Chapter 6

Linear Transformations and

Operators

6.1 The Algebra of Linear Transformations

Theorem 6.1.1. Let V' and W be vector spaces over the field F'. Let T' and U be
two linear transformations from 'V into W. The function (T + U) defined pointwise
by

(T+U)(v)=Tv+Uv
is a linear transformation from V' into W. Furthermore, if s € F, the function (sT')

defined by
(sT) (v) = s (Tw)

is also a linear transformation from V' into W. The set of all linear transformation
from 'V into W, together with the addition and scalar multiplication defined above,

is a vector space over the field F'.

Proof. Suppose that 7" and U are linear transformation from V" into . For (T'+U)

defined above, we have
(T+U)(su+w)=T(sv+w)+U(sv+w)
=5(Tv) + Tw+ s (Uv) + Uw
=s(Tv+Uv)+ (Tw+ Uw)
=s(T+U)v+ (T + U)w,
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which shows that (7" + U) is a linear transformation. Similarly, we have

(rT) (sv +w) = r (T (sv+ w))
=7 (s5(Tv) + (Tw))

which shows that (77") is a linear transformation.

To verify that the set of linear transformations from V" into W together with the
operations defined above is a vector space, one must directly check the conditions
of Definition 3.3.1. These are straightforward to verify, and we leave this exercise
to the reader. ]

We denote the space of linear transformations from V" into W by L(V, ). Note
that L(V, W) is defined only when V' and W are vector spaces over the same field.

Fact 6.1.2. Let V' be an n-dimensional vector space over the field F, and let W
be an m-dimensional vector space over F. Then the space L(V,W) is finite-

dimensional and has dimension mn.

Theorem 6.1.3. Let V', W, and Z be vector spaces over a field F'. Let T € L(V, W)
and U € L(W,Z). Then the composed function UT defined by (UT) (v) =

U (T (v)) is a linear transformation from V' into Z.
Proof. Letv,,v, € V and s € I'. Then, we have

(UT) (svy +w,) = U (T (sv1 + v,))
= U (sTv; +Tv,)
= sU (Twy) + U (T'wy)
=s(UT) (vy) + (UT) (v)

as desired. ]

Definition 6.1.4. If V' is a vector space over the field I, a linear operator on'V is

a linear transformation from 'V into V.
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Definition 6.1.5. An algebra over a field F is a vector space V over F that has a
bilinear vector product “-": V x V — V satisfying (su) - (tv) = (st)(u - v) and

(su+w)- (tw+z) = st(u-w) +s(u-z)+tv- w)+ (v-z),

forall s,t € F and u,v,w,x € V. If V is a Banach space and the norm of the

vector product satisfies ||u - v|| < ||ul|||v

, then it is called a Banach algebra.

Example 6.1.6. The set L(V, V) of linear operators on 'V forms an algebra when
the vector product is defined by functional composition UT (v) = U(T (v)). If V is
a Banach space and L(V, V) is equipped with the induced operator norm, then it

forms a Banach algebra.

Definition 6.1.7. A linear transformation T from V into W is called invertible if
there exists a function U from W to V' such that U'T is the identity function on V
and TU is the identity function on W. If T' is invertible, the function U is unique
and is denoted by T—1. Furthermore, T is invertible if and only if

1. T is one-to-one: Tv, =Tv, = v; =1,
2. T is onto: the range of T is W.

Example 6.1.8. Consider the vector space V' of semi-infinite real sequences RY
where v = (v1,v9,v3,...) € V withv, € Rforn € N. Let L: V — V be the
left-shift linear transformation defined by

LQ == (v27 V3, V4, . . )
and R: V' — V be the right-shift linear transformation defined by
RQ = (O,Ul,’ljg, .. )

Notice that L is onto but not one-to-one and R is one-to-one but not onto. Therefore,

neither transformation is invertible.

Example 6.1.9. Consider the normed vector space V' of semi-infinite real sequences
R¥ with the standard Schauder basis {¢;,¢e,,...}. Let T: V — V be the linear
transformation that satisfies Te; = i~ ‘e, for i = 1,2,.... Let the linear trans-
formation U: 'V — V satisfy Ue, = ie; for i = 1,2,.... It is easy to verify that
U=T"'andUT =TU = I.
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This example should actually bother you somewhat. Since 7" reduces vector
components arbitrarily, its inverse must enlarge them arbitrarily. Clearly, this is not
a desirable property. Later, we will introduce a norm for linear transforms which

quantifies this problem.

Theorem 6.1.10. Let V and W be vector spaces over the field F' and let T’ be a
linear transformation from V into W. If T is invertible, then the inverse function

T~ is a linear transformation from W onto V.

Proof. Let w, and w, be vectors in W and let s € F'. Define v; = T‘le, for

7 =1,2. Since T is a linear transformation, we have
T (svy +vy) = 8T (vy) + T (vy) = swy + w,.

That is, sv, +v, is the unique vector in V' that maps to sw; +w, under 7. It follows
that
T (swy +w,) = sv) + v, =5 (T_lﬂl) + T w,

and 7! is a linear transformation. O

A homomorphism is a mapping between algebraic structures which preserves
all relevant structure. An isomorphism is a homomorphism which is also invert-
ible. For vector spaces, the relevant structure is given by vector addition and scalar
multiplication. Since a linear transformation preserves both of these operation, it is
also a vector space homomorphism. Likewise, an invertible linear transformation is

a vector space isomorphism.

6.2 The Dual Space

Definition 6.2.1. Let V' be a vector space. The collection of all linear functionals
on'V, denoted L(V, F'), forms a vector space. We also denote this space by V* and
call it the dual space of V.

The following theorem shows that, if V' is finite dimensional, then
dimV* =dim V.

In this case, one actually finds that V' is isomorphic to V'*. Therefore, the two spaces

can be identified with each other so that V' = V* for finite dimensional V.
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Theorem 6.2.2. Let V' be a finite-dimensional vector space over the field F, and
let B=v,,...,v, be abasis for V. There is a unique dual basis B* = fi,..., fn

for V* such that f; (v;) = 0;;. For each linear functional on V', we have
F=>_fwf
i=1

and for each vector v in'V, we have

v = Zfi (v) v;.

Proof. Let B=1v,,...,uv, be abasis for V. According to Theorem 3.4.7, there is a

unique linear functional f; on V such that
fi (Q]) = 0jj.-

Thus, we obtain from B a set of n distinct linear functionals fi, ..., f,, on V. These

functionals are linearly independent; suppose that

[ = Z sifi,
i=1

then . .
f (Q]) = ZSifi (Q]) = Z $i0ij = 8.
=1 i=1
In particular, if f is the zero functional, f (v;) = 0 for j = 1,...,n and hence the
scalars {s;} must all equal 0. It follows that the functionals fi, ..., f, are linearly
independent. Since dim V* = n, we conclude that B* = f1,..., f,, forms a basis

for V*, the dual basis of 5.

Next, we want to show that there is a unique basis which is dual to B. If f is a

linear functional on V, then f is some linear combination of f1, ..., f,, with
n
f= Z Si fi-
i=1
Furthermore, by construction, we must have s; = f (Qj) forj = 1,...,n. Simi-
larly, if
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is a vector in V, then
n n
fi(w) = Ztifj (v;) = ZQ‘% =1;.
1=1 i=1

That is, the unique expression for v as a linear combination of v, ..., v, is

n

n

v=> filv)u,

=1

]

One important use of the dual space is to define the transpose of a linear trans-
form in a way that generalizes to infinite dimensional vector spaces. Let V, W
be vector spaces over ' and T: V. — W be a linear transform. If ¢ € W~
is a linear functional on W (i.e., g: W — F), then g(Tv) € V* is a linear
functional on V. The transpose of 7' is the mapping U: W* — V* defined by
f(v) = g(Tv) € V*forall g € W*. If V, W are finite-dimensional, then one can
identify V' = V* and W = W* via isomorphism and recover the standard transpose
mapping U: W — V implied by the matrix transpose.

The details of this definition are not used in the remainder of these notes, but can
be useful in understanding the subtleties of infinite dimensional spaces. For infinite
dimensional Hilbert spaces, we will see later that the definition again simplifies
because one identify V' = V* via isomorphism. The interesting case that does not

simplify is that of linear transforms between infinite dimensional Banach spaces.

6.3 Operator Norms

For any vector space of linear transforms, one can define a norm to get a normed
vector space of linear transforms (e.g., consider the Frobenius norm of a matrix). In
constrast, an operator norm is defined for linear transforms between normed spaces
and it is induced by the vector norms of the underlying spaces. Intuitively, the
induced operator norm is the largest factor by which a linear transform can increase
the length of a vector. This defines a simple “worst-case” expansion for any linear

transform.
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Definition 6.3.1. Let V and W be two normed vector spaces and let T': 'V — W

be a linear transformation. The induced operator norm of T’ is defined to

Tv
T = sup Iy ).
vev—{o} 2l wevui=1
A common question about the operator norm is, “How do I know the two ex-

pressions give the same result?”. To see this, we can write

|Tu|
= sup
veV—{0} 2l veV—{0}

T

\ — s |7l

v
o]l ueV|lul=1
Previously, we have seen that the set L(V, W) of linear transformations from 1/
into W, with the standard addition and scalar multiplication, satisfies the conditions
required to be a vector space. Now, we have a norm for that vector space. Inter-
ested readers should verify that the above definition satisfies the first two standard

conditions required by a norm. To verify the triangle inequality, we can write

1T+ Ull= sup [(T+0U)
veV,||y[|=1
< sup  ([[Tu] + |U2])
eV |lvl|=1

< sup |[Ty[+ sup [Uz]
veVlu=1 vev,Jul=1

=171+ 1U1]-

The induced operator norm also has another property that follows naturally from
its definition. Notice that

[ Tu

[|ul

T
7= sup LTI

>
veV—{0} HQH

for all non-zero u € V. Checking the special case of u = 0 separately, one can
show the induced operator-norm inequality ||7'u|| < ||7'||||u|| forallu € V.

For the space L(V, V') of linear operators on V/, a norm is called submulti-
plicative if ||TU|| < ||T||||U]| forall T, U € L(V,V'). The induced operator-norm

inequality shows that all induced operator norms are submultiplicative because
IUTw|| < [|UI Tl < U2 -

This also defines a submultiplicative norm for the algebra of linear operators on V.
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6.3.1 Bounded Transformations
Definition 6.3.2. A linear transformation is called bounded if its induced operator
norm is finite.

Theorem 6.3.3. A linear transformation T': V — W is bounded if and only if it is

continuous.

Proof. Suppose that T" is bounded; that is, there exists A/ such that ||Tv|| < M ||v||

forallv € V. Let vy, v,, ... be a convergent sequence in V, then
[Tw; = Tog|| = |7 (e = ) [| < M [|u; — ] -

This implies that T'v,, T'v,, . . . 1s a convergent sequence in W, and 7' is continuous.
Conversely, assume 7' is continuous and notice that 70 = 0. Therefore, for any
€ > 0 there is a 0 > 0 such that ||Tv|| < € for all ||v|| < d. Since the norm of

u= 2H 7 is equal to d/2, we get
v || 2]l
mmzﬁ ] 2 < .
2|
The value M = = serves as an upper bound on ||7’|]. ]

Then, by showing that linear transformations over finite-dimensional spaces are
continuous, one concludes that they are also bounded. This is accomplished in the

following theorem.

Theorem 6.3.4. Let V' and W be normed vector spaces and let T': V. — W be a

linear transformation. If V' is finite dimensional, then ' is continuous and bounded.

Proof. Let B = v,,...,v, be abasis for V. Let v € V be expressed in terms of
this basis as
V=81V + -+ SpY,
Let C' = maxi<;<n ||Tv],; - Then,
[Tvlly = T (s1vy + - + sn0,) |
< [sul 1 Twrlly + -+ + [snl T2, llw
SO+ +sal) -

By Lemma 3.5.19, there is a real m such that [s;] + - - + [s,| < L [|u]|,, and

C
Tl < 5 el s
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6.3.2 The Neumann Expansion

Theorem 6.3.5. Let || - || be a submultiplicative operator norm and T: V' — V be
a linear operator with ||T|| < 1. Then, (I —T)~" exists and

(I-T)"'= iT

Proof. First, we observe that the sequence

n—1
A, =) T
i=0

is Cauchy. This follows from the fact that, for m < n, we have
n—1
T

Since this goes to zero as m — oo, we see that the limit lim,, ,, A,, exists.

||An - Am” =

n—1
T T e
< T = < .
D R R

Next, we observe that
I-T)(I+T+T*+---+T"") =T-T"

Since ||T|| < 1, we have limy,_,o, 7% = 0 because ||7%|| < ||T||* — 0. Taking the

limit n — oo of both sides gives
(I—T)ZO:T = lim (I - T") = 1.
Likewise, reversing the order multiplication results in the same result. This shows

that > _:° 7" must be the inverse of 7 — T O

If one only needs to show that / — 7" is non-singular, then proof by contradiction
is somewhat simpler. Suppose I — 7' is singular, then there exists a non-zero vector
v such that (I — T)v = 0. But, this implies that ||v|| = || T»|| < ||| ||z/|. Since
||lv]| # 0, this gives the contradiction ||T'|| > 1 and implies that / —7" is non-singular.

6.3.3 Matrix Norms

Al = max [|Av]|,, = max ) |a]
=1 o s
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1Al = max [[Av][, = m?XZ |a|
7

l[o]l;=1

The 2-norm of a matrix can be found by solving
max || Avf; = v A" Av.
Using the Lagrange multiplier technique, one seeks to minimize
J = v A" Ay — Moo,
Taking the gradient with respect to v and equating the result to zero, we get
A Ay = .

The corresponding v must be an eigenvector of the matrix A7 A. Left multiplying

this equation by v and using the fact that v/7v = 1, we obtain
v AT Ay = oflu = N

Since we are maximizing the left hand side of this equation, A must be the largest
eigenvalue of A A. For an nxn matrix B with eigenvalues )\, .. ., \,,, the spectral
radius p(B) is defined by

p(B) = max |Ay].

The spectral radius of B is the smallest radius of a circle centered at the origin that

contains all the eigenvalues of B. It follows that

[A]l2 = v/ p(ATA).

When A is Hermitian, || A||s = p(A). The 2-norm is also called the spectral norm.

The Frobenius norm is given by

Al = (ZZ)

i=1 j=1

This norm is also called the Euclidean norm. Note that || A = tr(A7 A).
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6.4 Linear Functionals on Hilbert Spaces

Let V' be an inner-product space, and let v be some fixed vector in V. Define the

function f, from V into F' by

fo () = (w,v).

Clearly, f, is a linear functional on V. If V' is a Hilbert space, then every continuous
linear functional on V" arises in this way from some vector v. This result is known

as the Riesz representation theorem.

Lemma 6.4.1. If (v, w) = (u,w) forallw € V, then v = w.

Proof. Then, (v — u,w) = 0 forall w € V. Therefore, (v — u,v — u) = 0 and this

implies v — u = 0. ]

Theorem 6.4.2 (Riesz). Let V' be a Hilbert space and f be a continuous linear
functional on V. Then, there exists a unique vectorv € V such that f (w) = (w, v)
forallw e V.

Proof. While the result holds in any Hilbert space, this proof assumes V is separa-
ble for simplicity. Therefore, we let v,, v,, ... be a countable orthonormal basis for
V. We wish to find a candidate vector v for the inner product.

First, we note that f is bounded because it is continuous and, as such, there
exists M such that |f (z)| < M||z| forallz € V. Letz, = >, f (v;)v;. For

any n, we have

M|z, || = |f (z,)] =

Z|f v)f? —Zf v;)
y)yi> Zzz<myj,f(yi)yi>

— <Zf (Qj)Qj,Zf(Qi)Qi> <£Cn,.’L'n> = Han

This implies that ||z, || < M for all n. Hence, lim, o > i, | f (v;)]” is bounded

and the vector
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is in V' because it is the limit point of a Cauchy sequence. Let f, be the functional
defined by

fo () = (w, v).
By the Cauchy-Schwarz, we can verify that
fo(w)
Ifull & sup =2 =],
wev—{o} |2l

Since f is continuous, it follows that || f|| < oo and ||v|| < co. Then,

fo () = <y]§;mﬂ> =f(y)-

Since this is true for each v o it follows that f = f,,. Now, consider any v € V such
that (w,v) = (w,v’) forall w € W. Applying Lemma 6.4.1 shows that v = v/ and

we conclude that v is unique. [

An important consequence of this theorem is that the continuous dual space
V* of a Hilbert space V' is isometrically isomorphic to the original space V. Let
R: V* — V be the implied Riesz mapping from continuous linear functionals on
V (.e., V*) to elements of V. Then, f(v) = (v, R(f)) for all f € V*. The
isomorphism can be shown by verifying that R(sf; + f2) = SR(f1) + R(f2) and
one finds that the mapping R is conjugate linear. The mapping is isometric because
lfIl = || R(f)||- Based on this isomorphism, one can treat a Hilbert space as self-

dual and assume without confusion that V' = V/'*,

Theorem 6.4.3. Let V and W be Hilbert spaces, and assume T : V. — W is a con-
tinuous linear transformation. Then, the adjoint is the unique linear transformation
T* on W such that

(Tv,w) = (v, T"w)

forall vectorsv e V, w € W.

Proof. Let w be any vector in W. Then f(v) = (Tv,w) is a continuous linear
functional on V. It follows from the Riesz representation theorem (Theorem 6.4.2)
that there exists a unique vector v € V such that f(v) = (Tv,w) = (v,2'). Of
course, the vector v’ depends on the choice of w. So, we define the adjoint mapping

T*: W — V to give the required v’ for each w. In other words,

v =T"w.
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Next, we must verify that 7™ is a linear transformation. Let w,,w, be in W and s

be a scalar. Forallv € V,

(v, T" (sw; +w,)) = (T, (sw; +w,))
= 5(Tv, w;) + (Tv, w,)
= §<7J T w1> <U»T*w2>
= (v, sT"w,) + (v, T"w,)
= (v, sT"w; + T w,).
Since this holds for all v € V, we gather from Lemma 6.4.1 that 7* (sv;, + v,) =
sT*v, + T*v,. Therefore, T™ is linear. The uniqueness of 7™ is inherited from
Theorem 6.4.2 because, for each w € W, the vector T*w is determined uniquely as
the vector v’ such that (Tv, w) = (v,v’) forallv € V. O

Theorem 6.4.4. Let V be a finite-dimensional inner-product space and let

be an orthonormal basis for V. Let T be a linear operator on V and let A be the

matrix representation of T in the ordered basis B. Then Ay = <T v, ,yk>.

Proof. Since B is an orthonormal basis, we have

n

0= (v, vy

k=1
The matrix A is defined by
To; =Y Apyy
k=1
and since
To; =Y (Tu;,v,)y,
k=1
we conclude that Ay; = (Tv;, v,). O

Corollary 6.4.5. Let V' be a finite-dimensional inner-product space, and let T be
a linear operator on V. In any orthonormal basis for V, the matrix for T is the

conjugate transpose of the matrix of T
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Proof. Let B = vy,...,v, be an orthonormal basis for V, let A = [T]z and B =

[T*]5. According to the previous theorem,

By = <T*Qj an>

By the definition of 7, we then have

By = (T"v;,ve) = (ue, T*0;) = (Twy,v;) = A
]

We note here that every linear operator on a finite-dimensional inner-product
space V' has an adjoint on V. However, in the infinite-dimensional case this is not

necessarily true. In any case, there exists at most one such operator 7.

6.5 Fundamental Subspaces

There are four fundamental subspaces of a linear transformation 7': V' — W when
V and W are Hilbert spaces. We have already encountered two such spaces: The
range of 7" and the nullspace of 7. Recall that the range of a linear transformation
T is the set of all vectors w € W such that w = T'v for some v € V. The nullspace
of T' consists of all vectors v € V' such that T'v = 0.

The other two fundamental subspaces of 1" are the range of the adjoint 7™,
denoted Rp- and the nullspace of the adjoint 7™, denoted N7 -. The various sub-

spaces of the transformation 7': V' — W can be summarized as follows,

Ry CW
Ny CV
Ry CV
Ny« CW.

Theorem 6.5.1. Let V and W be Hilbert spaces and T: V' — W be a bounded

linear transformation from V to W such that Ry and Ry« are both closed. Then,

1. the range Ry is the orthogonal complement of Nr-, i.e., [RT]L = Np«;
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2. the nullspace N is the orthogonal complement of Rr«, i.e., [RT*]L = Nrp.
Complementing these equalities, we get

Ry = Ry = [Np]*
Rr- = Ry = [Ny]*.

Proof. Let w € Ry, then there exists v € V such that Tv = w. Assume that
n € Np-, then
(w,n) = (Tv,n) = (v, T"n) = 0.

That is, w and n are orthogonal vectors. It follows that Ny« C [RT]L. Now, let

w € [RT}L. Then, for every v € V, we have
(Tv,w) = 0.

This implies that (v, 7*w) = 0, by the definition of the adjoint. Since this is true for
every v € V, we get T*w = 0, sow € Nrp-. Then [RT]L C Np-, which combined
with our previous result yields [RT]L = Nr«. Using a similar argument, one can
show that [Rp+]" = Nr. O

6.6 Pseudoinverses

Theorem 6.6.1. Let V and W be Hilbert spaces and 'T" be a bounded linear trans-
Sformation from V to W where Ry is closed. The equation T'v = w has a solution if

and only if (w,u) = 0 for every vector u € Ny, i.e.,
w € Ry < w L Np-«.

In matrix notation, Av = w has a solution if and only if u'w = 0 for every vector
w such that A%y = (.

Proof. Assume that T'v = w, and let u € Np~. Since 7' is bounded, the adjoint 7™

exists and
(w,u) = (Tv,u) = (v,T*u) = (v,0) =0.

To prove the reverse implication, suppose that (w,u) = 0 when u € Np- and

Tv = w has no solution. Since w ¢ Ry and Ry is closed, it follows that

w, =w— Pr,w=w—w, #0.

0
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But

(w,w,) = (w, + w,,w,) = (w,,w,) >0,

—07 >0

which contradicts the assumption that (w,u) = 0 when u € Np-. We must con-

clude that T'v = w has a solution. L]
Fact 6.6.2. The solution to Tv = w (if it exists) is unique if and only if the only
solution to Tv = 0 is v = 0. That is, if Ny = {0}.

6.6.1 Least Squares

Let T: V' — W be a bounded linear transformation. If the equation 7'v = w has

no solution, then we can find a vector v that minimizes
1T — w]?.
Theorem 6.6.3. The vector v € V minimizes || Tv — w|| if and only if
Ty =T w.

Proof. Minimizing ||lw — Tv|| is equivalent to minimizing ||w — w

, where w =
Tv € Ry. By the projection theorem, we must have

w—w e [RT]L .
But this is equivalent to

That is, 7" (w — w) = 0, or equivalently T*w = T*w. Conversely, if T*Tv =
T*w, then

T* (Tv—w) =0,
so that Tv — w € Np«. Hence, the error is orthogonal to the subspace Ry and has

minimal length by the projection theorem. [

Corollary 6.6.4. If A is a matrix such that A" A is invertible, then the least-squares
solution to Av = w is

v=(ATA) T ATw,

The matrix (A7 A) ~' A s the left inverse of A and is an example of a Moore-

Penrose pseudoinverse.
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Theorem 6.6.5. Suppose the vector v € V minimizes ||v|| over all v € V satisfying
Tv = w. Then, © € [Nr]* and, if Ry« is closed, © = T*u for some u € W.

Proof. Suppose © ¢ [Nz|*, then the orthogonal decomposition V = [Nz]* + Ny
shows that the projection of © onto [N7|* has smaller norm but still satisfies 7% =
w. This gives a contradiction and shows that & € [Ng|t. If Ry« is closed, then
Rp- = [Nyt and © = T*u for some u € W. O

Corollary 6.6.6. If A is a matrix such that AAY is invertible, then the minimum-

norm solution to Av = w is
~1
v=A" (AAH) w.

Proof. The theorem shows that v = A%y and Av = AA¥u = w. Since AAT is

invertible, this gives u = (AAf)~1w and computing v gives the desired result. [

The matrix A? (AAH ) ! is the right inverse of A and is another example of a

Moore-Penrose pseudoinverse.

Definition 6.6.7. Let T': V' — W be a bounded linear transformation, where V and
W are Hilbert spaces, and Ry is closed. For eachw € W, there is a unique vector 0
of minimum norm in the set of vectors that minimize ||Tv — w||. The pseudoinverse

T is the transformation mapping each w € W to its unique 9.
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