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6.5: The Four Fundamental Subspaces: Basic Idea

Consider a linear transform mapping Rn → Rm represented by A ∈ Rm×n

This x 7→ Ax mapping defines four fundamental subspaces:

The column space or range of A: R(A)

The row space or range of AT : R(AT )

The null space: N (A)

The null space of AT : N (AT )

Notice that x ∈ Rn is in the null space of A if and only if

Ax =


−− row 1−−
−− row 2−−

...
−− row m−−



x1
x2
...
xn

 =


0
0
...
0


i.e., all rows of A orthogonal to x or x ∈ R(AT )⊥

null space N (A) is the orthogonal complement R(AT )⊥ of row space
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6.5: The Four Fundamental Subspaces: General Case

So, null space of A is the orthogonal complement of column space of AT

Applying the same result to AT (which maps Rm → Rn) shows

null space of AT is the orthogonal complement of column space of A

This means that N (A) = R(AT )⊥ and N (AT ) = R(A)⊥

Definition (Adjoint)

Let V and W be Hilbert spaces, and assume T : V → W is a continuous
linear transformation (i.e., ∥T∥op < ∞). Then, the adjoint T ∗ is the unique
linear transformation mapping W to V such that

⟨Tv ,w⟩W = ⟨v ,T ∗w⟩V for all v ∈ V ,w ∈ W

The following 3 conditions are equivalent:

For all w ∈ W , we have ⟨v ,T ∗w⟩V = 0

v ∈ R(T ∗)⊥

v ∈ N (T ) because ⟨v ,T ∗w⟩V = ⟨Tv ,w⟩W = 0 for all w ∈ W
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6.5: The Four Fundamental Subspaces: Linear Equations

r ≜ dim(R(A)) implies dim(N (A)) = n−r and dim(N (AT )) = m−r

Figure from “The Fundamental Theorem of Linear Algebra” by Gilbert Strang, The American Mathematical Monthly, Nov. 1993
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6.5: The Four Fundamental Subspaces: Least Squares

The "normal equations" are AT& = ATb.  They illustrate what is almost invari- 
ably true-applications that start with a rectangular A end up computing with the 
square symmetric matrix A%. This matrix is invertible provided A has indepen-
dent columns. We make that assumption: The nullspace of A contains only x = 0. 
(Then A T h  = 0 implies xQTAx = 0 which implies Ax = 0 which forces x = 0, so 
A% is invertible.) The picture for least squares shows the action over on the right 
side-the splitting of b into p + e.  

Figure 2. Least squares: R minimizes Ilb -A.111~by solving A T k  = ATb. 

The Third Figure: Orthogonal Bases 

Up to this point, nothing was said about bases for the four subspaces. Those 
bases can be constructed from an echelon form-the output from elimination. 
This construction is simple, but the bases are not perfect. A really good choice, in 
fact a "canonical choice" that is close to unique, would achieve much more. To 
complete the Fundamental Theorem, we make two requirements: 

Part 3. m e  basis vectors are orthonormal. 
Part 4 .  m e  matrix with respect to these bases is diagonal. 

If v , ,  . . . , v,  is the basis for the row space and u, ,  . . . , u ,  is the basis for the 
column space, then Avi = uiui.  That gives a diagonal matrix 2. We can further 
ensure that ui > 0. 

Orthonormal bases are no problem-the Gram-Schmidt process is available. 
But a diagonal form involves eigenvalues. In this case they are the eigenvalues of 
A% and AAT. Those matrices are symmetric and positive semidefinite, so they 
have nonnegative eigenvalues and orthonormal eigenvectors (which are the bases!). 
Starting from A%vi = u:vi, here are the key steps: 

oiTA%vi = u:v:vi so that llAvill = ui 

AA%vi = U;AV~ SO that ui = Avi/ui  is a unit eigenvector of AAT. 

All these matrices have rank r. The r positive eigenvalues u: give the diagonal 
entries ui of 2. 

19931 THE FUNDAMENTAL THEOREM OF LINEAR ALGEBRA 851 

Observe ATA : Rn → Rn is invertible if non-singular (i.e., if n = r)

Figure from “The Fundamental Theorem of Linear Algebra” by Gilbert Strang, The American Mathematical Monthly, Nov. 1993
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Interlude: Alternative for Linear Systems

A “Theorem of the Alternative” asserts that exactly one of two logical
statements is true. The following is a famous example.

Theorem

For a matrix A ∈ Rm×n and a vector b ∈ Rm, exactly one of the following
statements is true:

There exists an x ∈ Rn such that Ax = b

There exists a y ∈ Rm such that AT y = 0 and yTb ̸= 0.

Proof.

In the first case, b ∈ R(A) and the four fundamental subspaces imply
that yTb = 0 (i.e., y ⊥ b) if AT y = 0 (i.e., y ∈ N (AT )).

In the second case, y ∈ N (AT ) implies y ⊥ R(A). So, yTb ̸= 0 implies
b /∈ R(A).
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Next Steps

To continue studying after this video –

Try the required reading from website:

The Fundamental Theorem of Linear Algebra by Gilbert Strang

Or the recommended reading: Course Notes EF 6.5 - 6.6.1

Also, look at the problems in Assignments 7 and 8


