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8: Eigenvalue Decomposition

Definition

Let V be a vector space over F and let T: V — V be a linear operator. An
eigenvalue of T is a scalar A € F such that there exists a non-zero vector

v € V with Tv = Av. Any vector v such that Tv = Av is called an
eigenvector of T associated with the eigenvalue value .

Definition

The square matrix B is diagonalizable if there is an invertible matrix S (whose
columns are eigenvectors) such that S™*BS = A is diagonal.

Theorem

Any Hermitian matrix B can be diagonalized by a unitary matrix U so that
UY"BU = A is a real-valued diagonal matrix.

Prove eigenval /vec properties for Hermitian matrices

Note: Matrices A" A and AA" always Hermitian and positive semidefinite 1 /10



9: Singular Value Decomposition: Definition

Definition

The singular value decomposition (SVD) of a rank-r matrix A € C™*" is

Y1 0 %
A=UzVvi=[ U, U [ ! H L }:U:V”,
[0 Gy 74 R

where (i) U € C™*™ and V € C"™*" are unitary and (i) U; € C™*",
U, e Cm>m=r \/; € C"™" and V, € C"*"~" have orthonormal columns.
The diagonal matrix £; € R"™*" contains the non-zero singular values

01>0p2>-->0,>0.

The factorization A = UXVH is called the full SVD of the matrix A while the
factorization A = U, X1V, is called the compact SVD of A.

The compact SVD of a rank-r matrix retains only the r columns of U, V
associated with non-zero singular values.
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9: Singular Value Decomposition: Construction

Idea to find orthonormal changes of basis U, V so that U"AV is diagonal
o Let v;,...,v, be orthonormal eigenvectors of A”A with positive
eigenvalues 02,...,02. Then,

Av;|I? = v (A" Av;) = v]!(o7v)) = o7
@ This implies that ||Av;|| = . So u; = UL,A!:' has [lu] =1 and

AAH Yy, = lAAHAM, = l_a,?Ag, = olu;

agj g;
H
1 1 1
HJHH,' = (AVJ> (AV;> = !JH(AHA)!I- = 5i,j
agj (o gi0;j

e For Uy =[uy,...,u,] and Vi =[vy,...,v,], this gives AV} = U1 ¥,
where ¥ is a r x r diagonal matrix with diagonal entries o1, ...,0,

o If cols of V, are an orthonormal basis for N'(A), then AV} V,] = Us[Z; 0]
Thus, right multiplication by VH = [V V/}] gives the compact SVD

A= UV,
where the columns of Uy, V; are orthonormal bases for R(A), R(AH) 3/10



9: The Four Fundamental Subspaces: Orthogonal Bases

Figure 3. Orthonormal bases that diagonalize A4.
For V =[vq,...,v,J and U =[uy,...,u,], AV = UL where ¥ € R™*" has
diagonal o1, ...,0,. Thus, A= ULVH.

Figure from “The Fundamental Theorem of Linear Algebra” by Gilbert Strang, The American Mathematical Monthly, Nov. 1993 4/ 10




6.5: The Four Fundamental Subspaces: Pseudo-Inverse

column
space

—p=Axt

nullspace
of AT
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Figure 4. The inverse of 4 (where possible) is the pseudoinverse 4. 5/10



9.2: Singular Value Decomposition Example

Consider the matrix [ 1 1 ]
A p—

An eigenvalue decomposition of A”A is given by

s[5 7 e (G DT ]G 1))

This implies ¥; = A2 and V; = V. Thus, we find U; = AV;3; ! with

1 1 1 0
1] -11 —= 0 1
[—1 5 ] val bl 0 U® 7

WIN WINW[—

2
Putting this all together, we have the compressed SVD

0 1
- o | o 3 V36 0 1 [-11
A=UmW=1 v 3 [0 mKﬁ 1 o1)
-1 2
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Moore—Penrose Pseudo Inverse

For a matrix A € C™*", the matrix AT € C"*™ is the pseudo-inverse iff:
Q@ AATA = A (implies AAT is idempotent)
Q@ ATAAT = AT (implies AT A is idempotent)
Q@ (AAT)H = AAT (implies AAT is Hermitian)
Q (ATA)M = AT A (implies AT A is Hermitian)

Lemma

From the compact SVD A = U;X; V!, one finds that AT = ViX 71U

O AATA = Uy(S VAVIEITIUR UL VE = A
Q ATAAT = V(X TUF UL VI V) I US = A
Q@ (AAHH = (Ui (T, VHVE UM = vy Ul = AA+
Q (ATA) = (V(SM UM U ) V)Y = v = A+A O

Thus, AAT and AT A are projection matrices onto R(A) and R(A). 7/10



Approximation Property of the SVD

Let A€ C™*" have SVD A = UXVH where uy,...,u,, and vq,...,v, are the
columns of U and V. Then, the k-truncated SVD expansion of A is

k
T(A) 2 oyl
i=1

Theorem

In terms of the Frobenius norm || Az = _, |aj|*, the best rank-k
approximation of A € C™*" js given by the k-truncated SVD expansion:

|A = Bllr = IA = Tk(A)llF

min
BeCmxn: rank(B)=k

The Frobenius norm is induced by inner product (A, B) = Tr(B"A) on C™*"
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Principal Component Analysis (PCA)

Problem: For a given set of N data points x;,Xs,...,Xxy € R", what
p-dimensional affine subspace W C R” minimizes the approximation error

N
> lxi = Pw(x)I.
i=1

Solution: Using w, = ﬁ Z,{V:lg,-, we define the mean-corrected data matrix
A= [Kl 7%7"'7KN7ﬂ0]~

Then, the problem can solved using the SVD A = UZVT . In particular, one
can define Uy £ [uy,...,u,] and choose W = span(U,) + w, so that

-
Pw(x) = UpU, (x — wy) + wy,.
For dimension reduction, one stores Y, = Ugg,- € RP instead of x; € R".

Note: This solution essentially replaces A by the p-truncated SVD T,(A)
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@ To continue studying after this video —

o Try the required reading from website:

The Fundamental Theorem of Linear Algebra by Gilbert Strang
o Or the recommended reading: Course Notes EF 6.5 - 6.6.1, 9.1 - 9.3

o Also, look at the problems in Assignments 7 and 8

10 / 10



