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2.1.4: Properties of Real Numbers

@ Suppose we include the natural boundary values for the real numbers
o This gives the extended real numbers R £ R U {0, —00}
_ ) _ . Ay
o R forms a metric space with metric dg(x,y) = |75 — 75l
e “x, = 00" is equivalent to “VM > 0,IN € N, Vn > N, x, > M"

The supremum (or least upper bound) of X C R is denoted sup X and equals
the smallest extended real number M € R such that x < M for all x € X.
Lemma (supremum sequence)

Let X be a metric space and f: X — R be a function mapping X to the real
numbers. Let M = sup f(A) for some non-empty A C X. Then, there exists a
sequence xi, Xz, . .. € A such that lim, f(x,) = M.

@ Sketch proof on the board



2.1.4: More Properties of Real Numbers

Definition
The maximum of X C R, denoted max X, is the largest value contained in the
set. It equals the supremum if sup X € X and it is undefined otherwise.

Example
X =1[1,2) C R has sup X = 2 and max X undefined.
For f(x) = 1, f(X) = [1,00) and sup f(X) = cc.

o infimum: inf X = — (sup —X), where - X = {x e R| —x € X}
@ minimum: min X = — (max —X), if it exists

@ supremum and infimum always well-defined but may equal +o00

Theorem

A bounded non-decreasing sequence in R converges to its supremum.

Sketch proof and application to sums on the board 2/7



2.1.2: Continuity

Let f: X — Y be a function between metric spaces (X, dx) and (Y, dy):

Definition

The function f is continuous at xp € X if, for any € > 0, there exists a § > 0
such that, for all x € X satisfying dx(xo, x) < 9, we find dy (f(x), f(x)) < €

Theorem

If f is continuous at xg, then f(x,) — f(xo) for all sequences x1,xa,... € X
such that x, — xo. Conversely, if f(x,) — f(xo) for all sequences

X1, X2, ... € X such that x, — xg, then f is continuous at xg.

@ f is called continuous if it is continuous at all xg € X

e f is uniformly continuous if 4 can be chosen independently of xg
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Continuous vs. Uniformly Continuous

Let X =(0,1] and Y = [1,00) be subsets of the standard metric space R
o Let f: X — Y be defined by f(x) =1

o Is this function continuous? What could go wrong?

2
e For all xo € X and € > 0, we can choose § = 12’)(0 and observe that
exd
1 1 Xo — X Thexo _ € — .
IV ex2 - _ _€Xp -
X X0 X X0 xo(x0 - 125) (14 ex0)(1 - 175
f(x)= 1
o It is uniformly continuous? Where could something go wrong? 10
o Negating the definition of uniformly continuous gives 8
Je>0,V6 > 0,3x0 € X,Ix € X s.t. |x —x0| <6, |f(x) —Ff(x)| >€ ¢
fe=1, x = min{%7 g} X = 2xp, then |x — x0| = x0 < % and 4
1 1 Xo — X Xo 1 max 1 1 > 1 2
_—_—— = = — = — = X —
X X X Xo XXo X 5= 0 02040608 1
X
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Uniformly Continuous vs. Lipschitz Continuous

Definition
A function f: X — Y is called Lipschitz continuous on A C X if there is a
constant L € R such that dy(f(x),f(y)) < Ldx(x,y) for all x,y € A.

Let X =[0,1] and Y =0, 1] be subsets of the standard metric space R

o Let f: X — Y be defined by f(x) = /x
o Is this function Lipschitz continuous? What could go wrong?

o Lower bound the Lipschitz constant via x — 2%y +— 2% + z:

|\f f' Vzi+z— \F> sup ——1

L> sup > sup =
xyex |y —x| zg(o,%] (2+2)—2 z€(0,1] vz
x#£y
o Exercise: Is this function uniformly continuous? (Try § = €?) 0 012 014 016 018 1

X
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2.1.5: Sequences of Functions

Let (X, dx) and (Y, dy) be metric spaces and f,: X — Y for n € N be a
sequence of functions mapping X to Y.

Definition

The sequence f, converges pointwise to f: X — Y if, for all x € X,

nILn;O fo(x) = f(x)

Definition
The sequence f, converges uniformly to f: X — Y if

Ve>0,3IN eN, Vn> N, Vx € X, dy (fr(x), f(x)) < e.

Theorem

If each f, is continuous and the sequence f, converges uniformly to
f: X =Y, then the limit function f is continuous.
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@ To continue studying after this video —
o Try the suggested reading: Course Notes EF 2.1.3-2.1.5
o Or the optional reading: MMA 2.1

o Also, look at the problems in Assignment 3
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