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Capacity and Coding for the
Gilbert- Elliott Channels

MORDECHAI MUSHKIN anD ISRAEL BAR-DAVID, FELLOW, IEEE

Abstract — The Gilbert-Elliott channel is a varying binary symmetric
channel with crossover probabilities determined by a binary-state Markov
process. In general, such a channel has a memory that depends on the
transition probabilities between the states. First, a method of calculating
the capacity of this channel is introduced and applied to several examples;
then the question of coding is addressed. In the conventional usage of
varying channels, a code suitable for memoryless channels is used in
conjunction with an interleaver, with the decoder considering the deinter-
leaved symbol stream as the output of a derived memoryless channel. The
transmission rate in such uses is limited by the capacity of this memoryless
channel, which is, however, often considerably less than the capacity of the
original channel. In this work a decision-feedback decoding algorithm, that
completely recovers this capacity loss, is introduced. It is shown that the
performance of a system incorporating such an algorithm is determined by
an equivalent genie-aided channel, the capacity of which equals that of the
original channel. Also, the calculated random coding exponent of the
genie-aided channel indicates a considerable increase in the cutoff rate
over the conventionally derived memoryless channel.

I. INTRODUCTION AND REVIEW OF MAIN RESULTS

HE GILBERT-ELLIOTT channel [1] is a varying

binary symmetric channel, the crossover probabilities
of which are determined by the current state of a discrete-
time stationary binary Markov process (see Fig. 1). The
states are appropriately designated G for good and B for
bad. Due to the underlying Markov nature of the channel,
it -has memory that depends on the transition probabilities
between the states. Section II of this paper is devoted to
the calculation of the capacity C, of the channel where p is
a measure of memory. It is shown that, when the one-
dimensional statistics of the channel are fixed, C, increases
monotonically with p and converges asymptotically to a
value CS! which is the capacity of the same channel when
side information about its instantaneous state is available
to the receiver. Section I1I is devoted to the efficient use of
codes, originally designed for memoryless channels, over
this channel with memory.
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Fig. 1. Gilbert-Elliott channel model. p; and pp are channel error
probabilities in “good” and “bad” states, respectively, and g and b are
transition probabilities between states.

It is known that reliable communication over a finite-
state channel is theoretically possible at any rate below
capacity’ [2, pp. 176-182]. In practical uses, however, two
major difficulties arise. First, much less is known about
good codes for such channels than for memoryless ones;
second, the length (and therefore the decoding complexity)
of such codes would per force depend on the length of the
channel memory. This is apparent from the fact that the
error exponent for channels with memory [2, p. 178] de-
pends on the block length N whereas for memoryless
channels it is independent of N.

The conventional solution to these two problems is to
fragment and disperse the channel memory by interleaving
the encoded stream of symbols prior to transmission and
to deinterleave the corresponding stream of received sym-
bols [3, pp. 364-366]. If the interleaving span is long then
the interleaved channel (the cascade of interleaver, channel,
and deinterleaver) may be considered memoryless, and
therefore efficient coding techniques for memoryless chan-
nels may be used. We denote the capacity of the inter-
leaved channel, under the assumption of no memory, by
CM™M, The disadvantage of such a solution is that the
capacity CNM of the memoryless interleaved channel is
lower than the capacity C, of the original channel. This
fact is demonstrated in Section II and illustrated in Fig. 2,
where a typical curve of C, is drawn as a function of p
between its limits CN™ and CSL The other curves in this
figure will be explained further. In reality, however, the
interleaving process, being invertible, does not remove the
channel memory but only transfers it into a /atent frag-

1Strictly speaking, at any rate below C [2, pp. 180-181]. The
Gilbert—Elliott channel is indecomposable and therefore C=C=C [2, p.
109].
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Fig. 2. Information rates for Gilbert-Elliott channels as function of

channel memory g, for fixed p., pg, and p. CS' and R§! are capacity
and the cutoff rate of channel, respectively, when side-information is
available. €™M and RYM are the respective values of interleaved
channel, when considered memoryless.

mented form which does not interfere with the operation
of standard error correcting coders and decoders. The data
processing theorem [2, p. 80] implies that an invertible
operation does not reduce the channel capacity, and there-
fore the interleaved channel has the same capacity C, as
the original one. Thus it is not the interleaving operation
that causes the capacity reduction in conventional systems
but rather the decoding algorithm that ignores the latent
memory in the interleaved channel.

In Section TIT a decision-feedback decoder that does
utilize the latent memory is introduced (see Fig. 3). As
shown later, its use with interleaved codes enables trans-
mission at rates comparable to those over memoryless
channels with capacity C,. The decision-feedback decoder
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is composed of a novel metric calculator and a soft-deci-
sion decoder, such as is used with memoryless channels. '
The metric calculator operates on the received channel
symbols y and and on feedback decoded data X to esti-
mate the probability ¢ that the next channel symbol is in
error, conditioned on the previous channel errors. The
estimate § of this probability is used to produce a log-like-
lihood metric m which is supplied to the soft-decision
decoder. The additional complexity of the proposed deci-
sion-feedback decoder, over a conventional decoder, is due
solely to the metric calculator, which is shown in Section
I11 to be a simple recursive operation.

The performance of a system that includes the decision-
feedback decoder is evaluated by first establishing its
equivalence to a system that includes a genie-aided chan-
nel which is composed of the interleaved channel, as
defined before, and of a genie-aided metric calculator. The
input of the genie-aided channel is the encoded symbol
stream, while its output consists of the deinterleaved sym-
bol stream and the perfectly estimated probabilities ¢g. The
genie-aided channel is shown to be binary-input, output-
symmetric, discrete and essentially memoryless, provided
the interleaving is sufficiently deep. Its capacity is shown
to be equal to that of the original Gilbert—Elliott channel.
Both the capacity and the random coding exponent are
given in terms of the probability distribution of the ran-
dom variables g. The advantage of the decision-feedback
decoding algorithm, over a conventional one, in terms of
capacity and cutoff rate, is shown via numerical examples
in Fig. 2. In this figure C¥* and RE?, denote, respectively,
the capacity and the cutoff rate of the genie-aided channel
derived from the Gilbert—Elliott channel of memory p,
while C™ and RY™ denote the respective quantities of
the interleaved channel when considered memoryless.

Previous work on this subject includes the following:
Capacity calculation for the Gilbert channel model [4],
which specifies that, in one of the states, the channel is

X(-4.n)
x(j,n) wrer- |X¢ |owsert 1y, loewrer | |Y(.0) | | wetac  [mij,n) { SOFT-
ENCODER Leaver [ g;LA'g;ZL }_’ LEAVER CALCULATOR ggg‘gé‘g »
INTERLEAVED CHANNEL DECISION-FEEDBACK- DECODER|
(a)
Xii=4.n)
§(j-10)
—OELAY
at-n
—{DELAY viz,q) -
y {j,n) m{j,n)
» mly,q) o

(b)

Communication system with decision-feedback decoder. (a) General description. (b) Metric calculator.

Fig. 3.
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error-free and historically precedes the Gilbert—Elliott
model; capacity calculation for the Gilbert—Elliott channel
under the assumption that imperfect side-information
about the channel states is available [5]; presentation of a
version of a decision-feedback decoder for an interleaved
Gilbert—Elliott channel, using an ad hoc binary estimate of
the channel state [6]; and presentation and analysis of a
decoding algorithm for an interleaved Gilbert channel [7].

II. THE CAPACITY OF THE GILBERT-ELLIOTT
CHANNEL

Overview of the Section

The Gilbert-Elliott channel is formally introduced in
Definition 1. Proposition 4 gives the expression for the
capacity of this channel in terms of the expectation of
functions of the random variables ¢,, interpreted as the
probability of a channel error at the /th use of the channel,
conditioned on the channel errors at its previous uses, and
g/ which in addition is conditioned also on the initial
state of the channel. Definition 2 and Propositions 1-3
establish properties of g, and ¢*. Propositions 5 and 6
establish that within the class of channels with the same
one-dimensional statistics, the channel capacity increases
monotonically with an appropriately defined channel
memory and converges asymptotically to a quantity equal
to the capacity of the channel when side information about
its instantaneous state is provided.

Throughout this paper the subscripts and superscripts to
vectors are to be interpreted as follows: w2 (w,,
W1 »w,) for m<n and w,£ w.. Logarithms are to

m

base 2. The symbol ® denotes addition modulo 2.

A. Basic Properties of the Conditional Probabilities of
Channel Errors

Definition 1: Let x,€ (0,1}, y,€{0,1} and z,2 x,®y,
denote, respectively, the input, the output, and the error of
the channel at the /th use, /=1,2, . The error process
{z,)92, is independent of the channel input, that is,

Pr{ ylx,]=Prz,]. (2.1)

The error process has memory in the sense that it depends
on an underlying state process {s,}7q,s; € {G, B}, where
G stands for good and B for bad. When conditioned on
the state process, the error process is memoryless, that is

!

Przs,] = l_IIPr[Zi|Si]~ (2.2)
ol

The conditional probabilities Pr{z,)s,] do not depend on

the time index /. The state process is a stationary first-order

Markov process; that is,

Pr[sls,_1] =Pr[s]s, ] (2.3)
and the right side of (2.3) does not depend on the index /.

The parameters of the channel are the crossover probabili-
ties in the G and B states

P2 Prlz,=1s,=G], pp=Pr[z,=1|s,=B] (2.4)
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and the transition probabilities

g2 Pr[s,=Gls,_,=B], b2 Pr[s,= Bls,_,=G].

(2.5)

The initial distribution of the state process is assumed to
be

Prls.=Gl=9o/(o+ b)
150 17 8/\8 J

/ 2

(2.6)

which ensures its stationarity. We define the good-to-bad
ratio p of the channel by

p&Pr[s,=G]/Pr[s,=B]=g/b. (2.7)

In the singular cases p=0 and p=oc0 the channel has
actually one state only. These cases, being of no interest in
the context of this paper, are not considered. It can be
shown, by induction on /, following a procedure similar to
that in Appendix II, that for { € {G, B},

Prls,=£|sg=¢]—Prls,=£lsy#¢]=(1-g- b)[- (2.8)
This leads to the definition of the channel memory p.
(2.9a)

When p = 0 the channel is memoryless, that is, the current
state is independent of all previous states (see (2.3) and
(2.5)). If p > 0, the channel has a persistent memory; that
is, the probability of remaining in a given state is higher
than the steady-state probability of being in that state. If
p <0, the channel has oscillatory memory; that is, the
probability of remaining in a state is lower than the
steady-state probability of being in that state. The extreme
cases are p= +1, in either of which the state process is
completely determined by the initial state. If p=1, the
channel remains forever in the initial state; this case is not
of interest in our context. If p= —1 the states alternate
regularly. We therefore limit p to the interval [—1,1). Note
that when memory is persistent, any p-values from zero to
one can be associated with any good-to-bad ratio p. This
1s, however, not the case for oscillatory memory cases
because it follows from (2.7) and (2.9a) that the restriction

p>max{—p,—p '} (2.9b)

holds; it is only for p =1 that p can reach the value —1.

Definition 2: For sample paths such that Pr[z,_;, s,]# 0,
let ¢*(z,_1, 5o) denote the probability for a channel error
at the /th use, conditioned on the initial state, and the
previous channel errors, that is,

4 (2,1, ) éPr[x,=1|z,,1,s0], (2.10a)

and let g,(z,_;) denote the same probability conditioned
only on the previous channel errors, that is,

‘I/(z/—l) = E[‘I/*—1(z/—1’ so)lz/—l] = PT[Z/ =1lz,,]
(2.10b)

pE1-—g—bh.

where E[-] denotes expected value. The stationarity of the
channel allows shifting the time reference and thus the
following notation is valid

qr:(zll((i—rln—l’ Sk) = Pr [Zk+m =1lz¢ 1 Sk] (2.11a)



1280

and

an(zlfirl»z—l) =Pr[zk+m=]‘|zll<(ir1nfl . (211b)

The special cases m =0,1 mean that previous errors are

not available, and therefore g (zf*1,s,) and q,(zf*1) are

denoted, for simplicity, by
q¢ (s) 2 Priz, =1]s] (2.12a)
and by
¢, 2Pz, =1], (2.12b)

which, due to stationarity, do not depend on k. The
following proposition, proved in Appendix I, gives recur-
sions for these functions.
Proposition 1: The following recursions hold:
itz 50) =v(2, g7 (21215 %)) (2.13)
and

‘11+1(z/) =V(Z/a‘h(zl—1)) (2.14)

where the function »(-,-) is defined by

»(0,9)
Po+b(ps—pe)+ula— pa)[(1~ pg)/(1-a)],
A pp#l
(1-b)p;+b, pr=1,q#1
(2.15)
and by
pe+b(pp— pg)+ula—pg)(pp/a),
V(l,q)é pe* 0
(1-28)pps pc=0,9#0

(2.16)

for p; < q < pg. The initial values for these recursions

Pe» Sp =
¥(5.) = 2.17)
=t 0T
and
‘h(PPG“‘PB)(P*‘l)?l (2-18)

follow directly from Definitions 1 and 2.

Considering { ¢* }72, and {¢,}32, as random sequences,
the following holds.

Corollary: a) The sequence {q* )., is a Markov process
with initial distribution

+1), =
Pr[q6k=a]={p/(p ) *= Pa (2.19)
1/(p+1), a=py
and transition probabilities
1-8,  a=(0,8)
Prlg* ,=calg*=B]= 2.20
(g, =alg* =B] {37 a=r(1,B) ( )

where »(-,-) is as in (2.15) and (2.16). b) The sequence
{q,}%, is also a Markov process with the same transition
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probabilities (2.20) and with the initial distribution

Prlg,=(ops+ pa)(p+1) 7] =1

Proof: We prove here part a), the proof of part b)
being similar. Equation (2.13) implies that for a given
specific realization of ¢*, the random variable ¢, has
exactly two possible outcomes, (0, ¢*) and »(1, ¢;*). Take
any realization of (z,_,,s,) such that ¢*(z,_;,s,) is the
above specific realization of ¢*. Then

(2.21)

Pr [‘]/*H =(1, ‘1/*)|z/71» So] = PT[Z/ =1lz;_1, So] =q/*.
(2.22)

Thus, when conditioned on ¢*, ¢, is independent of
(z/_1.8,) and therefore of ¢*;, which proves the Markov
property of the process. The transition probabilities (2.20)
follow directly from (2.22), and the initial distribution
(2.19) follows from (2.4), (2.6), and (2.7).

Proposition 2: Let f(-) be continuous over [pg;, pgl-
Then the following limits exist and are equal:

lim £[f(q7)] = lim E[f(q,)].

This proposition is proved in Appendix II.

In particular, let ®*(-) and ®,(-) be the characteristic
functions of g* and g¢,, respectively. Then there exists
®(-) such that of all w,

lim @%(w)= lim ®,(w)=>0(w).
/= -0

(2.23)

(2.24)

Corollary: Let F*(-) and F,(-) be the probability dis-
tribution functions of ¢* and g,, respectively. Then there
exists a probability distribution function F(-) to which
both sequences converge weakly, i.e.,

lim £*(q) = lim F(q)=F(q),  (229)

{—oc /=0
at each q where the limiting distribution F(q) is continu-
ous. The proof follows from (2.24) and [8, p. 203]. Paren-
thetically, it can be shown that a Markov process with
transition probabilities (2.20) and any initial probability
that vanishes outside [ p;, pp] will have the same limiting
distribution F(-).

The probability distributions of ¢* and ¢, can be calcu-
lated recursively using (2.19)-(2.21). To avoid the expo-
nential increase in the number of the computations, the ¢
axis can be quantized in view of the continuity of »(z,q)
and of Prlq,, ;|q,=q] in q. Fig. 4(a) is an example of the
results of such a calculation with 50 quantization levels.
For />10 the difference between successive probability
functions is below the resolution of the graph, indicating
that within these quantization levels g, has practicaily
reached its limiting distribution.

Proposition 3: Let f(-) be convex C over | p;, pgl Then
the sequence {E[f(g,)]}52, is monotonically increasing,
the sequence { E[f(g*)]}32, is monotonically decreasing,

E[f(g)] <E[f(q. )] <E[f(ar )] <E[f(g*)],
(2.26)



MUSHKIN AND BAR-DAVID: CAPACITY AND CODING FOR THE GILBERT—ELLIOT CHANNELS

=1

0.8 =3 ‘
—_ i
) { P; =001
3 1=10 ! 0.5
o = =
e i 1] pp =0.
> o0 i } p=g/b=3
e | { p=1-g-b =0.96
wi H |
[V |
=4 |
=3 | |
o
; 0.4 ; \|
= i '
3 % {
2 : 1
a ! }
0.2 H |
- |
1 =
: | =10
! |
Sl
0.0 B Ly T
0.0 0.1 0.2 0.3 0.4 0.5
q
(a)
1.0 - =0
in 0.8
8 =1
‘i P =001
\7 pp =05
S 0.6 p=0.88 p=glb=3
M =20
=] H
< H
(=
) "
o i
— 0.4
3 I
- |
& |
=1
0.2
K=03882
0.0 btz magmey Q‘«;:M =, T ’ —
0.0 0.1 0.2 4 0.3 0.4 0.5 0.8
(®)

Fig. 4. Distribution of random variables ¢,. (a) For various values of
temporal channel index /. (b) For various values of channel memory p.

and both converge to the same limit
Jlim E[f(g*)] = lim E{f(g)].

Inequalities (2.26) are proved in Appendix I11. The convex-
ity of f(-) implies its continuity over [ p., pgl, and there-
fore (2.27) follows from Proposition 2.

(2.27)

B. Evaluation of Capacity

Having established the basic properties of g, and ¢/*, we
turn to the problem of evaluating the capacity. The issues
involved in the definition of the capacity of a finite-state
time-varying channel are discussed in [2, pp. 97-111]. By
(2.8) the Gilbert-Elliott channel is indecomposable for
—1<pu<1. Thus its capacity C can be formulated in
terms of input and output sequences as follows: -

1
C= lim - max I(x; y,)
/=0 P(x))

(2.28)
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where I(-;-) denotes mutual information and where the
maximum is taken over all possible probability functions
P(x,) of the input sequence x,. The capacity in the singu-
lar case p = —1 is still covered by (2.28), even though the
channel is not indecomposable in the sense of {2, p. 105],
because the equality C = C [2] holds in this case as well, as
can easily be recognized.

Proposition 4: The capacity of the Gilbert-Elliott chan-
nel, in bits per channel use, is given by

C=1- /lim E[h(q,)] =1—[lim E[h(g*)] (2.29)
where h(-) 1s the binary entropy function

h(q) = —qlogq—(1-q)log(1-q).

For the proof see Appendix IV. Successive approximations
to the limit C can be calculated using the recursions for g,
and ¢* given in (2.19) to (2.21). A bound on the trunca-
tion error, evident from (2.26) and the convexity of A(-), is
readily calculable from the value of E[A(g)]— E[h(g/*))].

We proceed to investigate the dependence of the capac-
ity on the memory p when pg, pg, and p are fixed and use
the explicit notation C,. Notice that the three fixed param-
eters are one-dimensional statistics of the channel and, due
to stationarity, invariant under interleaving. Propositions 3
and 4 imply that

(2.30)

CNM21—h(g) <G <1—E[h(g)] £CT (2.31)

where the superscripts NM and SI to the capacity stand
for “no memory” and “side information,” respectively. It
follows from definition (2.12) that the lower and upper
bounds C ™ and CS! are also one-dimensional statistics
of the channel and therefore independent of u and invari-
ant under interleaving. Observe that C ™ is the capacity
of the “memoryless” interleaved .channel in the sense
discussed in the third paragraph of the Introduction. It is
therefore also the capacity C, of the memoryless channel
with the same p;, pg, p and with p=0. Also, it follows
from the definition of g(s,) in (2.12a) that C5' is the
capacity of a channel with the same pg, py, p and with
arbitrary p, when side information about the current state
s, is available; this justifies the superscript SI. An example
illustrating C, and its bounds is presented in Fig. 2. The
monotonic convergence of C,, as p —1, to its upper bound
C ! is not specific to the example in Fig. 2 but rather is a
general property which follows from the next two proposi-
tions, proven in Appendices V and VI, and their corollar-
ies.

Proposition 5: Let pg, pg, and p be fixed, denote by
qi®,1=1,2,- - -, the random variable ¢, associated with
the Gilbert—Elliott channel with memory p, and let f(-) be
convex-U over [ pg, pgl. Then |pgl < |uy| and pop, = 0 im-
ply that

E[/(g*)] < E[f(q/*)]
for /=1,2,---.

(2.32)
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Proposition 6: Let pg, pg, p, and g/*) be as in Proposi-
tion 5 and let f(-) be continuous over | p;, pgl- Then

lim lim E[f(q/*)] = E[/(g5 ()] (233)
for k=1,2,---. The existence of the inner limit in the left

side of (2.33) was established in Proposition 2.
Corollary 1: Let F}'(-) and Fy*(-) denote, respectively,
the probability distribution functions of ¢ and g¢g.

Then
lim lim F£(q) = F*(q)

p—171—00

(2.34)

where the convergences are in the weak sense. The exis-
tence of the inner limit was established in the corollary to
Proposition 2. The convergence of the outer limit to Fg*(-)
follows from a similar argument in which Proposition 6 is
used instead of Proposition 2. See Fig. 4(b) for an exam-

ple.
Corollary 2: a) If |po| < |y and pop, = 0, then
G, <C,. (2.35)
b)
lim C,=C*%. (2.36)
p—1
Proof: By Proposition 4
G, = Jim E[1-n(g™)]. (2.37)

Since 1- A(-) is convex and continuous over [pg, pgl,
Proposition 5 implies that (2.35) holds and Proposition 6
implies that

liml C,=E[1-h(qg)]. (2.38)
.

Recall that, by its definition (2.31) C ! is equal to the right
side of (2.38), and thus (2.36) also holds.

The monotonic convergence of C, to C% when the
memory is persistent is intuitively satisfactory because for
larger p the expected dwell time in each state is larger and
the next state can be better predicted. The quality of this
prediction is asymptotically equal to that of a perfect
predictor, which is equivalent to side information. As
discussed before, when memory is oscillatory, p can reach
the extreme value —1 only for p=1. In that case, (2.33),
(2.34), and (2.36) hold also for p — —1.

III. THEe DECISION-FEEDBACK DECODER

A general description of a communication system em-
ploying the decision-feedback decoding algorithm, as in-
troduced in Section I, is presented in Fig. 3(a). The system
is composed of a conventional encoder, block interleaver,
Gilbert—Elliott channel, deinterleaver, and a decision-
feedback decoder. The latter includes the metric calculator
and a conventional soft-decision decoder. The interleaver
operates as follows. A stream of JN encoded symbols is
stored in the rows of a J by N matrix and then transmit-
ted over the channel column by column; the deinterleaver
performs the inverse operation. The temporal index / used
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in Section II is broken up into the indices j and n such
that /=(n—1)-J+ jwherel1< j<Jand 1<n < N. Thus
j and n denote the row and column indices, respectively,
of the symbol transmitted at the /th channel use. For
convenience we define the doubly indexed variables by the
correspondence

(3.1)

where w stands for x, y,z or s. We also denote w(j)=
(w(j,1),---,w(j, N)). For a Gilbert-Elliott channel with
memory || <1 the interleaved channel can be considered
memoryless in the following sense, where the influence of
p and J is apparent. Since the state variables s(j, n) and
s(j,n+1) are J channel uses apart, it follows from (2.8)
and (2.9a) that

Prs(j,n+1)=¢ls(j,n)=¢]
—Prs(j,n+1)=¢|s(j,n) #&] =p’ (3.22)

for £ € {G, B}. When conditioned on s(j,n+1), z(j,n+

1) is independent of s(j, n), z(j, n),- -+, 2(J,1), and when

conditioned on s(j,n), s(j,n+1) is independent of
z(j,n), -+, z(j,1). Therefore,

Pr(z(j,n+1)z(j,n), -, 2(5, )] =Pr[z(j,n+1)]|
< Y Priz(j,n+1)s(j,n+1)]

s(j,n+1)

| X Prls(jn+1)is(/,n)]

s(j.n)
Prs(j.m)lz(j.n). o, 2 )] =Pr[s(j, n+1)]]
< X
s(j.nt1)

- max [Pr[s(j,n+1)|s(j,n)] —Prs(j,n+1)]|

s(j.m)

w, < w(j,n)

Prlz(j,n+1)|s(j,n+1)]

<|pl’ (3.2b)

and for |u| <1 the last quantity converges to zero with J.
Thus, for large enough J, the errors z(j) in the jth row of
the interleaver matrix are effectively independent of each
other. On the other hand, because the symbols x(1, n),
x(2,n),- -+, x(J,n) in the columns of the interleaver ma-
trix are transmitted at consecutive channel uses, the corre-
sponding errors z(1,n), z(2,n),- -+, z(J, n) are highly de-
pendent. This dependence is referred to as latent memory,
and the purpose of the metric calculator is to enable its
utilization by a conventional soft-decision decoder. In the
singular case p = —~1 the memory can be utilized with or
without interleaving in a rather straightforward manner,
not discussed here.

A detailed description of the metric-calculator is pre-
sented in Fig. 3(b). The comparison of the channel output
y(j—1, n) with the decoder decision £(j—1, r) yields an
estimate Z(j—1,n) of the channel error z(j—1,n). We
rewrite (2.11b) in the deinterleaved indexing (3.1). Let
q(j,n) denote the probability of a channel error in the
received symbol y(j,r), conditioned on the previous
channel errors z(1, n), -+, z(j —1, n) in the same column
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of the deinterleaver. Thus
q(j.n)2q,(z(1,n),---,2(j—1,n)).  (3.3)

The metric calculator yields the estimate §(/, n) of g( j, n)
by substituting the estimates Z(1,n),---,%(j—1,n), in-
stead of the actual z(1,n), -+, z(j—1,n), in (3.3). The
metric calculator has a simple, recursive implementation,
as shown by Proposition 1. We also define g(j)=2
(9(j, 1), -+, q(j, N)) and §(j) £ (4(j, 1), -+, §(J, N)).
Conventional soft-decision decoders operate on metrics
rather than probabilities, and therefore y(j, n) and §(j, n)
are combined into a log-likelihood metric »(j, n)=
n(y(j,n), 4(j,n)) which is supplied to the soft-decision
decoder. The function »(-,-) is defined, for 0 <q <1, by

fory=0

nra) 2l g (34)
log , fory=1
q

where the quantities log0 and log(1,/0) are understood as
— oo and + oo, respectively.

To evaluate the performance of the communication sys-
tem that employs the decision-feedback decoding algo-
rithm, let P,(j) be the probability that the jth row is
erroneously decoded, that is, £(j)# x(j). We found it
impractical to obtain a direct evaluation of P,( ;) because
of its dependence on the random vector ¢(j) which, in
turn, depends on the previous decoding results. The fol-
lowing proposition, however, provides an upper bound on
P(j) mm terms of the corresponding error probability
PE2( ) over the following genie-aided channel.

Definition 3: For a given j, the genie-aided channel is
defined by the input x(j,n) and the output pair ( y(j, n),
q(j, n)). It will be apparent that, for given j, the channel
is the same for n=1,2,--+, N, and therefore there are J
different genie-aided channels, each one of them used
exactly N times. Denote by P22(j) the probability of a
decoding error at the jth genie-aided channel, using the
same encoder and the same soft-decision decoder.

Proposition 7: The following inequality holds

JP, (35
1—JP 3)

e

P(j)=<

where

P& max P#(j).
l<j<J

(3.6)

This proposition is proved in Appendix VII. We establish
further below that the genie-aided channel is discrete,
asymptotically memoryless for deep interleaving and out-
put-symmetric. For such channels, codes are available for
which P2 (j) decreases exponentially with code length.
Therefore, for small Jﬁe, the deviation of the denominator
in (3.5) from unity is negligible and an exponential behav-
ior, similar to that of P& (), applies to P,(j) as well, for
any fixed J.
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We proceed to prove the above-claimed attributes of the
genie-aided channel. Discreteness follows from the fact
that x( j, n) and y(j, n) are binary variables while ¢( j, n)
2 4,(z(1,n),---,z(j—1,n)) can obtain at most 2/~ " dif-
ferent values. The asymptotic lack of memory of the jth
channel over its N uses is justifiable by the following
argument. The crossover probabilities Pr[ y(7),q(j)|x(/)]
are equal to Prig(j),z(/)] which, in turn, can be decom-
posed as follows:

Prig(j).z(j)] =TT {Prlq(j.n)lg(j.n—-1), -,

n=1
q(j.1), 2(j,n=1),---. z(j,1)]
‘Prz(j.n)lg(j.n), q(j.n=1),---.4(}.1),
2(jin=1),--,z(7, D1} (3.7)
The following proposition, proved in Appendix VIII, as-
serts that the nth factor of the right side of (3.7) converges

to Pr{q(/, m)|Prlz(j, n)|q(j, n)], as J —> co, establishing
asymptotic memorylessness.

Proposition 8: For 1< j<Jand1<n <N, let
Falalg(jon=1),-+,q(j.1), 2(j,n=1),---.2(}.1))
£Prlq(j,n) <alg(j,n=1),--+,4(j.1), (3.8)
2(jin=1), -+, 2(/,1)]
and let
Fi(q) = Prlq(j.n) <ql. (3.9)
Then for any q
lim max|F, , ,(qlg(j.n=1).---,q(j.1),

2(jon=1),-,2(j.1)) = F(q)|=0 (3.10)
and

Jl_l_{n max|Pr[z(j,n)[q(j,n), q(j,n—l),~ : ',C](j,l),

z(j,n—=1),--,z(j,1)]
—Pr[z(j,n)lq(j,n)]|=0 (3.11)

where the maxima are takenover 1 < j< J,over l<n <N
and over the domains of g(j,n —1),---,q(j,1), z(j,n = 1),

<, z(J,1).

Finally, a discrete memoryless channel is called output-
symmetric if its set of outputs can be partitioned into
subsets in such a way that every submatrix of the transi-
tion probabilities matrix is symmetric [2, p. 94], [9, p. 86].
The genie-aided channel is output-symmetric because

Pry(j.n), q(j.n)x(j.n)]
=Pr[y(j.n)x(j.n), ¢(j.n)] Prq(j.n)] (3.12)

while
Pry(j,n)lx(j,n), q(j,n)]
_[1=q(in),  y(jn)=x(j,n)
(i), y(j,n)y#x(j,n)’ (3.13)
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Having established the atributes of the genie-aided
channel, we now turn to the evaluation of its information
rates. The capacity and the random coding exponent of a
discrete memoryless channel are defined in [2, pp. 74,
138-139]. For a binary-input output-symmetric channel
these values are obtained for the uniform input distribu-
tion [9, p. 141}. Substituting (3.12), (3.13), and Pr[x(j, n)
=0]=Pr[x(j,n)=1]=1/2 in the above mentioned defi-
nitions in [2] gives, for the capacity and the random coding
exponent of the genie-aided channel, appropriately super-
scripted, the following equations:

¥ =1~ E[h(q(j,n))] (3.14)
where 4(-) is the entropy function (2.30) and
EFD(R) = ,max {EED(N)-AR}  (3.15)
where
EgO(N) £N-log{E[£.(a(j,n);M)]} (3.16)
and

fe(q;A) - {(1_q)l/(1+>\)+ql/(1+}\)}1+)\. (3'17)

We proceed to derive properties of these descriptors of
the genie-aided channel. Notice that due to the stationarity
of the Gilbert-Elliott channel the distribution of the ran-
dom variables ¢( j, n) is independent of n and equal to the
distribution of the random variable g,, considered in Sec-
tion 11, for / = j. Thus the results of Section II are applica-
ble here.

Definition 4: Let C* and Eg) denote the following
quantities '

C*OE1-E[h(q*)]
E¢P(XN) 2N —1log{E[ /(g7 M)]}

where ¢* is as defined in (2.10a).

(3.18)
(3.19)

Proposition 9: a) The sequence {C®()}%, increases
with j, the sequence {C*(/)}% decreases with j,

Cel) < e+l o« Cx(U+D) o ox () (3.20)
and both converge to the same limit
lim C#) = lim C*W) & Ce, (3.21)

S Joo

b) The same applies to { E§*/) 1%, and { E¢/}%,.

The proof follows from (3.14)—(3.19), Proposition 3, and
the convexity of a(-) and of £,(-; A). The curve for C&/)
in Fig. 5 is an example of this monotonic convergence.

Corollary: The capacity of the genie-aided channel
equals that of the original Gilbert—Elliott channel, i.e.,

ce=C. (3.22)

The proof follows from (3.21), (3.14), and (2.29).

The interpretation of this result is that by interleaving
and decision-feedback decoding the problem of reliable
communication over the time-varying binary-input
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Fig. 5. Increase in capacity C#(/) and cutoff rate R§*")) of genie-aided

channel, with deinterleaver row index j, to respective limits C®* and R§".

binary-output Gilbert—Elliott channel is transformed into
the problem of reliable communication over a binary-input
multiple-output essentially memoryless channel that pos-
sesses the same capacity. However, the following qualifica-
tions need to be added to this statement.

1) Since the capacity and the random coding exponent
are only upper bounds on the achievable performance, it is
not obvious that a specific code will have the same perfor-
mance over the multioutput channel as over a binary
symmetric channel (BSC) of similar capacity. It is for the
latter channel that code performance data are generally
available.

2) The advantage of the decision-feedback decoder over
a conventional decoder depends on the proper utilization
of the calculated metrics by the incorporated soft-decision
decoder. Standard soft-decision decoders have a small
number of predetermined weights which might not match
the calculated metrics of the multioutput channel, thus
resulting in inferior performance.

3) A decoding error causes the truevalue of g(j,n) to
change into the estimate §(j,n) and this mismatch in-
creases the probability of further decoding errors above
that of the first decoding error. However, the associated
loss in performance is also negligible when the system is
designed to operate at low probability of decoding errors,
as shown by Proposition 7.

An important simple descriptor of the quality of a
memoryless channel is the cutoff rate parameter R,2
Ey(A=1). In [9, p. 88] a bound for the decoding error
probability of a maximum likelithood decoder is given for
any binary-input output-symmetric channel and any spe-
cific linear code in terms of the Bhattacharyya distance
which is shown in [9, p. 153] to be a monotonic function of
the cutoff rate. For the genie-aided channel, the cutoff rate
is derived from (3.15) as

RED =1-log {1+ E[£(q(j,n))]  (3.23)
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where

f(q) %2-yq(1-q) . (3.24)

As shown in Proposition 9 the genie-aided channel im-
proves monotonically with j, thus theoretically allowing
for a sequence of codes of increasing rate. In practical
applications, however, a simpler strategy can be used. A
K-row header, with content known to the receiver, is
transmitted at the beginning of each interleaver frame.
This header carries, of course, no information, and its sole
use is to initialize the metric calculator. Encoded informa-
tion is transmitted over the remaining J — K rows, using a
code suitable for the (K +1)th row and therefore suitable
for all other rows. Fig. 5 indicates that for a typical case
RE*J) converges very quickly to its limit R§* and there-
fore, even for moderate J, a small K can be used with
RE¥K*D = R& such that close to optimum performance is
practical, with small overhead (J — K)/J.

We conclude this section by investigating the depen-
dence of the quality of the genie-aided channel on memory
p when the one-dimensional parameters pg, pg, and p are
fixed. It was established in (3.22) that G = C,. Therefore,
(2.31) implies that the genie-aided channel is uniformly
superior, in terms of capacity, to the interleaved channel
when the latter is considered memoryless and (2.35) im-
plies that this advantage of the decision-feedback decoder
over a conventional one increases monotonically with |ul.
When p —1, (2.36) implies that the genie-aided channel is
asymptotically as good, in terms of capacity, as the chan-
nel with side information. Turning now to the random
coding exponent and the cutoff rates, we recall from (3.15),
(3.16), (3.17), (3.23), and (3.24) that they are given in terms
of the expected values of the functions f,(g; A) and f.(g),
which are continuous and concave in g €[ p., p,l (for
A = 0). Thus (2.26) implies that

EM(R) < EE(R)<ES(R)  (3.25)
for every 0 < R < C and that
RM < R§, < R} (3.26)

where ENM(R) and RYM denote, respectively, the random
coding exponent and the cutoff rate of the interleaved
channel, when considered memoryless, while ESY(R) and
R3' denote the respective parameters for the interleaved
channel with side information. It deserves mention that,
while the capacity C%! is invariant under interleaving, the
quantities ESY(R) and R as defined here apply only to
interleaved Gilbert—Elliott channels. It is expected that the
corresponding quantities for the original (uninterleaved)
Gilbert—Elliott channel would turn out to be considerably
smaller upon numerical evaluation. As with capacity, (2.32)
and (2.33) imply that E¥,(R) and RE:, increase uniformly
with |p| and converge asymptotically, as u —1, to their
upper bounds ES(R) and RS Fig. 2 presents a numerical
example for the capacity and the cutoff rate of the genie-
aided channel as a function of p together with their lower
and upper limits. In the example considered the advantage
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of the decision-feedback decoder over a conventional one,
in terms of the cutoff rates, reaches a factor of about 2.

IV. DiscussioN

The key for the calculation of the capacity of the
Gilbert-Elliott channel is the recursive property of the
conditional probability ¢,, Proposition 1. The low com-
plexity of the proposed decision-feedback decoder that
operates on the deinterleaved channel output is also due to
this property. The point of view emphasized in Section I1I
was that of transforming a time-varying binary-input bi-
nary-output channel into an essentially memoryless bi-
nary-input multiple-output channel that has the same ca-
pacity. As an alternative point of view, consider the cas-
cade of the encoder and the interleaver as a “supercoder”
and the cascade of the deinterleaver and the decision-
feedback decoder as an appropriate “superdecoder.” Intu-
itively, the length of an efficient code over time-varying
channels should be large in comparison with the mean
duration of the channel memory. The well-known advan-
tage of interleaving is that codes of any desirable length
can be obtained from relatively simpler short component
codes by increasing the interleaving depth alone. From this
point of view the contribution of Section HI is to show
that restricting the choice of codes to those obtainable by
interleaving component codes does not limit the achievable
information rate over the Gilbert-Elliott channel, when
the decision-feedback decoder is used. Furthermore, the
advantage of the decision-feedback decoding algorithm is
obtained without essential increase in the decoder com-
plexity over that of a standard soft-decision decoder for
the component code. The component codes operate over a
practically memoryless channel, and therefore their lengths
are, in principle, independent of the temporal variations of
the Gilbert-Elliott channel, provided only that the inter-
leaver depth J is of appropriate length. Note that the
effective code length for calculating the performance of a
system employing the decision-feedback decoder is the
component code length N and not the super-code length
NJ. This is a satisfying result since the essential decoding
complexity is a function of N only and NJ is merely a
measure on the decoding delay.

A system employing a similar decision-feedback decoder
has been implemented at Elisra, Electronic System, Ltd.
and tested over a channel similar to the Gilbert—Eltiott
one. Its performance was found to be in agreement with
that predicted on the basis of the cutoff rate of the
genie-aided channel when applied to the specific convolu-
tional code used.
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APPENDIX I
PRrROOF OF PROPOSITION 1

We prove the recursion for ¢*, when p; #0 and p, #1; the
proof for g, is similar. The verification of (2.15) and (2.16) when
pp=1and p; =0, respectively, is simple.

By Definitions 1 and 2,

q/tl(z/,so) =Pr[z.,, =1jz;, 5]
= p; Prs, =Gl 0] + pp Pr[s,, =
= p; +(ps— pc) Prls..1=Blz;, ]

Bz, 5]
(A.la)

and

P6) Prls; = Blz].

g 1(1/) =ps+(pg— (A.1b)

When conditioned on s, s,,, is independent of (z,,s,) and
therefore

Pr[s;,, = Bz, s,)

=Pr[s,,, = Bls, = G] Pr[s, = Glz;, 5]
+Pr[s,,, = Bjs,= B] Pr[s, = Blz;, o]
=bPr[s,=Glz, 5] +(1-g) Prls, = Blz,, 5]
=b+(1—g—b)Pr[s; = Blz;, 5] =b+pPr[s, = Bz, 5,].
(A2)
Substituting (A.2) into (A.1) gives
a4 1(21,50) = po + b(ps — pg) + 1 pa — pg) Pr[s,=B]z,,(s0].)
A3

By Bayes’ rule
Pr[z|s; 1 Pr[s/fz,-1, 50]

Pr[zl]zIAI’SO]

Prls;, z/2,_ s 5]
P , = =
rlsfer 5ol Przlz,_ ¢, 5]

(A4)
Rearranging (A.l) into
Pris = Blz, 1, 5] = i (A5)
P~ Pg
and substituting (A.5) into (A.4) gives
Prls, = Blz, ,,5,] = ::r[zllsl B)(g* - ps) )
[ 2121, 80)(Ps — Ps)
Substituting (A.6) into (A.3) gives
21(150) = i+ o= ) (a7~ )
Z)2,_15 %)
=v(2,, 4% (2~ 15 %)) (A7)
where »(-, -} is as defined in (2.15) and (2.16).
APPENDIX II
PROOF OF PROPOSITION 2
We prove here that
llin:o {E[f(‘11+k)]"E[f(‘I/)]}=0 (A.8)
uniformly over k =1,2,--- and that
Tim (B[]~ EL/@]) =0 (A9)

for f(+) continuous over [ p;, pg]. The proof is given first for
el <1 and the singular case p = —1 is discussed later.
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Lemma A.l1: For a Gilbert~Elliott channel, with 0 <p <o
and [p| <1, there exist 0 < e <1 such that

Prls, =£&lz, 50 =&]—Pr[s;, =&z, 50 # ][ <" (A.10)

where £ € {G,B), L=1,2,--- and z; € {0,1}", provided that
sample path z, is consistent with either initial state, that is
Pr(z,,5,=G]# 0 and Pr(z,, s, = B] # 0.

Proof: Notice that

Pr[s, =&z, , 5, =§] —Prls, =§lz, , 50 # £]
=Prls, # &z, ,5, %= ] ~Prls, # &k, 50 =§] (A1)
and therefore
Pris, =£fz,,s0=¢6]—Prls, =§Jz, .50 #£]
=Pris, =&z, , 5. =£]Prls_ 1 =&lz,,5,=¢]
+Prls; =&z, 5 # ] Prls,_ # &y, 50 =£]
=Prls; =&z, 51 =€) Prls, =8z, 50 # £]
—Prls, =&z, 5 #£]Prs_ # &z, , 50 # £]
= (Prs, =&, 5. =] =Prls; =&z, 5, 1#¢])
(Prls, =8z, 50=8] ~Prls,_; =4z, 5% £]). (A12)

Thus by induction

L
Pr[s,,=€|z,_,s0=£]—Pr[s,‘=£|zL,s0#§ HA(ZI

(A13)
where

4,(z,) 2 Prs, ={]-Pr[s, =
for /=1,2,---, L. The fact that 4,(z,) does not depend on the
value of £ is evident from (A.11). We proceed to show that there
exists 0 < € <1 such that |4,(z, )| <€ uniformly in L, / and z,.
When conditioned on 5, , and s,,,, s, is independent of z}_,

=&z, s ) fizp, 817 €] (A19)

and z!*! and therefore
Alz) = Z Pris,=&ls,_ =& 50> 2 Prlspa s =€,2, ]
St
=3 Prls,=&ls, =& 500, 2] Prlsals o #£,2,.]
S1+1

(A15)

The expected value of a random variable is always bounded by
its extreme values. Therefore, 4,(z, ), which is given in (A.15) as
the difference between two expected values, is bounded, for any §
and any z, , by

IA/(z,_)\sénagxw(é,él,éz,z,)l (A.16)
where
U(g’gl’gl’zl)éV(gaglaZ[)_W(g,gz,Z/) (A17)
V(€. 4§, z) 2 Pr(s,=4&ls; 1 =& 5.1=§1, Z/] (A.18)
and

w(é ¢, 2) & Pf[sl =§&ls_1# &, 50 =£,2]. (A.19)

Notice that, due to the stationarity of the channel, U, V, and W
do not depend on the index /. We proceed to show that
U, €, €5, 2,)| <1 for any £, §,£,, and any z, by showing that
the alternative contradicts the assumptions 0 < p <o and || <1,
stated in the lemma. Let U(&, &, &5, z,) =1. Then V{(§, £, z,) =1
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and W(§,§,, z;) = 0. By definition (A.18),

_ Priz s, =§]Prls, =&ls, 1 =£,5.1=§]
V(&4 2) = > Przls ) Pr[s|s, 1 =&, 5., =4§] (420
and therefore V(§,§,,z) =1 implies Prls, # &|s,_ 1 =&, 5., = §]

= 0. The assumption that O < p <o implies that g, b # 0 and by
22)

Prsls;_ ] Prs,.ls/]

Pris, 15211

Prlsls;_1,8..] = (A21)

Thus Pr[s, # &|s,. , =£,5,,, = £,1=0 implies that £, # £ and that
Pr[s,,, #&|s, # £§] =0. The assumption that V(£ §,,z,) =1 also
implies that Pr[z,|s, =£]+# 0 and therefore W(£,&,,2,)=0 im-
plies that Pr[s, = §|s,_ | #§, 5., =§,] =0, resulting in &, = { and
Prls,., =&|s, = €] =0. Thus U(§, £, £,, 2,) =1 implies that g=»5
=1, contradicting the assumption that |p|<1. In a similar way
U, ¢, Sa, z;) = —1 also leads to the same contradiction. There-
fore, €2 max, ¢ . . |U(£§,,§,,2]<1 and the lemma follows

from (A.13) and (A.16). Q.ED.
We proceed to prove (A.9). From the lemma
/lim IPr[slz; so] —Pr[s/jz,]1 =0 (A.22)

uniformly over the domains of all variables involved, provided
that Pr[z,_,, s,] # 0. Therefore, (A.1) implies that

llin; {ql*(zl—l’so)_ql(zl—l)} =0 (A.23)

uniformly over the domains of {z,}52, and s,, provided that
Pr{z,_,, s,] # 0. By assumption f(-) is uniformly continuous over
the compact domain [ p;, pg]. Since p; < g* < pg and pG <gq <
P, (A.23) implies that

/1_13.10 { FCa(z-1550)) = fla(z1))} =0

uniformly as above and (A.9) follows.
For the proof of (A.8) notice that

49 +/(,z/\+/*1) =Prlz ., =14 s1]

= E[Pr[zk-H =1|z//((1/171’3k] |zk+/~1]

(A24)

=E[‘]/*(Z/fi/l—bsk)]zkwﬂl (A~25)
Combining (A.23) with (A.25) gives
IIEEO {QA +/(z/\+/‘1)_‘11(z//<‘¢11¥1)} =0 (A.26)

uniformly over the domains of k and of {z;}%
follows.

In the singular case g = —1 the current state s, is determined
by the initial state s,. Furthermore, p = —1 implies, via (2.9a)
and (2.6), that Pr(s, = G]=Pr[s, = B], and therefore the distri-
bution of g* does not depend on the index /; this fixes the first
term in (A.9) to a constant. Considering the second term, it can
be shown, following the same reasoning as in Appendix VI that
when p=—1,

°, and (A.8)

[Jim B[ f(q)} = E[/(43)], (A27)

satisfying (A.9). The first term in (A.8) converges to the same
limit as the second one by the same argument.
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APPENDIX 111
PROOF OF PROPOSITION 3
From Definition 2 it folows that
E[q,, l(z,)lzf]
= E[Pr[z,, =1]z,]Iz7]
= Pr[z,H =1|z,2]
=q(z7). (A.28)
The left inequality in (2.26) is then proved as follows:
E[f(q(z; D] =E[(a(}))]
= E[f(E[q..(z)?])]
= E[E[f(11/+1(z/))|7-12”
=E[f(‘]/+1(z/))]~ (A29)

The first equality follows from definition (2.11b) and the station-
arity of the channel while the second equality follows from
(A.28). The inequality is an application of Jensen’s inequality to
the assumed convexity of f(-) over [ p;, pg]. The proofs of the
middle and the right inequalities in (2.26) are similar to the proof
in (A.29), using

a.(2) = (A.30)

E[‘I/tL(z/,So)'zl]
and

‘1/*»1(<’-/a50)=E[‘I/*(z/2’51)|z/’so]a (A-31) '

respectively, instead of (A.28). Equality (A.30) follows directly
from definition (2.10b). The proof of (A.31) is similar to the one
in (A.28).

APPENDIX IV
PROOF OF PROPOSITION 4

For the proof of the left equality in (2.29) notice that

I(x;39) =H(y)- H(ylx) =H(y)- H(z) (A32)

where H(-) denoted the entropy. H( y,) achieves its maximum
when x; is uniformly distributed and H(z,) does not depend on
the distribution of x,. Therefore,

1 1
C=lim — max I(x;y)=1- hm H(z,) (A.33)
[ —oc pi{x)
Furthermore,

!

!
H(z) = Z H(zz;_y) = Z E[h(q,.)]

i=1 i=1

(A.34)

where h(-) is as defined in (2.30). Since h(-) is convex over
[ 2:» pg), Proposition 3 implies that { E[h(g,)]}72, is monotoni-
cally decreasing and therefore
1/
C=1- lim = Y E[h(g)]=1- lim E[h(q)]
/> ! I> e

i=1

(A.35)

The right equality in (2.29) follows from the left equality and
(2.27).

APPENDIX V
PROOF OF PROPOSITION 5

Let {CY}% | be a set of statistically independent Gilbert—
Elliott channels with identical parameters p;, p,, p, and p = p,,
and let {s/7}7, and {z{?}%2, denote their state and error
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processes, respectively. We first show that from these processes
one can construct a pair of processes {5,172, and {Z,}72,, which
can be interpreted as the state and the error processes, respec-
tively, of a Gilbert-Elliott channel with parameters p;, pg, p
and u = p,. The proposition is then proved by showing that for
i=12,--- and /=1,2,---

E[f(Pe[z =1z, ])] < E[ £(Pc[ 2" =11f])]. (A.36)

For the construction of {§ 152, and {Z}72,, let {w,;}%2, @, €
{1,2,- -}, denote the Markov process with the initial distribu-
tion Prfw,=1]=1 and with the index-independent transition
probabilities

o, for w, ., =w,
Pr[w”llw’]_{l—a, for w,,; =w,+1 (A.37)
where
o= pg/phy- (A.38)

By assumption, |u] < || and pop, = 0 and therefore 0 < a <1 is
a valid probability. The process {w, }72, is statistically indepen-
dent of {5/}, and of {z/?}%,, i=1,2---. We now define

£ 5f«n for l—O 1,--- and % & z{*) for I=1,2,---. Since the
processes {s{0V, i =1,2, -+, are statistically independent,
identically distributed and statistically independent of {«; }72,, it
follows from the construction that

Pr[§ =Gl5_, = B,5 ,]
= % b5 = Glsf2 = Bl Prlo = jyo1= ]
i=1
e e}

+ Y Pr[s,”*”— ]Pr[w, J+1,e0=j]
j=1

=gla+p(p+1)7l(1—a)

=(1_M0)P(P+1)71égo (A.39)
(which is the definition of g,) where
V2 Pr[s! =Glst = B] =(1—pm)p(p+1)"". (A40)

In a similar way it follows that
Pr[5, = BIS_, =G.5_] = (1-po)(p+1) 25 (A41)

which is the definition of b,. Thus {s,}32, satisfies (2.3). Further-
more, g,/b, =p and 1— g, — b, = pg. It is also obvious from the
construction that {Z,}%, and {§,}72, satisfy (2.2) with parame-
ters p; and pg. Thus {§,}72, and {Z,}72, can be interpreted as
the state and the error processes, respectively, of a Gilbert-
Elliott channel with the required parameters, as introduced at the
beginning of the proof. To prove inequality (A.36) we use the
following sequence which holds for any /,i=1,2,---,

E[ f(Pr[2 =15,_,])]
= £ {E[ee [ =1z o) i)

< B[ s(pe[ g =1{zi1) o] )
= E[f(Pr[zf*0 =112}, ] )]
=E[ (Pr[z(')_llz(') )]

The first equality follows from the fact that by definition Z, = z{*")
and the fact that 7, | is determined by {z{/}}72, and «,_;. The

(A.42)
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inequality is an application of Jensen’s inequality to the assumed
convexity of f(-) over [ p;, pg)- The second equality follows from
the fact that, when conditioned on z{*}, z{*" is independent of
{2/0}72 1. j#w, The last equality follows from the fact that all
the processes {z/"}72,, i=1,2,--- have identical statistics.

APPENDIX VI
PROOF OF PROPOSITION 6

We assume here that p; < pg; if p; = pp then the proposition
holds trivially. For simplicity, the explicit dependence of the
random variables on the value of p will be omitted.Define

a(zy) £ Prls, = Blz;_,] (A.43)
and
ar(s) 2 { (1) “;j _ g (A.49)
for [=1,2,---. Also define
/-1
aM (zy) = b j=zl:—NZj =Ty (A.45)
0, otherwise
for N=1,2,--- and for I=N+1,N+2,---, where
Ty £ N(pg+ ps)/2. (A.46)
Lemma A.2: If p; < pj then for a € {0,1}
Jim. :Lnll Pr[a(™ =ajaf = o] =1 (A47)
and
lim lim Pr[af = aa M =gq] =1. (A48)

N—-oop—1

Notice from (A.45) that 4! is defined only for /> N and that
the statistics of @/’ and of a* are independent of /, due to the
stationarity of the channel.

Proof: 1t follows from (A.45) and from the assumption p,; <
pg that

Jim Pr{af™ =ar(&))s,=s_1= =¢] =1 (A49)

for £€{G, B}. Recall that p £1—g—-b, and therefore p—1
implies g, b — 0. It thus follows from the definition of {s,}72,

(Definition 1) that for N=1,2,--- and £ € {G, B}
lim Pr[s,_,= - =s_y=§|s;,=£] =1 (A.50)
p—1

and thus (A.47) follows from (A.49). For the proof of (A.48) note
that since 0 < p <o, Pr[aj* = a]> 0 for £ € {0,1} and therefore
(A.47) implies that

Pr[ AN = ajaj =a]

(N) ]

lim lim

N-ooo u—1 Pr[ —(xia

(N) —
= lim km Pr[a a]

—_— ASl
N-ooo p—1 Pr[a,*—a] ( )

Since the limit of the numerator on the left side of (A.51) is unity,
the limit of the corresponding denominator is also unity.

Lemma A.3:

lim lim E[|a,~af]] =0
p—1ll-00

(A.52)
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Proof:
Elaaf =a] = E[ 4|8} = a,af = o] Pr[ &Y = aa}* = o]
+ E[aaf" # a,af =a| Pr[a{" # alaj = o
=E[a)|8/") =a,af =a]
+(E[aaf™ + a, aff = o]
— El[a)a{") =a, af =al)
‘Pr[a{™ +aja} = af (A.53)

for any a€ {0,1} any N=1,2,---
(A.47) implies that

and any /> N and therefore

=al|=0.

lim lim max[E[a,|a =a]- E[a|d/") =a,a}
N—ooop—1/>

(A.54)
In a similar way,
Flafit™ =] = Elalaf® =o,a* =
+(E[ajlaf # a,a¥ =
— E[alaf = a,afV) = a)
-Pr[a,* #alaf™ = a] (A.55)

and therefore (A.48) implies that

lim lim max|E[aa{"' =a] — E[ 42" =a, af =a]|=0.
N

N—oo p—117>

(A.56)
Combining (A.54) and (A.56) gives

fim lim max| E[ a/|a} =a]- E[aafM =a]|=0. (A.57)
N—oowou—1l/>

By definitions (A.43) and (A.44),

Elaaf" =a]| = E[Pr[aF =1fz,_,]|a{¥) = o]
=E[a}|aiM =a]. (A.58)
Equation (A.48) implies that
Jim uh_)ml E%]E[a,*m;’“ =a]—a= (A.59)
for a € {0,1} and therefore (A.58) implies that
Nll-{nw ,Lh_.m1 {nax]E[a,la(N’ =a] —q|= (A.60)
for a € {0,1}. Combining (A.57) and (A.60) gives
lim lim 11m {Elalaf=a]l—a} =0 (A.61)

N-—-oop—1[1—

for a <€ {0,1} and (A.52) follows from the fact that the random

variables in (A.61) do not depend on N. Q.E.D.
We now proceed to prove (2.33). For 0 <a <1 let
w(a) 2 p;(1—a)+ pga (A.62)
and let

f(a) 2 f(w(a)). (A.63)
Since f(-) is, by assumption, continuous over [ p;, pgl, () is

continuous over [0,1]. Let § > 0. By (A.52)
lim lim Pr[|a,—af|> 8] = (A.64)

nw—1/-00
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and since f(-) is uniformly continuous and bounded over [0, 1],
lim Lim E[f(a,)~ f(a})] =0. (A.65)
p—1/-00

By Definitions 1, 2, (A.43), (A.44), and (A.62), g, =w(a,) and
g5 (s;) = w(a*) and thus (A.63) and (A.65) imply (2.33).

APPENDIX VII
PROOF OF PROPOSITION 7

Let PCD () and NPCD(j) denote the event that all previous
rows up to and not including j have been correctly decoded, and
the complementary event, respectively. For a hypothetical sys-
tem, which includes the geriie-aided channel, let PP“P(,) and
PNPCD( 7y denote the probability of the jth row being erro-
neously decoded, conditioned on PCD( j) and NPCD( /), respec-
tively. Notice that under the PCD () condition §(j) =¢( /) and
therefore PP“P( ) is equal to the equivalent probability in the
actual system. By the union bound

J
P.(j) < X P7P(0). (A.66)
i=1
We proceed to upper-bound PFCP(;). Since

PE(i) = PPP(i) Pr[PCD(i)] + PeNPCb(i)Pr[NPCD(i)]

> PPP(i)Pr[PCD(i)] = PePCD(i)[l— é Pfa(k)},

(A.67)
it follows that
PE(i) 2,
PFP(i) < — < - (A.68)
‘ i 1-JP,
1- Z P2 (k)

where P, is defined in (3.6). Substituting (A.68) into (A.66)

¢

implies (3.5).

APPENDIX VIII
PROOF OF PROPOSITION §

The proof of (3.10) is based on the following.
Lemma A.3: Let f(-) be continuous over [p;, pg], and let
|x| <1. Then

lim max |E[f(q,(z,,f“))lso]“E[f(llz 2ot )]|=0

L oo l<i<L

(A.69)
for s, € {G, B).

Proof: Tt follows from (2.8), (2.9a), and the assumption [p| <1
that

lim [Pr(s,|s,] —Pr[s,]|=0 (A70)
-
for s,,s, € {G, B} and therefore
im  max [Pr[s, ,|s]—Pr[s,_,]|=0 (A.71)

L—oo l<i<L/2

for s, _;, s, € {G, B}. When conditioned on s, _,, z}~/ is inde-
pendent of s, and therefore

E[f(‘]/(zll . )|So] =E[A1‘./(5)|So] (A.72a)
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and :
E[f(‘l/(zl »1’“))] [AL.I(g)] (A-72b)
where

A/_,/(g) & E[f( 4/(11[,‘:1,+1))|S1‘~1 =£]

for1</< L and £ €{G, B}. Since g, €| p;, pg] and f is con-
tinuous over this compact domain, f(g,) is bounded and there-
fore A, ,(§) is also bounded uniformly in L and /. Thus (A.71)
and (A.72) imply that

lim  max lE[f(q/(zl—{H))ISO]

L-ooolsi<L/2
—E[f(g(zF{))]1=0 (A79)

for s, € {G, B}. We proceed to extend this result for / up to L.
For /= L/2 (A.74) implies that

lim |E[ (q,/w(z["/wl))ls()]
L—o0

- E[f((h/z(zll‘[/2+1

for s, € {G, B}. It follows from the uniform convergence in (A.8)
and (A.26), respectively, that

lim  max IE[f(él/ ZII:I/H))]

L—oo L/2<l<L
- E[f(q..zEE )] 1=0 (A76)

(A73)

)=0 (a75)

and

im  max |E[f(q, 22!
L—oow L/2<]<L

))lso]

_E[f(ql/Z(zL Uz“))lso]=0 (ATT)

for s, € {G, B}. Combining (A.75)-(A.77) gives the equivalent of
(A.74) for L/2 <[ < L and then (A.69) follows. Q.ED.

We proceed to prove (3.10). Replacing L by J and [ by j,
shifting the time index by (n —2)J + j and rewriting (A.69) in
the deinterleaved indexing (3.1) and (3.3) results in

Jim max 1E[7(q(j,m)Is(jon =] = E[f(g(m)]I=0
(A.78)
for s(j,n—1)e€ {G, B}. Note that g(j,n) is a function of

z(1,n), -, z(j —1,n) only and the latter, when conditioned on
s(j, n—1), are independent of ¢(j,1),---,¢9(j,n—1) and
z(j, 1), - -, z(j, n —1). Therefore
IE[f(q(jwn))M(jvn—l)"'"q(j’l)’
z(jin=1),-+,2(4,1)]
=E[E[f(q.(/,n))Is(jrn=D]Ig(j,n=1), -+, (). 1),
Z(j,n'*l),-u,z(j,l)] (A79)

and (A.78) implies
Jim - max |ELf(q(j,m)lq(s,n=1), -

im0 ,q(j,1),
2(j, D)=

E[f(4(j,n))]1=0, (A.80)

Z(j,n— )’...’
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uniformly over the domains of g¢(j,1),---, ¢(j, n — 1),
z(j,1),- -+, z(j, n —1). Using the same arguments as in the proof
of the corollary of Proposition 2, (3.10) follows from (A.80).

To prove (3.11), notice that by Definition 2

Pr{z, =1l s0] = E[a7 (201, %) k"1, 5] (A1)

and
Pr[zl,=1]7-1[,':1/] =E[4L(ZL~1)IZE:{] (A.82)
and therefore
IPI[ZI. =1|21[f:1/, So] ‘Pr[zl, =1|7-11f:1[]
< max|gF(z;-1,5%) — q.(2.-1)| (A.83)

. -1
Thus (A.23) implies that
lim ax |Pr[z, lio Y s] —Prz, k2 ]1=0 (A.84)
Lo 2<i<L
uniformly over the domain of all variables involved. It is simple
to extend this result over 1 </ < L since for [/ =1 the term g}~ {*!
vanishes. Replacing L by J and / by j, shifting the time mdex by
k= (n—2)J+ j and rewriting (A.84) in the deinterleaved index-
ing (3.1) results in
lim max lPI‘[Z(j, n)|z(1,n),

J—ooo 1< j<J

“PI'[Z(j,Vl)‘Z(l,n),---,
Since ¢(j,n) is a function of z(1,n),---,

implies that
lim max lPr[Z(J n)lq(j,n), s(j,n—1)]

=Pr[2(Jj,n)Ig(j,n)]1=0 (A86)

uniformly over the domains of all variables involved. When
conditioned on s(j,n—1), q(j,n) is independent of ¢(j,n—
1)’ ) q(ja 1)’ Z(j’ n— 1)5 B Z(j7 1)9 and (311) follows.

z(j—l,n), s(j,n—l)]

2(j—1,n)]{=0. (A85)
z(j—1,n), (A.85)
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