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Computation of Channel Capacity and
Rate-Distortion Functions

RICHARD E. BLAHUT, MEMBER, IEEE

Abstract—By defining mutual information as a maximum over an
appropriate space, channel capacities can be defined as double maxima
and rate-distortion functions as double minima. This approach yields
valuable new insights regarding the computation of channel capacities
and rate-distortion functions. In particular, it suggests a simple algo-
rithm for computing channel capacity that consists of a mapping from
the set of channel input probability vectors into itself such that the
sequence of probability vectors generated by successive applications of
the mapping converges to the vector that achieves the capacity of the
given channel. Analogous algorithms then are provided for computing
rate-distortion functions and constrained channel capacities. The algo-
rithms apply both to discrete and to continuous alphabet channels or
sources. In addition, a formalization of the theory of channel capacity
in the presence of constraints is included. Among the examples is the
calculation of close upper and lower bounds to the rate-distortion function
of a binary symmetric Markov source.

I. INTRODUCTION

HANNEL capacity, a fundamental concept in in-
Cformation theory, was introduced by Shannon [1]
to specify the asymptotic limit on the maximum rate at
which information can be conveyed reliably over a channel.
The rate-distortion function, also introduced by Shannon
[1], [2], serves an analogous function in the area of data
compression coding for sources. These two basic concepts
are discussed in detail in Gallager [3], Jelinek [4], and
Berger [5].

Evaluation of a channel capacity C or a rate-distortion
function R(D) involves the solution of a convex program-
ming problem. In most cases analytic solutions cannot be
found. Programmed computer search techniques have
proved to be tedious even for small alphabet sizes and to
be impractical for the larger alphabet sizes.

This paper reformulates the problems of computing C
and R(D) from a new and slightly broader perspective,
based on the observation that average mutual information
I(p,Q) can be written in either of the two following forms:

P.
I(p,Q) = m:lx zjzkijklj log ‘f}

J

I(p,Q) = min %, p;Q,; log qul ’
N q k

where P is an arbitrary transition matrix from the channel

output alphabet to the channel input alphabet and ¢ is an
arbitrary probability distribution on the output alphabet.
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Arimoto [13] used the first of the preceding expressions in
an investigation of C, thereby obtaining Theorems 1 and 3
as well as Corollary 2 of this paper.!

This approach places the existing theory of C and R(D)
in a more transparent setting and suggests several new
results. In particular, the approach in question results in
algorithms for determining C and R(D) by means of map-
pings from probability vectors to probability vectors. Under
the first of these mappings, the sequence of average mutual
informations associated with the successive channel input
probability vectors increases monotonically to C. The other
mapping produces a sequence of (information, distortion)
pairs (I,D) that converges to a point on the R(D) curve; the
convergence is monotonic in the (Z,D) plane in the direction
perpendicular to the slope of R(D) at the limiting point.

II. CApPAcCITY OF UNCONSTRAINED DISCRETE CHANNELS

For the purposes of information theory, a discrete channel
is described by a probability transition matrix Q = [Qy;]
where Qy,; is the probability of receiving the kth output
letter given that the jth input letter was transmitted. In
general, Q is not square. The capacity of the channel is
defined as '

C = max I(p,Q) = max ;% p;Qy, log Qs ,
pepn pePn szijU

where
P = {peR':p;, = 0Vj; Z;p; = 1}

is the set of all probability distributions on the channel
input, and I(p,Q) is known as the mutual information
between the channel input and channel output. The choice
of logarithm base affects C only by a scale factor. It is
usually convenient in applications to take base 2 so that C
is expressed in terms of bits-per-channel use; for theoretical
work, natural logs are more convenient.

The utility of the concept of capacity is widely discussed
in the literature. Intuitively, the capacity of a channel
expresses the maximum rate at which information can be
reliably conveyed by the channel. Any coding scheme that
superficially appears to operate at a rate higher than C will
cause enough data to be lost because of uncorrectable
channel errors so that the actual information rate is not to
be greater than C.

Our concern in this section is with the calculation of
capacity. The approach is to broaden the definition of

! The author is indebted to the editor for pointing out the prior
existence of the Arimoto paper.
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capacity to a larger maximization problem, which allows
greater flexibility. This is done in the following theorem.
Here, and in the sequel, maxima or minima are understood
to be over the appropriate space of probability vectors or
probability transition matrices (unless the domain is
explicitly stated).

Theorem 1: Suppose the channel transition matrix Q is
n X m. For any m X n transition matrix P, let

P.
J(p,Q.P) = EjZkPij]j log il

J

Then the following is true.

a) C = max max J(p,Q,P).
P P
b) For fixed p, J(p,Q,P) is maximized by
lek _ P 19k )
Z;piQu;

c¢) For fixed P, J(p,Q,P) is maximized by

_exp (50, log Py
/ % exp (Z,Qx; log Pj)

Proof:
a) It suffices to show that

P,
1(pQ) = max X,%,p,Qy; log ~ k.

J

Let
P;_klk - PiQu;
Z;piOu;
and
9 = ijijU
so that
pP*
I(p,Q) = ijqup;!‘[k log Ik,
p;
Then

P; P¥
I(p,Q) — Ejzkijklj log AI;JE = ijqupj*lk log P—JB

J Jlk

v

zjqukp;’klk = Z%qi Pk
=0

with equality? iff P;j, = PJ};.

b) This fact is an immediate consequence of the
equality condition of part a).

¢) If for some k, P;; = 0, then p; should be set
equal to zero in order to maximize J as it is. Such a j can
be deleted from the sum and dropped from further con-
sideration. J(p,Q,P) can now be maximized over p by
temporarily ignoring the constraint p; > 0, and using a
Lagrange muitiplier to constrain

2 The inequality used here is the well-known log x = 1 — (1/x)
with equality iff x = 1. This inequality will be used in the sequel
without further comment.

461

0

P.
J J
——log pj -1 + Ekalj log Pj[k + A=0.
Hence,
= exp Z, 0y log P
7 %, exp £,0; log Py,

where A is selected so that

Notice that this p; is always positive so that the inequality
constraint p; > 0 is not operative.

The following corollary states a familiar condition on the
solution of the basic problem. It is stated here both because
it follows immediately from Theorem 1 and because the
particular form that arises motivates the remainder of this
section.

Corollary 1: If p achieves capacity, then

P; €Xp Ekau log “&L
ZpiQu;

Z;p; exp 5,0y, log _Quy
Z;pQu;
Proof: This is just the simultaneous satisfaction of
parts b) and c) of the theorem.

p; =

The form of the equation in Corollary 1 is meant to
suggest that any p can be used in the right-hand side in
order to generate a new p on the left. Under appropriate
conditions, this new p gives a better estimate of capacity as
proved in Theorem 3.

Corollary 2:

= max log Z; exp (£,Qy; log Pjp).

Proof: This follows from substituting part c) into
part a).

The following specialization of the Kuhn-Tucker theorem
will be used in the proof of Theorem 3.

Theorem 2: A vector p e P" achieves capacity for the
channel with transition matrix Q if and only if there exists
a number C such that

Zkau log ‘l*Qk i =C,
Z;piOu;

2,0y, log Qi <C
Z;piQn;
For a proof, see Gallager or Jelinek. The conditions are
sometimes called the Kuhn-Tucker conditions. The number
C is then the channel capacity. It proves convenient to
restate Theorem 2 as follows.
Corollary 3: A vector p e P" achieves capacity for the
channel with transition matrix Q if and only if there exists
a number C such that

pj7é0

p; =0
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exp (—C) exp L,0,; log _QﬂJ_ =1,
Z;piQu;

exp (—C) exp L0y, log O <1
EijQku

Theorem 3: For any p € P", let

p;#0

p1=0.

¢(p) = exp L0y, log L .
2:I’ijU
Then, if p° is any element of P" with all components strictly
positive, the sequence of probability vectors defined by

r
r+1 Cj

b= b Zpjef

is such that I(p",Q) —» Casr — .

Proof: Given any p", we increase J(p,0,P) by using
Theorem 1-b) to pick P;), and then, with P, fixed, using
Theorem 1-c) to pick a new p vector. The composition of
these two operations is just the operation that appears in
the theorem. Hence, the algorithm in question increases
mutual information. It also follows easily that the mutual
information is strictly increasing unless Corollary 1 is
satisfied by p", which in turn implies satisfaction of the first
condition of Corollary 3. Thus, I(p,Q) is stable only for
those p for which the first of the Kuhn-Tucker conditions
is satisfied. We shall show that I” can converge only to
values of I(p,Q) that are stable in this way, and furthermore,
that convergence is impossible unless the second of the
Kuhn-Tucker conditions also is satisfied at the limit point.

Since I(p",Q) is increasing and is bounded by C, I"
must converge to some number I* < C. Let V(p") =
I(p"*1,0) — I(p",Q). Then V(p") — O since I" converges.
By the Bolzano-Weierstrass Theorem, the sequence (p")
has a limit point p* and a subsequence (p") converging to
p*. Therefore, by continuity of V, V(p") - V(p*). But
V(p") — 0. Therefore, V(p*) = 0 and hence p* satisfies
the first of the Kuhn-Tucker conditions.

Now suppose p* does not achieve capacity. Then by the
sufficiency condition of Corollary 3,

*®
5 cj* ik 1
Zipie
for some j, where ¢;* = c;(p*).

Since some subsequence {p™} converges to p*, then by

continuity {c;”} converges to c;* for all j. But,

r

p =p" [] b/

n=0

where
n
pr = _Ci
n n
Zpj'cy

J

and {b;"} has a subsequence converging to a number
greater than 1. Therefore, the sequence of partial products
does not converge and p;” does not converge, which is a
contradiction.

Therefore, p* achieves capacity and I® = C. This
completes the proof of the theorem.
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INPUT
b, = Po
b] b
%31
c] = exp Zk Qkh log - ]
3% 3
I_ = log(ZI.p.c
L g( JPJ J)
_ max
T ” 109‘( J)
YES NO
‘3
= P, =p
C=1 3j 3
L I.p.c.
JPJ J
HALT

Fig. 1. Capacity algorithm.

The application of Theorem 3 to the computation of
channel capacity is illustrated in Fig. 1. The termination is
based on the fact that for any probability assignment p the
following holds

a)
C > log Z;pjc;
b
C < log (max c)),
i
where

¢; = exp 0y, log _Qus
1P
Part a) is a simple consequence of Corollary 2 and part b)
appears as a problem in Gallager [3, p. 524].

IIT. RATE-DISTORTION FUNCTIONS FOR DISCRETE SOURCES

A discrete-alphabet memoryless source, which produces
the jth letter with probability p;, is to be reproduced in
terms of a second alphabet that need not be of the same
size, although often it is identical to the source alphabet.
A distortion matrix with elements p, specifies the distortion
associated with reproducing the jth source letter by the kth
reproducing letter (0 < j <m — 1,0 < k < n — 1). With-
out loss of generality, it can be assumed that for each source
letter, there is at least one reproducing letter such that the
resulting distortion equals zero.

Rate-distortion theory is concerned with the average
amount of information about the source output that must

‘be preserved by any data compression scheme such that
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the reproduction can be subsequently generated from the
compressed data with average distortion less than or equal
to some specified D. The rate-distortion function is defined
as

R(D) = min Z;%,p;Qy; log _Qui min I(p,Q),
QeQp i D%\ i QeQp
where
Op ={QeR" x R:L,0y; = 1,0y,; 2 0,d(Q) < D}
and

d(Q) = ijkijkljpjk'

The definition of rate-distortion functions is justified by
source compression theorems, which are widely reported
[3]-[5]- Intuitively, if average distortion D is specified,
then any compression must retain an average of at least
R(D) bits per source letter, and conversely, compression to
a level arbitrarily close to R(D) is possible by appropriate
selection of the compression scheme.

The investigation of rate-distortion functions is usually
carried out parametrically in terms of a parameter s, which
is introduced as a Lagrange multiplier. This parameter
turns out to be equal to the slope of the rate-distortion
curve at the point it parameterizes [5]. These facts will be
assumed in the following and the discussion will begin
with the following parametric expression for R(D).

R(D) = min [Zj):kijk“ log Qi
2 JpJQkIJ

- S(ijkijkljpjk - D)] >
where
D = EjszjQ;ckUpjk
and Q* is the point that achieves the above minimum.
The minimization is now over all transition matrices Q.
The value of D, however, is no longer an input to the
computation; rather, a value of s is specified whereupon
both D and R(D) are generated for the point on the R(D)

curve that has slope s.
Theorem 4: Let

F(p.0,9) = 350,04, log Q—"—'f ST 0,0

Then
a)

R(D) = sD + min min F(P,QaQ),
q Q

where
D = ijkPjQ;f[ijk

and Q* achieves the above minimum.
b) For fixed Qy;, F(p,Q,q) is minimized by

9 = Ejl’iju-
¢) For fixed ¢, F(p,0,q) is minimized by

qx €xp (sp i)

Qk j = .
IJ 24 €Xp (Sij)
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Proof:
a) It suffices to prove that I(p,Q) = min, F(p,0,q).
P log 24 _ 1(p,0) = 5,5 I Qk
kijklj og (p,Q) = kijkU og
9k
-3 EkPJQk]] log _gl_
JQk|J
= 2,5, p;jQ; log —“‘Ljijk d
dx
> Z5piQu; — Lude = 0
with equality if and only if
g = Ejijklj'

b) This follows immediately from the equality con-
dition of part a).

¢) Temporarily ignore the inequality constraint
Q; = 0 and introduce a Lagrange multiplier to constrain

Eka” = 1.

[Ejzk Piju log Q—;Lj

k

0
0Qu;
— SEZ% piQuipi + Tk Zkau] =0

p;log Qk|j — pilog g + p; — Spipu + 4; = 0.

Hence
_ _4x©Xp (Spjk)

Qk j s
“ Zqi exp (spjp)

- where 4; has been selected as that

Ekau =1

Notice that this is always nonnegative so that the inequality
constraint Qy; = 0 is satisfied.

A familiar condition on the minimizing Q is the following.
Corollary 4: If Q achieves a point on the R(D) curve
parameterized by s, then

_ arexp (o)
Qi =5 —— >
2iqy exp (5P )

where

exp (sp )
P
T 2.9, exp (spjk)
Proof: This is just the simultaneous satisfaction of
parts b) and ¢). The first equation of Corollary 4 defines a

transition matrix Q(g) given any ¢. This will form the basis
for the algorithm of Theorem 6.

qr = EijQk],

Corollary 5: In terms of the parameter s,
R(D,) = sD, + min [~X,;p; log Z,qy exp (sp;)]
q
! Tq,* exp (spji)
where ¢,* achieves R(D,).

D, =%;p

s
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Proof: This follows immediately by substituting part c)
of the theorem into part a).

Corollary 5 expresses the substance of a theorem by
Haskell [6]. The following variation is also useful.
Corollary 6:

R(D) = max min [sD — Z;p; log Z,q; exp (sp;)]-

se[—®0,0] ¢

Proof: Let Q achieve R(D) and let D, be the average
distortion value parameterized by s. Then

R(D) — min [sD — Z;p; log I exp (sp;)4s
q

R(D) — sD — min [sD, — Z;p; log Z,q exp (sp;)]
q

+ sD

R(D) — sD — R(D,) + sD,

Qu1; €xp (sp;1)
= Z.ka.le. log Xk|j ¥7F Pk
T Z;piQu;

— min Zjkaij” log Qk J CXp (spjk) .
¢ Z;piQu;j
> 0.

The content of this corollary can be expressed in a
pleasant form if

Z; exp (sp jk)

is independent of k. We digress further to illustrate this in
a special case.

Corollary 7: Suppose the alphabet consists of binary
n-tuples and the distortion is Hamming distance. Then

R(D) = max min [Dlog p + (1 — D) log (1 — p)
pel0,4] 4
+ X;p; log ZA;p)ai]

where A,(p) is the n-tuple transition matrix of a binary
symmetric channel of transition probability p. In particular,
if
then

R(D) = DlogD + (1 — D)log(1 — D) — Z;p; log p;.

Proof: Let the superscript n denote the block length
and notice that the matrix exp (sp;") can be expressed
inductively by

exp (5Pl exp (5) exp (59 |
exp (s) exp (spf 1) exp (sp V)

Define p by exp (s) = p/(p — 1). The result then follows
from the previous corollary.

exp (sp,") =

The analog of Theorem 2 is the following.

Theorem 5: A necessary and sufficient condition on an
output probability assignment g to yield a point on the
R(D) curve via the transition matrix
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R(D)

s L L L L L

\ D
Fig. 2. [-D plane.

qx €xp (sp jk)

Qk , =
v Z,qx €xp (Spji)
is that ¢ satisfy
exp (sp )
C, = X;p; — P =, q; # 0
o Ziqx €xp (P50
o = Z;p; — P VPi) (opp) <y g = 0.

.p. <
o Ziqx €Xp (pj)

For a proof, see Berger or Gallager.
The major theorem of this section is the following.
Theorem 6: Let the parameter s < O be given. Let ¢° be
any probability vector such that all components are non-
zero. Let ¢"*! be given in terms of ¢" by.

r+1 _ r ijjk
4% = 4L )
! A 4

where A4, = exp (sp;;). Then,
D(Q(g") - D,

I(p,Q(q") —» R(Dy),

where (D,,R(Dy,)) is a point on the R(D) curve parameterized
by s.

Proof: Theorem 4 can be used to provide the first part
of the proof. The following proof will, however, bring out
the geometrical role of the parameter s.

For any probability vector ¢, recall that Q(g) is given by

asr — oo

as r — 0,

Ajqu

Ouiq) = .
K 2kAjk‘Ik

Consider the I-D plane of Fig. 2. For any probability
vector g, let V(q) = I(q) — sD(q), where I(q) = I(p,0(q)).
Then V(q) is the value at which a line of slope s through the
point (I1(q),D(g)) intercepts the [ axis. The point in the
R(D) curve parameterized by s has a tangent that is parallel
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to every such line of slope s, and lies beneath them. We will
show that the sequential values V(g") are strictly decreasing
unless (I(g),D(q)) is a point on the R(D) curve in which
case V(g) is stationary.

Let
Qr+1 — Q(qr)
Then
Qr+1 — Apdi
ZkAjqur
and
QIZH = ZijQ;r}l-
Then
pxqr+1)
r+1 Q;tl r+1
= Z;%p;Qu; log i SZ;Zc POkl Pi
k
= Ejzkijl';r}l log % - EjZkPjQr';f;l log 4,
de LA g
= —I;Zp0i;' log dpg + Z%,p,0if" log T
X
—X;%,p; 0k ; log T dpq” + Zugi ™! log ,H
k
Now let
W(g = V) - Vg™
so that
r ij kAjqu r+1 +1
W(q") = L,%:p;Q; log + Tgt  log T
qy jk q
r 9 A jx
> X%, p;05; [1 - rvﬁf_r]
! = le jEkAjqu

i [ 5

]=0+0=0
k

with strict inequality unless g, = ¢;*! Vk.
Thus, ¥(g") is nonincreasing and is strictly decreasing
unless

q = 4 Z;p;

Jjk

Zoqi A ji '

which is just the first condition of Theorem 5. Since ¥V (g")
is decreasing and is bounded below by R(D) — sD, it must
converge to some number V. We now argue as in the
proof of Theorem 3 to show that V° = R(D) — sD. That
is, by the Bolzano-Weierstrass Theorem, the sequence g"
has a limit point g* and by continuity of V(g) this limit
point satisfies

* * Aj

q = 4y Z;p; ——.
o EkAjqu*

In addition, this limit point must satisfy the second of the
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INPUT
s sp .
e

R(D) = z log ¢, ]

ki

sD- Z.p. log Z, A
P35 799 *x

ik &7 k%

'

HALT

Fig. 3. Rate-distortion algorithm.

Kuhn-Tucker conditions since otherwise convergence could
not occur. This completes the proof of the theorem.

The application of this theorem to the numerical com-
putation of rate-distortion functions is illustrated in Fig. 3.
In order to estimate the accuracy after any finite number of
steps, the following theorem is employed.

Theorem 7. Let the parameter s < 0 be given and let
A = exp (sp;,). Suppose g is any output probability vector
and let

= Z;p; A
%A jqu
Then at the point
_ A k9k
D = ZZ,p; s Pk
we have
a)

R(D) < sD — Z;p;log LA g, — Ziqicy log ¢,

b)
R(D) = sD — Z;p

; log Ty A gy — m:ix log ¢,
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Proof:
a)

A
Qu; = Mata? 12 120
b EkAjqu

is a transition matrix giving distortion D. Hence

RO) < 1(p.Q) = EZ%,p,Qu; log - T
1 JQkIJ

Ajr
(ZkAjqu)(Ej ijklj)

sD — X;p; log L A4, —

== Ejzk Pij|j log

2.q:¢ log ¢,

b) A lower bound theorem for rate-distortion func-
tions states that

R(D) = sD + X,p;

 log 4;,
where 4; is any vector such that
ZipihiAy <1
(see Berger or Gallager). Let
Cmax = MAax X;p; _Aw
k 24 4
and let
Aj = (Crax A jqu)_l
Then
Zipididy <1
and
R(D) = sD — Z,p; log £, 4,49, — max log ¢,.
k

IV. CapraciTY OF CONSTRAINED DISCRETE CHANNELS

Many channels have an associated expense of using each
channel letter. A common example is the power associated
with each output symbol. A constrained discrete channel is
a discrete channel with the requirement that the average
expense be less than or equal to some specified number E.

Although capacity at an expense E has been investigated
in the past, and occasionally the function C(E) has been
determined, there does not seem to have been developed
any formalization of the theory of C(E) functions. This
formalization is straightforward and is provided in the
Appendix.

A vector e; is specified, where ¢; is called the expense of
using the jth input letter. The capacity at expense E is then
defined as

C(E) = max X,;%,p;0y; log Qi _ max 1(p,Q),
pePe jPj%k)j  pePE
where

Py = {peP":XL;pe; < E}.

As discussed in the Appendix, this can be rewritten
parametrically as
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E)] ,

_.Q_L_,__sz. e; —
ZPQ (.lp.l.l

JYTEk]

C(E) = max [): 2 PiQxy; log
where
E = Z;p*e
and p* achieves the above maximum.
The maximization is now over all input probability vec-

tors p. The generalization of Theorem 1 is the following.
Theorem 8: Let

P.
J(p,Q,P) = Z;%,p;Qy; log ‘LI; k- sZ;pje;.
J
Then
a)

C(E) = sE + max max J(p,Q,P),
P p
where

and p* achieves the above maximum.
b) For fixed p, J(p,Q,P) is maximized by

P.. = ijk{j
jlk :
Z;p;iOu;

¢) For fixed P, J(p,Q,P) is maximized by

_ _exp (£,Qy; log P, — se)) )
y Zj €Xp (Ekalj log lek - Sej)

Proof: The proof is essentially the same as that of
Theorem 1.

Corollary 8: If p achieves capacity at expense E, then for
Dj €Xp (EkQH j log &‘LW
i P&k

some s € [0,00]
Quj

— Sej)
Z;piOu;

Proof: This is just the simultaneous satisfaction of
parts b) and c).

p; =

Z;p; exp (EkaU log

Corollary 9: A parametric solution in terms of s is

C(E)) = sE, + max [log Z; exp (Z,0y; log P;, — se;)]
P

773 exp (50, log PHy — se))

where P* achieves the maximum.
Corollary 10:

C(E) = min max

se[0,0] P
‘[SE + log Z; exp (E,Qy; log Pjj, — sep].

Proof: Let p* achieve C(E) and let E; be the expense
parameterized by s. Then
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YES NO
E = I.p.e. C,
P55 p. = p J
b] iT
Z.p.C.
C(E) = sE + I 37373
HALT

Fig. 4. Constrained capacity algorithm.

C(E) — max [sE + log Z; exp (£,Qy; log Py, — se))]
P L
= C(E) — sE — max [sE; + log Z; exp (Z,Qy; log P,
P

— se;)] + sE
C(E) — sE + C(Ey) + sE,

]

. €X —Sée;
= 23 0;"Qu, log M‘*)
Zip;"Quj
_ . €X — Se;
max X, p;Q,; log Quj exp (= se))
r Z;piQu;
< 0.

Theorem 9: A vector p e P" achieves capacity at some
expense E, parameterized by s for the channel with transition
matrix Q and expense vector e if and only if there exists a
number V such that

Qk]j _ V,

EkaU log p; # 0

Ekalj IogiﬂL — Sej S V, pJ = 0.
Z;piQu;
Proof: The proof is lengthy but only trivially different
from the proof of Theorem 2. The reader can readily modify
any published proof of Theorem 2.

Theorem 10: Let s e [0,00] be given, and for any pe P"
let
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c(p) = exp (EkaU log =i _ sej) .
D%k

Then if p° is any element of P" with all components strictly
positive, the sequence of probability vectors defined by

r

ARSI
P P Z;pi'cy
is such that
I(p',Q) > C(E), asr—
e(p”) - E, asr — o,

where E; is the expense of the point parameterized by s.
Proof: Let

V(p) = I(p) — se(p) = Z;p; log c;
and show that V(p) is increasing. Let

W(p) = V(p™") — V(p)
=3;p/ c"r -log ¢i*' — Z;p/" log ¢/
iPi €
—_ 1 ZE ro.r rl r+1
=5 o rer ; [ZZ;p e/ log ¢
jPj€j

— XX;pipj’ci log Ci’]

1 Cr.+1
= ﬁ [Eipirszjrcjr 10g u . :I
ij] Cj C

i

r ¢
=1 =Zp/ 4
]
with equality iff
el =1Vi,jap, # 0 # p;

We now substitute the defining equation for ¢; and apply
Jensen’s inequality.

DN AR
W(p") = 1 — Z;p;"exp L,Qy; log L —=r
Z;pi Qu;j

r+1
> 1 — %;p;%,0u; exp log §&—Q&u
Zipi Ok
Therefore

W(p) =1 - 5Z;p;"'0Q; = 0.

Thus, ¥V(p) is increasing; moreover, V(p) is strictly in-
creasing unless

r+1

¢j

= C

ir5 Vi’japi¢07&pj,

which condition reduces to the first condition of Theorem 9.
We now argue as in the proof of Theorem 3 to show that
V(p) converges to C(E) — sE. That is, by the Bolzano-
Weierstrass Theorem, {p"} has a limit point and by con-
tinuity it must satisfy the above Kuhn-Tucker condition.
In addition, this limit point must satisfy the second of the
Kuhn-Tucker conditions since otherwise convergence could
not occur.

A flow diagram for the algorithm of Theorem 10 is shown
in Fig. 4.
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The following theorem provides a termination for this
algorithm.

Theorem 11: Let the parameter s be given. Suppose p is
any probability vector, and let

Ly

(ZQ loe
A

Then, at the point

E=2Lpic;
a)
C(E) = sE + log Z;p;c;
b)
C(E) < sE + log max c;.
j
Proof:

a) p is a probability vector giving expense E. Hence

Y

CE) = 1(p,0) = %, p, %0y log - 2HI
JpJQk|J

= X,;p;logc; + se; = sE + Z;p; log c;.

b) Suppose p* achieves capacity at expense param-
eterized by s. Then by Corollary 10,

C(E) < sE + log Z;p;* exp (Zka” 10g—Ql:kL - sej) .
Zip;" O

Hence

C(E) — (sE + max ;)

< logZ;p;* exp (EkaU logz—pg’i”— — se; — max log cj)

iPi Ykj J

< log Z;p;* exp (}:ka” log —Q’;“——— — se; — log cj) :
Z;p;"Quj
We now use
Q)
log c; + se; = L,Qy; log =~ —
! ! LT E0,0;

so that
C(E) — (SE + max c;)

< logZ%; p, exp ;04 ; log #*Q"'L
1 D; leJ

log Z;p;*Z,0; exp log ﬁ*ij_
Z;p; Qk|,

IA

(Jensen’s inequality)
V. CoNTINUOUS CHANNEL AND SOURCE ALPHABETS

The discussion of the preceding sections has been con-
fined to discrete channels and sources. If we turn attention
to channels or sources that are described by probability
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densities, then the earlier discussion can be mimicked in
order to provide the analogous theory for continuous
probability distributions.

We shall not develop this continuous distribution theory
in detail here, both because this would be largely a repetition
of the discrete case and because a detailed treatment is
available elsewhere [12]. However, several comments will
be made to indicate the necessary modifications.

Suppose for any input x, Q(y/x) is a probability density
function describing the channel. Capacity is defined as

Q(y/x)

C(E) = SV CL) N
® § o(y/x) p(x) dx

sup
p(x)e Pp

| f PHQ(y/x) log ay,

where
Py = fp:R - R| fp(x) dx = 1, p(x) >
\
Jp(x)e(x) dx < E} .

Rate-distortion functions are similarly defined as an infimum
of a mutual information over a space of conditional prob-
lellly UlbLIlUULIOﬂS .

The use of the supremum and infimum suggest that, in
general, these are not actually achieved by any continuous
probability distribution (e.g., convergence is to a discrete
distribution) so that Kuhn-Tucker-like conditions on the
extremizing probability distribution may be vacuously true.
However, these conditions can nonetheless be stated and
are useful for recognizing points that do not achieve the
solution.

The search for extremizing probability distributions is
now a problem in the calculus of variations with con-
straints, but otherwise closely follows the discrete case. The
continuous versions of Theorems 6 and 10 can be stated.
However, since the extremum might not be achieved, the
proof cannot assert the existence of a limiting distribution.
The proof must be modified to show that any point below
the supremum (respectively above the infimum) cannot be
a limit point.

VI. MULTIPLE CONSTRAINTS

Some channels may have more than one constraint
specified simultaneously. The most common example is a
continuous channel that is constrained both in peak power
and in average power. It is straightforward to generalize
capacity-expense theory to handle this situation. The basic
definition for the discrete channel is as follows

max %%, p;0y; log EQJ—
pePg's? JpJQkIJ

C(ELE? =
where
< E'and Z;pje?

Poipr = {peP": Z;pe;! < E?).

The generalization of Theorem 10 is the following.
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Rate R{Bits)

DISTORTION D
Fig. 5. Upper and lower bounds for the rate-distortion function of a binary symmetric Markov source p = 0.25.

Theorem 13: Let (s,,s,) € [0,00] x [0,00] be given and I(p",Q) > C(E, E,*), asr—>
for any p € P" let J(p) > E, 1, as F - oo
. 27 .r 2
Cl(p) = exp (Eka]_] log %IJ* - Slejl - SZejz) . e (p) - Esz 3 as r — 0,
JXk|j

where C(E,,',E, %) is a point on the capacity-expense surface
Then, if p° is any element of P” with all components strictly ~Parameterized by (51,52)-

positive, the sequence of probability vectors defined by This theorem is offered without proof. - ‘
The analogous situation for rate-distortion functions can
" . ocf be considered. Thus, it may be desired that two (or more)
pj = Pj Sprer separate definitions of distortion be satisfied [8]. One situa-
J I

tion where this would occur is if the reproduced data is to

is such that be made available to two different users with different
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0.97

Rate R(Bits)

15% Erasures
0.3+
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DISTORTION D>
Fig. 6. Rate-distortion function-of binary symmetric source with erasure option.

applications in mind. The appropriate definition is as
follows

R(D',DY) = min £5,p,0u; log — i
2eQoln? 2;PjQu;
where

Qpipz = {Q:d'(Q) < D', d*(Q) < D?}
dl(Q) = Ejzkijkljpjkl
dz(Q) = ijkijkljpjkz'

The generalization of Theorem 6 is the following.

Theorem 14: Let s, < 0, 5, < 0 be given. Let ¢° be any
output probability vector such that all components are non-
zero. Let ¢"*! be given in terms of g" by

, , A ;
a = a4/, Pk

! LA udi

where

Ay = exp (Slpjkl + 52pjk2)'
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I
o

.99

Probability Detection

Probability Detection

Probability Detection = 0.90

Capacity of Expense E C(E) (Bits)

T L] L] v 1

T
0 0.1 0.2 0.3 0.4 0.5 0.6
EXPENSE E

Fig. 7. Capacxty-expense function for binary asymmetric channel with expense equal to percent of ones transmitted.
False-alarm probability = 0.001.

Then VII. EXAMPLES

d'(q") - D', asr — oo A long-standing problem in information theory is the

d*(q" - D2, as F — oo determination of the rate-distortion function for a binary

, symmetric Markov source [7]-[9]. Gray [10] has recently
I(q") - R(D solved this problem for a range of small D, but the problem
This theorem is offered without proof. for arbitrary D is unsolved. The rate-distortion function

D%, asr — oo.
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for a source with memory is defined as
R(D) = lim inf R,(D),

where R,(D) is the rate-distortion function of a source
whose alphabet is the set of words of length » with prob-
abilities assigned to these words by the Markov source
starting in an equiprobable state.

The algorithm of Theorem 6 has been used to calculate
R,,(D) as shown in Fig. 5. Also shown is a lower bound to
R(D) based on a recent theorem of Wyner and Ziv [11].
This theorem states that

mmZRﬂ»+H—£H@a

where H is the source entropy rate and H(p,) is the entropy
of the set of n-words. For the binary symmetric Markov
case, this becomes

Mmz&®—£UMp+u—mmu—m+u

where p is the transition probability.

Tighter bounds can be obtained by calculating R,(D) for
n > 10. However, the tightness is improving as 1/n while
the computations increase exponentially. Computation to
an accuracy of 1072 bits of all R,(D) curves fromn = 2 to
n = 10 by taking 9 points per curve required 12 min of
execution time on the IBM 360 model 65.

The second example is a multiple-distortion problem. A
memoryless source produces equiprobable i.i.d. outputs
from a binary alphabet. In order to facilitate compression,
a user agrees to allow a certain percentage D, of erasures.
Of the unerased data, he requires at most a percentage D,
be in error. Thus, the relevant distortion matrices are

001}

010
pjk1=F001 Zz‘ ‘

P =11 0 0

The numerical solution of the problem is shown in Fig. 6.
These curves were prepared by computing R(D!,D?) for
1600 different values of (D!,D?) to an accuracy of 1072
bits. This required 83 s of computation time on an IBM 360
model 65.

The final example postulates the existence of a noisy
binary channel, which transmits a one by the presence of a
pulse and a zero by the absence of a pulse. The receiver is
characterized by a probability of detection and by a prob-
ability of false alarm. The only design option available to
the user is to conserve power by minimizing the percentage
of ones used in a message. Fig. 7 shows the capacity-expense
functions. These were computed by generating 300 points
to an accuracy of 10~ 3 bits, which required 5 s of computa-
tion time on an IBM 360 model 65.
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APPENDIX
CAPACITY-EXPENSE FUNCTIONS

Definition: An expense schedule for a channel Q is a vector e
whose jth component e¢; is called the expense of using the jth
channel input letter.

Definition: The capacity at expense E is

pePg iPi&r\ i

= max I(p,Q),

pePg
where
PE = {pEP"ZijJeJ < E},

This is well defined.if Py is nonempty since Py is compact and
hence I(p,Q) attains its maximum on Pg.

Remark: Without loss of generality, we can assume that
E,.i, = Oand C(E) exists for all E = E,;,. This is equivalent to
assuming min e; = 0, which can be obtained by adding an
appropriate constant to all e;, thereby performing a simple
horizontal translation of the C(E) graph.

Remark: If E' > E then Pp < Pg and hence C(E) is a
monotonic nondecreasing function.

Theorem: C(E) is a convex upward function. That is, given
E’, E”, and A€ [0,1], then C(AE’ + (1 — WE") = AC(E") +
(1 — AC(EN.

Proof: Let p',p” achieve (E’,C(E"),(E”,C(E")), respec-
tively. Let p* = Ap’ + Ap”, where 1 = (1 — A). Then

e(p*) = T(p;/ + Ap;)e; = AE’ + AE".
Hence p* € P,g. ;- SO that
C(E’ + AE") = I(p*,Q)
C(AE' + AE") — AC(E") — AC(E")
= I(p*,Q) — M(p',Q) — M(p".Q)

 .p/0un; = " T.0."0.,

= /{Z‘lzka’Qk“ log —Jpj*& + AZJkaJ Qk|J log 'LJ*QﬂJ
iP; Qxis Zip; Onj

= MZppi Qi — ijpj*lej) + A py Ous — ijpf Qu)

= 0.
Corollary: C(E) is continuous except possibly at E = 0.
Proof: C(E) is convex and monotonic.

Corollary :
lim C(E) = C,

E—-Emax
where C is the channel capacity,
Emax = Zjps*e;

and p* achieves C.
Proof: C(E) is continuous.

Corollary: C(E) is strictly increasing in E < E,,.
Proof: C(E) is convex.

Corollary.: If E < E,,, then (E,C(E)) is achieved by some P
such that

e(P) = Z;pje; = E.
Proof: C(E) is strictly increasing if E < E .

Theorem: If p’,p” both achieve the point (E,C(E)), then so
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does
p=Ap + Ap’, VA e [0,1].
Proof:
e(p) = Z,(0p;/ + Zp;)e; = AE + AE = E.
Therefore, p € Pg so that
C(E) =z I(p,Q) = M(p',Q) + M(p",Q) = C(E).
Theorem: Suppose 0 < E < E

max- Then C(E) can be ex-
pressed parametrically in terms of a parameter s € [0,00] by

C(E) = sE; + ¥,

ES = ijj*ej
where
v, = 3 log — 24 _ 3
s = max ¥;p;0y; log SZ;pse;
peP PNk j

and p* achieves this maximum.

Proof: Any such point (E,C(Ey)) is clearly on the C(E)
curve, It is only necessary to prove that every point on the C(E)
curve can be so generated.

Since C(E) is concave, it has a derivative everywhere except
possibly at a countable set of points and it has a left and a right
derivative everywhere. Given the point E, let s be the left deriv-
ative of C(E) at E. Then for any E’, by convexity of C(E),

C(Ey = C(E) + s(E' — E).

Now, the parameter s generates some point on C(E). Let
(E,,C(Ey)) be this point. Then

C(E,) = max ¥,;Z,p;Q,; log T s¥;pe; + SE;
peP PP
- ¥y i Q"#
> max Z5pQu, log
pelpiE;pses=FE) Z;piQu

- Sijjej + SE§:|
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C(E) = C(E) — sE + sE,.

Therefore, C(E;) = C(E) + s(E; — E) so that either E = Ej
or they are connected by a straight line of slope s. In the latter
case, the convexity of C(E) assures that every intermediate
point on this straight line is also a point of C(E) and it is straight-
forward to verify that every point on this connecting line satisfies
the parametric equation of the theorem.

Corollary: 1If C(E) is strictly concave in the neighborhood of
some point, then the value of s that generates this point generates
only this point.

Corollary: If 5,5, are the left and right derivatives at a point
E, then s generates (E,C(E)) if and only if s € [s,,5,].
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Orthogonal Functionals of the Poisson Process

HISANAO OGURA

Abstract—In analogy to the orthogonal functionals of the Brownian-
motion process developed by Wiener, Ito, and others, a theory of the
orthogonal functionals of the Poisson process is presented making use
of the concept of multivariate orthogonal polynomials. Following a brief
discussion of Charlier polynomials of a single variable, multivariate
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Charlier polynomials are introduced. An explicit representation as well
as an orthogonality property are given. A multiple stochastic integral of
a multivariate function with respect to the Poisson process, called the
multiple Poisson-Wiener integral, is defined using the multivariate
Charlier polynomials. A multiple Poisson—Wiener integral, which gives
a polynomial functional of the Poisson process, is orthogonal to any
other of different degree. Several explicit forms are given for the sake of
application. It is shown that any nonlinear functional of the Poisson
process with finite variance can be developed in terms of these orthogonal
functionals, corresponding to the Cameron-Martin theorem in the case



