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Remarks

Remarks

Up to now we’ve considered experiment outcomes that can be modeled as a single random
variable, e.g. X , for both discrete and continuous events.

Sometimes, experiment outcomes occur in n-tuples, e.g.
in pairs such as (X ,Y ), e.g. two rolls of a die;

or in triplets such as (X ,Y ,Z), e.g. position of ball #11 bouncing in a powerball machine;

or in quadruplets such as (X ,Y ,W ,Z);

or in n-dimensions such as (X1,X2, . . . ,Xn).

We need tools of probability theory to handle such multivariable observations, i.e. it is
desired to extend the concepts of PMF / PDF, CDF, and expectations to multiple random
variables.
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Joint Probability Mass Function (PMF)

Joint Probability Mass Function (PMF)

The joint probability mass function of paired discrete r.v.’s (X ,Y ) is defined as

PX ,Y (x , y) = Pr ({X = x} ∩ {Y = y}) = Pr(X = x ,Y = y).

r.v.’s are indicated by subscript “X ,Y ” and hypothetical values dnoted by arguments “x , y”.

Joint PMF specifies the probability of possible values of pairs (X ,Y )

The range of possible values pairs (X ,Y ) can assume is denoted SX ,Y , i.e.

SX ,Y = {(x , y)|PX ,Y (x , y) > 0}, sometimes called the support of PX ,Y .

By the axioms, the total probability of all possible pairs (X ,Y ) is unity, i.e.
∑

(x,y)∈SX,Y

PX ,Y (x , y) =
∑

x∈SX

∑

y∈SY

PX ,Y (x , y) = 1

and PX ,Y (x , y) ≥ 0 for all (x , y).

The joint PMF completely characterizes the probability of pairs (X ,Y ) including any
relationship, coupling, or statistical dependencies between X and Y .
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Joint Probability Mass Function (PMF)

Example: Rolling a Pair of Distinguishable “Fair” Four-Sided Dice

Let the r.v.’s (X ,Y ) denote values shown on the pair of dice, where
SX ,Y = {(x , y)|x ∈ {1, 2, 3, 4}, y ∈ {1, 2, 3, 4}} and joint PMF PX ,Y :

(	1st	Die	)	

(	2
nd

	D
ie
	)	
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16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>

PX,Y (x, y)
<latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit><latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit><latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit><latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

y <latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit> 2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

4<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

4<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit>

E1
<latexit sha1_base64="Domj7ZeY7jNOWisLM98kueCTX5g=">AAACAnicbVDLSsNAFJ3UV62vWJduBovgQkoigi6LIrisYB/QhjCZ3LZDJ5MwM5GWkJ3f4VZxJ279kf6NaRpBWw9cOJx7z9y5x4s4U9qyZkZpbX1jc6u8XdnZ3ds/MA+rbRXGkkKLhjyUXY8o4ExASzPNoRtJIIHHoeONb+f9zhNIxULxqKcROAEZCjZglOhMcs1q0s8fSST4Kb5zbZy6Zs2qWznwKrELUkMFmq456/shjQMQmnKiVM+2Iu0kRGpGOaSVfqwgInRMhtDLqCABKCfJ16b4NFN8PAhlVkLjXP3tSEig1DTwzic/hoDokVoemYv/9XqxHlw7CRNRrEHQxb5BzLEO8TwP7DMJVPNpRgiVLPsypiMiCdVZapUsC3v58lXSvqjbVt1+uKw1bopUyugYnaAzZKMr1ED3qIlaiKIJekGv6M14Nt6ND+NzMVoyCs8R+gPj6xugdpcH</latexit><latexit sha1_base64="Domj7ZeY7jNOWisLM98kueCTX5g=">AAACAnicbVDLSsNAFJ3UV62vWJduBovgQkoigi6LIrisYB/QhjCZ3LZDJ5MwM5GWkJ3f4VZxJ279kf6NaRpBWw9cOJx7z9y5x4s4U9qyZkZpbX1jc6u8XdnZ3ds/MA+rbRXGkkKLhjyUXY8o4ExASzPNoRtJIIHHoeONb+f9zhNIxULxqKcROAEZCjZglOhMcs1q0s8fSST4Kb5zbZy6Zs2qWznwKrELUkMFmq456/shjQMQmnKiVM+2Iu0kRGpGOaSVfqwgInRMhtDLqCABKCfJ16b4NFN8PAhlVkLjXP3tSEig1DTwzic/hoDokVoemYv/9XqxHlw7CRNRrEHQxb5BzLEO8TwP7DMJVPNpRgiVLPsypiMiCdVZapUsC3v58lXSvqjbVt1+uKw1bopUyugYnaAzZKMr1ED3qIlaiKIJekGv6M14Nt6ND+NzMVoyCs8R+gPj6xugdpcH</latexit><latexit sha1_base64="Domj7ZeY7jNOWisLM98kueCTX5g=">AAACAnicbVDLSsNAFJ3UV62vWJduBovgQkoigi6LIrisYB/QhjCZ3LZDJ5MwM5GWkJ3f4VZxJ279kf6NaRpBWw9cOJx7z9y5x4s4U9qyZkZpbX1jc6u8XdnZ3ds/MA+rbRXGkkKLhjyUXY8o4ExASzPNoRtJIIHHoeONb+f9zhNIxULxqKcROAEZCjZglOhMcs1q0s8fSST4Kb5zbZy6Zs2qWznwKrELUkMFmq456/shjQMQmnKiVM+2Iu0kRGpGOaSVfqwgInRMhtDLqCABKCfJ16b4NFN8PAhlVkLjXP3tSEig1DTwzic/hoDokVoemYv/9XqxHlw7CRNRrEHQxb5BzLEO8TwP7DMJVPNpRgiVLPsypiMiCdVZapUsC3v58lXSvqjbVt1+uKw1bopUyugYnaAzZKMr1ED3qIlaiKIJekGv6M14Nt6ND+NzMVoyCs8R+gPj6xugdpcH</latexit><latexit sha1_base64="Domj7ZeY7jNOWisLM98kueCTX5g=">AAACAnicbVDLSsNAFJ3UV62vWJduBovgQkoigi6LIrisYB/QhjCZ3LZDJ5MwM5GWkJ3f4VZxJ279kf6NaRpBWw9cOJx7z9y5x4s4U9qyZkZpbX1jc6u8XdnZ3ds/MA+rbRXGkkKLhjyUXY8o4ExASzPNoRtJIIHHoeONb+f9zhNIxULxqKcROAEZCjZglOhMcs1q0s8fSST4Kb5zbZy6Zs2qWznwKrELUkMFmq456/shjQMQmnKiVM+2Iu0kRGpGOaSVfqwgInRMhtDLqCABKCfJ16b4NFN8PAhlVkLjXP3tSEig1DTwzic/hoDokVoemYv/9XqxHlw7CRNRrEHQxb5BzLEO8TwP7DMJVPNpRgiVLPsypiMiCdVZapUsC3v58lXSvqjbVt1+uKw1bopUyugYnaAzZKMr1ED3qIlaiKIJekGv6M14Nt6ND+NzMVoyCs8R+gPj6xugdpcH</latexit>

E3
<latexit sha1_base64="d+hCiw8znyTIh7zl0LUgy5aLPsw=">AAACA3icbVDLSsNAFL2pr1pf0S7dDBbBhZREBV0WRXBZwT6gDWEynbZDJw9mJmIIWfodbhV34tYP6d84TSNo64ELh3PvmTv3eBFnUlnW1CitrK6tb5Q3K1vbO7t75v5BW4axILRFQh6Krocl5SygLcUUp91IUOx7nHa8yc2s33mkQrIweFBJRB0fjwI2ZAQrLblmNe3nj6Qej2mGbt1zlLlmzapbOdAysQtSgwJN15z2ByGJfRoowrGUPduKlJNioRjhNKv0Y0kjTCZ4RHuaBtin0knzvRk61soADUOhK1AoV387UuxLmfje6dOPwcdqLBdHZuJ/vV6shldOyoIoVjQg833DmCMVolkgaMAEJYonmmAimP4yImMsMFE6torOwl68fJm0z+q2VbfvL2qN6yKVMhzCEZyADZfQgDtoQgsIJPACr/BmPBvvxofxOR8tGYWnCn9gfH0DeJCXgA==</latexit><latexit sha1_base64="d+hCiw8znyTIh7zl0LUgy5aLPsw=">AAACA3icbVDLSsNAFL2pr1pf0S7dDBbBhZREBV0WRXBZwT6gDWEynbZDJw9mJmIIWfodbhV34tYP6d84TSNo64ELh3PvmTv3eBFnUlnW1CitrK6tb5Q3K1vbO7t75v5BW4axILRFQh6Krocl5SygLcUUp91IUOx7nHa8yc2s33mkQrIweFBJRB0fjwI2ZAQrLblmNe3nj6Qej2mGbt1zlLlmzapbOdAysQtSgwJN15z2ByGJfRoowrGUPduKlJNioRjhNKv0Y0kjTCZ4RHuaBtin0knzvRk61soADUOhK1AoV387UuxLmfje6dOPwcdqLBdHZuJ/vV6shldOyoIoVjQg833DmCMVolkgaMAEJYonmmAimP4yImMsMFE6torOwl68fJm0z+q2VbfvL2qN6yKVMhzCEZyADZfQgDtoQgsIJPACr/BmPBvvxofxOR8tGYWnCn9gfH0DeJCXgA==</latexit><latexit sha1_base64="d+hCiw8znyTIh7zl0LUgy5aLPsw=">AAACA3icbVDLSsNAFL2pr1pf0S7dDBbBhZREBV0WRXBZwT6gDWEynbZDJw9mJmIIWfodbhV34tYP6d84TSNo64ELh3PvmTv3eBFnUlnW1CitrK6tb5Q3K1vbO7t75v5BW4axILRFQh6Krocl5SygLcUUp91IUOx7nHa8yc2s33mkQrIweFBJRB0fjwI2ZAQrLblmNe3nj6Qej2mGbt1zlLlmzapbOdAysQtSgwJN15z2ByGJfRoowrGUPduKlJNioRjhNKv0Y0kjTCZ4RHuaBtin0knzvRk61soADUOhK1AoV387UuxLmfje6dOPwcdqLBdHZuJ/vV6shldOyoIoVjQg833DmCMVolkgaMAEJYonmmAimP4yImMsMFE6torOwl68fJm0z+q2VbfvL2qN6yKVMhzCEZyADZfQgDtoQgsIJPACr/BmPBvvxofxOR8tGYWnCn9gfH0DeJCXgA==</latexit><latexit sha1_base64="d+hCiw8znyTIh7zl0LUgy5aLPsw=">AAACA3icbVDLSsNAFL2pr1pf0S7dDBbBhZREBV0WRXBZwT6gDWEynbZDJw9mJmIIWfodbhV34tYP6d84TSNo64ELh3PvmTv3eBFnUlnW1CitrK6tb5Q3K1vbO7t75v5BW4axILRFQh6Krocl5SygLcUUp91IUOx7nHa8yc2s33mkQrIweFBJRB0fjwI2ZAQrLblmNe3nj6Qej2mGbt1zlLlmzapbOdAysQtSgwJN15z2ByGJfRoowrGUPduKlJNioRjhNKv0Y0kjTCZ4RHuaBtin0knzvRk61soADUOhK1AoV387UuxLmfje6dOPwcdqLBdHZuJ/vV6shldOyoIoVjQg833DmCMVolkgaMAEJYonmmAimP4yImMsMFE6torOwl68fJm0z+q2VbfvL2qN6yKVMhzCEZyADZfQgDtoQgsIJPACr/BmPBvvxofxOR8tGYWnCn9gfH0DeJCXgA==</latexit>

E2
<latexit sha1_base64="XZWBpc3nwGoSE+w+tPehX7iaeJI=">AAACBHicbVDLSsNAFJ34rPUVHzs3g0VwISUpgi6LIrisYB/QhjCZ3rRDJ5MwMxFryNbvcKu4E7f+R//GNI2grQcuHM69Z+7c40WcKW1ZE2NpeWV1bb20Ud7c2t7ZNff2WyqMJYUmDXkoOx5RwJmApmaaQyeSQAKPQ9sbXU/77QeQioXiXo8jcAIyEMxnlOhMcs3DpJc/kgwkgEjxjVvDqWtWrKqVAy8SuyAVVKDhmpNeP6RxAEJTTpTq2laknYRIzSiHtNyLFUSEjsgAuhkVJADlJPniFJ9kSh/7ocxKaJyrvx0JCZQaB97Z448hIHqo5kem4n+9bqz9SydhIoo1CDrb58cc6xBPE8F9JoFqPs4IoZJlX8Z0SCShOsutnGVhz1++SFq1qm1V7bvzSv2qSKWEjtAxOkU2ukB1dIsaqIkoekIv6BW9Gc/Gu/FhfM5Gl4zCc4D+wPj6BkZBl/I=</latexit><latexit sha1_base64="XZWBpc3nwGoSE+w+tPehX7iaeJI=">AAACBHicbVDLSsNAFJ34rPUVHzs3g0VwISUpgi6LIrisYB/QhjCZ3rRDJ5MwMxFryNbvcKu4E7f+R//GNI2grQcuHM69Z+7c40WcKW1ZE2NpeWV1bb20Ud7c2t7ZNff2WyqMJYUmDXkoOx5RwJmApmaaQyeSQAKPQ9sbXU/77QeQioXiXo8jcAIyEMxnlOhMcs3DpJc/kgwkgEjxjVvDqWtWrKqVAy8SuyAVVKDhmpNeP6RxAEJTTpTq2laknYRIzSiHtNyLFUSEjsgAuhkVJADlJPniFJ9kSh/7ocxKaJyrvx0JCZQaB97Z448hIHqo5kem4n+9bqz9SydhIoo1CDrb58cc6xBPE8F9JoFqPs4IoZJlX8Z0SCShOsutnGVhz1++SFq1qm1V7bvzSv2qSKWEjtAxOkU2ukB1dIsaqIkoekIv6BW9Gc/Gu/FhfM5Gl4zCc4D+wPj6BkZBl/I=</latexit><latexit sha1_base64="XZWBpc3nwGoSE+w+tPehX7iaeJI=">AAACBHicbVDLSsNAFJ34rPUVHzs3g0VwISUpgi6LIrisYB/QhjCZ3rRDJ5MwMxFryNbvcKu4E7f+R//GNI2grQcuHM69Z+7c40WcKW1ZE2NpeWV1bb20Ud7c2t7ZNff2WyqMJYUmDXkoOx5RwJmApmaaQyeSQAKPQ9sbXU/77QeQioXiXo8jcAIyEMxnlOhMcs3DpJc/kgwkgEjxjVvDqWtWrKqVAy8SuyAVVKDhmpNeP6RxAEJTTpTq2laknYRIzSiHtNyLFUSEjsgAuhkVJADlJPniFJ9kSh/7ocxKaJyrvx0JCZQaB97Z448hIHqo5kem4n+9bqz9SydhIoo1CDrb58cc6xBPE8F9JoFqPs4IoZJlX8Z0SCShOsutnGVhz1++SFq1qm1V7bvzSv2qSKWEjtAxOkU2ukB1dIsaqIkoekIv6BW9Gc/Gu/FhfM5Gl4zCc4D+wPj6BkZBl/I=</latexit><latexit sha1_base64="XZWBpc3nwGoSE+w+tPehX7iaeJI=">AAACBHicbVDLSsNAFJ34rPUVHzs3g0VwISUpgi6LIrisYB/QhjCZ3rRDJ5MwMxFryNbvcKu4E7f+R//GNI2grQcuHM69Z+7c40WcKW1ZE2NpeWV1bb20Ud7c2t7ZNff2WyqMJYUmDXkoOx5RwJmApmaaQyeSQAKPQ9sbXU/77QeQioXiXo8jcAIyEMxnlOhMcs3DpJc/kgwkgEjxjVvDqWtWrKqVAy8SuyAVVKDhmpNeP6RxAEJTTpTq2laknYRIzSiHtNyLFUSEjsgAuhkVJADlJPniFJ9kSh/7ocxKaJyrvx0JCZQaB97Z448hIHqo5kem4n+9bqz9SydhIoo1CDrb58cc6xBPE8F9JoFqPs4IoZJlX8Z0SCShOsutnGVhz1++SFq1qm1V7bvzSv2qSKWEjtAxOkU2ukB1dIsaqIkoekIv6BW9Gc/Gu/FhfM5Gl4zCc4D+wPj6BkZBl/I=</latexit>
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1

16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>

1
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1

16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>

1

16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>

1

16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>

1

16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>

PX,Y (x, y)
<latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit><latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit><latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit><latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

y <latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit> 2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

4<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

4<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit>

The probability of an “event” is obtained by summing the probabilities of each outcome belonging to
that event, i.e. event {(X ,Y ) ∈ B} has probability

Pr[B] =
∑

(x,y)∈B

PX ,Y (x , y).

For example, consider events E1 = {X = Y }, E2 = {X > Y },
E3 = {X ≤ 2,Y ≤ 2}; from above image on the right it is clear that

Pr(E1) =
4
16
, Pr(E2) =

6
16
, and Pr(E3) =

4
16
. (1)
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Joint Probability Mass Function (PMF)

Example: Rolling of Pair of Magical Four-Sided Dice

Consider rolling a magical pair of four-sided dice whose joint PMF PX ,Y is:

(	1st	Die	)	

(	2
nd

	D
ie
	)	

1

16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>
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16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>
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16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>
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16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>
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16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>
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16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>

PX,Y (x, y)
<latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit><latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit><latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit><latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

y <latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit> 2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

4<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

4<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit>

3

16<latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit><latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit><latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit><latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit>

2

16<latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit><latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit><latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit><latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit>

3

16<latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit><latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit><latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit><latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit>

2

16<latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit><latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit><latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit><latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit>

E1
<latexit sha1_base64="Domj7ZeY7jNOWisLM98kueCTX5g=">AAACAnicbVDLSsNAFJ3UV62vWJduBovgQkoigi6LIrisYB/QhjCZ3LZDJ5MwM5GWkJ3f4VZxJ279kf6NaRpBWw9cOJx7z9y5x4s4U9qyZkZpbX1jc6u8XdnZ3ds/MA+rbRXGkkKLhjyUXY8o4ExASzPNoRtJIIHHoeONb+f9zhNIxULxqKcROAEZCjZglOhMcs1q0s8fSST4Kb5zbZy6Zs2qWznwKrELUkMFmq456/shjQMQmnKiVM+2Iu0kRGpGOaSVfqwgInRMhtDLqCABKCfJ16b4NFN8PAhlVkLjXP3tSEig1DTwzic/hoDokVoemYv/9XqxHlw7CRNRrEHQxb5BzLEO8TwP7DMJVPNpRgiVLPsypiMiCdVZapUsC3v58lXSvqjbVt1+uKw1bopUyugYnaAzZKMr1ED3qIlaiKIJekGv6M14Nt6ND+NzMVoyCs8R+gPj6xugdpcH</latexit><latexit sha1_base64="Domj7ZeY7jNOWisLM98kueCTX5g=">AAACAnicbVDLSsNAFJ3UV62vWJduBovgQkoigi6LIrisYB/QhjCZ3LZDJ5MwM5GWkJ3f4VZxJ279kf6NaRpBWw9cOJx7z9y5x4s4U9qyZkZpbX1jc6u8XdnZ3ds/MA+rbRXGkkKLhjyUXY8o4ExASzPNoRtJIIHHoeONb+f9zhNIxULxqKcROAEZCjZglOhMcs1q0s8fSST4Kb5zbZy6Zs2qWznwKrELUkMFmq456/shjQMQmnKiVM+2Iu0kRGpGOaSVfqwgInRMhtDLqCABKCfJ16b4NFN8PAhlVkLjXP3tSEig1DTwzic/hoDokVoemYv/9XqxHlw7CRNRrEHQxb5BzLEO8TwP7DMJVPNpRgiVLPsypiMiCdVZapUsC3v58lXSvqjbVt1+uKw1bopUyugYnaAzZKMr1ED3qIlaiKIJekGv6M14Nt6ND+NzMVoyCs8R+gPj6xugdpcH</latexit><latexit sha1_base64="Domj7ZeY7jNOWisLM98kueCTX5g=">AAACAnicbVDLSsNAFJ3UV62vWJduBovgQkoigi6LIrisYB/QhjCZ3LZDJ5MwM5GWkJ3f4VZxJ279kf6NaRpBWw9cOJx7z9y5x4s4U9qyZkZpbX1jc6u8XdnZ3ds/MA+rbRXGkkKLhjyUXY8o4ExASzPNoRtJIIHHoeONb+f9zhNIxULxqKcROAEZCjZglOhMcs1q0s8fSST4Kb5zbZy6Zs2qWznwKrELUkMFmq456/shjQMQmnKiVM+2Iu0kRGpGOaSVfqwgInRMhtDLqCABKCfJ16b4NFN8PAhlVkLjXP3tSEig1DTwzic/hoDokVoemYv/9XqxHlw7CRNRrEHQxb5BzLEO8TwP7DMJVPNpRgiVLPsypiMiCdVZapUsC3v58lXSvqjbVt1+uKw1bopUyugYnaAzZKMr1ED3qIlaiKIJekGv6M14Nt6ND+NzMVoyCs8R+gPj6xugdpcH</latexit><latexit sha1_base64="Domj7ZeY7jNOWisLM98kueCTX5g=">AAACAnicbVDLSsNAFJ3UV62vWJduBovgQkoigi6LIrisYB/QhjCZ3LZDJ5MwM5GWkJ3f4VZxJ279kf6NaRpBWw9cOJx7z9y5x4s4U9qyZkZpbX1jc6u8XdnZ3ds/MA+rbRXGkkKLhjyUXY8o4ExASzPNoRtJIIHHoeONb+f9zhNIxULxqKcROAEZCjZglOhMcs1q0s8fSST4Kb5zbZy6Zs2qWznwKrELUkMFmq456/shjQMQmnKiVM+2Iu0kRGpGOaSVfqwgInRMhtDLqCABKCfJ16b4NFN8PAhlVkLjXP3tSEig1DTwzic/hoDokVoemYv/9XqxHlw7CRNRrEHQxb5BzLEO8TwP7DMJVPNpRgiVLPsypiMiCdVZapUsC3v58lXSvqjbVt1+uKw1bopUyugYnaAzZKMr1ED3qIlaiKIJekGv6M14Nt6ND+NzMVoyCs8R+gPj6xugdpcH</latexit>

E3
<latexit sha1_base64="d+hCiw8znyTIh7zl0LUgy5aLPsw=">AAACA3icbVDLSsNAFL2pr1pf0S7dDBbBhZREBV0WRXBZwT6gDWEynbZDJw9mJmIIWfodbhV34tYP6d84TSNo64ELh3PvmTv3eBFnUlnW1CitrK6tb5Q3K1vbO7t75v5BW4axILRFQh6Krocl5SygLcUUp91IUOx7nHa8yc2s33mkQrIweFBJRB0fjwI2ZAQrLblmNe3nj6Qej2mGbt1zlLlmzapbOdAysQtSgwJN15z2ByGJfRoowrGUPduKlJNioRjhNKv0Y0kjTCZ4RHuaBtin0knzvRk61soADUOhK1AoV387UuxLmfje6dOPwcdqLBdHZuJ/vV6shldOyoIoVjQg833DmCMVolkgaMAEJYonmmAimP4yImMsMFE6torOwl68fJm0z+q2VbfvL2qN6yKVMhzCEZyADZfQgDtoQgsIJPACr/BmPBvvxofxOR8tGYWnCn9gfH0DeJCXgA==</latexit><latexit sha1_base64="d+hCiw8znyTIh7zl0LUgy5aLPsw=">AAACA3icbVDLSsNAFL2pr1pf0S7dDBbBhZREBV0WRXBZwT6gDWEynbZDJw9mJmIIWfodbhV34tYP6d84TSNo64ELh3PvmTv3eBFnUlnW1CitrK6tb5Q3K1vbO7t75v5BW4axILRFQh6Krocl5SygLcUUp91IUOx7nHa8yc2s33mkQrIweFBJRB0fjwI2ZAQrLblmNe3nj6Qej2mGbt1zlLlmzapbOdAysQtSgwJN15z2ByGJfRoowrGUPduKlJNioRjhNKv0Y0kjTCZ4RHuaBtin0knzvRk61soADUOhK1AoV387UuxLmfje6dOPwcdqLBdHZuJ/vV6shldOyoIoVjQg833DmCMVolkgaMAEJYonmmAimP4yImMsMFE6torOwl68fJm0z+q2VbfvL2qN6yKVMhzCEZyADZfQgDtoQgsIJPACr/BmPBvvxofxOR8tGYWnCn9gfH0DeJCXgA==</latexit><latexit sha1_base64="d+hCiw8znyTIh7zl0LUgy5aLPsw=">AAACA3icbVDLSsNAFL2pr1pf0S7dDBbBhZREBV0WRXBZwT6gDWEynbZDJw9mJmIIWfodbhV34tYP6d84TSNo64ELh3PvmTv3eBFnUlnW1CitrK6tb5Q3K1vbO7t75v5BW4axILRFQh6Krocl5SygLcUUp91IUOx7nHa8yc2s33mkQrIweFBJRB0fjwI2ZAQrLblmNe3nj6Qej2mGbt1zlLlmzapbOdAysQtSgwJN15z2ByGJfRoowrGUPduKlJNioRjhNKv0Y0kjTCZ4RHuaBtin0knzvRk61soADUOhK1AoV387UuxLmfje6dOPwcdqLBdHZuJ/vV6shldOyoIoVjQg833DmCMVolkgaMAEJYonmmAimP4yImMsMFE6torOwl68fJm0z+q2VbfvL2qN6yKVMhzCEZyADZfQgDtoQgsIJPACr/BmPBvvxofxOR8tGYWnCn9gfH0DeJCXgA==</latexit><latexit sha1_base64="d+hCiw8znyTIh7zl0LUgy5aLPsw=">AAACA3icbVDLSsNAFL2pr1pf0S7dDBbBhZREBV0WRXBZwT6gDWEynbZDJw9mJmIIWfodbhV34tYP6d84TSNo64ELh3PvmTv3eBFnUlnW1CitrK6tb5Q3K1vbO7t75v5BW4axILRFQh6Krocl5SygLcUUp91IUOx7nHa8yc2s33mkQrIweFBJRB0fjwI2ZAQrLblmNe3nj6Qej2mGbt1zlLlmzapbOdAysQtSgwJN15z2ByGJfRoowrGUPduKlJNioRjhNKv0Y0kjTCZ4RHuaBtin0knzvRk61soADUOhK1AoV387UuxLmfje6dOPwcdqLBdHZuJ/vV6shldOyoIoVjQg833DmCMVolkgaMAEJYonmmAimP4yImMsMFE6torOwl68fJm0z+q2VbfvL2qN6yKVMhzCEZyADZfQgDtoQgsIJPACr/BmPBvvxofxOR8tGYWnCn9gfH0DeJCXgA==</latexit>

E2
<latexit sha1_base64="XZWBpc3nwGoSE+w+tPehX7iaeJI=">AAACBHicbVDLSsNAFJ34rPUVHzs3g0VwISUpgi6LIrisYB/QhjCZ3rRDJ5MwMxFryNbvcKu4E7f+R//GNI2grQcuHM69Z+7c40WcKW1ZE2NpeWV1bb20Ud7c2t7ZNff2WyqMJYUmDXkoOx5RwJmApmaaQyeSQAKPQ9sbXU/77QeQioXiXo8jcAIyEMxnlOhMcs3DpJc/kgwkgEjxjVvDqWtWrKqVAy8SuyAVVKDhmpNeP6RxAEJTTpTq2laknYRIzSiHtNyLFUSEjsgAuhkVJADlJPniFJ9kSh/7ocxKaJyrvx0JCZQaB97Z448hIHqo5kem4n+9bqz9SydhIoo1CDrb58cc6xBPE8F9JoFqPs4IoZJlX8Z0SCShOsutnGVhz1++SFq1qm1V7bvzSv2qSKWEjtAxOkU2ukB1dIsaqIkoekIv6BW9Gc/Gu/FhfM5Gl4zCc4D+wPj6BkZBl/I=</latexit><latexit sha1_base64="XZWBpc3nwGoSE+w+tPehX7iaeJI=">AAACBHicbVDLSsNAFJ34rPUVHzs3g0VwISUpgi6LIrisYB/QhjCZ3rRDJ5MwMxFryNbvcKu4E7f+R//GNI2grQcuHM69Z+7c40WcKW1ZE2NpeWV1bb20Ud7c2t7ZNff2WyqMJYUmDXkoOx5RwJmApmaaQyeSQAKPQ9sbXU/77QeQioXiXo8jcAIyEMxnlOhMcs3DpJc/kgwkgEjxjVvDqWtWrKqVAy8SuyAVVKDhmpNeP6RxAEJTTpTq2laknYRIzSiHtNyLFUSEjsgAuhkVJADlJPniFJ9kSh/7ocxKaJyrvx0JCZQaB97Z448hIHqo5kem4n+9bqz9SydhIoo1CDrb58cc6xBPE8F9JoFqPs4IoZJlX8Z0SCShOsutnGVhz1++SFq1qm1V7bvzSv2qSKWEjtAxOkU2ukB1dIsaqIkoekIv6BW9Gc/Gu/FhfM5Gl4zCc4D+wPj6BkZBl/I=</latexit><latexit sha1_base64="XZWBpc3nwGoSE+w+tPehX7iaeJI=">AAACBHicbVDLSsNAFJ34rPUVHzs3g0VwISUpgi6LIrisYB/QhjCZ3rRDJ5MwMxFryNbvcKu4E7f+R//GNI2grQcuHM69Z+7c40WcKW1ZE2NpeWV1bb20Ud7c2t7ZNff2WyqMJYUmDXkoOx5RwJmApmaaQyeSQAKPQ9sbXU/77QeQioXiXo8jcAIyEMxnlOhMcs3DpJc/kgwkgEjxjVvDqWtWrKqVAy8SuyAVVKDhmpNeP6RxAEJTTpTq2laknYRIzSiHtNyLFUSEjsgAuhkVJADlJPniFJ9kSh/7ocxKaJyrvx0JCZQaB97Z448hIHqo5kem4n+9bqz9SydhIoo1CDrb58cc6xBPE8F9JoFqPs4IoZJlX8Z0SCShOsutnGVhz1++SFq1qm1V7bvzSv2qSKWEjtAxOkU2ukB1dIsaqIkoekIv6BW9Gc/Gu/FhfM5Gl4zCc4D+wPj6BkZBl/I=</latexit><latexit sha1_base64="XZWBpc3nwGoSE+w+tPehX7iaeJI=">AAACBHicbVDLSsNAFJ34rPUVHzs3g0VwISUpgi6LIrisYB/QhjCZ3rRDJ5MwMxFryNbvcKu4E7f+R//GNI2grQcuHM69Z+7c40WcKW1ZE2NpeWV1bb20Ud7c2t7ZNff2WyqMJYUmDXkoOx5RwJmApmaaQyeSQAKPQ9sbXU/77QeQioXiXo8jcAIyEMxnlOhMcs3DpJc/kgwkgEjxjVvDqWtWrKqVAy8SuyAVVKDhmpNeP6RxAEJTTpTq2laknYRIzSiHtNyLFUSEjsgAuhkVJADlJPniFJ9kSh/7ocxKaJyrvx0JCZQaB97Z448hIHqo5kem4n+9bqz9SydhIoo1CDrb58cc6xBPE8F9JoFqPs4IoZJlX8Z0SCShOsutnGVhz1++SFq1qm1V7bvzSv2qSKWEjtAxOkU2ukB1dIsaqIkoekIv6BW9Gc/Gu/FhfM5Gl4zCc4D+wPj6BkZBl/I=</latexit>
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1

16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>

1

16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>
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16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>

1

16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>

1

16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>

1

16<latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit><latexit sha1_base64="q45QhfuqkRl+NbwMakD4GnlCe5Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqMeiF48V7Ac0oWy2m3bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiujet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqKOvQWMSqHxDNBJesY7gRrJ8oRqJAsF4wvSv83hNTmsfy0cwS5kdkLHnIKTFW8rxQEZrhPMNX+bDecJvuHGiV4JI0oER7WP/yRjFNIyYNFUTrAXYT42dEGU4Fy2teqllC6JSM2cBSSSKm/Wx+c47OrDJCYaxsSYPm6u+JjERaz6LAdkbETPSyV4j/eYPUhDd+xmWSGibpYlGYCmRiVASARlwxasTMEkIVt7ciOiE2BmNjqtkQ8PLLq6R70cRuEz9cNlq3ZRxVOIFTOAcM19CCe2hDBygk8Ayv8Oakzovz7nwsWitOOXMMf+B8/gCyjpFy</latexit>

PX,Y (x, y)
<latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit><latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit><latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit><latexit sha1_base64="pNmmuYRwiE8oN5ZYoA1HvrgE/+4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAihLArgh6DXjxGMA9JljA7mU2GzM4u8xCXJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VJJwp7brfzsrq2vrGZmGruL2zu7dfOjhsqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mb6Z++5FKxWJxr9OE+hEeChYygrWVeo1+1qk+TCpP1fSsXyq7NXcGtEy8nJQhR6Nf+uoNYmIiKjThWKmu5ybaz7DUjHA6KfaMogkmYzykXUsFjqjys9nNE3RqlQEKY2lLaDRTf09kOFIqjQLbGWE9UoveVPzP6xodXvkZE4nRVJD5otBwpGM0DQANmKRE89QSTCSztyIywhITbWMq2hC8xZeXSeu85rk17+6iXL/O4yjAMZxABTy4hDrcQgOaQCCBZ3iFN8c4L8678zFvXXHymSP4A+fzB9iRkOQ=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

y <latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit> 2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

4<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

4<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit>

3

16<latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit><latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit><latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit><latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit>

2

16<latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit><latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit><latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit><latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit>

3

16<latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit><latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit><latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit><latexit sha1_base64="tm6TWlpydNjmg3ROBr7NASXJYr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1haaUjbbSbt0swm7G6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4duq3n1BpHssHM0mwF9Gh5CFn1FjJ90NFWXaeZ95l3q/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4E5hU/1ZhQNqZD7FoqaYS6l81uzsmJVQYkjJUtachM/T2R0UjrSRTYzoiakV70puJ/Xjc14XUv4zJJDUo2XxSmgpiYTAMgA66QGTGxhDLF7a2EjaiNwdiYKjYEb/HlZfJ4Vvfcund/UWvcFHGU4QiO4RQ8uIIG3EETWsAggWd4hTcndV6cd+dj3lpyiplD+APn8we1oJF0</latexit>
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16<latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit><latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit><latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit><latexit sha1_base64="Ul3H3pYBMtbGe2Xdt/WYoCJYj9Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YAmlM120i7dbMLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFIMYjqUPOKMGiv5fqQoy+vT3Lua9itVt+bOQVaJV5AqFGj2K1/+IGFZjNIwQbXueW5qgpwqw5nAadnPNKaUjekQe5ZKGqMO8vnNU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdBPkXKaZQckWi6JMEJOQWQBkwBUyIyaWUKa4vZWwEbUxGBtT2YbgLb+8Str1mufWvIfLauO2iKMEp3AGF+DBNTTgHprQAgYpPMMrvDmZ8+K8Ox+L1jWnmDmBP3A+fwC0F5Fz</latexit>

These dice are unfair (i.e., not all outcomes have equal probability) and also dependent!

This is an unusual pair of dice since outcomes (1, 1), (1, 2) and (2, 1) are impossible, and rolls where
Y = 5− X are most likely.

The same events E1 = {X = Y }, E2 = {X > Y }, E3 = {X ≤ 2,Y ≤ 2} now yield

Pr(E1) =
2
16
, Pr(E2) =

7
16
, and Pr(E3) =

1
16
. (2)
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Joint Probability Mass Function (PMF)

Marginal PMFs Obtainable from Joint PMF

The previous examples demonstrate that by summing probabilities PX ,Y for all outcomes
corresponding to {X = x} for each x ∈ SX , and by summing probabilities PX ,Y for all
outcomes corresponding to {Y = y} for each y ∈ SY it follows that

PX (x) =
∑

y∈SY

PX ,Y (x , y), for each x ∈ SX

PY (y) =
∑

x∈SX

PX ,Y (x , y), for each y ∈ SY .

PMFs PX and PY are sometimes referred to as the marginal PMFs to distinguish them from
the joint PMF PX ,Y .
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Quiz 5.2

The joint PMF PQ,G(q, g) for random variables Q and G is given in the

following table:

PQ,G(q, g) g = 0 g = 1 g = 2 g = 3
q = 0 0.06 0.18 0.24 0.12
q = 1 0.04 0.12 0.16 0.08

Calculate the following probabilities:

(a) P[Q = 0]

(b) P[Q = G]

(c) P[G > 1]

(d) P[G > Q]



Quiz 5.3

The probability mass function PH,B(h, b) for the two random variables H

and B is given in the following table. Find the marginal PMFs PH(h) and

PB(b).

PH,B(h, b) b = 0 b = 2 b = 4
h = �1 0 0.4 0.2
h = 0 0.1 0 0.1
h = 1 0.1 0.1 0

(1)



Joint Probability Density Function (PDF)

Joint Probability Density Function (PDF)

The joint probability density function of paired continuous r.v.’s (X ,Y ) is a function
fX ,Y (x , y) defined such that for any subset B ⊆ SX ,Y

Pr [(X ,Y ) ∈ B] =
x

(x,y)∈B
fX ,Y (x , y)dxdy

Notation: subscript “X ,Y ” as r.v.’s, and arguments “x , y” as hypothetical values.

The range of possible values pairs (X ,Y ) can assume is denoted SX ,Y , i.e.

SX ,Y = {(x , y)|fX ,Y (x , y) > 0}, called the support of fX ,Y .

By axioms of probability it follows that fX ,Y (x , y) ≥ 0 for all (x , y) and
∫ ∞

−∞

∫ ∞

−∞
fX ,Y (x , y)dxdy = 1.

The joint PDF completely characterizes the probability of pairs (X ,Y ) including any
relationship, coupling, or statistical dependencies between X and Y .
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Joint Probability Density Function (PDF)

Joint PDF

As an example, if B = {(x , y)|a ≤ x ≤ b, c ≤ y ≤ d} i.e. set B is a rectangular region in
the x , y -plane, then

Pr(a ≤ X ≤ b, c ≤ Y ≤ d) =

∫ b

a

∫ d

c

fX ,Y (x , y)dxdy .

Consider that

Pr(a ≤ X ≤ a+ δx , c ≤ Y ≤ c + δy ) =

∫ a+δx

a

∫ c+δy

c

fX ,Y (x , y)dxdy ≃ fX ,Y (a, c) · δx · δy (3)

where approximation improves as δx → 0, δy → 0.
Note δxδy = (length) × (length) is a differential area.

Thus, joint PDF fX ,Y provides a measure of the “probability per unit area.”
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Joint Probability Density Function (PDF)

Marginal PDFs Obtainable from Joint PDF

Note that for all sets A ∈ SX and C ∈ SY :

Pr(X ∈ A) =

∫

x∈A

∫ ∞

−∞
fX ,Y (x , y)dydx =

∫

x∈A

fX (x)dx

=⇒
∫

x∈A

[∫ ∞

−∞
fX ,Y (x , y)dy − fX (x)

]
dx = 0

Pr(Y ∈ C ) =

∫

y∈C

∫ ∞

−∞
fX ,Y (x , y)dxdy =

∫

y∈C

fY (y)dy

=⇒
∫

y∈C

[∫ ∞

−∞
fX ,Y (x , y)dx − fY (y)

]
dy = 0

Since the difference integral equal zero for arbitrary densities fX ,Y , fX , and fY , the
integrands in brackets [·] must be zero, i.e. the marginal PDFs fX and fY are given by

fX (x) =

∫ ∞

−∞
fX ,Y (x , y)dy , fY (y) =

∫ ∞

−∞
fX ,Y (x , y)dx .

Henry D. Pfister (Duke) Multiple Random Variables Lecture 5 10 / 65



Joint Probability Density Function (PDF)

Example: 2-D Uniform PDF

Consider paired r.v.’s (X ,Y ) having joint PDF

fX ,Y (x , y) =
{

γ, a ≤ x ≤ b, c ≤ y ≤ d
0, Otherwise

(4)

Note that 1 =

∫ ∞

−∞

∫ ∞

−∞
fX ,Y (x , y)dxdy =⇒ γ =

1

(b − a)(d − c)
.

The marginal PDF fX (x) for a ≤ x ≤ b follows from

fX (x) =

∫ ∞

−∞
fX ,Y (x , y)dy =

1

(b − a)(d − c)

∫ d

c

dy =
1

(b − a)(d − c)
·
[
y |dc

]

=
1

(b − a)(d − c)
· (d − c) =

1

b − a
.

The marginal PDF fY (y) for c ≤ y ≤ d follows from

fY (y) =

∫ ∞

−∞
fX ,Y (x , y)dx =

1

(b − a)(d − c)

∫ b

a

dx =
1

(b − a)(d − c)
·
[
x |ba

]

=
1

(b − a)(d − c)
· (b − a) =

1

d − c
.

Henry D. Pfister (Duke) Multiple Random Variables Lecture 5 11 / 65



Joint Probability Density Function (PDF)

Example: More 2-D Uniform PDF

For a = 0, b = 1, c = 0, and d = 1 in the previous example, we get

fX ,Y (x , y) =

{
1, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1
0, Otherwise

(5)

Consider events E1 = {X ≤ 1
2 ,Y > 3

4}, E2 = {X > Y }:

Pr(E1) = Pr(X ≤ 1
2 ,Y > 3

4 ) =

∫ 1
2

0

dx

∫ 1

3
4

dy =
[
x |

1
2
0

]
·
[
y |13

4

]
=

(
1

2
− 0

)
·
(
1− 3

4

)
=

1

8

Pr(E2) = Pr(X > Y ) =

∫ 1

0

dx

∫ x

0

dy =

∫ 1

0

dx
[
y |x0

]
=

∫ 1

0

(x − 0)dx

=
1

2
x2
∣∣∣∣
1

0

=
1

2
− 0 =

1

2
.

(6)

Try computing probability for event {X 2 ≤ Y }, and show that it is 2
3
.
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Quiz 5.4

The joint probability density function of random variables X and Y is

fX,Y (x, y) =

8
<
:

cxy 0  x  1,0  y  2,

0 otherwise.
(1)

Find the constant c. What is the probability of the event A = X2 +Y 2 
1?



Joint Cumulative Distribution Function (CDF)

Joint Cumulative Distribution Function (CDF)

The joint cumulative distribution function of paired r.v.’s (X ,Y ) is

FX ,Y (x , y) = Pr ({X ≤ x} ∩ {Y ≤ y})
= Pr(X ≤ x ,Y ≤ y)

This definition applies to both discrete and continuous r.v.’s, but results in:

FX ,Y (x , y) =
∑

a ∈ SX :
a ≤ x

∑

b ∈ SY :
b ≤ y

PX ,Y (a, b) (discrete r.v.)

FX ,Y (x , y) =

∫ x

−∞

∫ y

−∞
fX ,Y (u, v)dudv (continuous r.v.)

(7)

The following properties of the CDF hold by inspection:
0 ≤ FX ,Y (x , y) ≤ 1, FX ,Y (∞,∞) = 1

FX (x) = Pr(X ≤ x) = FX ,Y (x ,∞), FY (y) = Pr(Y ≤ y) = FX ,Y (∞, y)

FX ,Y (x ,−∞) = 0, FX ,Y (−∞, y) = 0

If x1 ≤ x2 and y1 ≤ y2, then FX ,Y (x1, y1) ≤ FX ,Y (x2, y2)
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Joint Cumulative Distribution Function (CDF)

Joint Cumulative Distribution Function (CDF)

Pr(x1 < X ≤ x2, y1 < Y ≤ y2) = FX ,Y (x2, y2)− FX ,Y (x1, y1)

− [FX ,Y (x1, y2)− FX ,Y (x1, y1)]− [FX ,Y (x2, y1)− FX ,Y (x1, y1)]

= FX ,Y (x2, y2) + FX ,Y (x1, y1)− FX ,Y (x1, y2)− FX ,Y (x2, y1)

FX,Y (x2, y2)
<latexit sha1_base64="7ARoeidks/sjhfKeMZoi+UK+UnQ=">AAACInicbZDLSgMxFIYz9VbH26hLN8FSaKGUmUHQZVEQlxXsRdoyZDKZNjRzIclIyzDv4QP4HG4Vd+Kq4MOYXkRt/SHw851zkpPfjRkV0jQnWm5tfWNzK7+t7+zu7R8Yh0dNESUckwaOWMTbLhKE0ZA0JJWMtGNOUOAy0nKHV9N664FwQaPwTo5j0gtQP6Q+xUgq5Bh22p1dknLiZfq1k7Yr91lp5NiVsWOX9SL8QZZCVlnPHKNgVs2Z4KqxFqYAFqo7xqTrRTgJSCgxQ0J0LDOWvRRxSTEjmd5NBIkRHqI+6SgbooCIXjpbK4NFRTzoR1ydUMIZ/T2RokCIceBWRt8DAZIDsdwyhf/VOon0L3opDeNEkhDP3/MTBmUEp3lBj3KCJRsrgzCnamWIB4gjLFWqusrCWv75qmnaVcusWrdnhdrlIpU8OAGnoAQscA5q4AbUQQNg8AiewQt41Z60N+1d+5i35rTFzDH4I+3zCy+Hoac=</latexit><latexit sha1_base64="7ARoeidks/sjhfKeMZoi+UK+UnQ=">AAACInicbZDLSgMxFIYz9VbH26hLN8FSaKGUmUHQZVEQlxXsRdoyZDKZNjRzIclIyzDv4QP4HG4Vd+Kq4MOYXkRt/SHw851zkpPfjRkV0jQnWm5tfWNzK7+t7+zu7R8Yh0dNESUckwaOWMTbLhKE0ZA0JJWMtGNOUOAy0nKHV9N664FwQaPwTo5j0gtQP6Q+xUgq5Bh22p1dknLiZfq1k7Yr91lp5NiVsWOX9SL8QZZCVlnPHKNgVs2Z4KqxFqYAFqo7xqTrRTgJSCgxQ0J0LDOWvRRxSTEjmd5NBIkRHqI+6SgbooCIXjpbK4NFRTzoR1ydUMIZ/T2RokCIceBWRt8DAZIDsdwyhf/VOon0L3opDeNEkhDP3/MTBmUEp3lBj3KCJRsrgzCnamWIB4gjLFWqusrCWv75qmnaVcusWrdnhdrlIpU8OAGnoAQscA5q4AbUQQNg8AiewQt41Z60N+1d+5i35rTFzDH4I+3zCy+Hoac=</latexit><latexit sha1_base64="7ARoeidks/sjhfKeMZoi+UK+UnQ=">AAACInicbZDLSgMxFIYz9VbH26hLN8FSaKGUmUHQZVEQlxXsRdoyZDKZNjRzIclIyzDv4QP4HG4Vd+Kq4MOYXkRt/SHw851zkpPfjRkV0jQnWm5tfWNzK7+t7+zu7R8Yh0dNESUckwaOWMTbLhKE0ZA0JJWMtGNOUOAy0nKHV9N664FwQaPwTo5j0gtQP6Q+xUgq5Bh22p1dknLiZfq1k7Yr91lp5NiVsWOX9SL8QZZCVlnPHKNgVs2Z4KqxFqYAFqo7xqTrRTgJSCgxQ0J0LDOWvRRxSTEjmd5NBIkRHqI+6SgbooCIXjpbK4NFRTzoR1ydUMIZ/T2RokCIceBWRt8DAZIDsdwyhf/VOon0L3opDeNEkhDP3/MTBmUEp3lBj3KCJRsrgzCnamWIB4gjLFWqusrCWv75qmnaVcusWrdnhdrlIpU8OAGnoAQscA5q4AbUQQNg8AiewQt41Z60N+1d+5i35rTFzDH4I+3zCy+Hoac=</latexit><latexit sha1_base64="7ARoeidks/sjhfKeMZoi+UK+UnQ=">AAACInicbZDLSgMxFIYz9VbH26hLN8FSaKGUmUHQZVEQlxXsRdoyZDKZNjRzIclIyzDv4QP4HG4Vd+Kq4MOYXkRt/SHw851zkpPfjRkV0jQnWm5tfWNzK7+t7+zu7R8Yh0dNESUckwaOWMTbLhKE0ZA0JJWMtGNOUOAy0nKHV9N664FwQaPwTo5j0gtQP6Q+xUgq5Bh22p1dknLiZfq1k7Yr91lp5NiVsWOX9SL8QZZCVlnPHKNgVs2Z4KqxFqYAFqo7xqTrRTgJSCgxQ0J0LDOWvRRxSTEjmd5NBIkRHqI+6SgbooCIXjpbK4NFRTzoR1ydUMIZ/T2RokCIceBWRt8DAZIDsdwyhf/VOon0L3opDeNEkhDP3/MTBmUEp3lBj3KCJRsrgzCnamWIB4gjLFWqusrCWv75qmnaVcusWrdnhdrlIpU8OAGnoAQscA5q4AbUQQNg8AiewQt41Z60N+1d+5i35rTFzDH4I+3zCy+Hoac=</latexit>

FX,Y (x1, y1)
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FX,Y (x2, y2)� FX,Y (x1, y1)
<latexit sha1_base64="nwPMoAqDybaTdo1yH6sWwlW7mrA="></latexit><latexit sha1_base64="nwPMoAqDybaTdo1yH6sWwlW7mrA="></latexit><latexit sha1_base64="nwPMoAqDybaTdo1yH6sWwlW7mrA="></latexit><latexit sha1_base64="nwPMoAqDybaTdo1yH6sWwlW7mrA="></latexit>

Area	for	
Desired	
Region	

FX,Y (x1, y2)� FX,Y (x1, y1)
<latexit sha1_base64="vTvYB12BIj440zXseS1Wh0TddFg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0UMukCLosCuKygn1IOwyZNG1DM5khyYjD0A9w46+4caGIWz/AnX9j2s7Cth4IHM45l5t7vJAzpW37x8qsrK6tb2Q3c1vbO7t7+f2DpgoiSWiDBDyQbQ8rypmgDc00p+1QUux7nLa80dXEbz1QqVgg7nQcUsfHA8H6jGBtJDdfuHaTdvl+XHx0UTl2qyV4CuclVDIpu2JPAZcJSkkBpKi7+e9uLyCRT4UmHCvVQXaonQRLzQin41w3UjTEZIQHtGOowD5VTjI9ZgxPjNKD/UCaJzScqn8nEuwrFfueSfpYD9WiNxH/8zqR7l84CRNhpKkgs0X9iEMdwEkzsMckJZrHhmAimfkrJEMsMdGmv5wpAS2evEya1QqyK+j2rFC7TOvIgiNwDIoAgXNQAzegDhqAgCfwAt7Au/VsvVof1ucsmrHSmUMwB+vrFzStmIc=</latexit><latexit sha1_base64="vTvYB12BIj440zXseS1Wh0TddFg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0UMukCLosCuKygn1IOwyZNG1DM5khyYjD0A9w46+4caGIWz/AnX9j2s7Cth4IHM45l5t7vJAzpW37x8qsrK6tb2Q3c1vbO7t7+f2DpgoiSWiDBDyQbQ8rypmgDc00p+1QUux7nLa80dXEbz1QqVgg7nQcUsfHA8H6jGBtJDdfuHaTdvl+XHx0UTl2qyV4CuclVDIpu2JPAZcJSkkBpKi7+e9uLyCRT4UmHCvVQXaonQRLzQin41w3UjTEZIQHtGOowD5VTjI9ZgxPjNKD/UCaJzScqn8nEuwrFfueSfpYD9WiNxH/8zqR7l84CRNhpKkgs0X9iEMdwEkzsMckJZrHhmAimfkrJEMsMdGmv5wpAS2evEya1QqyK+j2rFC7TOvIgiNwDIoAgXNQAzegDhqAgCfwAt7Au/VsvVof1ucsmrHSmUMwB+vrFzStmIc=</latexit><latexit sha1_base64="vTvYB12BIj440zXseS1Wh0TddFg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0UMukCLosCuKygn1IOwyZNG1DM5khyYjD0A9w46+4caGIWz/AnX9j2s7Cth4IHM45l5t7vJAzpW37x8qsrK6tb2Q3c1vbO7t7+f2DpgoiSWiDBDyQbQ8rypmgDc00p+1QUux7nLa80dXEbz1QqVgg7nQcUsfHA8H6jGBtJDdfuHaTdvl+XHx0UTl2qyV4CuclVDIpu2JPAZcJSkkBpKi7+e9uLyCRT4UmHCvVQXaonQRLzQin41w3UjTEZIQHtGOowD5VTjI9ZgxPjNKD/UCaJzScqn8nEuwrFfueSfpYD9WiNxH/8zqR7l84CRNhpKkgs0X9iEMdwEkzsMckJZrHhmAimfkrJEMsMdGmv5wpAS2evEya1QqyK+j2rFC7TOvIgiNwDIoAgXNQAzegDhqAgCfwAt7Au/VsvVof1ucsmrHSmUMwB+vrFzStmIc=</latexit><latexit sha1_base64="vTvYB12BIj440zXseS1Wh0TddFg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0UMukCLosCuKygn1IOwyZNG1DM5khyYjD0A9w46+4caGIWz/AnX9j2s7Cth4IHM45l5t7vJAzpW37x8qsrK6tb2Q3c1vbO7t7+f2DpgoiSWiDBDyQbQ8rypmgDc00p+1QUux7nLa80dXEbz1QqVgg7nQcUsfHA8H6jGBtJDdfuHaTdvl+XHx0UTl2qyV4CuclVDIpu2JPAZcJSkkBpKi7+e9uLyCRT4UmHCvVQXaonQRLzQin41w3UjTEZIQHtGOowD5VTjI9ZgxPjNKD/UCaJzScqn8nEuwrFfueSfpYD9WiNxH/8zqR7l84CRNhpKkgs0X9iEMdwEkzsMckJZrHhmAimfkrJEMsMdGmv5wpAS2evEya1QqyK+j2rFC7TOvIgiNwDIoAgXNQAzegDhqAgCfwAt7Au/VsvVof1ucsmrHSmUMwB+vrFzStmIc=</latexit>

FX,Y (x2, y1)� FX,Y (x1, y1)
<latexit sha1_base64="t8EXecPaVWUU3fC9LInrwsue3Bg=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKtUyKoMuiIC4r2Ie0w5BJM21oJjMkGXEY+gFu/BU3LhRx6we4829MpwW19UDgcM653NzjRZwpbdtf1sLi0vLKam4tv76xubVd2NltqjCWhDZIyEPZ9rCinAna0Exz2o4kxYHHacsbXoz91h2VioXiRicRdQLcF8xnBGsjuYXipZu2y7ej0r1bLScuOoLH8EdCmWRSdsXOAOcJmpIimKLuFj67vZDEARWacKxUB9mRdlIsNSOcjvLdWNEIkyHu046hAgdUOWl2zAgeGqUH/VCaJzTM1N8TKQ6USgLPJAOsB2rWG4v/eZ1Y+2dOykQUayrIZJEfc6hDOG4G9pikRPPEEEwkM3+FZIAlJtr0lzcloNmT50mzWkF2BV2fFGvn0zpyYB8cgBJA4BTUwBWogwYg4AE8gRfwaj1az9ab9T6JLljTmT3wB9bHNzSxmIc=</latexit><latexit sha1_base64="t8EXecPaVWUU3fC9LInrwsue3Bg=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKtUyKoMuiIC4r2Ie0w5BJM21oJjMkGXEY+gFu/BU3LhRx6we4829MpwW19UDgcM653NzjRZwpbdtf1sLi0vLKam4tv76xubVd2NltqjCWhDZIyEPZ9rCinAna0Exz2o4kxYHHacsbXoz91h2VioXiRicRdQLcF8xnBGsjuYXipZu2y7ej0r1bLScuOoLH8EdCmWRSdsXOAOcJmpIimKLuFj67vZDEARWacKxUB9mRdlIsNSOcjvLdWNEIkyHu046hAgdUOWl2zAgeGqUH/VCaJzTM1N8TKQ6USgLPJAOsB2rWG4v/eZ1Y+2dOykQUayrIZJEfc6hDOG4G9pikRPPEEEwkM3+FZIAlJtr0lzcloNmT50mzWkF2BV2fFGvn0zpyYB8cgBJA4BTUwBWogwYg4AE8gRfwaj1az9ab9T6JLljTmT3wB9bHNzSxmIc=</latexit><latexit sha1_base64="t8EXecPaVWUU3fC9LInrwsue3Bg=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKtUyKoMuiIC4r2Ie0w5BJM21oJjMkGXEY+gFu/BU3LhRx6we4829MpwW19UDgcM653NzjRZwpbdtf1sLi0vLKam4tv76xubVd2NltqjCWhDZIyEPZ9rCinAna0Exz2o4kxYHHacsbXoz91h2VioXiRicRdQLcF8xnBGsjuYXipZu2y7ej0r1bLScuOoLH8EdCmWRSdsXOAOcJmpIimKLuFj67vZDEARWacKxUB9mRdlIsNSOcjvLdWNEIkyHu046hAgdUOWl2zAgeGqUH/VCaJzTM1N8TKQ6USgLPJAOsB2rWG4v/eZ1Y+2dOykQUayrIZJEfc6hDOG4G9pikRPPEEEwkM3+FZIAlJtr0lzcloNmT50mzWkF2BV2fFGvn0zpyYB8cgBJA4BTUwBWogwYg4AE8gRfwaj1az9ab9T6JLljTmT3wB9bHNzSxmIc=</latexit><latexit sha1_base64="t8EXecPaVWUU3fC9LInrwsue3Bg=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKtUyKoMuiIC4r2Ie0w5BJM21oJjMkGXEY+gFu/BU3LhRx6we4829MpwW19UDgcM653NzjRZwpbdtf1sLi0vLKam4tv76xubVd2NltqjCWhDZIyEPZ9rCinAna0Exz2o4kxYHHacsbXoz91h2VioXiRicRdQLcF8xnBGsjuYXipZu2y7ej0r1bLScuOoLH8EdCmWRSdsXOAOcJmpIimKLuFj67vZDEARWacKxUB9mRdlIsNSOcjvLdWNEIkyHu046hAgdUOWl2zAgeGqUH/VCaJzTM1N8TKQ6USgLPJAOsB2rWG4v/eZ1Y+2dOykQUayrIZJEfc6hDOG4G9pikRPPEEEwkM3+FZIAlJtr0lzcloNmT50mzWkF2BV2fFGvn0zpyYB8cgBJA4BTUwBWogwYg4AE8gRfwaj1az9ab9T6JLljTmT3wB9bHNzSxmIc=</latexit>

Note: Some probabilities are more easily obtained using the PMF / PDF, rather than the CDF.

For continuous r.v.’s the fundamental theorem of calculus says that the joint PDF is given by

FX ,Y (x , y) =

∫ x

−∞

∫ y

−∞
fX ,Y (u, v)dudv =⇒ fX ,Y (x , y) =

∂2FX ,Y (x , y)

∂x∂y
.
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Joint Cumulative Distribution Function (CDF)

Example: 2-D Uniform Distribution

Example: Let (X ,Y ) have joint PDF given in (4). The joint CDF follows from

FX ,Y (x , y) =

∫ x

−∞

∫ y

−∞
fX ,Y (u, v)dudv =





0, x < a, or y < c
1

(b − a)(d − c)

∫ x

a

∫ y

c

dudv , a ≤ x ≤ b, c ≤ y ≤ d

1

(b − a)(d − c)

∫ x

a

∫ d

c

dudv , a ≤ x ≤ b, y > d

1

(b − a)(d − c)

∫ b

a

∫ y

c

dudv , x > b, c ≤ y ≤ d

1, x > b, y > d .

This simple integration leads to

FX ,Y (x , y) =

∫ x

−∞

∫ y

−∞
fX ,Y (x , y)dxdy =





0, x < a, or y < c
(x − a)(y − c)

(b − a)(d − c)
, a ≤ x ≤ b, c ≤ y ≤ d

x − a

b − a
, a ≤ x ≤ b, y > d

y − c

d − c
, x > b, c ≤ y ≤ d

1, x > b, y > d .
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Independent Random Variables

Independent Random Variables

Recall that events A and B are said to be independent if and only if

Pr(AB) = Pr(A) · Pr(B). (8)

Recall that Pr(AB) = Pr(A) Pr(B|A) = Pr(B) Pr(A|B).
Thus, if events A,B are independent, then Pr(B|A) = Pr(B) and Pr(A|B) = Pr(A).

Consider paired discrete r.v.’s (X ,Y ) ∼ PX ,Y and events A = {X = x} and B = {Y = y}.
If A,B are independent, then

Pr(AB) = Pr(A) · Pr(B)
Pr({X = x} ∩ {Y = y}) = Pr({X = x}) · Pr({Y = y})

PX ,Y (x , y) = PX (x) · PY (y)
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Independent Random Variables

Independent Random Variables

For continuous r.v.’s (X ,Y ) ∼ fX ,Y and events A = {x | x ∈ A} and B = {y | y ∈ B},
If A,B are independent, then

Pr(AB) = Pr(A) · Pr(B)
Pr({x ∈ A} ∩ {y ∈ B}) = Pr({x ∈ A}) · Pr({y ∈ B})∫

x∈A

∫

y∈B

fX ,Y (x , y)dxdy =

∫

x∈A

fX (x)dx ·
∫

y∈B

fY (y)dy =⇒
∫

x∈A

∫

y∈B

[fX ,Y (x , y)− fX (x) · fY (y)] dxdy = 0 =⇒
fX ,Y (x , y) = fX (x) · fY (y)

Thus, paired r.v.’s (X ,Y ) are said to be independent if and only if

PX ,Y (x , y) = PX (x) · PY (y) (discrete r.v.’s)
fX ,Y (x , y) = fX (x) · fY (y) (continuous r.v.’s)

(9)

To determine if paired r.v.’s (X ,Y ) are independent one can test if condition (9) holds.
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Independent Random Variables

Example: Roll of Pair of Four-Sided Die

Recall this discrete r.v. example discussed earlier that resulted in equations (1) and (2)
and resulted in the corresponding marginal PMFs specified below these equations.

The marginal PMFs PX and PY below (1) show that PX (x) · PY (y) = 1
16

for all (x , y) ∈ SX ,Y .

The Figure preceding (1) shows that PX (x) · PY (y) = PX (x , y).

Thus, the paired discrete r.v. (X ,Y ) whose joint PMF resulted in (1) are independent.

The marginal PMFs PX and PY below (2), however, have a product that is not equal to the
joint PMF illustrated in the Figure preceding (2), i.e. PX (x) · PY (y) ̸= PX ,Y (x , y).

Thus, the paired discrete r.v. (X ,Y ) whose joint PMF resulted in (2) are not independent.
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Expectation, Mean, Covariance, and Correlation

Expectation, Mean, Covariance, and Correlation

Given paired r.v.’s (X ,Y ) ∼ PX ,Y or fX ,Y the expected value of function g(X ,Y ) is

E [g(X ,Y )] =
∑

(x,y)∈SX,Y

g(x , y) · PX ,Y (x , y)

=
∑

x∈SX

∑

y∈SY

g(x , y) · PX ,Y (x , y) (discrete r.v.’s)

E [g(X ,Y )] =
x

(x,y)∈SX,Y

g(x , y) · fX ,Y (x , y) dx dy

=

∫ ∞

−∞

∫ ∞

−∞
g(x , y) · fX ,Y (x , y) dx dy (continuous r.v.’s)

This is an incredibly useful result.

Indeed, the average of the r.v. W = g(X ,Y ) can be determined without knowing PMF
PW (w) (discrete case), or PDF fW (w) (continuous case).
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Expectation, Mean, Covariance, and Correlation

Expectation: Linear Combination of Functions

Given paired r.v.’s (X ,Y ) ∼ PX ,Y (or fX ,Y ), the expected value of function
g(X ,Y ) = a1g1(X ,Y ) + a2g2(X ,Y ) + · · ·+ angn(X ,Y ) is:

E [g(X ,Y )] =
∑

(x,y)∈SX,Y

g(x , y) · PX ,Y (x , y)

=
∑

(x,y)∈SX,Y

[
a1g1(x , y) + a2g2(x , y) + · · ·+ angn(x , y)

]
· PX ,Y (x , y)

= a1
∑

(x,y)∈SX,Y

g1(x , y)PX ,Y (x , y) + · · ·+ an
∑

(x,y)∈SX,Y

gn(x , y)PX ,Y (x , y)

= a1E [g1(X ,Y )] + a2E [g2(X ,Y )] + · · ·+ anE [gn(X ,Y )]

Thus, expected value of linear combinations is a linear combination of the expectations:

E [g(X ,Y )] = a1E [g1(X ,Y )] + · · ·+ anE [gn(X ,Y )] (10)

and the same result holds for continuous r.v.’s via integration.
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Expectation, Mean, Covariance, and Correlation

Expectation of Sums of Random Variables

For any two random variables X and Y we have E [X + Y ] = E [X ] + E [Y ].

Follows from (10) with g(X ,Y ) = X + Y , i.e. n = 2, a1 = 1, a2 = 1, g1(X ,Y ) = X , and
g2(X ,Y ) = Y .

Consider r.v.’s X1,X2, . . . ,Xn:

Let X̃1 = X1 and Ỹ1 = X2 + X3 + · · ·+ Xn then E [X̃1 + Ỹ1] = E [X̃1] + E [Ỹ1], i.e.

E [X1 + · · ·+ Xn] = E [X1] + E [X2 + · · ·+ Xn].

Let X̃2 = X2 and Ỹ2 = X3 + X4 + · · ·+ Xn then E [X̃2 + Ỹ2] = E [X̃2] + E [Ỹ2], i.e.

E [X1 + · · ·+ Xn] = E [X1] + E [X2] + E [X3 + · · ·+ Xn]

And so on . . . By induction, it follows that

E [X1 + · · ·+ Xn] = E [X1] + E [X2] + E [X3] + · · ·+ E [Xn−1] + E [Xn]. (11)

i.e. the expected value of a sum is the sum of the expected values.
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Expectation, Mean, Covariance, and Correlation

Recall Previous Families of R.V.

Recall the expected values of the Binomial, Pascal, and Erlang models.

Binomial (n, p) = sum of n Bernoulli (p) r.v.’s
Bernoulli (p) r.v. X has mean E [X ] = p

Binomial (n, p) r.v. K has mean E [K ] = np

Pascal (r , p) = sum of r Geometric (p) r.v.’s
Geometric (p) r.v. L has mean E [L] = 1/p

Pascal (r , p) r.v. Lr has mean E [Lr ] = r/p

Erlang (r , λ) = sum of r Exponential (λ) r.v.’s
Exponential (λ) has mean E [X ] = 1/λ

Erlang (r , λ) has mean E [X ] = r/λ

Equation (11) can be used to deduce expected value of these r.v.’s
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Expectation, Mean, Covariance, and Correlation

Covariance

For any two random variables X and Y the variance of W = X + Y is given by

Var[W ] = E [(W − E [W ])2]

Var[X + Y ] = E
[
[(X + Y )− (E [X ] + E [Y ])]2

]

= E
[
[(X − E [X ]) + (Y − E [Y ])]2

]

= E
[
(X − E [X ])2 + 2(X − E [X ])(Y − E [Y ]) + (Y − E [Y ])2

]

= Var[X ] + 2E [(X − E [X ])(Y − E [Y ])] + Var[Y ], (12)

The variance of the sum of two r.v.’s is the sum of the variances plus the cross term
that quantifies the relationship/dependence (or covariance) between X and Y .

The covariance between two r.v.’s X and Y is defined as

σX ,Y
△
= Cov(X ,Y )

△
= E [(X − E [X ])(Y − E [Y ])] = E [XY ]− E [X ] · E [Y ].
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Expectation, Mean, Covariance, and Correlation

Covariance Interpretation

Covariance helps quantify the “spread” of pairs (X ,Y ) around pair (E [X ],E [Y ]).

If Cov(X ,Y ) > 0 then (X − E [X ]) and (Y − E [Y ]) have same sign “on average.”
i.e. (X − E [X ]) and (Y − E [Y ]) move together more often than not

If Cov(X ,Y ) < 0 then (X − E [X ]) and (Y − E [Y ]) have opposite sign “on average.”
i.e. (X − E [X ]) and (Y − E [Y ]) move opposed more often than not

If Cov(X ,Y ) ≃ 0 then (X − E [X ]) and (Y − E [Y ]) are asynchronous “on average.”
X and Y are said to be uncorrelated if Cov(X ,Y ) = 0, i.e.

Cov(X ,Y ) = 0 =⇒ E [XY ]− E [X ] · E [Y ] = 0

=⇒ E [XY ] = E [X ] · E [Y ].
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Expectation, Mean, Covariance, and Correlation

Covariance Properties and Correlation

Some useful properties of covariance include:
Cov[X ,X ] =Var[X ]

Cov[X , aY + b] = E [X (aY + b)]− E [X ] · E [aY + b]

= E [aXY + bX ]− E [X ] · (aE [Y ] + b)

= aE [XY ] + bE [X ]− aE [X ] · E [Y ]− bE [X ]

= a(E [XY ]− E [X ] · E [Y ]) = aCov(X ,Y )

Similarly, Cov[X , a1Y1 + a2Y2] = a1·Cov[X ,Y1] + a2·Cov[X ,Y2]

The correlation between r.v. pair (X ,Y ) is defined as rX ,Y
△
= E [XY ].

Note that Cov(X ,Y ) = rX ,Y − E [X ] · E [Y ].

When X = Y =⇒ rX ,X = E [X 2] = Var[X ] + E [X ]2.

If rX ,Y = E [XY ] = 0 then r.v.’s X and Y are said to be orthogonal.

Orthogonality does not imply r.v.’s are uncorrelated.

Uncorrelatedness does not imply r.v.’s are orthogonal.

If X and Y are zero mean then they are orthogonal if and only if uncorrelated.
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Expectation, Mean, Covariance, and Correlation

Correlation Coefficient

The (Pearson) correlation coefficient between r.v. pair (X ,Y ) is

ρX ,Y = E

[(
X − E [X ]

σX

)(
Y − E [Y ]

σY

)]
=

Cov(X ,Y )√
Var[X ] · Var[Y ]

=
σX ,Y

σX · σY
. (13)

ρX ,Y is the correlation between standardized values of X and Y .

Note ρX ,Y is a unitless quantity due to normalization.

One can establish that −1 ≤ ρX ,Y ≤ 1. First, we review:

Recall that for two vectors a = (a1, a2, . . . , an) and b = (b1, b2, . . . , bn) the dot product is

a · b =
n∑

i=1

aibi = ||a|| · ||b|| · cos θa,b where ||a||2 =
n∑

i=1

a2i

and − 1 ≤ cos θa,b ≤ 1 =⇒ −1 ≤

n∑
i=1

aibi√√√√√ n∑
i=1

a2i ·
n∑

i=1

b2i

≤ 1,
(14)

where cos θa,b = ±1 if and only if a = c · b for some c ∈ R, i.e. a linear relationship exists.

The last inequality in (14) is called the Cauchy-Schwarz inequality.
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Expectation, Mean, Covariance, and Correlation

Correlation Coefficient

Proof cont.:
Given paired discrete r.v.’s (X ,Y ) ∼ PX ,Y , consider the choice

ax,y = (x − E [X ]) ·
√

PX ,Y (x , y), bx,y = (y − E [Y ]) ·
√

PX ,Y (x , y) =⇒∑
(x,y)∈SX,Y

ax,ybx,y = E{(X − E [X ])(Y − E [Y ])} = Cov(X ,Y ),

∑
(x,y)∈SX,Y

a2x,y = E{(X − E [X ])2} = Var[X ],
∑

(x,y)∈SX,Y

b2x,y = E{(Y − E [Y ])2} = Var[Y ]

=⇒
∑

(x,y)∈SX,Y
ax,ybx,y√∑

(x,y)∈SX,Y
a2x,y ·∑(x,y)∈SX,Y

b2x,y
=

Cov(X ,Y )√
Var[X ] · Var[Y ]

= ρX ,Y .

Thus, by (14) we have established |ρX ,Y | ≤ 1. ■.

This proof illustrates that expectations can be interpreted geometrically as a type of dot
product (or inner product in general) for random variables.
This is a powerful concept used extensively in signal processing.

A similar argument can be made for the continuous r.v. case.∗

∗
A version of the Cauchy-Schwarz inequality for functions a(x) and b(x) of a continuous variable x is −1 ≤

∫
a(x)b(x)dx√∫

a2(x)dx·
∫

b2(x)dx
≤ 1.
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Expectation, Mean, Covariance, and Correlation

Correlation Coefficient

Consider data samples of r.v. pairs (Xi ,Yi ) ∼ fX ,Y with E [X ] = E [Y ] = 0,
Var[X ] =Var[Y ] = 1 and cases of ρX ,Y plotted (Yates/Goodman p. 188):

Note cases (a) and (c) show a cloud of data points roughly falling on a line.

Case (a) shows that ρX ,Y ≃ −1 =⇒ X ≃ −Y

Case (c) shows that ρX ,Y ≃ +1 =⇒ X ≃ Y

Such paired r.v.’s are said to be highly correlated

Case (b) for ρX ,Y ≃ 0 shows no apparent linear relationship between X & Y
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Expectation, Mean, Covariance, and Correlation

Correlation Coefficient and Linear Relationships

If paired r.v.’s (X ,Y ) satisfy Y = aX + b for a, b ∈ R, then ρX ,Y = sign(a):

ρX ,Y =
Cov[X , aX + b]√

Var[X ] · Var[aX + b]
=

aCov[X ,X ]√
Var[X ] · a2Var[X ]

=
a

|a| ·
Var[X ]

Var[X ]

= sign(a) =





1, a > 0
0, a = 0
−1, a < 0.

(15)

Recall that −1 ≤ ρX ,Y ≤ 1.

Cauchy-Schwarz inequality (14), and equation (15) above show that to obtain
ρX ,Y = ±1, a linear relationship between X and Y is necessary.

Thus, correlation coefficient ρX ,Y is a measure of linear relationship.
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Expectation, Mean, Covariance, and Correlation

Example: Correlation Coefficient and Nonlinear Relationships

Let X ∼ N(µ, σ2) and Y = e−X + b where b ∈ R is constant.
Clearly, paired r.v.’s (X ,Y ) are dependent/related but via a nonlinear relationship.

Use the MGF ϕX (s) = E [esX ] = esµ+
s2σ2

2 to show the following∗

Cov(X ,Y ) = −σ2e−µ+σ2

2 , Var[Y ] = e−2µ+σ2

(eσ
2 − 1) =⇒

ρX ,Y =
Cov(X ,Y )√
Var[X ] · Var[Y ]

=
−σ√
eσ2 − 1

0 1 2 3
0
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0.8

1
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(16)

This example highlights that correlation is only a measure of linear dependence.
Thus, ρX ,Y ≃ 0 does not mean X and Y unrelated; only that relationship is not linear.

∗
Hint: Convince yourself that E [X neaX ] =

dnϕX (s)

dsn

∣∣∣
s=a

and use this to find desired expectations.
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Bivariate Gaussian

Bivariate Gaussian Random Variables

Recall univariate Gaussian random variable X ∼ N(µ, σ2) has PDF and MGF:

fX (x) =
1√
2πσ2

e−
(x−µ)2

2σ2
L←→ esµ+

s2σ2

2 = ϕX (s) (17)

The column vector W = [X ,Y ]T is a bivariate Gaussian if its joint density is

fW(w) = |2πCW |−1/2 exp

[
−1

2
(w − µW )TC−1

W (w − µW )

]
, where

µW =

[
µX

µY

]
, and CW =

[
σ2
X σX ,Y

σX ,Y σ2
Y

]
=

[
σ2
X ρX ,Y σXσY

ρX ,Y σXσY σ2
Y

]
,

(18)

and µX = E [X ], µY = E [Y ], σ2
X = Var[X ], σ2

Y = Var[Y ], σX ,Y = Cov(X ,Y ),

ρX ,Y =
σX,Y

σXσY
, w = [x , y ]T , and the support SW is the entire xy -plane.

∗ Notation: italics indicate scalars, as in A; lower case boldface indicate column vectors, as in a; upper case boldface
indicate matrices, as in A. Complex conjugation is indicated by a superscript ∗ as in A∗. Matrix transpose is indicated by
a superscript T as in AT , and complex conjugate plus matrix transpose is indicated by a superscript H as in AH = (AT )∗.
Absolute value of a complex scalar indicated as |A|; and the matrix determinant indicated as |A| and det(A).
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Bivariate Gaussian

Bivariate Gaussian Random Variables*

Intuitive value of expressing bivariate Gaussian PDF as in (18) is its analogous form
to univariate Gaussian PDF in (17) and similar interpretations:

Parameter vector µW is mean vector for random vector W = [X ,Y ]T .

Parameter matrix CW is covariance matrix of random vector W = [X ,Y ]T .

We denote this distribution as W ∼ N(µW ,CW ).

Note that (18) can be written exclusively in terms of the pair (X ,Y ) via (x , y).
To see this clearly, first recall from linear algebra that

|CW | = σ2
Xσ

2
Y − σ2

X ,Y , and C−1
W =

[
σ2
Y −σX ,Y

−σX ,Y σ2
X

]
· 1

σ2
Xσ

2
Y − σ2

X ,Y

;

Also, |2πCW | = (2π)2|CW |, |2πCW |−1/2 =
(
2π

√
σ2
Xσ

2
Y − σ2

X ,Y

)−1
, and ρX ,Y =

σX,Y

σXσY
=⇒

C−1
W =

 1
σ2
X

− ρX,Y

σXσY

− ρX,Y

σXσY

1
σ2
Y

 · 1

1− ρ2X ,Y

, and |2πCW |−1/2 =
(
2πσXσY

√
1− ρ2X ,Y

)−1
.

Thus, it is seen that

fW(w) = fX ,Y (x , y) =

exp

[
− 1

2

(
x−µX
σX

)2
−

2ρX,Y (x−µX )(y−µY )

σXσY
+
(

y−µY
σY

)2

1−ρ2
X,Y

]
2πσXσY

√
1− ρ2X ,Y

.
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Bivariate Gaussian Vector Interpretations*

Bivariate Gaussian: Vector Interpretations

(18) expresses fX ,Y in vector form and is perhaps more intuitive.
Recall from linear algebra that vectors add graphically from head-to-tail. This is illustrated below:

0
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<latexit sha1_base64="d/Pp8rDC6gvjiTbHy+zu4m26nAM=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4QIT/rliltzZ0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwMK8MIp5NSL9E0xmSMh7RrqcSCaj+bnTtBJ1YZoDBStqRBM/W3I8NC61QE1UBUH348ApuRXpyaiv/1uokJL/2MyTgxVJL5yjDhyERomgIaMEWJ4aklmChmr0ZkhBUmxmZVsnF4i88vk9ZZzXNr3u15pX6VB1OEIziGU/DgAupwAw1oAoExPMEzvDiPzqvz5rzPRwtO7jmEP3A+vgHyrpNX</latexit><latexit sha1_base64="d/Pp8rDC6gvjiTbHy+zu4m26nAM=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4QIT/rliltzZ0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwMK8MIp5NSL9E0xmSMh7RrqcSCaj+bnTtBJ1YZoDBStqRBM/W3I8NC61QE1UBUH348ApuRXpyaiv/1uokJL/2MyTgxVJL5yjDhyERomgIaMEWJ4aklmChmr0ZkhBUmxmZVsnF4i88vk9ZZzXNr3u15pX6VB1OEIziGU/DgAupwAw1oAoExPMEzvDiPzqvz5rzPRwtO7jmEP3A+vgHyrpNX</latexit><latexit sha1_base64="d/Pp8rDC6gvjiTbHy+zu4m26nAM=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4QIT/rliltzZ0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwMK8MIp5NSL9E0xmSMh7RrqcSCaj+bnTtBJ1YZoDBStqRBM/W3I8NC61QE1UBUH348ApuRXpyaiv/1uokJL/2MyTgxVJL5yjDhyERomgIaMEWJ4aklmChmr0ZkhBUmxmZVsnF4i88vk9ZZzXNr3u15pX6VB1OEIziGU/DgAupwAw1oAoExPMEzvDiPzqvz5rzPRwtO7jmEP3A+vgHyrpNX</latexit><latexit sha1_base64="d/Pp8rDC6gvjiTbHy+zu4m26nAM=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4QIT/rliltzZ0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwMK8MIp5NSL9E0xmSMh7RrqcSCaj+bnTtBJ1YZoDBStqRBM/W3I8NC61QE1UBUH348ApuRXpyaiv/1uokJL/2MyTgxVJL5yjDhyERomgIaMEWJ4aklmChmr0ZkhBUmxmZVsnF4i88vk9ZZzXNr3u15pX6VB1OEIziGU/DgAupwAw1oAoExPMEzvDiPzqvz5rzPRwtO7jmEP3A+vgHyrpNX</latexit>

b<latexit sha1_base64="pFG3A5j+7ciYXY/k78lHb6tKcCc=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsBbSlJmm1Dk+ySZMW69Ed41Ys38eq/Efwxpu0K2vpg4PFmHjPzSCy4sb7/6eVWVtfWN/Kbha3tnd294v5Bw0SJpqxOIxHpFsGGCa5Y3XIrWCvWDEsiWJOMrqf95j3Thkfqzo5j1pV4oHjIKbZOaqYdEiIy6RVLfsWfAS2TICMlyFDrFb86/YgmkilLBTamHfix7aZYW04FmxQ6iWExpiM8YG1HFZbMdNPZuRN04pQ+CiPtSlk0U387UiyNGUtSJrL88OOR2A7N4tRU/K/XTmx42U25ihPLFJ2vDBOBbISmKaA+14xaMXYEU83d1YgOscbUuqwKLo5g8fll0jirBH4luD0vVa+yYPJwBMdwCgFcQBVuoAZ1oDCCJ3iGF+/Re/XevPf5aM7LPIfwB97HN/Q9k1g=</latexit><latexit sha1_base64="pFG3A5j+7ciYXY/k78lHb6tKcCc=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsBbSlJmm1Dk+ySZMW69Ed41Ys38eq/Efwxpu0K2vpg4PFmHjPzSCy4sb7/6eVWVtfWN/Kbha3tnd294v5Bw0SJpqxOIxHpFsGGCa5Y3XIrWCvWDEsiWJOMrqf95j3Thkfqzo5j1pV4oHjIKbZOaqYdEiIy6RVLfsWfAS2TICMlyFDrFb86/YgmkilLBTamHfix7aZYW04FmxQ6iWExpiM8YG1HFZbMdNPZuRN04pQ+CiPtSlk0U387UiyNGUtSJrL88OOR2A7N4tRU/K/XTmx42U25ihPLFJ2vDBOBbISmKaA+14xaMXYEU83d1YgOscbUuqwKLo5g8fll0jirBH4luD0vVa+yYPJwBMdwCgFcQBVuoAZ1oDCCJ3iGF+/Re/XevPf5aM7LPIfwB97HN/Q9k1g=</latexit><latexit sha1_base64="pFG3A5j+7ciYXY/k78lHb6tKcCc=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsBbSlJmm1Dk+ySZMW69Ed41Ys38eq/Efwxpu0K2vpg4PFmHjPzSCy4sb7/6eVWVtfWN/Kbha3tnd294v5Bw0SJpqxOIxHpFsGGCa5Y3XIrWCvWDEsiWJOMrqf95j3Thkfqzo5j1pV4oHjIKbZOaqYdEiIy6RVLfsWfAS2TICMlyFDrFb86/YgmkilLBTamHfix7aZYW04FmxQ6iWExpiM8YG1HFZbMdNPZuRN04pQ+CiPtSlk0U387UiyNGUtSJrL88OOR2A7N4tRU/K/XTmx42U25ihPLFJ2vDBOBbISmKaA+14xaMXYEU83d1YgOscbUuqwKLo5g8fll0jirBH4luD0vVa+yYPJwBMdwCgFcQBVuoAZ1oDCCJ3iGF+/Re/XevPf5aM7LPIfwB97HN/Q9k1g=</latexit><latexit sha1_base64="pFG3A5j+7ciYXY/k78lHb6tKcCc=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsBbSlJmm1Dk+ySZMW69Ed41Ys38eq/Efwxpu0K2vpg4PFmHjPzSCy4sb7/6eVWVtfWN/Kbha3tnd294v5Bw0SJpqxOIxHpFsGGCa5Y3XIrWCvWDEsiWJOMrqf95j3Thkfqzo5j1pV4oHjIKbZOaqYdEiIy6RVLfsWfAS2TICMlyFDrFb86/YgmkilLBTamHfix7aZYW04FmxQ6iWExpiM8YG1HFZbMdNPZuRN04pQ+CiPtSlk0U387UiyNGUtSJrL88OOR2A7N4tRU/K/XTmx42U25ihPLFJ2vDBOBbISmKaA+14xaMXYEU83d1YgOscbUuqwKLo5g8fll0jirBH4luD0vVa+yYPJwBMdwCgFcQBVuoAZ1oDCCJ3iGF+/Re/XevPf5aM7LPIfwB97HN/Q9k1g=</latexit>

a
+
b

<latexit sha1_base64="B3LTxVfvnpPdZ00CR24acNxczXs=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQLGVGBF0W3bisYB/QDiWTybShSWZIMmIZZusf+BdudeNO3PoBgh9jOh1BWw8ETs695+bm+DGjSjvOp1VaWl5ZXSuvVzY2t7Z37N29tooSiUkLRyySXR8pwqggLU01I91YEsR9Rjr++Gpa79wRqWgkbvUkJh5HQ0FDipE20sCGaT8fkkoSZObihxBl8GTG/AxmA7vq1J0ccJG4BamCAs2B/dUPIpxwIjRmSKme68TaS5HUFDOSVfqJIjHCYzQkPUMF4kR5ab5EBo+MEsAwkuYIDXP1tyNFXKkJ92s+r93/eDjSIzXfNRX/q/USHV54KRVxoonAsyfDhEEdwWlAMKCSYM0mhiAsqdka4hGSCGsTY8XE4c5/fpG0T+uuU3dvzqqNyyKYMjgAh+AYuOAcNMA1aIIWwOABPIFn8GI9Wq/Wm/U+ay1ZhWcf/IH18Q2nqZ1x</latexit><latexit sha1_base64="B3LTxVfvnpPdZ00CR24acNxczXs=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQLGVGBF0W3bisYB/QDiWTybShSWZIMmIZZusf+BdudeNO3PoBgh9jOh1BWw8ETs695+bm+DGjSjvOp1VaWl5ZXSuvVzY2t7Z37N29tooSiUkLRyySXR8pwqggLU01I91YEsR9Rjr++Gpa79wRqWgkbvUkJh5HQ0FDipE20sCGaT8fkkoSZObihxBl8GTG/AxmA7vq1J0ccJG4BamCAs2B/dUPIpxwIjRmSKme68TaS5HUFDOSVfqJIjHCYzQkPUMF4kR5ab5EBo+MEsAwkuYIDXP1tyNFXKkJ92s+r93/eDjSIzXfNRX/q/USHV54KRVxoonAsyfDhEEdwWlAMKCSYM0mhiAsqdka4hGSCGsTY8XE4c5/fpG0T+uuU3dvzqqNyyKYMjgAh+AYuOAcNMA1aIIWwOABPIFn8GI9Wq/Wm/U+ay1ZhWcf/IH18Q2nqZ1x</latexit><latexit sha1_base64="B3LTxVfvnpPdZ00CR24acNxczXs=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQLGVGBF0W3bisYB/QDiWTybShSWZIMmIZZusf+BdudeNO3PoBgh9jOh1BWw8ETs695+bm+DGjSjvOp1VaWl5ZXSuvVzY2t7Z37N29tooSiUkLRyySXR8pwqggLU01I91YEsR9Rjr++Gpa79wRqWgkbvUkJh5HQ0FDipE20sCGaT8fkkoSZObihxBl8GTG/AxmA7vq1J0ccJG4BamCAs2B/dUPIpxwIjRmSKme68TaS5HUFDOSVfqJIjHCYzQkPUMF4kR5ab5EBo+MEsAwkuYIDXP1tyNFXKkJ92s+r93/eDjSIzXfNRX/q/USHV54KRVxoonAsyfDhEEdwWlAMKCSYM0mhiAsqdka4hGSCGsTY8XE4c5/fpG0T+uuU3dvzqqNyyKYMjgAh+AYuOAcNMA1aIIWwOABPIFn8GI9Wq/Wm/U+ay1ZhWcf/IH18Q2nqZ1x</latexit><latexit sha1_base64="B3LTxVfvnpPdZ00CR24acNxczXs=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQLGVGBF0W3bisYB/QDiWTybShSWZIMmIZZusf+BdudeNO3PoBgh9jOh1BWw8ETs695+bm+DGjSjvOp1VaWl5ZXSuvVzY2t7Z37N29tooSiUkLRyySXR8pwqggLU01I91YEsR9Rjr++Gpa79wRqWgkbvUkJh5HQ0FDipE20sCGaT8fkkoSZObihxBl8GTG/AxmA7vq1J0ccJG4BamCAs2B/dUPIpxwIjRmSKme68TaS5HUFDOSVfqJIjHCYzQkPUMF4kR5ab5EBo+MEsAwkuYIDXP1tyNFXKkJ92s+r93/eDjSIzXfNRX/q/USHV54KRVxoonAsyfDhEEdwWlAMKCSYM0mhiAsqdka4hGSCGsTY8XE4c5/fpG0T+uuU3dvzqqNyyKYMjgAh+AYuOAcNMA1aIIWwOABPIFn8GI9Wq/Wm/U+ay1ZhWcf/IH18Q2nqZ1x</latexit>

where vector b is redrawn as a dashed-line arrow starting from the head of vector a. The sum vector
a+ b is obtained by drawing an arrow from the tail of a to the head of the re-drawn b (this is
illustrated in red).
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Bivariate Gaussian Vector Interpretations*

Bivariate Gaussian: Vector Interpretations*

Regarding (18), note that the argument of the exponential is a quadratic in terms of
the vector w − µW .

This vector difference is illustrated below with head-to-tail addition:

µW
<latexit sha1_base64="EBEBjxub5N8tmQJDFCJQu+6UKBM=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY9BLx4jmAdklzA7mU2GzGOZmVXCks/wqF7Eq1/jwb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4ctozJNaJMornQnxoZyJmnTMstpJ9UUi5jTdjy6nfrtR6oNU/LBjlMaCTyQLGEEWyd18zAWKBTZpNfuVap+zZ8BLZOgIFUo0OhVvsK+Ipmg0hKOjekGfmqjHGvLCKeTcpgZmmIywgPadVRiQU2Uz06eoFOn9FGitCtp0Uz9PZFjYcxYxOexcM0C26FZtKfif143s8l1lDOZZpZKMt+VZBxZhaYRoD7TlFg+dgQTzdy5iAyxxsS6oMouh2Dx62XSuqgFfi24v6zWb4pESnAMJ3AGAVxBHe6gAU0goOAZXuHNe/JevHfvY9664hUzR/AH3ucPC5qSLA==</latexit><latexit sha1_base64="EBEBjxub5N8tmQJDFCJQu+6UKBM=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY9BLx4jmAdklzA7mU2GzGOZmVXCks/wqF7Eq1/jwb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4ctozJNaJMornQnxoZyJmnTMstpJ9UUi5jTdjy6nfrtR6oNU/LBjlMaCTyQLGEEWyd18zAWKBTZpNfuVap+zZ8BLZOgIFUo0OhVvsK+Ipmg0hKOjekGfmqjHGvLCKeTcpgZmmIywgPadVRiQU2Uz06eoFOn9FGitCtp0Uz9PZFjYcxYxOexcM0C26FZtKfif143s8l1lDOZZpZKMt+VZBxZhaYRoD7TlFg+dgQTzdy5iAyxxsS6oMouh2Dx62XSuqgFfi24v6zWb4pESnAMJ3AGAVxBHe6gAU0goOAZXuHNe/JevHfvY9664hUzR/AH3ucPC5qSLA==</latexit><latexit sha1_base64="EBEBjxub5N8tmQJDFCJQu+6UKBM=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY9BLx4jmAdklzA7mU2GzGOZmVXCks/wqF7Eq1/jwb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4ctozJNaJMornQnxoZyJmnTMstpJ9UUi5jTdjy6nfrtR6oNU/LBjlMaCTyQLGEEWyd18zAWKBTZpNfuVap+zZ8BLZOgIFUo0OhVvsK+Ipmg0hKOjekGfmqjHGvLCKeTcpgZmmIywgPadVRiQU2Uz06eoFOn9FGitCtp0Uz9PZFjYcxYxOexcM0C26FZtKfif143s8l1lDOZZpZKMt+VZBxZhaYRoD7TlFg+dgQTzdy5iAyxxsS6oMouh2Dx62XSuqgFfi24v6zWb4pESnAMJ3AGAVxBHe6gAU0goOAZXuHNe/JevHfvY9664hUzR/AH3ucPC5qSLA==</latexit><latexit sha1_base64="EBEBjxub5N8tmQJDFCJQu+6UKBM=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY9BLx4jmAdklzA7mU2GzGOZmVXCks/wqF7Eq1/jwb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4ctozJNaJMornQnxoZyJmnTMstpJ9UUi5jTdjy6nfrtR6oNU/LBjlMaCTyQLGEEWyd18zAWKBTZpNfuVap+zZ8BLZOgIFUo0OhVvsK+Ipmg0hKOjekGfmqjHGvLCKeTcpgZmmIywgPadVRiQU2Uz06eoFOn9FGitCtp0Uz9PZFjYcxYxOexcM0C26FZtKfif143s8l1lDOZZpZKMt+VZBxZhaYRoD7TlFg+dgQTzdy5iAyxxsS6oMouh2Dx62XSuqgFfi24v6zWb4pESnAMJ3AGAVxBHe6gAU0goOAZXuHNe/JevHfvY9664hUzR/AH3ucPC5qSLA==</latexit>

0
<latexit sha1_base64="t/utlVkO8CJslMgoXiCEYKdSgVI=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4TInfTLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgZVoYRTielXqJpjMkYD2nXUokF1X42O3eCTqwyQGGkbEmDZupvR4aF1qkIqoGoPvx4BDYjvTg1Ff/rdRMTXvoZk3FiqCTzlWHCkYnQNAU0YIoSw1NLMFHMXo3ICCtMjM2qZOPwFp9fJq2zmufWvNvzSv0qD6YIR3AMp+DBBdThBhrQBAJjeIJneHEenVfnzXmfjxac3HMIf+B8fAOmT5Mm</latexit><latexit sha1_base64="t/utlVkO8CJslMgoXiCEYKdSgVI=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4TInfTLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgZVoYRTielXqJpjMkYD2nXUokF1X42O3eCTqwyQGGkbEmDZupvR4aF1qkIqoGoPvx4BDYjvTg1Ff/rdRMTXvoZk3FiqCTzlWHCkYnQNAU0YIoSw1NLMFHMXo3ICCtMjM2qZOPwFp9fJq2zmufWvNvzSv0qD6YIR3AMp+DBBdThBhrQBAJjeIJneHEenVfnzXmfjxac3HMIf+B8fAOmT5Mm</latexit><latexit sha1_base64="t/utlVkO8CJslMgoXiCEYKdSgVI=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4TInfTLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgZVoYRTielXqJpjMkYD2nXUokF1X42O3eCTqwyQGGkbEmDZupvR4aF1qkIqoGoPvx4BDYjvTg1Ff/rdRMTXvoZk3FiqCTzlWHCkYnQNAU0YIoSw1NLMFHMXo3ICCtMjM2qZOPwFp9fJq2zmufWvNvzSv0qD6YIR3AMp+DBBdThBhrQBAJjeIJneHEenVfnzXmfjxac3HMIf+B8fAOmT5Mm</latexit><latexit sha1_base64="t/utlVkO8CJslMgoXiCEYKdSgVI=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4TInfTLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgZVoYRTielXqJpjMkYD2nXUokF1X42O3eCTqwyQGGkbEmDZupvR4aF1qkIqoGoPvx4BDYjvTg1Ff/rdRMTXvoZk3FiqCTzlWHCkYnQNAU0YIoSw1NLMFHMXo3ICCtMjM2qZOPwFp9fJq2zmufWvNvzSv0qD6YIR3AMp+DBBdThBhrQBAJjeIJneHEenVfnzXmfjxac3HMIf+B8fAOmT5Mm</latexit>

w � µW
<latexit sha1_base64="2mNPGf9X2ri0pVkdosxvDup3dGs=">AAACF3icbZDLSsNAFIYn9VbrLerSzWAVXNSSiKDLohuXFewFmhAmk0k7dCYJMxO1hLyAb+BbuNWNO3HrUvBhTNII2vrDwMd/zpk587sRo1IZxqdWWVhcWl6prtbW1jc2t/Ttna4MY4FJB4csFH0XScJoQDqKKkb6kSCIu4z03PFlXu/dEiFpGNyoSURsjoYB9SlGKrMc/SCxiksSQby0lliuD+9SeAwz4tDicer00pqj142mUQjOg1lCHZRqO/qX5YU45iRQmCEpB6YRKTtBQlHMSFqzYkkihMdoSAYZBogTaSfFIik8zBwP+qHITqBg4f6eSBCXcsLdhssb9z8zHKmRnO3Kzf9qg1j553ZCgyhWJMDTJ/2YQRXCPCToUUGwYpMMEBY02xriERIIqyzKPA5z9vPz0D1pmkbTvD6tty7KYKpgD+yDI2CCM9ACV6ANOgCDB/AEnsGL9qi9am/a+7S1opUzu+CPtI9vy0KfHg==</latexit><latexit sha1_base64="2mNPGf9X2ri0pVkdosxvDup3dGs=">AAACF3icbZDLSsNAFIYn9VbrLerSzWAVXNSSiKDLohuXFewFmhAmk0k7dCYJMxO1hLyAb+BbuNWNO3HrUvBhTNII2vrDwMd/zpk587sRo1IZxqdWWVhcWl6prtbW1jc2t/Ttna4MY4FJB4csFH0XScJoQDqKKkb6kSCIu4z03PFlXu/dEiFpGNyoSURsjoYB9SlGKrMc/SCxiksSQby0lliuD+9SeAwz4tDicer00pqj142mUQjOg1lCHZRqO/qX5YU45iRQmCEpB6YRKTtBQlHMSFqzYkkihMdoSAYZBogTaSfFIik8zBwP+qHITqBg4f6eSBCXcsLdhssb9z8zHKmRnO3Kzf9qg1j553ZCgyhWJMDTJ/2YQRXCPCToUUGwYpMMEBY02xriERIIqyzKPA5z9vPz0D1pmkbTvD6tty7KYKpgD+yDI2CCM9ACV6ANOgCDB/AEnsGL9qi9am/a+7S1opUzu+CPtI9vy0KfHg==</latexit><latexit sha1_base64="2mNPGf9X2ri0pVkdosxvDup3dGs=">AAACF3icbZDLSsNAFIYn9VbrLerSzWAVXNSSiKDLohuXFewFmhAmk0k7dCYJMxO1hLyAb+BbuNWNO3HrUvBhTNII2vrDwMd/zpk587sRo1IZxqdWWVhcWl6prtbW1jc2t/Ttna4MY4FJB4csFH0XScJoQDqKKkb6kSCIu4z03PFlXu/dEiFpGNyoSURsjoYB9SlGKrMc/SCxiksSQby0lliuD+9SeAwz4tDicer00pqj142mUQjOg1lCHZRqO/qX5YU45iRQmCEpB6YRKTtBQlHMSFqzYkkihMdoSAYZBogTaSfFIik8zBwP+qHITqBg4f6eSBCXcsLdhssb9z8zHKmRnO3Kzf9qg1j553ZCgyhWJMDTJ/2YQRXCPCToUUGwYpMMEBY02xriERIIqyzKPA5z9vPz0D1pmkbTvD6tty7KYKpgD+yDI2CCM9ACV6ANOgCDB/AEnsGL9qi9am/a+7S1opUzu+CPtI9vy0KfHg==</latexit><latexit sha1_base64="2mNPGf9X2ri0pVkdosxvDup3dGs=">AAACF3icbZDLSsNAFIYn9VbrLerSzWAVXNSSiKDLohuXFewFmhAmk0k7dCYJMxO1hLyAb+BbuNWNO3HrUvBhTNII2vrDwMd/zpk587sRo1IZxqdWWVhcWl6prtbW1jc2t/Ttna4MY4FJB4csFH0XScJoQDqKKkb6kSCIu4z03PFlXu/dEiFpGNyoSURsjoYB9SlGKrMc/SCxiksSQby0lliuD+9SeAwz4tDicer00pqj142mUQjOg1lCHZRqO/qX5YU45iRQmCEpB6YRKTtBQlHMSFqzYkkihMdoSAYZBogTaSfFIik8zBwP+qHITqBg4f6eSBCXcsLdhssb9z8zHKmRnO3Kzf9qg1j553ZCgyhWJMDTJ/2YQRXCPCToUUGwYpMMEBY02xriERIIqyzKPA5z9vPz0D1pmkbTvD6tty7KYKpgD+yDI2CCM9ACV6ANOgCDB/AEnsGL9qi9am/a+7S1opUzu+CPtI9vy0KfHg==</latexit>w

<latexit sha1_base64="S8qMecgg0Ymxg1GnXCPdqMyMde8=">AAAB+XicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKSNNuGJtklyapl6Z/wqhdv4tVfI/hj3G1X0NYHA48385iZRyLBjXXdT6ewsrq2vlHcLG1t7+zulfcPWiaMNWVNGopQdwg2THDFmpZbwTqRZlgSwdpkfJ312/dMGx6qOzuJmC/xUPGAU2xTqZP0SIAepqV+ueLW3BnQMvFyUoEcjX75qzcIaSyZslRgY7qeG1k/wdpyKti01IsNizAd4yHrplRhyYyfzO6dopNUGaAg1Gkpi2bqb0eCpTETSapEVh9/PBLbkVmcysT/et3YBpd+wlUUW6bofGUQC2RDlMWABlwzasUkJZhqnl6N6AhrTG0aVhaHt/j8Mmmd1Ty35t2eV+pXeTBFOIJjOAUPLqAON9CAJlAQ8ATP8OIkzqvz5rzPRwtO7jmEP3A+vgFMQJOB</latexit><latexit sha1_base64="S8qMecgg0Ymxg1GnXCPdqMyMde8=">AAAB+XicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKSNNuGJtklyapl6Z/wqhdv4tVfI/hj3G1X0NYHA48385iZRyLBjXXdT6ewsrq2vlHcLG1t7+zulfcPWiaMNWVNGopQdwg2THDFmpZbwTqRZlgSwdpkfJ312/dMGx6qOzuJmC/xUPGAU2xTqZP0SIAepqV+ueLW3BnQMvFyUoEcjX75qzcIaSyZslRgY7qeG1k/wdpyKti01IsNizAd4yHrplRhyYyfzO6dopNUGaAg1Gkpi2bqb0eCpTETSapEVh9/PBLbkVmcysT/et3YBpd+wlUUW6bofGUQC2RDlMWABlwzasUkJZhqnl6N6AhrTG0aVhaHt/j8Mmmd1Ty35t2eV+pXeTBFOIJjOAUPLqAON9CAJlAQ8ATP8OIkzqvz5rzPRwtO7jmEP3A+vgFMQJOB</latexit><latexit sha1_base64="S8qMecgg0Ymxg1GnXCPdqMyMde8=">AAAB+XicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKSNNuGJtklyapl6Z/wqhdv4tVfI/hj3G1X0NYHA48385iZRyLBjXXdT6ewsrq2vlHcLG1t7+zulfcPWiaMNWVNGopQdwg2THDFmpZbwTqRZlgSwdpkfJ312/dMGx6qOzuJmC/xUPGAU2xTqZP0SIAepqV+ueLW3BnQMvFyUoEcjX75qzcIaSyZslRgY7qeG1k/wdpyKti01IsNizAd4yHrplRhyYyfzO6dopNUGaAg1Gkpi2bqb0eCpTETSapEVh9/PBLbkVmcysT/et3YBpd+wlUUW6bofGUQC2RDlMWABlwzasUkJZhqnl6N6AhrTG0aVhaHt/j8Mmmd1Ty35t2eV+pXeTBFOIJjOAUPLqAON9CAJlAQ8ATP8OIkzqvz5rzPRwtO7jmEP3A+vgFMQJOB</latexit><latexit sha1_base64="S8qMecgg0Ymxg1GnXCPdqMyMde8=">AAAB+XicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKSNNuGJtklyapl6Z/wqhdv4tVfI/hj3G1X0NYHA48385iZRyLBjXXdT6ewsrq2vlHcLG1t7+zulfcPWiaMNWVNGopQdwg2THDFmpZbwTqRZlgSwdpkfJ312/dMGx6qOzuJmC/xUPGAU2xTqZP0SIAepqV+ueLW3BnQMvFyUoEcjX75qzcIaSyZslRgY7qeG1k/wdpyKti01IsNizAd4yHrplRhyYyfzO6dopNUGaAg1Gkpi2bqb0eCpTETSapEVh9/PBLbkVmcysT/et3YBpd+wlUUW6bofGUQC2RDlMWABlwzasUkJZhqnl6N6AhrTG0aVhaHt/j8Mmmd1Ty35t2eV+pXeTBFOIJjOAUPLqAON9CAJlAQ8ATP8OIkzqvz5rzPRwtO7jmEP3A+vgFMQJOB</latexit>

x
<latexit sha1_base64="14DFiZ7oEYy4m4SbcgWmEpx8h5U=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLArgh6DXjwmYB6QLGF20kmGzMwuM72SsOQLvOrFm3j1hwQ/xk2ygiYWNBTVXXR3BZEUFl3301lb39jc2s7t5Hf39g8OC0fHDRvGhkOdhzI0rYBZkEJDHQVKaEUGmAokNIPR3azffARjRagfcBKBr9hAi77gDFOpNu4Wim7ZnYOuEi8jRZKh2i18dXohjxVo5JJZ2/bcCP2EGRRcwjTfiS1EjI/YANop1UyB9ZP5oVN6nio92g9NWhrpXP3tSJiydqKCUqBK4x+PYji0y1Mz8b9eO8b+jZ8IHcUImi9W9mNJMaSz/2lPGOAoJylh3Ij0asqHzDCOaUr5NA5v+flV0rgse27Zq10VK7dZMDlySs7IBfHINamQe1IldcIJkCfyTF4cdF6dN+d9MbrmZJ4T8gfOxze3MZD2</latexit><latexit sha1_base64="14DFiZ7oEYy4m4SbcgWmEpx8h5U=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLArgh6DXjwmYB6QLGF20kmGzMwuM72SsOQLvOrFm3j1hwQ/xk2ygiYWNBTVXXR3BZEUFl3301lb39jc2s7t5Hf39g8OC0fHDRvGhkOdhzI0rYBZkEJDHQVKaEUGmAokNIPR3azffARjRagfcBKBr9hAi77gDFOpNu4Wim7ZnYOuEi8jRZKh2i18dXohjxVo5JJZ2/bcCP2EGRRcwjTfiS1EjI/YANop1UyB9ZP5oVN6nio92g9NWhrpXP3tSJiydqKCUqBK4x+PYji0y1Mz8b9eO8b+jZ8IHcUImi9W9mNJMaSz/2lPGOAoJylh3Ij0asqHzDCOaUr5NA5v+flV0rgse27Zq10VK7dZMDlySs7IBfHINamQe1IldcIJkCfyTF4cdF6dN+d9MbrmZJ4T8gfOxze3MZD2</latexit><latexit sha1_base64="14DFiZ7oEYy4m4SbcgWmEpx8h5U=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLArgh6DXjwmYB6QLGF20kmGzMwuM72SsOQLvOrFm3j1hwQ/xk2ygiYWNBTVXXR3BZEUFl3301lb39jc2s7t5Hf39g8OC0fHDRvGhkOdhzI0rYBZkEJDHQVKaEUGmAokNIPR3azffARjRagfcBKBr9hAi77gDFOpNu4Wim7ZnYOuEi8jRZKh2i18dXohjxVo5JJZ2/bcCP2EGRRcwjTfiS1EjI/YANop1UyB9ZP5oVN6nio92g9NWhrpXP3tSJiydqKCUqBK4x+PYji0y1Mz8b9eO8b+jZ8IHcUImi9W9mNJMaSz/2lPGOAoJylh3Ij0asqHzDCOaUr5NA5v+flV0rgse27Zq10VK7dZMDlySs7IBfHINamQe1IldcIJkCfyTF4cdF6dN+d9MbrmZJ4T8gfOxze3MZD2</latexit><latexit sha1_base64="14DFiZ7oEYy4m4SbcgWmEpx8h5U=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLArgh6DXjwmYB6QLGF20kmGzMwuM72SsOQLvOrFm3j1hwQ/xk2ygiYWNBTVXXR3BZEUFl3301lb39jc2s7t5Hf39g8OC0fHDRvGhkOdhzI0rYBZkEJDHQVKaEUGmAokNIPR3azffARjRagfcBKBr9hAi77gDFOpNu4Wim7ZnYOuEi8jRZKh2i18dXohjxVo5JJZ2/bcCP2EGRRcwjTfiS1EjI/YANop1UyB9ZP5oVN6nio92g9NWhrpXP3tSJiydqKCUqBK4x+PYji0y1Mz8b9eO8b+jZ8IHcUImi9W9mNJMaSz/2lPGOAoJylh3Ij0asqHzDCOaUr5NA5v+flV0rgse27Zq10VK7dZMDlySs7IBfHINamQe1IldcIJkCfyTF4cdF6dN+d9MbrmZJ4T8gfOxze3MZD2</latexit>

y
<latexit sha1_base64="3faBfdMCWRg/WIkSWFNbf3wuQ+I=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgoZRdEfRY9OKxBfsB7VKy6WwbmmSXJCsuS3+BV714E6/+IcEfY9quoK0PBh5v5jEzL4g508Z1P53C2vrG5lZxu7Szu7d/UD48ausoURRaNOKR6gZEA2cSWoYZDt1YAREBh04wuZ31Ow+gNIvkvUlj8AUZSRYySoyVmumgXHFr7hx4lXg5qaAcjUH5qz+MaCJAGsqJ1j3PjY2fEWUY5TAt9RMNMaETMoKepZII0H42P3SKz6wyxGGkbEmD5+pvR0aE1qkIqoGoPv54BDFjvTw1E//r9RITXvsZk3FiQNLFyjDh2ER49j8eMgXU8NQSQhWzV2M6JopQY1Mq2Ti85edXSfui5rk1r3lZqd/kwRTRCTpF58hDV6iO7lADtRBFgJ7QM3pxjPPqvDnvi9GCk3uO0R84H9+4v5D3</latexit><latexit sha1_base64="3faBfdMCWRg/WIkSWFNbf3wuQ+I=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgoZRdEfRY9OKxBfsB7VKy6WwbmmSXJCsuS3+BV714E6/+IcEfY9quoK0PBh5v5jEzL4g508Z1P53C2vrG5lZxu7Szu7d/UD48ausoURRaNOKR6gZEA2cSWoYZDt1YAREBh04wuZ31Ow+gNIvkvUlj8AUZSRYySoyVmumgXHFr7hx4lXg5qaAcjUH5qz+MaCJAGsqJ1j3PjY2fEWUY5TAt9RMNMaETMoKepZII0H42P3SKz6wyxGGkbEmD5+pvR0aE1qkIqoGoPv54BDFjvTw1E//r9RITXvsZk3FiQNLFyjDh2ER49j8eMgXU8NQSQhWzV2M6JopQY1Mq2Ti85edXSfui5rk1r3lZqd/kwRTRCTpF58hDV6iO7lADtRBFgJ7QM3pxjPPqvDnvi9GCk3uO0R84H9+4v5D3</latexit><latexit sha1_base64="3faBfdMCWRg/WIkSWFNbf3wuQ+I=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgoZRdEfRY9OKxBfsB7VKy6WwbmmSXJCsuS3+BV714E6/+IcEfY9quoK0PBh5v5jEzL4g508Z1P53C2vrG5lZxu7Szu7d/UD48ausoURRaNOKR6gZEA2cSWoYZDt1YAREBh04wuZ31Ow+gNIvkvUlj8AUZSRYySoyVmumgXHFr7hx4lXg5qaAcjUH5qz+MaCJAGsqJ1j3PjY2fEWUY5TAt9RMNMaETMoKepZII0H42P3SKz6wyxGGkbEmD5+pvR0aE1qkIqoGoPv54BDFjvTw1E//r9RITXvsZk3FiQNLFyjDh2ER49j8eMgXU8NQSQhWzV2M6JopQY1Mq2Ti85edXSfui5rk1r3lZqd/kwRTRCTpF58hDV6iO7lADtRBFgJ7QM3pxjPPqvDnvi9GCk3uO0R84H9+4v5D3</latexit><latexit sha1_base64="3faBfdMCWRg/WIkSWFNbf3wuQ+I=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgoZRdEfRY9OKxBfsB7VKy6WwbmmSXJCsuS3+BV714E6/+IcEfY9quoK0PBh5v5jEzL4g508Z1P53C2vrG5lZxu7Szu7d/UD48ausoURRaNOKR6gZEA2cSWoYZDt1YAREBh04wuZ31Ow+gNIvkvUlj8AUZSRYySoyVmumgXHFr7hx4lXg5qaAcjUH5qz+MaCJAGsqJ1j3PjY2fEWUY5TAt9RMNMaETMoKepZII0H42P3SKz6wyxGGkbEmD5+pvR0aE1qkIqoGoPv54BDFjvTw1E//r9RITXvsZk3FiQNLFyjDh2ER49j8eMgXU8NQSQhWzV2M6JopQY1Mq2Ti85edXSfui5rk1r3lZqd/kwRTRCTpF58hDV6iO7lADtRBFgJ7QM3pxjPPqvDnvi9GCk3uO0R84H9+4v5D3</latexit>

Clearly, the tail of w−µW begins at the head of µW , and the head of w−µW ends at the head
of w (this is illustrated in red).

Note graphically the head-to-tail addition is consistent, i.e. µW + (w − µW ) = w.

Thus, regarding (18) we should treat µW as the new origin of the coordinate system that
matters here, and view all vectors w relative to µW via the difference w − µW .
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Bivariate Gaussian Covariance Eigenvector Decomposition

Bivariate Gaussian: Covariance Eigenvector Decomposition

Later we will prove covariance matrix CW is symmetric, i.e. CW = CT
W , and it

is positive definite, i.e. aTCW a > 0 for all 2× 1 vectors a = [ax , ay ]
T ̸= 0.

Recall from linear algebra such matrices have an eigen-decomposition such that

CW = Q

[
λ1 0
0 λ2

]
QT , where QQT = QTQ =

[
1 0
0 1

]
, and λ1 > 0, λ2 > 0.

Matrix Q is orthogonal or orthonormal and rotates/reflects vectors they multiply.

The form of Q that rotates vectors by angle θ is:

Q =

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
=⇒ Q ·

[
1
0

]
=

[
cos(θ)
sin(θ)

]
, and Q ·

[
0
1

]
=

[
− sin(θ)
cos(θ)

]
i.e., standard basis e1 = [1, 0]T 7→ [cos(θ), sin(θ)]T ; e2 = [0, 1]T 7→ [− sin(θ), cos(θ)]T .

These rotations are illustrated here:

0
<latexit sha1_base64="t/utlVkO8CJslMgoXiCEYKdSgVI=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4TInfTLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgZVoYRTielXqJpjMkYD2nXUokF1X42O3eCTqwyQGGkbEmDZupvR4aF1qkIqoGoPvx4BDYjvTg1Ff/rdRMTXvoZk3FiqCTzlWHCkYnQNAU0YIoSw1NLMFHMXo3ICCtMjM2qZOPwFp9fJq2zmufWvNvzSv0qD6YIR3AMp+DBBdThBhrQBAJjeIJneHEenVfnzXmfjxac3HMIf+B8fAOmT5Mm</latexit><latexit sha1_base64="t/utlVkO8CJslMgoXiCEYKdSgVI=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4TInfTLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgZVoYRTielXqJpjMkYD2nXUokF1X42O3eCTqwyQGGkbEmDZupvR4aF1qkIqoGoPvx4BDYjvTg1Ff/rdRMTXvoZk3FiqCTzlWHCkYnQNAU0YIoSw1NLMFHMXo3ICCtMjM2qZOPwFp9fJq2zmufWvNvzSv0qD6YIR3AMp+DBBdThBhrQBAJjeIJneHEenVfnzXmfjxac3HMIf+B8fAOmT5Mm</latexit><latexit sha1_base64="t/utlVkO8CJslMgoXiCEYKdSgVI=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4TInfTLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgZVoYRTielXqJpjMkYD2nXUokF1X42O3eCTqwyQGGkbEmDZupvR4aF1qkIqoGoPvx4BDYjvTg1Ff/rdRMTXvoZk3FiqCTzlWHCkYnQNAU0YIoSw1NLMFHMXo3ICCtMjM2qZOPwFp9fJq2zmufWvNvzSv0qD6YIR3AMp+DBBdThBhrQBAJjeIJneHEenVfnzXmfjxac3HMIf+B8fAOmT5Mm</latexit><latexit sha1_base64="t/utlVkO8CJslMgoXiCEYKdSgVI=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4TInfTLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgZVoYRTielXqJpjMkYD2nXUokF1X42O3eCTqwyQGGkbEmDZupvR4aF1qkIqoGoPvx4BDYjvTg1Ff/rdRMTXvoZk3FiqCTzlWHCkYnQNAU0YIoSw1NLMFHMXo3ICCtMjM2qZOPwFp9fJq2zmufWvNvzSv0qD6YIR3AMp+DBBdThBhrQBAJjeIJneHEenVfnzXmfjxac3HMIf+B8fAOmT5Mm</latexit>

x
<latexit sha1_base64="14DFiZ7oEYy4m4SbcgWmEpx8h5U=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLArgh6DXjwmYB6QLGF20kmGzMwuM72SsOQLvOrFm3j1hwQ/xk2ygiYWNBTVXXR3BZEUFl3301lb39jc2s7t5Hf39g8OC0fHDRvGhkOdhzI0rYBZkEJDHQVKaEUGmAokNIPR3azffARjRagfcBKBr9hAi77gDFOpNu4Wim7ZnYOuEi8jRZKh2i18dXohjxVo5JJZ2/bcCP2EGRRcwjTfiS1EjI/YANop1UyB9ZP5oVN6nio92g9NWhrpXP3tSJiydqKCUqBK4x+PYji0y1Mz8b9eO8b+jZ8IHcUImi9W9mNJMaSz/2lPGOAoJylh3Ij0asqHzDCOaUr5NA5v+flV0rgse27Zq10VK7dZMDlySs7IBfHINamQe1IldcIJkCfyTF4cdF6dN+d9MbrmZJ4T8gfOxze3MZD2</latexit><latexit sha1_base64="14DFiZ7oEYy4m4SbcgWmEpx8h5U=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLArgh6DXjwmYB6QLGF20kmGzMwuM72SsOQLvOrFm3j1hwQ/xk2ygiYWNBTVXXR3BZEUFl3301lb39jc2s7t5Hf39g8OC0fHDRvGhkOdhzI0rYBZkEJDHQVKaEUGmAokNIPR3azffARjRagfcBKBr9hAi77gDFOpNu4Wim7ZnYOuEi8jRZKh2i18dXohjxVo5JJZ2/bcCP2EGRRcwjTfiS1EjI/YANop1UyB9ZP5oVN6nio92g9NWhrpXP3tSJiydqKCUqBK4x+PYji0y1Mz8b9eO8b+jZ8IHcUImi9W9mNJMaSz/2lPGOAoJylh3Ij0asqHzDCOaUr5NA5v+flV0rgse27Zq10VK7dZMDlySs7IBfHINamQe1IldcIJkCfyTF4cdF6dN+d9MbrmZJ4T8gfOxze3MZD2</latexit><latexit sha1_base64="14DFiZ7oEYy4m4SbcgWmEpx8h5U=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLArgh6DXjwmYB6QLGF20kmGzMwuM72SsOQLvOrFm3j1hwQ/xk2ygiYWNBTVXXR3BZEUFl3301lb39jc2s7t5Hf39g8OC0fHDRvGhkOdhzI0rYBZkEJDHQVKaEUGmAokNIPR3azffARjRagfcBKBr9hAi77gDFOpNu4Wim7ZnYOuEi8jRZKh2i18dXohjxVo5JJZ2/bcCP2EGRRcwjTfiS1EjI/YANop1UyB9ZP5oVN6nio92g9NWhrpXP3tSJiydqKCUqBK4x+PYji0y1Mz8b9eO8b+jZ8IHcUImi9W9mNJMaSz/2lPGOAoJylh3Ij0asqHzDCOaUr5NA5v+flV0rgse27Zq10VK7dZMDlySs7IBfHINamQe1IldcIJkCfyTF4cdF6dN+d9MbrmZJ4T8gfOxze3MZD2</latexit><latexit sha1_base64="14DFiZ7oEYy4m4SbcgWmEpx8h5U=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLArgh6DXjwmYB6QLGF20kmGzMwuM72SsOQLvOrFm3j1hwQ/xk2ygiYWNBTVXXR3BZEUFl3301lb39jc2s7t5Hf39g8OC0fHDRvGhkOdhzI0rYBZkEJDHQVKaEUGmAokNIPR3azffARjRagfcBKBr9hAi77gDFOpNu4Wim7ZnYOuEi8jRZKh2i18dXohjxVo5JJZ2/bcCP2EGRRcwjTfiS1EjI/YANop1UyB9ZP5oVN6nio92g9NWhrpXP3tSJiydqKCUqBK4x+PYji0y1Mz8b9eO8b+jZ8IHcUImi9W9mNJMaSz/2lPGOAoJylh3Ij0asqHzDCOaUr5NA5v+flV0rgse27Zq10VK7dZMDlySs7IBfHINamQe1IldcIJkCfyTF4cdF6dN+d9MbrmZJ4T8gfOxze3MZD2</latexit>

y
<latexit sha1_base64="3faBfdMCWRg/WIkSWFNbf3wuQ+I=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgoZRdEfRY9OKxBfsB7VKy6WwbmmSXJCsuS3+BV714E6/+IcEfY9quoK0PBh5v5jEzL4g508Z1P53C2vrG5lZxu7Szu7d/UD48ausoURRaNOKR6gZEA2cSWoYZDt1YAREBh04wuZ31Ow+gNIvkvUlj8AUZSRYySoyVmumgXHFr7hx4lXg5qaAcjUH5qz+MaCJAGsqJ1j3PjY2fEWUY5TAt9RMNMaETMoKepZII0H42P3SKz6wyxGGkbEmD5+pvR0aE1qkIqoGoPv54BDFjvTw1E//r9RITXvsZk3FiQNLFyjDh2ER49j8eMgXU8NQSQhWzV2M6JopQY1Mq2Ti85edXSfui5rk1r3lZqd/kwRTRCTpF58hDV6iO7lADtRBFgJ7QM3pxjPPqvDnvi9GCk3uO0R84H9+4v5D3</latexit><latexit sha1_base64="3faBfdMCWRg/WIkSWFNbf3wuQ+I=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgoZRdEfRY9OKxBfsB7VKy6WwbmmSXJCsuS3+BV714E6/+IcEfY9quoK0PBh5v5jEzL4g508Z1P53C2vrG5lZxu7Szu7d/UD48ausoURRaNOKR6gZEA2cSWoYZDt1YAREBh04wuZ31Ow+gNIvkvUlj8AUZSRYySoyVmumgXHFr7hx4lXg5qaAcjUH5qz+MaCJAGsqJ1j3PjY2fEWUY5TAt9RMNMaETMoKepZII0H42P3SKz6wyxGGkbEmD5+pvR0aE1qkIqoGoPv54BDFjvTw1E//r9RITXvsZk3FiQNLFyjDh2ER49j8eMgXU8NQSQhWzV2M6JopQY1Mq2Ti85edXSfui5rk1r3lZqd/kwRTRCTpF58hDV6iO7lADtRBFgJ7QM3pxjPPqvDnvi9GCk3uO0R84H9+4v5D3</latexit><latexit sha1_base64="3faBfdMCWRg/WIkSWFNbf3wuQ+I=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgoZRdEfRY9OKxBfsB7VKy6WwbmmSXJCsuS3+BV714E6/+IcEfY9quoK0PBh5v5jEzL4g508Z1P53C2vrG5lZxu7Szu7d/UD48ausoURRaNOKR6gZEA2cSWoYZDt1YAREBh04wuZ31Ow+gNIvkvUlj8AUZSRYySoyVmumgXHFr7hx4lXg5qaAcjUH5qz+MaCJAGsqJ1j3PjY2fEWUY5TAt9RMNMaETMoKepZII0H42P3SKz6wyxGGkbEmD5+pvR0aE1qkIqoGoPv54BDFjvTw1E//r9RITXvsZk3FiQNLFyjDh2ER49j8eMgXU8NQSQhWzV2M6JopQY1Mq2Ti85edXSfui5rk1r3lZqd/kwRTRCTpF58hDV6iO7lADtRBFgJ7QM3pxjPPqvDnvi9GCk3uO0R84H9+4v5D3</latexit><latexit sha1_base64="3faBfdMCWRg/WIkSWFNbf3wuQ+I=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgoZRdEfRY9OKxBfsB7VKy6WwbmmSXJCsuS3+BV714E6/+IcEfY9quoK0PBh5v5jEzL4g508Z1P53C2vrG5lZxu7Szu7d/UD48ausoURRaNOKR6gZEA2cSWoYZDt1YAREBh04wuZ31Ow+gNIvkvUlj8AUZSRYySoyVmumgXHFr7hx4lXg5qaAcjUH5qz+MaCJAGsqJ1j3PjY2fEWUY5TAt9RMNMaETMoKepZII0H42P3SKz6wyxGGkbEmD5+pvR0aE1qkIqoGoPv54BDFjvTw1E//r9RITXvsZk3FiQNLFyjDh2ER49j8eMgXU8NQSQhWzV2M6JopQY1Mq2Ti85edXSfui5rk1r3lZqd/kwRTRCTpF58hDV6iO7lADtRBFgJ7QM3pxjPPqvDnvi9GCk3uO0R84H9+4v5D3</latexit>

1<latexit sha1_base64="DlBv+kDnvPQ669c9TSVjfGgQdSs=">AAACJHicbVBNS8NAEN34bf2qevQyWAQPUhIR9Ch68ahgVWhC2Wwn7eJmE3YnQgn9Kx79JR7Vi/Tgxd/its3BrwcDj/dmdmdenCtpyfc/vJnZufmFxaXl2srq2vpGfXPrxmaFEdgSmcrMXcwtKqmxRZIU3uUGeRorvI3vz8f+7QMaKzN9TYMco5T3tEyk4OSkTv0kqO1BqDAhaEMYY0/qkhvDB8NSDCGAMAQfQtTdSoXQyF6fIOrUG37TnwD+kqAiDVbhslMfhd1MFClqEopb2w78nCL3LEmhcFgLC4s5F/e8h21HNU/RRuXkwiHsOaULSWZcaYKJ+n2i5Km1gzQ+iFPXnHLq29/2WPzPaxeUnESl1HlBqMX0r6RQQBmME4OuNChIDRzhwki3Log+N1yQy7Xmcgh+X/2X3Bw2A78ZXB01Ts+qRJbYDttl+yxgx+yUXbBL1mKCPbJn9srevCfvxXv3RtPWGa+a2WY/4H1+AQaZozc=</latexit><latexit sha1_base64="DlBv+kDnvPQ669c9TSVjfGgQdSs=">AAACJHicbVBNS8NAEN34bf2qevQyWAQPUhIR9Ch68ahgVWhC2Wwn7eJmE3YnQgn9Kx79JR7Vi/Tgxd/its3BrwcDj/dmdmdenCtpyfc/vJnZufmFxaXl2srq2vpGfXPrxmaFEdgSmcrMXcwtKqmxRZIU3uUGeRorvI3vz8f+7QMaKzN9TYMco5T3tEyk4OSkTv0kqO1BqDAhaEMYY0/qkhvDB8NSDCGAMAQfQtTdSoXQyF6fIOrUG37TnwD+kqAiDVbhslMfhd1MFClqEopb2w78nCL3LEmhcFgLC4s5F/e8h21HNU/RRuXkwiHsOaULSWZcaYKJ+n2i5Km1gzQ+iFPXnHLq29/2WPzPaxeUnESl1HlBqMX0r6RQQBmME4OuNChIDRzhwki3Log+N1yQy7Xmcgh+X/2X3Bw2A78ZXB01Ts+qRJbYDttl+yxgx+yUXbBL1mKCPbJn9srevCfvxXv3RtPWGa+a2WY/4H1+AQaZozc=</latexit><latexit sha1_base64="DlBv+kDnvPQ669c9TSVjfGgQdSs=">AAACJHicbVBNS8NAEN34bf2qevQyWAQPUhIR9Ch68ahgVWhC2Wwn7eJmE3YnQgn9Kx79JR7Vi/Tgxd/its3BrwcDj/dmdmdenCtpyfc/vJnZufmFxaXl2srq2vpGfXPrxmaFEdgSmcrMXcwtKqmxRZIU3uUGeRorvI3vz8f+7QMaKzN9TYMco5T3tEyk4OSkTv0kqO1BqDAhaEMYY0/qkhvDB8NSDCGAMAQfQtTdSoXQyF6fIOrUG37TnwD+kqAiDVbhslMfhd1MFClqEopb2w78nCL3LEmhcFgLC4s5F/e8h21HNU/RRuXkwiHsOaULSWZcaYKJ+n2i5Km1gzQ+iFPXnHLq29/2WPzPaxeUnESl1HlBqMX0r6RQQBmME4OuNChIDRzhwki3Log+N1yQy7Xmcgh+X/2X3Bw2A78ZXB01Ts+qRJbYDttl+yxgx+yUXbBL1mKCPbJn9srevCfvxXv3RtPWGa+a2WY/4H1+AQaZozc=</latexit><latexit sha1_base64="DlBv+kDnvPQ669c9TSVjfGgQdSs=">AAACJHicbVBNS8NAEN34bf2qevQyWAQPUhIR9Ch68ahgVWhC2Wwn7eJmE3YnQgn9Kx79JR7Vi/Tgxd/its3BrwcDj/dmdmdenCtpyfc/vJnZufmFxaXl2srq2vpGfXPrxmaFEdgSmcrMXcwtKqmxRZIU3uUGeRorvI3vz8f+7QMaKzN9TYMco5T3tEyk4OSkTv0kqO1BqDAhaEMYY0/qkhvDB8NSDCGAMAQfQtTdSoXQyF6fIOrUG37TnwD+kqAiDVbhslMfhd1MFClqEopb2w78nCL3LEmhcFgLC4s5F/e8h21HNU/RRuXkwiHsOaULSWZcaYKJ+n2i5Km1gzQ+iFPXnHLq29/2WPzPaxeUnESl1HlBqMX0r6RQQBmME4OuNChIDRzhwki3Log+N1yQy7Xmcgh+X/2X3Bw2A78ZXB01Ts+qRJbYDttl+yxgx+yUXbBL1mKCPbJn9srevCfvxXv3RtPWGa+a2WY/4H1+AQaZozc=</latexit>

✓
<latexit sha1_base64="5SVbcz0IVWieXL1n7eOGj3r8Ycw="></latexit><latexit sha1_base64="5SVbcz0IVWieXL1n7eOGj3r8Ycw="></latexit><latexit sha1_base64="5SVbcz0IVWieXL1n7eOGj3r8Ycw="></latexit><latexit sha1_base64="5SVbcz0IVWieXL1n7eOGj3r8Ycw="></latexit>

sin(✓)
<latexit sha1_base64="7UrCdtKZLlgTiwsNYWmbCNgRYEQ="></latexit><latexit sha1_base64="7UrCdtKZLlgTiwsNYWmbCNgRYEQ="></latexit><latexit sha1_base64="7UrCdtKZLlgTiwsNYWmbCNgRYEQ="></latexit><latexit sha1_base64="7UrCdtKZLlgTiwsNYWmbCNgRYEQ="></latexit>

cos(✓)
<latexit sha1_base64="1WCPh+zj6LSxXOKAHSn5xR6dB0Q="></latexit><latexit sha1_base64="1WCPh+zj6LSxXOKAHSn5xR6dB0Q="></latexit><latexit sha1_base64="1WCPh+zj6LSxXOKAHSn5xR6dB0Q="></latexit><latexit sha1_base64="1WCPh+zj6LSxXOKAHSn5xR6dB0Q="></latexit> 0

<latexit sha1_base64="t/utlVkO8CJslMgoXiCEYKdSgVI=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4TInfTLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgZVoYRTielXqJpjMkYD2nXUokF1X42O3eCTqwyQGGkbEmDZupvR4aF1qkIqoGoPvx4BDYjvTg1Ff/rdRMTXvoZk3FiqCTzlWHCkYnQNAU0YIoSw1NLMFHMXo3ICCtMjM2qZOPwFp9fJq2zmufWvNvzSv0qD6YIR3AMp+DBBdThBhrQBAJjeIJneHEenVfnzXmfjxac3HMIf+B8fAOmT5Mm</latexit><latexit sha1_base64="t/utlVkO8CJslMgoXiCEYKdSgVI=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4TInfTLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgZVoYRTielXqJpjMkYD2nXUokF1X42O3eCTqwyQGGkbEmDZupvR4aF1qkIqoGoPvx4BDYjvTg1Ff/rdRMTXvoZk3FiqCTzlWHCkYnQNAU0YIoSw1NLMFHMXo3ICCtMjM2qZOPwFp9fJq2zmufWvNvzSv0qD6YIR3AMp+DBBdThBhrQBAJjeIJneHEenVfnzXmfjxac3HMIf+B8fAOmT5Mm</latexit><latexit sha1_base64="t/utlVkO8CJslMgoXiCEYKdSgVI=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4TInfTLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgZVoYRTielXqJpjMkYD2nXUokF1X42O3eCTqwyQGGkbEmDZupvR4aF1qkIqoGoPvx4BDYjvTg1Ff/rdRMTXvoZk3FiqCTzlWHCkYnQNAU0YIoSw1NLMFHMXo3ICCtMjM2qZOPwFp9fJq2zmufWvNvzSv0qD6YIR3AMp+DBBdThBhrQBAJjeIJneHEenVfnzXmfjxac3HMIf+B8fAOmT5Mm</latexit><latexit sha1_base64="t/utlVkO8CJslMgoXiCEYKdSgVI=">AAAB+HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsB7VKyabYNTbJLkhXXpT/Cq168iVf/jeCPMW1X0NYHA48385iZF8ScaeO6n05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtfTfvueKs0ieWfSmPoCDyULGcHGSu2sF4TInfTLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgZVoYRTielXqJpjMkYD2nXUokF1X42O3eCTqwyQGGkbEmDZupvR4aF1qkIqoGoPvx4BDYjvTg1Ff/rdRMTXvoZk3FiqCTzlWHCkYnQNAU0YIoSw1NLMFHMXo3ICCtMjM2qZOPwFp9fJq2zmufWvNvzSv0qD6YIR3AMp+DBBdThBhrQBAJjeIJneHEenVfnzXmfjxac3HMIf+B8fAOmT5Mm</latexit>

x
<latexit sha1_base64="14DFiZ7oEYy4m4SbcgWmEpx8h5U=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLArgh6DXjwmYB6QLGF20kmGzMwuM72SsOQLvOrFm3j1hwQ/xk2ygiYWNBTVXXR3BZEUFl3301lb39jc2s7t5Hf39g8OC0fHDRvGhkOdhzI0rYBZkEJDHQVKaEUGmAokNIPR3azffARjRagfcBKBr9hAi77gDFOpNu4Wim7ZnYOuEi8jRZKh2i18dXohjxVo5JJZ2/bcCP2EGRRcwjTfiS1EjI/YANop1UyB9ZP5oVN6nio92g9NWhrpXP3tSJiydqKCUqBK4x+PYji0y1Mz8b9eO8b+jZ8IHcUImi9W9mNJMaSz/2lPGOAoJylh3Ij0asqHzDCOaUr5NA5v+flV0rgse27Zq10VK7dZMDlySs7IBfHINamQe1IldcIJkCfyTF4cdF6dN+d9MbrmZJ4T8gfOxze3MZD2</latexit><latexit sha1_base64="14DFiZ7oEYy4m4SbcgWmEpx8h5U=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLArgh6DXjwmYB6QLGF20kmGzMwuM72SsOQLvOrFm3j1hwQ/xk2ygiYWNBTVXXR3BZEUFl3301lb39jc2s7t5Hf39g8OC0fHDRvGhkOdhzI0rYBZkEJDHQVKaEUGmAokNIPR3azffARjRagfcBKBr9hAi77gDFOpNu4Wim7ZnYOuEi8jRZKh2i18dXohjxVo5JJZ2/bcCP2EGRRcwjTfiS1EjI/YANop1UyB9ZP5oVN6nio92g9NWhrpXP3tSJiydqKCUqBK4x+PYji0y1Mz8b9eO8b+jZ8IHcUImi9W9mNJMaSz/2lPGOAoJylh3Ij0asqHzDCOaUr5NA5v+flV0rgse27Zq10VK7dZMDlySs7IBfHINamQe1IldcIJkCfyTF4cdF6dN+d9MbrmZJ4T8gfOxze3MZD2</latexit><latexit sha1_base64="14DFiZ7oEYy4m4SbcgWmEpx8h5U=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLArgh6DXjwmYB6QLGF20kmGzMwuM72SsOQLvOrFm3j1hwQ/xk2ygiYWNBTVXXR3BZEUFl3301lb39jc2s7t5Hf39g8OC0fHDRvGhkOdhzI0rYBZkEJDHQVKaEUGmAokNIPR3azffARjRagfcBKBr9hAi77gDFOpNu4Wim7ZnYOuEi8jRZKh2i18dXohjxVo5JJZ2/bcCP2EGRRcwjTfiS1EjI/YANop1UyB9ZP5oVN6nio92g9NWhrpXP3tSJiydqKCUqBK4x+PYji0y1Mz8b9eO8b+jZ8IHcUImi9W9mNJMaSz/2lPGOAoJylh3Ij0asqHzDCOaUr5NA5v+flV0rgse27Zq10VK7dZMDlySs7IBfHINamQe1IldcIJkCfyTF4cdF6dN+d9MbrmZJ4T8gfOxze3MZD2</latexit><latexit sha1_base64="14DFiZ7oEYy4m4SbcgWmEpx8h5U=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLArgh6DXjwmYB6QLGF20kmGzMwuM72SsOQLvOrFm3j1hwQ/xk2ygiYWNBTVXXR3BZEUFl3301lb39jc2s7t5Hf39g8OC0fHDRvGhkOdhzI0rYBZkEJDHQVKaEUGmAokNIPR3azffARjRagfcBKBr9hAi77gDFOpNu4Wim7ZnYOuEi8jRZKh2i18dXohjxVo5JJZ2/bcCP2EGRRcwjTfiS1EjI/YANop1UyB9ZP5oVN6nio92g9NWhrpXP3tSJiydqKCUqBK4x+PYji0y1Mz8b9eO8b+jZ8IHcUImi9W9mNJMaSz/2lPGOAoJylh3Ij0asqHzDCOaUr5NA5v+flV0rgse27Zq10VK7dZMDlySs7IBfHINamQe1IldcIJkCfyTF4cdF6dN+d9MbrmZJ4T8gfOxze3MZD2</latexit>

y
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Bivariate Gaussian Covariance Eigenvector Decomposition

Bivariate Gaussian: Covariance Eigenvector Decomposition

Let w0 = w − µW and note the inverse covariance can be written as

C−1
W = Q

[ 1
λ1

0

0 1
λ2

]
QT =⇒ (w − µW )TC−1

W (w − µW ) = wT
0 Q

[ 1
λ1

0

0 1
λ2

]
QTw0. (19)

Define the new variables z = QTw0 whose origin is µW in the w plane.
Note that

wT
0 Q

[
1
λ1

0

0 1
λ2

]
QTw0 = zT

[
1
λ1

0

0 1
λ2

]
z =

z21
λ1

+
z22
λ2

=⇒

fW(w) ∝ exp

[
− 1

2

(
z21
λ1

+
z22
λ2

)]
.

Contours of constant density given by ellipses in variables z1 and z2, i.e.

fW(w) = constant =⇒ z21
λ1

+
z22
λ2

= γ2 (constant ≥ 0) (20)

which is clearly the equation for an ellipse in [z1, z2]T , whose origin is µW .
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Bivariate Gaussian Change of Variables Interpretation

Bivariate Gaussian: Change of Variables Interpretation*

To interpret new variables z, first recall that in the original coordinate system for w that if
coordinates w = [x , y ]T , then we interpret this as meaning

w = x ·
[

1
0

]
+ y ·

[
0
1

]
,

i.e. each coordinate represents a
coefficient for a basis vector.

(21)

Transformation via multiplication by QT defines new coordinates z = QTw0 = [z1, z2]
T :

Let Q = [q1|q2] where qi , i = 1, 2 are column vectors. Since Q is full rank, then for any vector w0 =⇒

w0 = α1q1 + α2q2 where coefficients αi can be found by noting

qT1 w0 = α1q
T
1 q1 + α2q

T
1 q2 = α1 · 1 + α2 · 0 = α1

qT2 w0 = α1q
T
2 q1 + α2q

T
2 q2 = α1 · 0 + α2 · 1 = α2.

Noting z = QTw0 =

[
qT1

qT2

]
w0 =

[
qT1 w0

qT2 w0

]
=

[
α1

α2

]
, and recalling interpretation (21), it is clear

that z = [z1, z2]T are the coordinates of the new variables, and the basis vectors defining the
coordinates of the new systems are given by q1 and q2.
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Bivariate Gaussian Change of Variables Interpretation

Bivariate Gaussian: Change of Variables Interpretation*

Now, we put these pieces together to visualize the bivariate Gaussian PDF .
Consider plotting contours of constant density, i.e. set of points with fW(w) = A.

By (18) this requires (w − µW )TC−1
W (w − µW ) = −2 ln

[
|2πCW |1/2 · A

]
.

By (19)–(20) these contours are given by

z21
λ1

+
z22
λ2

= −2 ln
[
|2πCW |1/2 · A

] △
= γ2 (22)

i.e. ellipses where the major and minor axes are along the basis vectors q1 and q2.

Which axes is minor or major depends on the values of λ1 and λ2.

Note that the set of all points satisfying (22) can be parameterized as

z1 = γ
√

λ1 · cos(ϕ)
z2 = γ

√
λ2 · sin(ϕ)

}
=⇒

[γ
√
λ1 · cos(ϕ)]2

λ1
+

[γ
√
λ2 · sin(ϕ)]2

λ2
=

γ2λ1 · cos2(ϕ)
λ1

+
γ2λ2 · sin2(ϕ)

λ2

= γ2[cos2(ϕ) + sin2(ϕ)] = γ2 · 1.

An ellipse is obtained as the desired contour by varying ϕ from 0 to 2π.
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Bivariate Gaussian Contours of Constant Density

Bivariate Gaussian: Contours of Constant Density

These parameterized points in [z1, z2]
T for a contour of constant density can be transformed

back into the original coordinates w via:

z = QT (w − µW ) =⇒ Qz = QQT (w − µW ) = I2(w − µW ) =⇒
w = µW +Qz.

To demonstrate such contours consider two examples illustrated below:

-10 -5 0 5 10 15
-10

-5

0

5

10
A = 0.00247
A = 0.0123
A = 0.0222

x
<latexit sha1_base64="O7w4A/8av0clerkRPXge78gbmcA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgQUoigh6LXjy2YD+gDWWznbRLdzdhdyOW0F/gUb2IV3+SB/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx3cxvP6LSLJYPZpJgIMhQsohRYqzUeOqXK17Vm8NdJX5OKpCj3i9/9QYxTQVKQznRuut7iQkyogyjHKelXqoxIXRMhti1VBKBOsjmh07dM6sM3ChWtqRx5+rviYwIrScivAiFbRbEjPSyPRP/87qpiW6CjMkkNSjpYleUctfE7uxxd8AUUsMnlhCqmD3XpSOiCDU2npLNwV/+epW0Lqu+V/UbV5XabZ5IEU7gFM7Bh2uowT3UoQkUEJ7hFd4c4bw4787HorXg5DPH8AfO5w/L/I4J</latexit><latexit sha1_base64="O7w4A/8av0clerkRPXge78gbmcA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgQUoigh6LXjy2YD+gDWWznbRLdzdhdyOW0F/gUb2IV3+SB/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx3cxvP6LSLJYPZpJgIMhQsohRYqzUeOqXK17Vm8NdJX5OKpCj3i9/9QYxTQVKQznRuut7iQkyogyjHKelXqoxIXRMhti1VBKBOsjmh07dM6sM3ChWtqRx5+rviYwIrScivAiFbRbEjPSyPRP/87qpiW6CjMkkNSjpYleUctfE7uxxd8AUUsMnlhCqmD3XpSOiCDU2npLNwV/+epW0Lqu+V/UbV5XabZ5IEU7gFM7Bh2uowT3UoQkUEJ7hFd4c4bw4787HorXg5DPH8AfO5w/L/I4J</latexit><latexit sha1_base64="O7w4A/8av0clerkRPXge78gbmcA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgQUoigh6LXjy2YD+gDWWznbRLdzdhdyOW0F/gUb2IV3+SB/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx3cxvP6LSLJYPZpJgIMhQsohRYqzUeOqXK17Vm8NdJX5OKpCj3i9/9QYxTQVKQznRuut7iQkyogyjHKelXqoxIXRMhti1VBKBOsjmh07dM6sM3ChWtqRx5+rviYwIrScivAiFbRbEjPSyPRP/87qpiW6CjMkkNSjpYleUctfE7uxxd8AUUsMnlhCqmD3XpSOiCDU2npLNwV/+epW0Lqu+V/UbV5XabZ5IEU7gFM7Bh2uowT3UoQkUEJ7hFd4c4bw4787HorXg5DPH8AfO5w/L/I4J</latexit><latexit sha1_base64="O7w4A/8av0clerkRPXge78gbmcA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgQUoigh6LXjy2YD+gDWWznbRLdzdhdyOW0F/gUb2IV3+SB/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx3cxvP6LSLJYPZpJgIMhQsohRYqzUeOqXK17Vm8NdJX5OKpCj3i9/9QYxTQVKQznRuut7iQkyogyjHKelXqoxIXRMhti1VBKBOsjmh07dM6sM3ChWtqRx5+rviYwIrScivAiFbRbEjPSyPRP/87qpiW6CjMkkNSjpYleUctfE7uxxd8AUUsMnlhCqmD3XpSOiCDU2npLNwV/+epW0Lqu+V/UbV5XabZ5IEU7gFM7Bh2uowT3UoQkUEJ7hFd4c4bw4787HorXg5DPH8AfO5w/L/I4J</latexit>

y
<latexit sha1_base64="vTex+z3vKDu9L+ijfNxq4+kOsdM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48t2A9oQ9lsJ+3S3STsboQQ+gs8qhfx6k/y4L9x2+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkfuZ3nlBpHkePJkvQl3QU8ZAzaqzUzAaVqltz5yCrxCtIFQo0BpWv/jBmqcTIMEG17nluYvycKsOZwGm5n2pMKJvQEfYsjahE7efzQ6fk3CpDEsbKVmTIXP09kVOpdSaDy0DaZknNWC/bM/E/r5ea8NbPeZSkBiO22BWmgpiYzB4nQ66QGZFZQpni9lzCxlRRZmw8ZZuDt/z1Kmlf1Ty35jWvq/W7IpESnMIZXIAHN1CHB2hACxggPMMrvDnSeXHenY9F65pTzJzAHzifP82Djgo=</latexit><latexit sha1_base64="vTex+z3vKDu9L+ijfNxq4+kOsdM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48t2A9oQ9lsJ+3S3STsboQQ+gs8qhfx6k/y4L9x2+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkfuZ3nlBpHkePJkvQl3QU8ZAzaqzUzAaVqltz5yCrxCtIFQo0BpWv/jBmqcTIMEG17nluYvycKsOZwGm5n2pMKJvQEfYsjahE7efzQ6fk3CpDEsbKVmTIXP09kVOpdSaDy0DaZknNWC/bM/E/r5ea8NbPeZSkBiO22BWmgpiYzB4nQ66QGZFZQpni9lzCxlRRZmw8ZZuDt/z1Kmlf1Ty35jWvq/W7IpESnMIZXIAHN1CHB2hACxggPMMrvDnSeXHenY9F65pTzJzAHzifP82Djgo=</latexit><latexit sha1_base64="vTex+z3vKDu9L+ijfNxq4+kOsdM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48t2A9oQ9lsJ+3S3STsboQQ+gs8qhfx6k/y4L9x2+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkfuZ3nlBpHkePJkvQl3QU8ZAzaqzUzAaVqltz5yCrxCtIFQo0BpWv/jBmqcTIMEG17nluYvycKsOZwGm5n2pMKJvQEfYsjahE7efzQ6fk3CpDEsbKVmTIXP09kVOpdSaDy0DaZknNWC/bM/E/r5ea8NbPeZSkBiO22BWmgpiYzB4nQ66QGZFZQpni9lzCxlRRZmw8ZZuDt/z1Kmlf1Ty35jWvq/W7IpESnMIZXIAHN1CHB2hACxggPMMrvDnSeXHenY9F65pTzJzAHzifP82Djgo=</latexit><latexit sha1_base64="vTex+z3vKDu9L+ijfNxq4+kOsdM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48t2A9oQ9lsJ+3S3STsboQQ+gs8qhfx6k/y4L9x2+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkfuZ3nlBpHkePJkvQl3QU8ZAzaqzUzAaVqltz5yCrxCtIFQo0BpWv/jBmqcTIMEG17nluYvycKsOZwGm5n2pMKJvQEfYsjahE7efzQ6fk3CpDEsbKVmTIXP09kVOpdSaDy0DaZknNWC/bM/E/r5ea8NbPeZSkBiO22BWmgpiYzB4nQ66QGZFZQpni9lzCxlRRZmw8ZZuDt/z1Kmlf1Ty35jWvq/W7IpESnMIZXIAHN1CHB2hACxggPMMrvDnSeXHenY9F65pTzJzAHzifP82Djgo=</latexit>

Cw =

    5.0000    -10.4103
  -10.4103   30.0000	

mu =	

     3
     1

rhoXY =	-0.8500 	

fW(w) = A
<latexit sha1_base64="C+h5urC2TQ2oIOOzUwne9BX0M4w=">AAACAnicbVDLSgMxFM3UV62vUcGNm2ARKkiZEUE3QtWNywr2Ae0wZNJMG5pkhiSjlHF2folLdSNu/Q0X/o3ptAttPXC5h3PuJTcniBlV2nG+rcLC4tLySnG1tLa+sbllb+80VZRITBo4YpFsB0gRRgVpaKoZaceSIB4w0gqG12O/dU+kopG406OYeBz1BQ0pRtpIvr0X+mk3CGErq+T9ITuCF/DSt8tO1ckB54k7JWUwRd23v7q9CCecCI0ZUqrjOrH2UiQ1xYxkpW6iSIzwEPVJx1CBOFFemt+fwUOj9GAYSVNCw1z9vZEirtSIB8cBN8Mc6YGatcfif14n0eG5l1IRJ5oIPHkrTBjUERznAXtUEqzZyBCEJTXnQjxAEmFtUiuZHNzZX8+T5knVdaru7Wm5djVNpAj2wQGoABecgRq4AXXQABg8gmfwCt6sJ+vFerc+JqMFa7qzC/7A+vwBwhqVrg==</latexit><latexit sha1_base64="C+h5urC2TQ2oIOOzUwne9BX0M4w=">AAACAnicbVDLSgMxFM3UV62vUcGNm2ARKkiZEUE3QtWNywr2Ae0wZNJMG5pkhiSjlHF2folLdSNu/Q0X/o3ptAttPXC5h3PuJTcniBlV2nG+rcLC4tLySnG1tLa+sbllb+80VZRITBo4YpFsB0gRRgVpaKoZaceSIB4w0gqG12O/dU+kopG406OYeBz1BQ0pRtpIvr0X+mk3CGErq+T9ITuCF/DSt8tO1ckB54k7JWUwRd23v7q9CCecCI0ZUqrjOrH2UiQ1xYxkpW6iSIzwEPVJx1CBOFFemt+fwUOj9GAYSVNCw1z9vZEirtSIB8cBN8Mc6YGatcfif14n0eG5l1IRJ5oIPHkrTBjUERznAXtUEqzZyBCEJTXnQjxAEmFtUiuZHNzZX8+T5knVdaru7Wm5djVNpAj2wQGoABecgRq4AXXQABg8gmfwCt6sJ+vFerc+JqMFa7qzC/7A+vwBwhqVrg==</latexit><latexit sha1_base64="C+h5urC2TQ2oIOOzUwne9BX0M4w=">AAACAnicbVDLSgMxFM3UV62vUcGNm2ARKkiZEUE3QtWNywr2Ae0wZNJMG5pkhiSjlHF2folLdSNu/Q0X/o3ptAttPXC5h3PuJTcniBlV2nG+rcLC4tLySnG1tLa+sbllb+80VZRITBo4YpFsB0gRRgVpaKoZaceSIB4w0gqG12O/dU+kopG406OYeBz1BQ0pRtpIvr0X+mk3CGErq+T9ITuCF/DSt8tO1ckB54k7JWUwRd23v7q9CCecCI0ZUqrjOrH2UiQ1xYxkpW6iSIzwEPVJx1CBOFFemt+fwUOj9GAYSVNCw1z9vZEirtSIB8cBN8Mc6YGatcfif14n0eG5l1IRJ5oIPHkrTBjUERznAXtUEqzZyBCEJTXnQjxAEmFtUiuZHNzZX8+T5knVdaru7Wm5djVNpAj2wQGoABecgRq4AXXQABg8gmfwCt6sJ+vFerc+JqMFa7qzC/7A+vwBwhqVrg==</latexit><latexit sha1_base64="C+h5urC2TQ2oIOOzUwne9BX0M4w=">AAACAnicbVDLSgMxFM3UV62vUcGNm2ARKkiZEUE3QtWNywr2Ae0wZNJMG5pkhiSjlHF2folLdSNu/Q0X/o3ptAttPXC5h3PuJTcniBlV2nG+rcLC4tLySnG1tLa+sbllb+80VZRITBo4YpFsB0gRRgVpaKoZaceSIB4w0gqG12O/dU+kopG406OYeBz1BQ0pRtpIvr0X+mk3CGErq+T9ITuCF/DSt8tO1ckB54k7JWUwRd23v7q9CCecCI0ZUqrjOrH2UiQ1xYxkpW6iSIzwEPVJx1CBOFFemt+fwUOj9GAYSVNCw1z9vZEirtSIB8cBN8Mc6YGatcfif14n0eG5l1IRJ5oIPHkrTBjUERznAXtUEqzZyBCEJTXnQjxAEmFtUiuZHNzZX8+T5knVdaru7Wm5djVNpAj2wQGoABecgRq4AXXQABg8gmfwCt6sJ+vFerc+JqMFa7qzC/7A+vwBwhqVrg==</latexit>
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A = 0.00235
A = 0.0117
A = 0.0211

Cw =

    7.0000    1.7500
    1.7500    7.0000	

mu =

    -4
     4	

rhoXY	=	0.2500	

x
<latexit sha1_base64="O7w4A/8av0clerkRPXge78gbmcA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgQUoigh6LXjy2YD+gDWWznbRLdzdhdyOW0F/gUb2IV3+SB/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx3cxvP6LSLJYPZpJgIMhQsohRYqzUeOqXK17Vm8NdJX5OKpCj3i9/9QYxTQVKQznRuut7iQkyogyjHKelXqoxIXRMhti1VBKBOsjmh07dM6sM3ChWtqRx5+rviYwIrScivAiFbRbEjPSyPRP/87qpiW6CjMkkNSjpYleUctfE7uxxd8AUUsMnlhCqmD3XpSOiCDU2npLNwV/+epW0Lqu+V/UbV5XabZ5IEU7gFM7Bh2uowT3UoQkUEJ7hFd4c4bw4787HorXg5DPH8AfO5w/L/I4J</latexit><latexit sha1_base64="O7w4A/8av0clerkRPXge78gbmcA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgQUoigh6LXjy2YD+gDWWznbRLdzdhdyOW0F/gUb2IV3+SB/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx3cxvP6LSLJYPZpJgIMhQsohRYqzUeOqXK17Vm8NdJX5OKpCj3i9/9QYxTQVKQznRuut7iQkyogyjHKelXqoxIXRMhti1VBKBOsjmh07dM6sM3ChWtqRx5+rviYwIrScivAiFbRbEjPSyPRP/87qpiW6CjMkkNSjpYleUctfE7uxxd8AUUsMnlhCqmD3XpSOiCDU2npLNwV/+epW0Lqu+V/UbV5XabZ5IEU7gFM7Bh2uowT3UoQkUEJ7hFd4c4bw4787HorXg5DPH8AfO5w/L/I4J</latexit><latexit sha1_base64="O7w4A/8av0clerkRPXge78gbmcA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgQUoigh6LXjy2YD+gDWWznbRLdzdhdyOW0F/gUb2IV3+SB/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx3cxvP6LSLJYPZpJgIMhQsohRYqzUeOqXK17Vm8NdJX5OKpCj3i9/9QYxTQVKQznRuut7iQkyogyjHKelXqoxIXRMhti1VBKBOsjmh07dM6sM3ChWtqRx5+rviYwIrScivAiFbRbEjPSyPRP/87qpiW6CjMkkNSjpYleUctfE7uxxd8AUUsMnlhCqmD3XpSOiCDU2npLNwV/+epW0Lqu+V/UbV5XabZ5IEU7gFM7Bh2uowT3UoQkUEJ7hFd4c4bw4787HorXg5DPH8AfO5w/L/I4J</latexit><latexit sha1_base64="O7w4A/8av0clerkRPXge78gbmcA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgQUoigh6LXjy2YD+gDWWznbRLdzdhdyOW0F/gUb2IV3+SB/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx3cxvP6LSLJYPZpJgIMhQsohRYqzUeOqXK17Vm8NdJX5OKpCj3i9/9QYxTQVKQznRuut7iQkyogyjHKelXqoxIXRMhti1VBKBOsjmh07dM6sM3ChWtqRx5+rviYwIrScivAiFbRbEjPSyPRP/87qpiW6CjMkkNSjpYleUctfE7uxxd8AUUsMnlhCqmD3XpSOiCDU2npLNwV/+epW0Lqu+V/UbV5XabZ5IEU7gFM7Bh2uowT3UoQkUEJ7hFd4c4bw4787HorXg5DPH8AfO5w/L/I4J</latexit>

y
<latexit sha1_base64="vTex+z3vKDu9L+ijfNxq4+kOsdM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48t2A9oQ9lsJ+3S3STsboQQ+gs8qhfx6k/y4L9x2+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkfuZ3nlBpHkePJkvQl3QU8ZAzaqzUzAaVqltz5yCrxCtIFQo0BpWv/jBmqcTIMEG17nluYvycKsOZwGm5n2pMKJvQEfYsjahE7efzQ6fk3CpDEsbKVmTIXP09kVOpdSaDy0DaZknNWC/bM/E/r5ea8NbPeZSkBiO22BWmgpiYzB4nQ66QGZFZQpni9lzCxlRRZmw8ZZuDt/z1Kmlf1Ty35jWvq/W7IpESnMIZXIAHN1CHB2hACxggPMMrvDnSeXHenY9F65pTzJzAHzifP82Djgo=</latexit><latexit sha1_base64="vTex+z3vKDu9L+ijfNxq4+kOsdM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48t2A9oQ9lsJ+3S3STsboQQ+gs8qhfx6k/y4L9x2+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkfuZ3nlBpHkePJkvQl3QU8ZAzaqzUzAaVqltz5yCrxCtIFQo0BpWv/jBmqcTIMEG17nluYvycKsOZwGm5n2pMKJvQEfYsjahE7efzQ6fk3CpDEsbKVmTIXP09kVOpdSaDy0DaZknNWC/bM/E/r5ea8NbPeZSkBiO22BWmgpiYzB4nQ66QGZFZQpni9lzCxlRRZmw8ZZuDt/z1Kmlf1Ty35jWvq/W7IpESnMIZXIAHN1CHB2hACxggPMMrvDnSeXHenY9F65pTzJzAHzifP82Djgo=</latexit><latexit sha1_base64="vTex+z3vKDu9L+ijfNxq4+kOsdM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48t2A9oQ9lsJ+3S3STsboQQ+gs8qhfx6k/y4L9x2+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkfuZ3nlBpHkePJkvQl3QU8ZAzaqzUzAaVqltz5yCrxCtIFQo0BpWv/jBmqcTIMEG17nluYvycKsOZwGm5n2pMKJvQEfYsjahE7efzQ6fk3CpDEsbKVmTIXP09kVOpdSaDy0DaZknNWC/bM/E/r5ea8NbPeZSkBiO22BWmgpiYzB4nQ66QGZFZQpni9lzCxlRRZmw8ZZuDt/z1Kmlf1Ty35jWvq/W7IpESnMIZXIAHN1CHB2hACxggPMMrvDnSeXHenY9F65pTzJzAHzifP82Djgo=</latexit><latexit sha1_base64="vTex+z3vKDu9L+ijfNxq4+kOsdM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48t2A9oQ9lsJ+3S3STsboQQ+gs8qhfx6k/y4L9x2+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkfuZ3nlBpHkePJkvQl3QU8ZAzaqzUzAaVqltz5yCrxCtIFQo0BpWv/jBmqcTIMEG17nluYvycKsOZwGm5n2pMKJvQEfYsjahE7efzQ6fk3CpDEsbKVmTIXP09kVOpdSaDy0DaZknNWC/bM/E/r5ea8NbPeZSkBiO22BWmgpiYzB4nQ66QGZFZQpni9lzCxlRRZmw8ZZuDt/z1Kmlf1Ty35jWvq/W7IpESnMIZXIAHN1CHB2hACxggPMMrvDnSeXHenY9F65pTzJzAHzifP82Djgo=</latexit>

fW(w) = A
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Bivariate Gaussian Contours of Constant Density

Contours of Constant Density: Example 1

The first example in the left image is for a bivariate Gaussian with parameters:

µW =

[
3
1

]
, CW =

[
5 −10.4013

−10.4013 30

]
, where ρX ,Y = −0.85.

Notice that contours of constant density are centered on the mean [3, 1]T .

The axes of the new coordinate system are indicated by the cross-hair black dash-dot lines.

These cross-hairs are colinear with basis vectors q1 and q2.

The spread of the PDF about these axes is determined by λ1 and λ2.

Three level density contours are illustrated: one for 0.1, 0.5, and 0.9 times the maximum value the
density assumes (namely, |2πCW |−1/2).

Note that a correlation coefficient of ρX ,Y = −0.85 suggests a strong linear dependence with points
clustering in the “quadrants” II and IV. This interpretation is consistent with “quadrants” of the
coordinate axes of the original system when relocated to center on µW .
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Bivariate Gaussian Contours of Constant Density

Contours of Constant Density: Example 2

The second example in the right image is for a bivariate Gaussian with parameters:

µW =

[
−4
4

]
, CW =

[
7 1.75

1.75 7

]
, where ρX ,Y = 0.25.

The contours of constant density are centered on the mean [−4, 4]T .

The axes of the new coordinate system are indicated by the cross-hair black dash-dot lines.

These cross-hairs are colinear with basis vectors q1 and q2.

The spread of the PDF about these axes is determined by λ1 and λ2.

Three level density contours are illustrated: one for 0.1, 0.5, and 0.9 times the maximum value the
density assumes.

A correlation coefficient of ρX ,Y = 0.25 suggests a weak linear dependence with points clustering more
so in the “quadrants” I and III. This interpretation is consistent with “quadrants” of the coordinate
axes of the original system when relocated to center on µW .
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Bivariate Gaussian MGF

MGF of Bivariate Gaussian*

We want to determine the MGF for W ∼ N(µW ,CW ). Recall that

1 =

∫

SW

fW(w)dw =⇒
∫

SW

exp

[
−1

2
(w − µW )TC−1

W (w − µW )

]
dw = |2πCW |1/2. (23)

Interestingly, this integral converges no matter the actual value of µW .

The bivariate MGF for vector W = [X ,Y ]T is defined as

ϕX ,Y (sx , sy ) = E{esxX+syY } = E{esTW} = ϕW(s)

where the frequency vector s = [sx , sy ]
T .

Consider
ϕW(s) =

∫

SW

es
TwfW(w)dw = |2πCW |−1/2

∫

SW

exp[Arg1]dw where,

Arg1 = sTw − 1

2

[
wTC−1

W w −wTC−1
W µW − µT

WC−1
W w + µT

WC−1
W µW

]

= −1

2

[
wTC−1

W w − 2
(
µT

WC−1
W + sT

)
w + µT

WC−1
W µW

]

= −1

2

[
wTC−1

W w − 2
(
µT

W + sTCW

)
C−1

W w + µT
WC−1

W µW

]
.
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Bivariate Gaussian MGF

MGF of Bivariate Gaussian*

Now by completing the square in w we obtain

Arg1 = −
1

2

{
[w − (µW + CW s)]T C−1

W [w − (µW + CW s)]

−(µW + CW s)TC−1
W (µW + CW s) + µT

WC−1
W µW

}
.

Thus, integral for MGF can be written as

ϕW(s) = |2πCW |−1/2 exp

[
1

2
(µW + CW s)TC−1

W (µW + CW s)− 1

2
µT

WC−1
W µW

]

×
∫

SW

exp

(
−1

2

{
[w − (µW + CW s)]T C−1

W [w − (µW + CW s)]
})

dw.

This integral can be evaluated using the integral identity in (23) =⇒

ϕW(s) = |2πCW |−1/2 exp

[
1

2
Arg2

]
× |2πCW |1/2, where

Arg2 = (µW + CW s)TC−1
W (µW + CW s)− µT

WC−1
W µW

= µT
WC−1

W µW + µT
WC−1

W CW s+ sTCWC−1
W µW + sTCWC−1

W CW s− µT
WC−1

W µW

= 2sTµW + sTCW s.
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Bivariate Gaussian MGF

MGF of Bivariate Gaussian*

Thus, we conclude that the MGF for the bivariate Gaussian is

ϕW(s) = exp

[
sTµW +

1

2
sTCW s

]
for all s ∈ C2 (24)

The form of ϕW(s) is similar to the univariate MGF in (17), but represents a
bivariate extension.

We will discover that (24) is the general form of the MGF for a multivariate
Gaussian distribution that we will soon define;

namely, when we consider n joint random variables W = [X1,X2, . . . ,Xn]T with mean
vector µW = [µX1

, µX2
, . . . , µXn ]

T and n × n covariance matrix CW , and frequency vector

s = [s1, s2, . . . , sn]T .
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Bivariate Gaussian MGF

Example: 2-D Uniform PDF

Recall joint PDF example in (4) where we showed that the marginal PDFs are

fX (x) =

{ 1

b − a
, a ≤ x ≤ b

0, Otherwise.
fY (y) =

{ 1

d − c
, c ≤ y ≤ d

0, Otherwise.

From this, we also know that the product is fX (x) · fX ,Y (x , y)

If pair of r.v.’s (X ,Y ) are independent, then they are uncorrelated:

E [XY ] =

∫ ∞

−∞

∫ ∞

−∞
xy · fX ,Y (x , y)dxdy =

∫ ∞

−∞

∫ ∞

−∞
xy · fX (x) · fY (y)dxdy

=

∫ ∞

−∞
x · fX (x)dx ·

∫ ∞

−∞
y · fY (y)dy = E [X ] · E [Y ]

=⇒ Cov(X ,Y ) = E [XY ]− E [X ] · E [Y ] = 0.

If pair of r.v.’s (X ,Y ) are uncorrelated, then they are not necessarily independent.
Such was illustrated in the example of equation (16).

Independence is a much stronger statement than uncorrelatedness.
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Bivariate Gaussian MGF

Sums of Independent Random Variables

If pair of r.v.’s (X ,Y ) are independent, then Cov(X ,Y ) = 0 and by (12) it follows:

Var[X + Y ] = Var[X ] + Var[Y ]. (25)

Consider n independent r.v.’s X1,X2, . . . ,Xn. By (25) we can establish

Var[X1 + X2 + · · ·+ Xn] = Var[X1] + Var[X2] + · · ·+ Var[Xn−1] + Var[Xn] (26)

i.e. the variance of a sum of independent r.v.’s is the sum of the variances.

If r.v.’s X and Y are independent, then given functions g(X ) and q(Y ) =⇒

E [g(X ) · q(Y )] =

∫ ∞

−∞

∫ ∞

−∞
g(x) · q(y) · fX ,Y (x , y) dx dy

=

∫ ∞

−∞

∫ ∞

−∞
g(x) · q(y) · fX (x)fY (y) dx dy

=

∫ ∞

−∞
g(x) · fX (x) dx

∫ ∞

−∞
q(y) · fY (y) dy

= E [g(X )] · E [q(Y )]. (27)
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Bivariate Gaussian MGF

Sums of Independent Random Variables
Consider W = X + Y where r.v. pair (X ,Y ) ∼ fX ,Y = fX · fY .

The MGF for W follows from

ϕW (s) = E [esW ] = E [es(X+Y )] = E [esX · esY ] = E [esX ] · E [esY ] = ϕX (s) · ϕY (s)

=

∫ ∞

−∞
fX (x)e

sx dx ·
∫ ∞

−∞
fY (y)esy dy =

∫ ∞

−∞
fX (x) dx

∫ ∞

−∞
fY (y)es(x+y) dy ,

where the fourth equality follows from (27), i.e. independence between X and Y ;

Change variables from y to w = x + y for fixed x ; thus, dy = dw , y = w − x =⇒

ϕW (s) =

∫ ∞

−∞
fX (x) dx

∫ ∞

−∞
fY (w − x)esw dw

=

∫ ∞

−∞

[∫ ∞

−∞
fX (x)fY (w − x) dx

]
esw dw =

∫ ∞

−∞
fW (w)esw dw = E [esW ]

Since the Laplace transform is unique, fW (w) is equal to integrand in brackets [·].
Thus, PDF of sum of two independent r.v.’s is given by convolution of their PDFs:

fW (w) =

∫ ∞

−∞
fX (x)fY (w − x) dx .

Try finding fW when X ∼ boxx (0, 1), Y ∼ boxx (0, 1), i.e. both uniform on [0, 1] and independent.
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Conditioning

Conditioning on Discrete Random Variables

Conditional probabilities naturally update a model based on new information.

Conditional probability of event A given that B has occurred is

Pr(A|B) = Pr(A ∩ B)
Pr(B) , for Pr(B) ̸= 0. (28)

It follows that
Pr(A ∩ B) = Pr(B) Pr(A|B). (29)

Given discrete r.v. X and event B ⊆ SX with Pr(B) > 0, one gets a conditional PMF:
Consider event A = {X = x}; by (28) it follows that

PX |B(x) = Pr(X = x |B) = Pr({X = x} ∩ {x ∈ B})
Pr(B) =


PX (x)

Pr(B) , x ∈ B
0, Otherwise

Notational convention for a conditional PMF given event B is PX |B
Note that updated model satisfies all axioms, e.g.

∑
x∈SX

PX |B(x) = 1.
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Conditioning

Conditioning on Multiple Discrete Random Variables*

The conditional expectation of function g(X ) given event B can be defined as

E [g(X )|B] =
∑

x∈SX

g(x) · PX |B(x). (30)

i.e. the same as unconditional definition, but using conditional PMF.

This idea extends to paired r.v. (X ,Y ) ∼ PX ,Y by choosing the event A = {X = x ,Y = y}
Conditional joint PMF is also obtained using (28):

PX ,Y |B(x , y) = Pr(X = x ,Y = y |B) = Pr({X = x ,Y = y} ∩ {(x , y) ∈ B})
Pr(B)

=


PX ,Y (x , y)

Pr(B) , (x , y) ∈ B
0, Otherwise

(31)

Conditional expectation of function g(X ,Y ) given event B defined as

E [g(X ,Y )|B] =
∑

(x,y)∈SX,Y

g(x , y) · PX ,Y |B(x , y).
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Conditioning

Example: Uniform PMF

Consider a discrete r.v. X ∼ PX (x) such that

PX (x) =





1

10
, x = 1, 2, 3, . . . , 10

0, Otherwise. .	.	.	0
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3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

�1<latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit>

.	.	.	

PX(x)
<latexit sha1_base64="V4YFMM+4OKUQoOLSALVLAtVeJQQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSs95rV57OeqWyV/VmwMvEz0kZctR7pa9uX9E0ZtJSQYzp+F5ig4xoy6lgk2I3NSwhdEQGrOOoJDEzQTa7doJPndLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URldBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKroQ/MWXl0nzvOp7Vf/uoly7zuMowDGcQAV8uIQa3EIdGkDhAZ7hFd6QQi/oHX3MW1dQPnMEf4A+fwCtKo6G</latexit><latexit sha1_base64="V4YFMM+4OKUQoOLSALVLAtVeJQQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSs95rV57OeqWyV/VmwMvEz0kZctR7pa9uX9E0ZtJSQYzp+F5ig4xoy6lgk2I3NSwhdEQGrOOoJDEzQTa7doJPndLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URldBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKroQ/MWXl0nzvOp7Vf/uoly7zuMowDGcQAV8uIQa3EIdGkDhAZ7hFd6QQi/oHX3MW1dQPnMEf4A+fwCtKo6G</latexit><latexit sha1_base64="V4YFMM+4OKUQoOLSALVLAtVeJQQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSs95rV57OeqWyV/VmwMvEz0kZctR7pa9uX9E0ZtJSQYzp+F5ig4xoy6lgk2I3NSwhdEQGrOOoJDEzQTa7doJPndLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URldBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKroQ/MWXl0nzvOp7Vf/uoly7zuMowDGcQAV8uIQa3EIdGkDhAZ7hFd6QQi/oHX3MW1dQPnMEf4A+fwCtKo6G</latexit><latexit sha1_base64="V4YFMM+4OKUQoOLSALVLAtVeJQQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSs95rV57OeqWyV/VmwMvEz0kZctR7pa9uX9E0ZtJSQYzp+F5ig4xoy6lgk2I3NSwhdEQGrOOoJDEzQTa7doJPndLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URldBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKroQ/MWXl0nzvOp7Vf/uoly7zuMowDGcQAV8uIQa3EIdGkDhAZ7hFd6QQi/oHX3MW1dQPnMEf4A+fwCtKo6G</latexit>

x<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>≈ 8
<latexit sha1_base64="BDBu2PlRXpUTiTshuiSeBuFv0gw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6k/vdR1Sax/LBzBL0IzqWPOSMGivdNyrDas2tuwuQv8QrSA0KtIbVz8EoZmmE0jBBte57bmL8jCrDmcB5ZZBqTCib0jH2LZU0Qu1ni0vn5MwqIxLGypY0ZKH+nMhopPUsCmxnRM1Er3q5+J/XT03Y8DMuk9SgZMtFYSqIiUn+NhlxhcyImSWUKW5vJWxCFWXGhpOH4K2+/Jd0LuqeW/fuLmvN6yKOMpzAKZyDB1fQhFtoQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgGuX2M0A==</latexit><latexit sha1_base64="BDBu2PlRXpUTiTshuiSeBuFv0gw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6k/vdR1Sax/LBzBL0IzqWPOSMGivdNyrDas2tuwuQv8QrSA0KtIbVz8EoZmmE0jBBte57bmL8jCrDmcB5ZZBqTCib0jH2LZU0Qu1ni0vn5MwqIxLGypY0ZKH+nMhopPUsCmxnRM1Er3q5+J/XT03Y8DMuk9SgZMtFYSqIiUn+NhlxhcyImSWUKW5vJWxCFWXGhpOH4K2+/Jd0LuqeW/fuLmvN6yKOMpzAKZyDB1fQhFtoQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgGuX2M0A==</latexit><latexit sha1_base64="BDBu2PlRXpUTiTshuiSeBuFv0gw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6k/vdR1Sax/LBzBL0IzqWPOSMGivdNyrDas2tuwuQv8QrSA0KtIbVz8EoZmmE0jBBte57bmL8jCrDmcB5ZZBqTCib0jH2LZU0Qu1ni0vn5MwqIxLGypY0ZKH+nMhopPUsCmxnRM1Er3q5+J/XT03Y8DMuk9SgZMtFYSqIiUn+NhlxhcyImSWUKW5vJWxCFWXGhpOH4K2+/Jd0LuqeW/fuLmvN6yKOMpzAKZyDB1fQhFtoQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgGuX2M0A==</latexit><latexit sha1_base64="BDBu2PlRXpUTiTshuiSeBuFv0gw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6k/vdR1Sax/LBzBL0IzqWPOSMGivdNyrDas2tuwuQv8QrSA0KtIbVz8EoZmmE0jBBte57bmL8jCrDmcB5ZZBqTCib0jH2LZU0Qu1ni0vn5MwqIxLGypY0ZKH+nMhopPUsCmxnRM1Er3q5+J/XT03Y8DMuk9SgZMtFYSqIiUn+NhlxhcyImSWUKW5vJWxCFWXGhpOH4K2+/Jd0LuqeW/fuLmvN6yKOMpzAKZyDB1fQhFtoQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgGuX2M0A==</latexit>

9
<latexit sha1_base64="0wlyq1wRDn0bhkyQbZG7W0BY0mA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46ZfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eZxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHhr2MvQ==</latexit><latexit sha1_base64="0wlyq1wRDn0bhkyQbZG7W0BY0mA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46ZfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eZxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHhr2MvQ==</latexit><latexit sha1_base64="0wlyq1wRDn0bhkyQbZG7W0BY0mA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46ZfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eZxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHhr2MvQ==</latexit><latexit sha1_base64="0wlyq1wRDn0bhkyQbZG7W0BY0mA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46ZfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eZxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHhr2MvQ==</latexit>

10
<latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit>

.	.	.	

1
10

<latexit sha1_base64="Mir+rUwDZ+/9VNnkaDz0s6xTAE8=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AVPJVEBD0WvXisYD+gCWWz3bRLd5OwuxHLEvCvePGgiFd/hzf/jds2B219MPB4b4aZeWHKqFSu+22VVlbX1jfKm5Wt7Z3dPXv/oC2TTGDSwglLRDdEkjAak5aiipFuKgjiISOdcHwz9TsPREiaxPdqkpKAo2FMI4qRMlLfPvJ5mDzqmh8JhLWXa8/Na3nfrrp1dwZnmXgFqUKBZt/+8gcJzjiJFWZIyp7npirQSCiKGckrfiZJivAYDUnP0BhxIgM9Oz93To0ycKJEmIqVM1N/T2jEpZzw0HRypEZy0ZuK/3m9TEVXgaZxmikS4/miKGOOSpxpFs6ACoIVmxiCsKDmVgePkAlCmcQqJgRv8eVl0j6ve27du7uoNq6LOMpwDCdwBh5cQgNuoQktwKDhGV7hzXqyXqx362PeWrKKmUP4A+vzB67xlUk=</latexit><latexit sha1_base64="Mir+rUwDZ+/9VNnkaDz0s6xTAE8=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AVPJVEBD0WvXisYD+gCWWz3bRLd5OwuxHLEvCvePGgiFd/hzf/jds2B219MPB4b4aZeWHKqFSu+22VVlbX1jfKm5Wt7Z3dPXv/oC2TTGDSwglLRDdEkjAak5aiipFuKgjiISOdcHwz9TsPREiaxPdqkpKAo2FMI4qRMlLfPvJ5mDzqmh8JhLWXa8/Na3nfrrp1dwZnmXgFqUKBZt/+8gcJzjiJFWZIyp7npirQSCiKGckrfiZJivAYDUnP0BhxIgM9Oz93To0ycKJEmIqVM1N/T2jEpZzw0HRypEZy0ZuK/3m9TEVXgaZxmikS4/miKGOOSpxpFs6ACoIVmxiCsKDmVgePkAlCmcQqJgRv8eVl0j6ve27du7uoNq6LOMpwDCdwBh5cQgNuoQktwKDhGV7hzXqyXqx362PeWrKKmUP4A+vzB67xlUk=</latexit><latexit sha1_base64="Mir+rUwDZ+/9VNnkaDz0s6xTAE8=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AVPJVEBD0WvXisYD+gCWWz3bRLd5OwuxHLEvCvePGgiFd/hzf/jds2B219MPB4b4aZeWHKqFSu+22VVlbX1jfKm5Wt7Z3dPXv/oC2TTGDSwglLRDdEkjAak5aiipFuKgjiISOdcHwz9TsPREiaxPdqkpKAo2FMI4qRMlLfPvJ5mDzqmh8JhLWXa8/Na3nfrrp1dwZnmXgFqUKBZt/+8gcJzjiJFWZIyp7npirQSCiKGckrfiZJivAYDUnP0BhxIgM9Oz93To0ycKJEmIqVM1N/T2jEpZzw0HRypEZy0ZuK/3m9TEVXgaZxmikS4/miKGOOSpxpFs6ACoIVmxiCsKDmVgePkAlCmcQqJgRv8eVl0j6ve27du7uoNq6LOMpwDCdwBh5cQgNuoQktwKDhGV7hzXqyXqx362PeWrKKmUP4A+vzB67xlUk=</latexit><latexit sha1_base64="Mir+rUwDZ+/9VNnkaDz0s6xTAE8=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AVPJVEBD0WvXisYD+gCWWz3bRLd5OwuxHLEvCvePGgiFd/hzf/jds2B219MPB4b4aZeWHKqFSu+22VVlbX1jfKm5Wt7Z3dPXv/oC2TTGDSwglLRDdEkjAak5aiipFuKgjiISOdcHwz9TsPREiaxPdqkpKAo2FMI4qRMlLfPvJ5mDzqmh8JhLWXa8/Na3nfrrp1dwZnmXgFqUKBZt/+8gcJzjiJFWZIyp7npirQSCiKGckrfiZJivAYDUnP0BhxIgM9Oz93To0ycKJEmIqVM1N/T2jEpZzw0HRypEZy0ZuK/3m9TEVXgaZxmikS4/miKGOOSpxpFs6ACoIVmxiCsKDmVgePkAlCmcQqJgRv8eVl0j6ve27du7uoNq6LOMpwDCdwBh5cQgNuoQktwKDhGV7hzXqyXqx362PeWrKKmUP4A+vzB67xlUk=</latexit>

11<latexit sha1_base64="BsgeeKyw7xDioOYqPUXs0bW7Q3M=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyIoMegF49RzAOSJcxOZpMhs7PLTK8QQv7AiwdFvPpH3vwbJ8keNLGgoajqprsrTJW06PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZLho8UYlph8wKJbVooEQl2qkRLA6VaIWj25nfehLGykQ/4jgVQcwGWkaSM3TSA6W9csWv+nOQVUJzUoEc9V75q9tPeBYLjVwxazvUTzGYMIOSKzEtdTMrUsZHbCA6jmoWCxtM5pdOyZlT+iRKjCuNZK7+npiw2NpxHLrOmOHQLnsz8T+vk2F0HUykTjMUmi8WRZkimJDZ26QvjeCoxo4wbqS7lfAhM4yjC6fkQqDLL6+S5kWV+lV6f1mp3eRxFOEETuEcKFxBDe6gDg3gEMEzvMKbN/JevHfvY9Fa8PKZY/gD7/MH6faM8A==</latexit><latexit sha1_base64="BsgeeKyw7xDioOYqPUXs0bW7Q3M=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyIoMegF49RzAOSJcxOZpMhs7PLTK8QQv7AiwdFvPpH3vwbJ8keNLGgoajqprsrTJW06PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZLho8UYlph8wKJbVooEQl2qkRLA6VaIWj25nfehLGykQ/4jgVQcwGWkaSM3TSA6W9csWv+nOQVUJzUoEc9V75q9tPeBYLjVwxazvUTzGYMIOSKzEtdTMrUsZHbCA6jmoWCxtM5pdOyZlT+iRKjCuNZK7+npiw2NpxHLrOmOHQLnsz8T+vk2F0HUykTjMUmi8WRZkimJDZ26QvjeCoxo4wbqS7lfAhM4yjC6fkQqDLL6+S5kWV+lV6f1mp3eRxFOEETuEcKFxBDe6gDg3gEMEzvMKbN/JevHfvY9Fa8PKZY/gD7/MH6faM8A==</latexit><latexit sha1_base64="BsgeeKyw7xDioOYqPUXs0bW7Q3M=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyIoMegF49RzAOSJcxOZpMhs7PLTK8QQv7AiwdFvPpH3vwbJ8keNLGgoajqprsrTJW06PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZLho8UYlph8wKJbVooEQl2qkRLA6VaIWj25nfehLGykQ/4jgVQcwGWkaSM3TSA6W9csWv+nOQVUJzUoEc9V75q9tPeBYLjVwxazvUTzGYMIOSKzEtdTMrUsZHbCA6jmoWCxtM5pdOyZlT+iRKjCuNZK7+npiw2NpxHLrOmOHQLnsz8T+vk2F0HUykTjMUmi8WRZkimJDZ26QvjeCoxo4wbqS7lfAhM4yjC6fkQqDLL6+S5kWV+lV6f1mp3eRxFOEETuEcKFxBDe6gDg3gEMEzvMKbN/JevHfvY9Fa8PKZY/gD7/MH6faM8A==</latexit><latexit sha1_base64="BsgeeKyw7xDioOYqPUXs0bW7Q3M=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyIoMegF49RzAOSJcxOZpMhs7PLTK8QQv7AiwdFvPpH3vwbJ8keNLGgoajqprsrTJW06PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZLho8UYlph8wKJbVooEQl2qkRLA6VaIWj25nfehLGykQ/4jgVQcwGWkaSM3TSA6W9csWv+nOQVUJzUoEc9V75q9tPeBYLjVwxazvUTzGYMIOSKzEtdTMrUsZHbCA6jmoWCxtM5pdOyZlT+iRKjCuNZK7+npiw2NpxHLrOmOHQLnsz8T+vk2F0HUykTjMUmi8WRZkimJDZ26QvjeCoxo4wbqS7lfAhM4yjC6fkQqDLL6+S5kWV+lV6f1mp3eRxFOEETuEcKFxBDe6gDg3gEMEzvMKbN/JevHfvY9Fa8PKZY/gD7/MH6faM8A==</latexit>

and consider events A = {X = x} and B = {|X − 4| ≤ 2}.
Note that Pr(A) = PX (x) and Pr(B) = Pr(2 ≤ X ≤ 6) =

∑
x=2,3,4,5,6 PX (x) =

5
10

The conditional probability of event A given event B is

Pr(A|B) =
Pr(A ∩ B)

Pr(B)

Pr(X = x | |X − 4| ≤ 2 ) =
Pr({X = x} ∩ {|X − 4| ≤ 2})

Pr(|X − 4| ≤ 2)

PX |B(x) =


PX (x)

Pr(B) =
1
10
5
10

=
1

5
, 2 ≤ x ≤ 6

0, Otherwise
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Conditioning

Example: Uniform PMF Cont.

The conditional expectation of X , X 2 and its variance given B:

E [X |B] =
∑

x∈SX

x · PX |B(x) = (2 + 3 + 4 + 5 + 6) · 1
5
=

20

5
= 4

E [X 2|B] =
∑

x∈SX

x2 · PX |B(x) = (22 + 32 + 42 + 52 + 62) · 1
5
=

90

5
= 18

Var[X |B] =
∑

x∈SX

(x − E [X |B])2 · PX |B(x) = E [X 2|B]− E [X |B]2 = 90− 80

5
=

10

5
= 2.
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Conditioning

Example: Rolling a Pair of Four-Sided Dice

Recall this discrete r.v. example discussed earlier that resulted in equation (1).

Consider events A = {(X = x) ∩ (Y = y)} and B = E2 = {X > Y }
Conditional probablity of event A given event B follows from (31):

Pr(A|B) =
Pr(A ∩ B)
Pr(B)

Pr(X = x ,Y = y | X > Y ) =
Pr({X = x ,Y = y} ∩ {X > Y })

Pr(X > Y )

PX ,Y |E2
(x , y) =





PX ,Y (x , y)

Pr(E2)
=

1
16
6
16

=
1

6
, (x , y) ∈ E2

0, Otherwise

The marginal PMFs easily follow:
PX |E2 (x) =

∑
y∈SY

PX ,Y |E2 (x , y) = ( 1
6
, 2
6
, 3
6
) for x = 2, 3, 4 respectively; otherwise PX |E2 (x) = 0.

PY |E2 (y) =
∑

x∈SX
PX ,Y |E2 (x , y) = ( 3

6
, 2
6
, 1
6
) for y = 1, 2, 3 respectively; otherwise PY |E2 (y) = 0.
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Conditioning

Example: Rolling a Pair of Four-Sided Dice Cont.

Conditional expectations can be determined by using the conditional PMFs:

E [X |E2] =
∑

x∈SX

x · PX |E2
(x) = 2 · 1

6
+ 3 · 2

6
+ 4 · 3

6
=

2 + 6 + 12

6
=

20

6
=

10

3

E [Y |E2] =
∑

y∈SY

y · PY |E2
(y) = 1 · 3

6
+ 2 · 2

6
+ 3 · 1

6
=

3 + 4 + 3

6
=

10

6
=

5

3

E [XY |E2] =
∑

(x,y)∈SX,Y

xy · PX ,Y |E2
(x , y) = (2 + 3 + 4 + 6 + 8 + 12) · 1

6
=

35

6

and the conditional covariance follows from

Cov[X ,Y |E2] = E [XY |E2]− E [X |E2] · E [Y |E2] =
35

6
− 50

9
=

105− 100

18
=

5

18
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Conditioning

Conditioning on Continuous Random Variables

Given continuous r.v. X and event B ⊆ R with Pr(B) > 0, one gets a conditional PDF:
Consider event A = {x ≤ X ≤ x + δ}; by (28) it follows that

Pr(x ≤ X ≤ x + δ|B) = Pr({x ≤ X ≤ x + δ} ∩ B)
Pr(B) =


fX (x) · δ
Pr(B) , x ∈ B

0, Otherwise

Thus, it follows that the conditional PDF given event B is

fX |B(x) =


fX (x)

Pr(B) , x ∈ B
0, Otherwise

Notational convention for a conditional PDF given event B is fX |B.

Note that updated model satisfies all axioms, e.g.
∫∞
−∞ fX |B(x)dx = 1.

The conditional expectation of function g(X ) given event B can be defined as

E [g(X )|B] =
∫ ∞

−∞
g(x) · fX |B(x)dx . (32)

Same as unconditional definition, but using conditional PDF
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Example: Exponential PDF

Consider r.v. X ∼ fX (x) = 2e−2x , x ≥ 0, and conditioning event B = {X > 1}.

Pr(B) =

∫

x∈B

fX (x)dx =

∫ ∞

1

2e−2xdx = 2

∫ −∞

−2

eu
du

−2 =

∫ −2

−∞
eudu = eu|−2

−∞ = e−2

where third equality uses change of variables u = −2x , du = −2dx . Thus,

fX |B(x) =





fX (x)

Pr(B)
, x ∈ B

0, Otherwise
=

{
2e2−2x , x > 1
0, Otherwise.

The conditional mean of X given event {X > 1} can now be determined:

E [X |B] =

∫ ∞

−∞
x · fX |B(x)dx = 2e2

∫ ∞

1
x · e−2xdx

= 2e2
[ −x

2
e−2x

∣∣∣∣∞
1

−
∫ ∞

1

−1

2
e−2xdx

]
= 2e2

[
1

2
e−2 +

1

4
e−2

]
=

3

2

where we use integration by parts with u = x , dv = e−2xdx , v = −1
2
e−2x , du = dx .
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Conditioning

Conditioning on Multiple Continuous Random Variables*

Given cont. r.v.’s (X ,Y ) and B ⊆ SX ,Y with Pr(B) > 0, define a conditional joint PDF:
Consider event A = {x ≤ X ≤ x + δx , y ≤ Y ≤ y + δy}; by (28) we have

Pr(x ≤ X ≤ x + δx , y ≤ Y ≤ y + δy |B) =
Pr({x ≤ X ≤ x + δx , y ≤ Y ≤ y + δy} ∩ B)

Pr(B)

=


fX ,Y (x , y) · δxδy

Pr(B) , (x , y) ∈ B
0, Otherwise

Thus, it follows that the conditional joint PDF given event B is

fX ,Y |B(x , y) =


fX ,Y (x , y)

Pr(B) , (x , y) ∈ B
0, Otherwise

Notational convention for a conditional PDF given event B is fX ,Y |B

Updated model satisfies all axioms, e.g.
∫∞
−∞

∫∞
−∞ fX ,Y |B(x , y)dxdy = 1.

The conditional expectation of function g(X ,Y ) given event B can be defined as

E [g(X ,Y )|B] =
∫ ∞

−∞

∫ ∞

−∞
g(x , y) · fX ,Y |B(x , y)dxdy .

Same as unconditional definition, but using conditional PDF
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Example: 2-D Uniform Joint PDF

Recall 2-D uniform r.v. described in (5), and consider finding for event
E2 = {X > Y } the conditional joint PDF fX ,Y |E2

(x).

fX ,Y |E2
(x , y) =





fX ,Y (x , y)

Pr(E2)
, (x , y) ∈ E2

0, Otherwise
=

{
2, 0 ≤ y < x ≤ 1
0, Otherwise

where Pr(E2) was calculated in (6).
The conditional marginal PDFs given E2 are obtained as

fX |E2 (x) =

∫ ∞

−∞
fX ,Y |E2 (x , y)dy =

 2

∫ x

0
dy = 2x , 0 ≤ x ≤ 1

0, Otherwise

fY |E2 (y) =

∫ ∞

−∞
fX ,Y |E2 (x , y)dx =

 2

∫ 1

y
dx = 2(1− y), 0 ≤ y ≤ 1

0, Otherwise
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Example: 2-D Uniform Joint PDF Cont.

Conditional expectations given E2 follow as

E [X |E2] =

∫ ∞

−∞
x · fX |E2

(x)dx =

∫ 1

0

x · 2xdx = 2
x3

3

∣∣∣∣
1

0

=
2

3
.

E [Y |E2] =

∫ ∞

−∞
y · fY |E2

(y)dy =

∫ 1

0

y · 2(1− y)dy = 2

∫ 1

0

(y − y2)dy

= 2

(
y2

2
− y3

3

)∣∣∣∣
1

0

= 2

(
1

2
− 1

3

)
=

2

6
=

1

3
.

E [XY |E2] =

∫ ∞

−∞

∫ ∞

−∞
xy · fX ,Y |E2

(x , y)dxdy =

∫ 1

0

dx

∫ x

0

dy · xy · 2

=

∫ 1

0

2xdx · y
2

2

∣∣∣∣
x

0

=

∫ 1

0

x3dx =
x4

4

∣∣∣∣
1

0

=
1

4
.

The conditional covariance follows from

Cov[X ,Y |E2] = E [XY |E2]− E [X |E2] · E [Y |E2] =
1

4
− 2

9
=

9− 8

36
=

1

36
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Conditioning

Conditioning on a Discrete Random Variable

Consider discrete paired r.v.’s (X ,Y ) ∼ PX ,Y (x , y) and the events
A = {X = x} and B = {Y = y} where (x , y) ∈ SX ,Y

Pr(A|B) = Pr({X = x} | {Y = y}) = Pr({X = x} ∩ {Y = y})
Pr(Y = y)

=
Pr(X = x ,Y = y)

Pr(Y = y)
=

{
PX,Y (x,y)
PY (y)

, (x , y) ∈ SX ,Y

0, Otherwise.

Thus, the conditional PMF of X given event Y = y is

PX |Y (x |y) =





PX ,Y (x , y)

PY (y)
, (x , y) ∈ SX ,Y

0, Otherwise.

Similarly, the conditional PMF of Y given event X = x is

PY |X (y |x) =
{

PX,Y (x,y)
PX (x)

, (x , y) ∈ SX ,Y

0, Otherwise.
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Example 7.15 Problem

-

6

y

x

•1
4 •1

8

•1
8

• 1
12

• 1
12

• 1
12

• 1
16

• 1
16

• 1
16

• 1
16PX,Y(x, y)

0 1 2 3 4
0

1

2

3

4

Random variables X and Y have the joint PMF

PX,Y(x, y), as given in Example 7.11 and repeated

in the accompanying graph. Find the conditional

PMF of Y given X = x for each x 2 SX.



Conditioning

Conditioning on a Continuous Random Variable

Consider continuous paired r.v.’s (X ,Y ) ∼ fX ,Y (x , y) and the events
A = {x ≤ X ≤ x + δx} and B = {y ≤ Y ≤ y + δy} where (x , y) ∈ SX ,Y

Pr(A|B) = Pr(A ∩ B)
Pr(B) = Pr({x ≤ X ≤ x + δx} | {y ≤ Y ≤ y + δy})

=
Pr({x ≤ X ≤ x + δx} ∩ {y ≤ Y ≤ y + δy})

Pr(y ≤ Y ≤ y + δy )
=

Pr(x ≤ X ≤ x + δx , y ≤ Y ≤ y + δy )

Pr(y ≤ Y ≤ y + δy )

=

{
fX,Y (x,y)·δxδy

fY (y)·δy , (x , y) ∈ SX ,Y

0, Otherwise
=

{
fX,Y (x,y)
fY (y)

· δx , (x , y) ∈ SX ,Y

0, Otherwise.

Thus, the conditional PDF of X given event Y = y is

fX |Y (x |y) =





fX ,Y (x , y)

fY (y)
, (x , y) ∈ SX ,Y

0, Otherwise.
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Conditioning

Conditioning on a Continuous Random Variable*

Similarly, the conditional PDF of Y given event X = x is

fY |X (y |x) =





fX ,Y (x , y)

fX (x)
, (x , y) ∈ SX ,Y

0, Otherwise.

Example: (Prob. 7.4.6. Yates/Goodman) Consider (X ,Y ) ∼ fX ,Y (x , y) where

fX ,Y (x , y) =

{
4x + 2y

3
, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1

0, otherwise.

Determine fY |X (y |x) and E [Y |X ].
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Conditioning

Some Useful Relationships for PMFs and PDFs

Recall that the chain rule says Pr(AB) = Pr(A) Pr(B|A) for events A,B.

For a joint PMF or PDF, the chain rule implies that:

PX ,Y (x , y) = PX (x)PY |X (y |x) = PY (y)PX |Y (x |y),
fX ,Y (x , y) = fX (x)fY |X (y |x) = fY (y)fX |Y (x |y),

that follow from the definitions of conditional PMFs and PDFs.

Comparing these to (9), it follows that if X and Y are independent if and only if

PY |X (y |x) = PY (y), PX |Y (x |y) = PX (x) (discrete r.v.’s)
fY |X (y |x) = fY (y), fX |Y (x |y) = fX (x) (continuous r.v.’s)
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Expectations Conditioned on a Random Variable

From (30) and (32) with B = {Y = y}, the conditional mean of g(X ,Y ) given Y = y is

E [g(X ,Y )|Y = y ] =
∑

x∈SX

g(x , y)PX |Y (x |y), E [g(X ,Y )|Y = y ] =

∫ ∞

−∞
g(x , y)fX |Y (x |y)dx

Note that if g(x , y) = x , then

E [X |Y = y ] =
∑
x∈SX

x · PX |Y (x |y), E [X |Y = y ] =

∫ ∞

−∞
x · fX |Y (x |y)dx .

Similarly, for B = {X = x} that the conditional mean g(X ,Y ) given X = x is

E [g(X ,Y )|X = x ] =
∑

y∈SY

g(x , y)PY |X (y |x), E [g(X ,Y )|X = x ] =

∫ ∞

−∞
g(x , y)fY |X (y |x)dy (33)

Note that if g(x , y) = y , then

E [Y |X = x] =
∑
y∈SY

y · PY |X (y |x), E [Y |X = x] =

∫ ∞

−∞
y · fY |X (y |x)dy .

Note E [g(X ,Y )|X = x ] is a function of x ; E [g(X ,Y )|Y = y ] is a function of y .
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Conditioning

Chain Rule of Expectation / Law of Total Expectation

For continuous r.v.’s the expectation of a function g(X ,Y ) can be written

E [g(X ,Y )] =

∫ ∞

−∞

∫ ∞

−∞
g(x , y)fX ,Y (x , y)dxdy =

∫ ∞

−∞

∫ ∞

−∞
g(x , y)fX (x)fY |X (y |x)dxdy

=

∫ ∞

−∞
fX (x)

[∫ ∞

−∞
g(x , y)fY |X (y |x)dy

]
dx =

∫ ∞

−∞
fX (x)E [g(X ,Y )|X = x ]dx

and for discrete r.v.’s we have

E [g(X ,Y )] =
∑

x∈SX

∑

y∈SY

g(x , y)PX ,Y (x , y) =
∑

x∈SX

∑

y∈SY

g(x , y)PX (x)PY |X (y |x)

=
∑

x∈SX

PX (x)

[ ∑

y∈SY

g(x , y)PY |X (y |x)
]
=

∑

x∈SX

PX (x)E [g(X ,Y )|X = x ].

Both expression demonstrate that in general that

E [g(X ,Y )] = E [E [g(X ,Y )|X ]]; E [g(X ,Y )] = E [E [g(X ,Y )|Y ]].
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