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Marginalization via Message Passing

o Tree factor graphs: Efficient marginalization via variable-leaf removal
e Each step removes variable-leaf node and all child factor nodes
e Parent factor node modified to summarize missing information

e Can be seen as a sequential message passing algorithm

o Belief Propagation (BP)
e Parallel message-passing algorithm similar to leaf removal
e For a tree, computes exact marginal for each variable
o Algorithm defined for a general graphs but not exact

e History
e Hans Bethe used infinite tree idea to analyze alloys in 1935
e Bob Gallager used special case to decode LDPC codes in 1961
o Judea Pearl defined BP for general tree models in 1986
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Belief Propagation

Factor Graph (FG): -

e Variable nodes V', Factor nodes F' \'\,J
e Edges: (i,a) e ECV x F
e F(i)/V(a)=neighbors of node-i/a

Belief Propagation (BP):
o Init: p'Y (;)=1V (i,a)€FE

i—a
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Factor Graph (FG):
e Variable nodes V', Factor nodes F' Y N

e Edges: (i,a) e ECV x F
F(i)/V (a) = neighbors of node-i/a

Belief Propagation (BP):
o Init: p'Y (;)=1V (i,a)€FE

1—a

e factor-a to variable-i message:

/lz(zim Z fa 9UV(a H Mjﬁa

TV (a)\i JjeEV(a)\i -
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MAsUCHE | IR
beF(i)\a
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Belief Propagation: Example

x1
iteration 1: variable to factor O S
¥, o
(1) _
lu’i—nz(mi) =1
fi
-
8‘\7’\\ vi,/“;/
X v
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Belief Propagation: Example

x1
iteration 1: variable to factor O 5
Y %
(1) _
lu’i—nz(mi) =1

iteration 1: factor to variable

e Zf4 (4 25) s,y (25)

- Zf4 I4,$5

50,4 (24) = fa(za)
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Belief Propagation: Example

x1
iteration 1: factor to variable @ <
¥, o
(1 1
5D a(xa) =3 falwa, 25, (as) ;
5 1
=" falzs, w5) o/ \E
s A
(1
A5 4 (24) = fa(wa)
iteration 2: variable to factor
2 (1 (1
o (wa) = A4 () 52 4 (24)
=
= fa(wa) Y fa(wa, s5) e
5
2
Ué—)m(%) =1
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Belief Propagation: Example

x1
iteration 2: variable to factor r\x:iz\ %5’/
<7

2 ~(1 ~(1
w2 (@a) = i 4 (xS 4 (24)

= fo(wa) Y fa(wa, 5)

&7
@) _ N
He o (xG) =1

iteration 2: factor to variable

A0 (@) = D7 folwn, wa, w6)ui o (2a) 1o (w6)

T4,T6 =
e
= > falwr, 24, 26) f3(24) Y fala, 25) =
T4,T6 s
= f3 (z1)
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Belief Propagation: Convergence

e For a tree factor graph, consider a FN a and adjacent VN ¢
e Let T'(a — i) be the subtree rooted at a given by cutting (7, a)

e Ex: T(2 — 1) is subgraph induced by x4, x5, 6, f2, f3, f4

For all ¢, messages o depend only on nodes in T'(a — i
'LLa—>'L

Let h(a — i) be the height of T'(a — i) (i.e., max dist. to leaf)
(1)

o Message fi,”,;

converges (i.e., is constant) for ¢ > [%]

All messages converge for t > t* = (%—‘
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Belief Propagation: Output

e Let F(a — 4)/V(a — i) be the FNs/VNs in T'(a — i)
(®)

a—1

e Then, fi.’,.(x;) converges to the partial sum

i) (i) = > I hlave)

Ty (a—i) bEF (a—1)

and the marginalization sum for x; is given by

gi(z) £ D flar, .z = Y ] fleve)

P \xz; zP\z; bEF

SIT I Alave)

P \z; a€F (i) beF(a—1)

=11 > I seve)

a€F (i) Tv(a—i)\i bEF (a—1)

= H /:l’l(7t~>)i (i)

a€F (i)
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Normalization

e Messages can also be normalized into distributions

(t)
_ i 5o\ T
N’Eia(xi) = —>(t§ )
Zz; :u’z%a(l‘;)

e Normalization doesn't affect message passing

o Message passing: scaled input — scaled output

e Just changes the overall constant
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Log Likelihood-Ratio Messages for Binary Variables

e Normalized binary messages given by scalar: (1) =1 — u(0)

e One can also use the likelihood ratio (LR): “E

« O the log likelihood-ratio (LLR): L = In 49

V\_/

e For inference, LLR messages contain all the information:

L0 e o ei(0)
1—a (t) 1 a—1 ~ (1) 1
ui—)a() :uaﬁz()
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VN Update for Binary Variables in LLR Domain

fi 402
K/\
- (1) (t)
fi I
f2 2—1 T 1—4 f4
yv
U
I3

e Recall that the VN message-passing update is:
(t+1) ()
:u“z—)a 7 - H :ub—m Il
beF(i)\a

e In the LLR domain, this simplifies to

t+1 - (1)
@+ _ 1y /J’Eﬁa)(o) —In HbGF(i)\a :ub%i(o) _ Z [A/l(f) '
1—a (t+l)(1) N (t) (1) —>1
Hi—q HbeF(i)\a Fp—yi beF(i)\a
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FN Update for Binary Variables in LLR Domain

- (0)

124 O
Ty

e Recall that the FN message-passing update is:

~ (T t
/‘L((zim - Z fl l'v(a) H /”L§—)>a

TV (a)\i JEV (a)\i

e In the LLR domain, this gives

N (®
L(t) —1n ,U/((Iti}z (0) —1n va(a):zizo fl ($V(a)) HjGV(a)\i /’Lj%a(xj)

a—1 ~ (t)

lu’a—n(l) va(a):zizl fl (xV(a)) HjeV(a)\i /‘Sia(%)
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