete events with nonzero probability
within a continuous domain of infinite possibilities.

This example is essentially a discrete r.v. because the range of X is SX = {0, 1, 2} that is clearly finite
in size and therefore countable.

This example shows how a discrete r.v. can be represented with a PDF (instead of a PMF).
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Delta Functions, and Mixed Random Variables

Example: Using PDF to Represent a Discrete R.V.

The expected value of X is given by

E [X ] =

∫ ∞

−∞
x · fX (x)dx =

∫ ∞

−∞
x ·

[
1

4
δ(x) +

1

4
δ(x − 1) +

1

2
δ(x − 2)

]
dx

=
1

4

∫ ∞

−∞
x · δ(x) dx +

1

4

∫ ∞

−∞
x · δ(x − 1) dx +

1

2

∫ ∞

−∞
x · δ(x − 2) dx

=
1

4
· 0 + 1

4
· 1 + 1

2
· 2 =

5

4

where that last equality follows from (16) the sifting property of the unit impulse.
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Delta Functions, and Mixed Random Variables

Example: Mixed Random Variable

Consider PDF fX (x) =
1
8 · 1[−3,1](x) +

1
2δ(x − 2), illustrated below

�3
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fX(x)
<latexit sha1_base64="AnBMmZD0IYXp9t4LHIRFByNKLjQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+q1K09nvVLZq3oz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5XvW9qn93Ua5d53EU4BhOoAI+XEINbqEODaDwAM/wCm9IoRf0jj7mrSsonzmCP0CfP87wjpw=</latexit><latexit sha1_base64="AnBMmZD0IYXp9t4LHIRFByNKLjQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+q1K09nvVLZq3oz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5XvW9qn93Ua5d53EU4BhOoAI+XEINbqEODaDwAM/wCm9IoRf0jj7mrSsonzmCP0CfP87wjpw=</latexit><latexit sha1_base64="AnBMmZD0IYXp9t4LHIRFByNKLjQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+q1K09nvVLZq3oz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5XvW9qn93Ua5d53EU4BhOoAI+XEINbqEODaDwAM/wCm9IoRf0jj7mrSsonzmCP0CfP87wjpw=</latexit><latexit sha1_base64="AnBMmZD0IYXp9t4LHIRFByNKLjQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+q1K09nvVLZq3oz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5XvW9qn93Ua5d53EU4BhOoAI+XEINbqEODaDwAM/wCm9IoRf0jj7mrSsonzmCP0CfP87wjpw=</latexit>

1

8<latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit><latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit><latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit><latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit>

✓
1

2

◆

<latexit sha1_base64="Ohl23MvLKDM4GU9iZSTovjk/Eiw=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyUpgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu16zXVq7t1FpXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKbGl2A=</latexit><latexit sha1_base64="Ohl23MvLKDM4GU9iZSTovjk/Eiw=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyUpgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu16zXVq7t1FpXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKbGl2A=</latexit><latexit sha1_base64="Ohl23MvLKDM4GU9iZSTovjk/Eiw=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyUpgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu16zXVq7t1FpXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKbGl2A=</latexit><latexit sha1_base64="Ohl23MvLKDM4GU9iZSTovjk/Eiw=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyUpgh6LXjxWsB/QhLLZbtqlm03YnQgl5OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlldW9/YLG2Vt3d29/btg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M/U7D0xpHst7mCTMj8hQ8pBTAkbq2yeeYCHgKvZCRWjm5lk9x57iwxHg875dcWrODHiZuAWpoALNvv3lDWKaRkwCFUTrnusk4GdEAaeC5WUv1SwhdEyGrGeoJBHTfjb7IsdnRhngMFamJOCZ+nsiI5HWkygwnRGBkV70puJ/Xi+F8MrPuExSYJLOF4WpwBDjaSR4wBWjICaGEKq4uRXTETFxgAmubEJwF19eJu16zXVq7t1FpXFdxFFCx+gUVZGLLlED3aImaiGKHtEzekVv1pP1Yr1bH/PWFauYOUJ/YH3+AKbGl2A=</latexit>

�3
<latexit sha1_base64="fMYmWcNtp7WS9sIcaIJk0ERICZ0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRQY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4eyiV664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nrt0Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZv0uUJmxNgSyhS3txI2pIoyY8Mp2RC8xZeXSfO86rlV7/6yUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+bqjO4=</latexit><latexit sha1_base64="fMYmWcNtp7WS9sIcaIJk0ERICZ0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRQY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4eyiV664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nrt0Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZv0uUJmxNgSyhS3txI2pIoyY8Mp2RC8xZeXSfO86rlV7/6yUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+bqjO4=</latexit><latexit sha1_base64="fMYmWcNtp7WS9sIcaIJk0ERICZ0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRQY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4eyiV664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nrt0Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZv0uUJmxNgSyhS3txI2pIoyY8Mp2RC8xZeXSfO86rlV7/6yUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+bqjO4=</latexit><latexit sha1_base64="fMYmWcNtp7WS9sIcaIJk0ERICZ0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRQY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4eyiV664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nrt0Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZv0uUJmxNgSyhS3txI2pIoyY8Mp2RC8xZeXSfO86rlV7/6yUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+bqjO4=</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

x<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

1

8<latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit><latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit><latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit><latexit sha1_base64="Bap2YDagNZLxvJ/LdoVOE82kUkc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPRi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnWSMfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWB5ZZAalhA6JWPWt1SSmJkgW5ycuxdWGbmR0rYkugv190RGYmNmcWg7Y4ITs+rNxf+8fopRI8i4TFJkki4XRalwUbnz/90R14yimFlCqOb2VpdOiE0BbUoVG4K/+vI66VzVfa/uP1zXmrdFHGU4g3O4BB9uoAn30II2UFDwDK/w5qDz4rw7H8vWklPMnMIfOJ8/Ql6ROQ==</latexit>

1

2<latexit sha1_base64="3Lt9aNVFsd9wyQlQAZEW9yEqh2U=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66TTqnlv3Hq5qzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/OUCRMw==</latexit><latexit sha1_base64="3Lt9aNVFsd9wyQlQAZEW9yEqh2U=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66TTqnlv3Hq5qzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/OUCRMw==</latexit><latexit sha1_base64="3Lt9aNVFsd9wyQlQAZEW9yEqh2U=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66TTqnlv3Hq5qzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/OUCRMw==</latexit><latexit sha1_base64="3Lt9aNVFsd9wyQlQAZEW9yEqh2U=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66TTqnlv3Hq5qzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/OUCRMw==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

FX(x)
<latexit sha1_base64="ShDnTJaK8k0STUVIXKD543YrYhQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosCuKxgt0W2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPfC1TRWiTSC5VO8SaciZo0zDDaTtRFMchp61wdD31W49UaSbFvRknNIjxQLCIEWys5N/02tWn01654tbcGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFlkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin9U8t+bdnVfqV3kcRTiCY6iCBxdQh1toQBMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBndCOfA==</latexit><latexit sha1_base64="ShDnTJaK8k0STUVIXKD543YrYhQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosCuKxgt0W2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPfC1TRWiTSC5VO8SaciZo0zDDaTtRFMchp61wdD31W49UaSbFvRknNIjxQLCIEWys5N/02tWn01654tbcGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFlkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin9U8t+bdnVfqV3kcRTiCY6iCBxdQh1toQBMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBndCOfA==</latexit><latexit sha1_base64="ShDnTJaK8k0STUVIXKD543YrYhQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosCuKxgt0W2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPfC1TRWiTSC5VO8SaciZo0zDDaTtRFMchp61wdD31W49UaSbFvRknNIjxQLCIEWys5N/02tWn01654tbcGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFlkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin9U8t+bdnVfqV3kcRTiCY6iCBxdQh1toQBMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBndCOfA==</latexit><latexit sha1_base64="ShDnTJaK8k0STUVIXKD543YrYhQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosCuKxgt0W2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPfC1TRWiTSC5VO8SaciZo0zDDaTtRFMchp61wdD31W49UaSbFvRknNIjxQLCIEWys5N/02tWn01654tbcGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFlkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin9U8t+bdnVfqV3kcRTiCY6iCBxdQh1toQBMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBndCOfA==</latexit>

This represents a mixed r.v. with continuous and discrete random components.

Convince yourself that the CDF illustrated above and specified below is correct:

FX (x) =





0, x ≤ −3
1

8
(x + 3), −3 < x ≤ 1

1

2
, 1 < x < 2,

1, x ≥ 2.

CDF FX (x) is discontinuous
in this case, i.e. at x = 2.
At points of discontinuity xD
we can define the PDF value as =⇒

fX (xD) =
dFX (x)

dx

∣∣∣∣
x=xD

= (jump size) · δ(x − xD) + any continuous part (18)

Note that
∫ 2
2 fX (x)dx = 1

2
> 0 in this case.
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