
ECE 586: Vector Space Methods
Lecture 20: Singular Value Decomposition

Henry D. Pfister
Duke University



1 / 10

8: Eigenvalue Decomposition

Definition
Let V be a vector space over F and let T : V → V be a linear operator. An
eigenvalue of T is a scalar λ ∈ F such that there exists a non-zero vector
v ∈ V with Tv = λv . Any vector v such that Tv = λv is called an
eigenvector of T associated with the eigenvalue value λ.

Definition

The square matrix B is diagonalizable if there is an invertible matrix S (whose
columns are eigenvectors) such that S−1BS = Λ is diagonal.

Theorem
Any Hermitian matrix B can be diagonalized by a unitary matrix U so that
UHBU = Λ is a real-valued diagonal matrix.

Prove eigenval/vec properties for Hermitian matrices

Note: Matrices AHA and AAH always Hermitian and positive semidefinite
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9: Singular Value Decomposition: Definition

Definition

The singular value decomposition (SVD) of a rank-r matrix A ∈ Cm×n is

A = UΣV H =
[
U1 U2

] [ Σ1 0
0 0

] [
V H
1

V H
2

]
= U1Σ1V

H
1 ,

where (i) U ∈ Cm×m and V ∈ Cn×n are unitary and (ii) U1 ∈ Cm×r ,
U2 ∈ Cm×m−r , V1 ∈ Cn×r , and V2 ∈ Cn×n−r have orthonormal columns.
The diagonal matrix Σ1 ∈ Rr×r contains the non-zero singular values

σ1 ≥ σ2 ≥ · · · ≥ σr > 0.

The factorization A = UΣV H is called the full SVD of the matrix A while the
factorization A = U1Σ1V1 is called the compact SVD of A.

The compact SVD of a rank-r matrix retains only the r columns of U,V
associated with non-zero singular values.
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9: Singular Value Decomposition: Construction

Idea to find orthonormal changes of basis U,V so that UHAV is diagonal

Let v1, . . . , v r be orthonormal eigenvectors of AHA with positive
eigenvalues σ2

1 , . . . , σ
2
r . Then,

∥Av i∥2 = vH
i (A

HAv i ) = vH
i (σ

2
i v i ) = σ2

i

This implies that ∥Av i∥ = σi . So ui =
1
σi
Av i has ∥ui∥=1 and

AAHui =
1

σi
AAHAv i =

1

σi
σ2
i Av i = σ2

i ui

uHj ui =

(
1

σj
Av j

)H (
1

σi
Av i

)
=

1

σiσj
vH
j (A

HA)v i = δi,j

For U1 = [u1, . . . , ur ] and V1 = [v1, . . . , v r ], this gives AV1 = U1Σ1

where Σ1 is a r × r diagonal matrix with diagonal entries σ1, . . . , σr

If cols of V2 are an orthonormal basis for N (A), then A[V1 V2] = U1[Σ1 0].
Thus, right multiplication by V H = [V H

1 V H
2 ] gives the compact SVD

A = U1Σ1V
H
1 ,

where the columns of U1,V1 are orthonormal bases for R(A),R(AH)
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9: The Four Fundamental Subspaces: Orthogonal Bases

The whole construction is called the singular value decomposition (SKI). It 
amounts to a factorization of the original matrix A into UCVT, where 

1.  U is an m by m orthogonal matrix. Its columns u,, . . . ,u,, . . .,u ,  are basis 
vectors for the column space and left nullspace. 

2.  C is an m by n diagonal matrix. Its nonzero entries are a, > 0, . . . ,a, > 0. 
3.  V is an n by n orthogonal matrix. Its columns v,, . . .,v,, ...,v, are basis 

vectors for the row space and nullspace. 

The equations Av, = aiui mean that AV = UC. Then multiplication by vT 
gives A = U 2 V T .  

When A itself is symmetric, its eigenvectors ui make it diagonal: A = u A u ~ .  
The singular value decomposition extends this spectral theorem to matrices that 
are not symmetric and not square. The eigenvalues are in A, the singular values 
are in 2.The factorization A = U 2 V T  joins A = LU (elimination) and A = QR 
(orthogonalization) as a beautifully direct statement of a central theorem in linear 
algebra. 

The history of the SKI  is cloudy, beginning with Beltrami and Jordan in the 
18703, but its importance is clear. For a very quick history and proof, and much 
more about its uses, please see [I]. "The most recurring theme in the book is the 
practical and theoretical value of this matrix decomposition." The SKI  in linear 
algebra corresponds to the Cartan decomposition in Lie theory [3]. This is one 
more case, if further convincing is necessary, in which mathematics gets the 
properties right-and the applications follow. 

Example 

All four subspaces are 1-dimensional. The columns of A are multiples of [:I in U. 
The rows are multiples of [I 21 in V T .Both A% and AAT have eigenvalues 50 
and 0. So the only singular value is a, = m. 

Figure 3. Orthonormal bases that diagonalize A.  

THE FUNDAMENTAL THEOREM OF LINEAR ALGEBRA [November  
For V = [v1, . . . , vn] and U = [u1, . . . , um], AV = UΣ where Σ ∈ Rm×n has
diagonal σ1, . . . , σr . Thus, A = UΣV H .

Figure from “The Fundamental Theorem of Linear Algebra” by Gilbert Strang, The American Mathematical Monthly, Nov. 1993
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6.5: The Four Fundamental Subspaces: Pseudo-Inverse

The SVD expresses A as a combination of r rank-one matrices: 

The Fourth Figure: The Pseudoinverse 
The S W  leads directly to the "pseudoinverse" of A. This is needed, just as the 

least squares solution X was needed, to invert A and solve Ax = b when those 
steps are strictly speaking impossible. The pseudoinverse A +  agrees with A-' 
when A is invertible. The least squares solution of minimum length (having no 
nullspacc component) is x+= A+b. It coincides with Z when A has full column 
rank r = n-then A% is invertible and Figure 4 becomes Figure 2. 

A +  takes the column space back to the row space [4]. On these spaces of equal 
dimension r, the matrix A is invertible and A +  inverts it. On the left nullspace, 
A +  is zero. I hope you will feel, after looking at Figure 4, that this is the one 
natural best definition of an inverse. Despite those good adjectives, the SVD and 
A +  is too much for an introductory linear algebra course. It belongs in a second 
course. Still the picture with the four subspaces is absolutely intuitive. 

Figure 4. The inverse of A (where possible) is the pseudoinverse A'. 

The SVD gives an easy formula for A+,  because it chooses the right bases. Since 
Aui = upi ,  the inverse has to be A+ui = ui/ui. Thus the pseudoinverse of C 
contains the reciprocals l/ui. The orthogonal matrices U and vTare inverted by 
U and V.All together, the pseudoinverse of A = UZV is A +  = VC+U '. 

Example (continued) 

Always A+A is the identity matrix on the row space, and zero on the nullspace: 
1 

A +A = -[lo 20] = projection onto the line through 50 20 40 

THE FUNDAMENTAL THEOREM OF LINEAR ALGEBRA 853 

Figure from “The Fundamental Theorem of Linear Algebra” by Gilbert Strang, The American Mathematical Monthly, Nov. 1993
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9.2: Singular Value Decomposition Example

Consider the matrix

A =

 1 1
5 −1
−1 5

 .

An eigenvalue decomposition of AHA is given by

AHA=

[
27 −9
−9 27

]
=VΛV H =

(
1√
2

[
−1 1
1 1

])[
36 0
0 18

](
1√
2

[
−1 1
1 1

])
This implies Σ1 = Λ1/2 and V1 = V . Thus, we find U1 = AV1Σ

−1
1 with

U1 =

 1 1
5 −1
−1 5

(
1√
2

[
−1 1
1 1

])[
1√
36

0

0 1√
18

]
=

 0 1
3

1√
2

2
3

− 1√
2

2
3


Putting this all together, we have the compressed SVD

A = U1Σ1V
H
1 =

 0 1
3

1√
2

2
3

− 1√
2

2
3

[ √
36 0

0
√
18

](
1√
2

[
−1 1
1 1

])
.
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Moore–Penrose Pseudo Inverse

For a matrix A ∈ Cm×n, the matrix A+ ∈ Cn×m is the pseudo-inverse iff:
1 AA+A = A (implies AA+ is idempotent)
2 A+AA+ = A+ (implies A+A is idempotent)
3 (AA+)H = AA+ (implies AA+ is Hermitian)
4 (A+A)H = A+A (implies A+A is Hermitian)

Lemma

From the compact SVD A = U1Σ1V
H
1 , one finds that A+ = V1Σ

−1
1 UH

1 .

Proof.
1 AA+A = U1(Σ1V

H
1 V1Σ

−1
1 UH

1 U1)Σ1V
H
1 = A

2 A+AA+ = V1(Σ
−1
1 UH

1 U1Σ1V
H
1 V1)Σ

−1
1 UH

1 = A+

3 (AA+)H =
(
U1(Σ1V

H
1 V1Σ

−1
1 )UH

1

)H
= U1U

H
1 = AA+

4 (A+A)H =
(
V1(Σ

−1
1 UH

1 U1Σ1)V
H
1

)H
= V1V

H
1 = A+A

Thus, AA+ and A+A are projection matrices onto R(A) and R(AH).
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Approximation Property of the SVD

Definition

Let A ∈ Cm×n have SVD A = UΣV H where u1, . . . , um and v1, . . . , vn are the
columns of U and V . Then, the k-truncated SVD expansion of A is

Tk(A) ≜
k∑

i=1

σi ui v
H
i

Theorem

In terms of the Frobenius norm ∥A∥2F ≜
∑

ij |aij |2, the best rank-k

approximation of A ∈ Cm×n is given by the k-truncated SVD expansion:

min
B∈Cm×n: rank(B)=k

∥A− B∥F = ∥A− Tk(A)∥F

The Frobenius norm is induced by inner product ⟨A,B⟩ ≜ Tr(BHA) on Cm×n
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Principal Component Analysis (PCA)

Problem: For a given set of N data points x1, x2, . . . , xN ∈ Rn, what
p-dimensional affine subspace W ⊂ Rn minimizes the approximation error

N∑
i=1

∥x i − PW (x i )∥2.

Solution: Using w0 =
1
N

∑N
i=1 x i , we define the mean-corrected data matrix

A = [x1 − w0, . . . , xN − w0].

Then, the problem can solved using the SVD A = UΣV T . In particular, one
can define Up ≜ [u1, . . . , up] and choose W = span(Up) + w0 so that

PW (x) = UpU
T
p (x − w0) + w0.

For dimension reduction, one stores y
i
= UT

p x i ∈ Rp instead of x i ∈ Rn.

Note: This solution essentially replaces A by the p-truncated SVD Tp(A)
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Next Steps

To continue studying after this video –

Try the required reading from website:

The Fundamental Theorem of Linear Algebra by Gilbert Strang

Or the recommended reading: Course Notes EF 6.5 - 6.6.1, 9.1 - 9.3

Also, look at the problems in Assignments 7 and 8


