Chapter 9

Singular Value Decomposition

9.1 Diagonalization of Hermitian Matrices

Lemma 9.1.1 (Schur Decomposition). For any square matrix A, there exists a uni-
tary matrix U such that
UTAU =T

where 'T' is upper triangular. That is, every square matrix is similar to an upper-

triangular matrix.

Proof. We prove this lemma by induction on the size n of the matrix. Since it is
clearly true for scalars (i.e., matrices of size n = 1), the base case is trivial. Now,
suppose that the result holds for all k = 1,2,...,n — 1 and let A € C"*". Since
every matrix has at least one eigenvector, we let u be an eigenvector of A normalized
so that ||u||, = 1. Using the Gram-Schmidt procedure, it is possible to construct an

orthonormal basis B = z, ..., z, for C", with z; = u. Define the matrix U,, by

U= [21 @n]

Since B is a basis for C", every column of the matrix AU,, can be expressed as a

linear combination of vectors in B, say,
n
Az, = E sjix; 1=1,...,n.
=1

Note that Az, = Az, for some \; since x; = u, an eigenvector of A. We can then
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write
)\1 512 .- Sin
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0 Sp2 "t San
where we have used the convenient notation
8272 “ e §2’n
An—l =
5n,2 Sn,n
and s” = (si2,...,51,). By the inductive hypothesis, we can write A, ; =

Un,1T,_1UH | where T, is upper triangular and U, is unitary. It follows that

A T A T
AU, = U, 1 S —U, 1 E)
Q Anfl Q UnflTnfl U7?_1
SN O o I PO A N
"0 U] [0 T | |0 U,
Let U be the matrix given by
1 of
U=U, h )
Q Unfl
and note that U is unitary. It follows that
N sTU,
UH AU = 1 8 1
Q Tn—l
That is, U is a unitary matrix such that U* AU is upper-triangular. ]

We use this lemma to prove the following theorem.

Theorem 9.1.2. Every Hermitian n X n matrix A can be diagonalized by a unitary
matrix,

URAU = A,

where U is unitary and A is a diagonal matrix.
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Proof. Note that A = Aand T = U AU. Consider the matrix 7% given by
™" = (U AU = UPARU = U AU =T.

That is, T" is also Hermitian. Since 7' is upper triangular, this implies that 7" is a
diagonal matrix. We must conclude that every Hermitian matrix is diagonalized by

a unitary matrix. O

This proves every Hermitian matrix has a complete set of orthonormal eigen-

vectors.

9.2 Singular Value Decomposition

The singular value decomposition (SVD) provides a matrix factorization related to
the eigenvalue decomposition that works for all matrices. In general, any matrix
A € C™*™ can be factored into a product of unitary matrices and a diagonal matrix,

as explained below.

Theorem 9.2.1. Let A be a matrix in C™*". Then A can be factored as
A=U0xv?
where U € C™*™ is unitary, V € C"*" is unitary, and > € R™*" has the form
Y = diag(o1,09,...,0p),
where p = min(m, n).

The diagonal elements of X are called the singular values of A and are typically
ordered so that
01209220, 20.

Proof. Let
AHAV = leag()\l, )\2, cee >\n)

be the spectral decomposition of A A, where the columns of V' are orthonormal
eigenvectors

V: Ql 92 v ,
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withA\y > X > 2N >0=\1=---= N, andr < p. Fori <r,let

Ay,
u. =

—1 m?

and observe that
f AT Ay, wluh

~ = 5.

Also note that {u,} are eigenvectors of AA¥ since

AAT _AAHA—’ =V NAv, = A\,

The set {u; : ¢ = 1,...,7} can be extended using the Gram-Schmidt procedure to

form an orthonormal basis for C™. Let

v=u .

For the zero eigenvalues, the eigenvectors must come from the nullspace of AAH
since the eigenvectors with zero eigenvalues are, by construction, orthogonal to the
eigenvectors with nonzero eigenvalues that are in the range of AAX.

For u, where 7 < r, we get

u' AV =

el ATAY = /el
On the other hand, if 7 > r then QZH AV = 0. Hence,
U AV = diag (\/)\_1,,\/)\_”) =
as desired. [

This proof gives a recipe for computing the SVD of an arbitrary matrix. Con-

sider the matrix

The eigenvalue decomposition of A A is given by
27 — -1 1 -1 1

[ VAVE = L 360 1 .
-9 27 V2|1 1 0 18| \v2]| 1 1

APA =
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This implies that >; = AY% and V; = V. Therefore, we can compute U; =
AVi¥T! with

b 1 11 L 0 0
1 V2
s V211 0 o

Putting this all together, we have the compact SVD
V36 0 1 |1 —-11
0 VI8 |[\v2| 1 1]

9.3 Properties of the SVD

Wi WIN Wl

A=US Vi =

—
S e
WIN W Wl

S

Many of the important properties of the SVD can be understood better by separating
the non-zero singular values from the zero singular values. To do this, we note that

every rank r matrix A € C™*" has a singular value decomposition

1 0
0 0

‘/1H

VH - Ulzl‘/lH7
2

a=vsvi=[ v 0]

where U € C™*™ and V € C™*" are unitary and U; € C™*", U, € C™*™™7,
Vi € C", and V, € C™ "7 have orthonormal columns. The diagonal matrix

Y1 € R™" contains the non-zero singular values
oy 209220, >0.

The factorization A = UXV# is called the full SVD of the matrix A while the
factorization A = U;X, V] is called the compact SVD of A. The compact SVD of a
rank-r matrix retains only the » columns of U, V" associated with non-zero singular
values.

Let X, Y be inner product spaces and let A define a mapping from X to Y.
Then, the columns of V; form an orthonormal basis for the vectors in X that are
mapped to non-zero vectors (i.e., N'(A)1) while the columns of V; form an or-
thonormal basis of AV/(A). Likewise, the columns of U; form a orthonormal basis
for the vectors in Y that lie in the range of A while the vectors in U, form orthonor-
mal basis for R(A)L. It follows that the full SVD computes orthonormal bases for
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all of the four fundamental subspaces of the matrix A. For example, it is easy to

show that

To see this, notice that A Zle Civ; = Zle CioU;.
From this, we can compute easily any projection onto a fundamental subspace.
First, we point out that the projection onto the column space of any matrix W €

C™*™ with orthonormal columns (i.e., WHIW = I) is given by
Py = WWHW)"'wH = wwt,
Therefore, the projection matrices for the fundamental subspaces are given by

Pray = U U/
Pramy = ViV

Pyay = VoV =1 — Wi
Pyany = UsUy' =1 —U U

This decomposition also provides a rank revealing decomposition of a rank-r

-

_ H

A= E oiu; v,
=1

where u;, is the ith column of U and v is the ith column of V. This shows A as the

matrix

sum of r rank-1 matrices. It also allows one to compute

T
A =" o?

i=1
HAHz =01

The pseudoinverse of A is also very easy to compute from the SVD. In particu-
lar, one finds that
AT =Vvyiv? = vis Ul
One can verify this by computing ATA and AAT. It also follows from the fact that

the pseudoinverse of a scalar o is 0! if o # 0 and zero otherwise.



