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The purpose of this article is to understand the construction of a Calderbank-Shor-Steane (CSS)
quantum code Q [1] from classical codes C; and Ca, satisfying C2 C Cy, by giving explicit forms for
the stabilizers and logical operators of Q in terms of the rows of the generator and parity-check
matrices of C; and C2. We will denote a vector u as u and use the notation [k] = {1,2,...,k}. Let
us begin by reviewing stabilizer codes.

1 Stabilizer Codes: A Quick Review

Define the single qubit operators
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where i 2 \/—1. X and Z satisfy X |z) = [t @ 1), Z|z) = (=1)|z) for € {0,1}. Each of them
is unitary and Hermitian, so we have P? = I for P € {I,X,Y,Z}. These are called the Pauli
operators on a single qubit and form the group

Gy ={xl,+il, £ X, +iX,+Y, +iY, +Z, +iZ}.
The Pauli group on n qubits is defined as
Gpn2{A1®A® - ®A, : A4 €Gy, icn]}

where ® denotes the Kronecker product on matrices. Suppose S is a subgroup of G,, and let Vg be
the subspace of n-qubit states that are fixed by the elements of S, i.e. g|¢) = |[¢) V¢ € Vg,g €
S. Then Vg is said to be stabilized by S and S is called the stabilizer of the subspace Vg. If
g1,99;---,9; € Gy, are independent and generate the group S then they are called generators for
S, denoted as
S = <917927" . 7gk>'

It can be shown that Vg is a non-trivial subspace if the elements of S commute and —1I,, ¢ S, where
I, is the n x n identity matrix. The subspace Vg of quantum states stabilized by .S is said to be
the stabilizer code described uniquely by S. Given k generators, the space Vg has dimension 277%.

Since a stabilizer code is used to encode logical states, we need to be able to transform a universal
set of logical qubit operations into an equivalent set of operations in the code domain, which is
often called the physical domain. In other words, for every logical operator we have we need to find
a physical operator that executes that operation in the code domain. Hence, for practical purposes,
an appropriate subgroup S of G,, along with the definition of such physical operators completes
the description of a stabilizer code, although the code itself is defined simply by S.



2 CSS Code from Self-Orthogonal Codes

First let us consider CSS codes constructed from classical codes C1 and Cy that satisfy Cy = Cf-, SO
that Cq is a self-orthogonal code.

2.1 Binary Self-Orthogonal Codes

Let C+ C F% be an [n, k] classical binary self-orthogonal code with generator and parity-check
matrices Go1 and Hei respectively. Then it is contained its dual C which is an [n,n — k] classical
binary code with generator and parity-check matrices G¢ = H1 and H¢ = G respectively. Since
Ct C C we immediately have k < 5, so that C has rate at least 1/2. As C is a subgroup of F and
Ct is a subgroup of C, the quotient group C/C* is the set of all distinct cosets of C* in C,

cjct = {{g+ci} ue {Q}U(C\CL)}.

From each coset {u + C1} select a vector v as the representative of that coset. Then the group
C/ C' is isomorphic to the group of all such representatives v and we will denote this group as C /C L
as well. Since this group is also a subspace of F5 over the field F2, we can find a basis for it. Let
G /e be the matrix whose rows form a basis for the group C/ C*. Then, since C is a self-orthogonal
code we can split the rows of its generator matrix to obtain the form

H G
Ge=|gre ] —lge] 1)
c/et (n—k)xn c/et (n—k)xn

where He = G is a k xn matrix and Geje1 is a (n—2k) X n matrix. Note that there is no unique
choice for G¢/c1 as there could be multiple bases for a vector space. Denote the rows of He as g,

fori=1,2,...,k and the rows of G¢/c1 as h; for i =1,2,...,n—2k. Then for some z € {0,1}—2k
a coset representative v can be expressed as

n—2k
v=Y xih (2)
=1

Example

Let C be the [6, 5, 2] single-parity check code with n = 6,k = 1 and minimum distance d = 2. The
dual code Ct is the [6,1, 6] repetition code of length n = 6 which contains only two codewords:
Ct = {000000,111111}. So Gpr = He = [1 11 1 1 1]. This implies C contains all length 6 binary
vectors that contain an even number of 1s. One possible generator matrix for C is

111111 9, L1000 0
L 10000 hy 101000
Ge=11010 0 0| =|hy| ; Gepr®
100100
o0 100 b 100010
100010 hy

So the group C/Ct of 16 coset representatives is generated by binary linear combinations of the
rows of Gger.



2.2 Construction of the CSS Code

Given an [n,n — k] classical binary code C that contains its dual C*, the CSS quantum code
Q is constructed as follows. Let v € I} be a length-n binary vector. Then the quantum state
corresponding to this vector is defined as

o) = utct) 2

MZ e+ v), (3)

ceCt

where ¢ + v = ¢ ® v is component-wise binary addition of vectors. Note that the vectors ¢ + v for
all ¢ € C* generate the coset v 4+ C and hence the notation for the quantum state.

The CSS code Q is defined as the collection of all such distinct quantum states generated by
the coset representatives v € C/C*. As |C| = 2% and |C*| = 2%, by Lagrange’s theorem we have
|C/C*| = 272k and so the (binary) dimension of C/C* is n — 2k. Since each bit of v corresponds to
a qubit of |1,), which has dimension 2, the dimension of the quantum code Q is 2"~2*. Formally
we write Q is an [[n,n — 2k]] CSS quantum code.

Now recall from (2) that a coset representative can be expressed as v = z - Ggjer. So if we
have a (n — 2k)-qubit state |z);, called the logical state, then the CSS code will encode this into
the quantum state

Vo) = |2 Gejer +C) 2

n—2k
c+ Z le>, (4)

where h; form the rows of G¢/c1. The logical state |z); is also called the encoded state and its
(n — 2k) component qubits are called encoded qubits.

SRS

cect cect

Example
Consider again our example of the [6,5] single-parity check code with n = 6,k = 1. The CSS
construction gives us a [[6,4]] quantum code Q with the states defined as

4

(111111) + ) ik > ;z € {01}

i=1

|the) =

(000000) + Z:c > - 7

=1

1
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2.3 Stabilizer for the CSS Code

Consider an [[n,n —2k]] CSS code Q defined using an [n, n — k| classical binary code C that contains
its dual C. We will now demonstrate that it is indeed a stabilizer code and give the set of generators
for its stabilizer. Particularly, if we can find commuting operators g;, g,, - . ., g9, such that they do
not generate —I,, and satisfy g, [10y) = |¢y) V |thy) € Q,i = 1,2,...,2k then we have defined the
stabilizer of Q.

Consider the generator matrix representation for C given in (1). Again, denote the rows of H¢
as gy, 9y -1 G- Then for i € [k] we have g, v=0 for all v € C and particularly for all v € C/C*,
which are the vectors that define the states in Q. Denote the elements of the vector g, as git SO

that g, = [gi1, gi2y ---, Gin]. Now define the 2k operators
n n
FEQX s gl 2Rz i=1,2,.. .k (5)
t=1 t=1



where X; = X and Z; = Z denote the X and Z operators, respectively, on the ¢-th physical qubit.

Theorem 1. The set of 2k n-qubit operators g; ,gZ defined in (5) commute with each other and
do not generate —1I,,.

Proof. Since the X operator trivially commutes With itself and similarly the Z operator commutes
with itself, it is clear that ngg}X = g}Xgi and g7 g] = gj g7 for all 4,5 € [k]. This is written in
commutation notation as

X X z Z
where 0 is the zero operator, i.e. a matrix with all entries set to 0.
However, the X operator anti-commutes with the Z operator so that XZ = —ZX. So to

check if gX and ng commute or anti-commute we only have to count the number of indices ¢ with
git = 1 and gj; = 1. Now observe that since Ct is a self-orthogonal code and g, € C*t, we have
9,°9;,=0 Vi, j € [k]. This implies b;; = [{t € [n] : gi = 1,950 = 1}| is even. Hence we sce that
for all 4, j € [k] we have

9797 = (-1)"gig* =g7g" = [g.97] = 0.

Thus we see that the above defined set of 2k operators commute with each other and clearly do
not generate —1I,. O

So these operators generate a valid stabilizer S for some subspace Vg of n qubits. We are left
only to verify that Vg = Q.

Theorem 2. The set of 2k n-qubit operators gZ ,gz defined in (5) generate the stabilizer for the
CSS code Q.

Proof. First we observe that since X is a bit-flip operator satisfying X [0) = |0+ 1) = [1), X |1) =
|1+ 1) = |0), the operator g:¥ satisfies

g |u) = ‘ng gi>

for any vector u € {0,1}", where g, € C* is the row of Hc used to define g in (5). Since cty, € ct
for all ¢ € C+ we have

1
Xlipo) = > g¥le+u) = > erg)+e) = > le+u) =)
N /IcL Z VIt
|C ceCct |C ‘QECL ' |C cect
Similarly, since Z is a phase-flip operator satisfying X [0) = |0), X [1) = — |1), the operator gZ
satisfies

g7 lu) = (~1)%* )



for any vector u € {0,1}". In each term of the superposition in the CSS state |1/, ), we observe that
c+vel. As g, is a row of the parity-check matrix of C it automatically satisfies g, (c+wv)=0.
Therefore we have

Z 1 Z 1 (ctv) 1
g7 [) = g7 lc+v) = (—1)% ™ e+ u) = lc+v) = 1) .
Ve 22 Vi 25 Vit

Thus we have shown that all the 2k operators g;¥, g7 defined in (5) stabilize the states |1,) € Q.
Also, the dimension of the space Vg stabilized by the group generated by {gX,g? ; i € [k]} is

22k which is exactly the dimension of Q too. Therefore Vg = Q. [

Example

For our running example of the [[6,4]] CSS code, we have k =1 and g, =[1 1111 1]. This gives
the stabilizers

gF L X X0 X3 X4 XsXe = XO | g¥ £ 2,2,252, 257 = Z%F.
Clearly we have

g gf = X750 = (X2)% = (-1)%(2X)" = 79X = gfg¥.

2.4 Logical Operators for the CSS Code

We will begin by defining the logical Pauli operators for each of the (n — 2k) logical qubits in
the CSS code Q. Let us now reiterate the representation of the generator matrix for the code C
from (1):

He }

GC/CL (n—k)xn

9

A

GC/CJ':| (n—k)xn
where He = G is a k x n matrix and Ggje1 is a (n — 2k) x n matrix. The (n — 2k) logical Pauli

operators X;, Z;, i € [n—2k] are defined from the rows of the generator matrix for C/C* represented
above as G o1 However, the logical operators need to satisfy the (anti-)commutation conditions

o —ZX f L
XiZy=q T (6)

Z;X; ifi#j
So for a general CSS code we might need two generator matrices for C/C* which we represent as
Gé(/C 1 Gg pn because they will be used to define the logical X and logical Z operators respectively.
Denote the rows of Géf/cL as hy,...,h,_ o, and the rows of Gg/cL as hj,...,h!, 5. The entries of
h; are denoted as h;1, ..., hi, and similarly the entries of ﬁ; are denoted as hly,...,hl,. Then the

logical Pauli operators are defined as
n n h/
X2Qxr , Z2Qz, , Vit (V-DXiZi (7)
t=1 t=1

fort=1,2,...,n—2k.



Lemma 3. The logical Pauli operators defined in (7) satisfy the commutation relations given in (6)

T
if and only if GC/CL (Gf/@) = I,_ok, where I, oy is the (n — 2k) x (n — 2k) identity matriz.

T
Proof. Assume GXo, (G0, ) = In_o. This implies h; - B = 1if i = j and h; - B = 0if i # j.
Then using the property (A ® B)(C ® D) = AC ® BD of Kronecker products we have
n n 7 . . .
= = L n! B bl R R h ! h —Z;X; ifi=j,
XZ — Xththt it (_1) it "tZt tit it n; Z ti it Y ) ] O
i4j § § ® Z;X; ifi#j
T
Conversely, it is easy to see that the last equality above requires GC et <Gg Ic L) =1, _o. O

We have the following theorem to verify that these operators indeed execute logical bit-flip and
phase-flip operations by operating on the physical qubits.

Theorem 4. Let |z); be the logical state defined by z € {0,1}" 2% and let |2'); be the logical state
such that x; = 2; ® 1 for some i € [n — 2k] and o, = 2; V j € [n — 2k] s.t. j # i. Then the logical
Pauli operators defined in (7) satisfy

X; ) = 19z} Z; [Ye) = (=1)" |¢)
where |1,) is the CSS state defined in (4).

Proof. As observed in the proof of Theorem 2, we have X; |u) = |u + h;) for any vector u € {0, 1}".
Recall that the CSS state for |z); is defined as

R 1 n—2k
lwz>=m§j|g+f \/‘TZc—FZ:@ >

ceCt ceCL

Therefore we have

n—2k n—2k
_ 1 — 1
Xil¢a) = T Xic+2xjhj>= T D et Yo wihy+ (@@ Dh > 1) -
cecL j=1 ceClL Jj=1,j#i

Similarly we have Z; |u) = (—1)%% |u). For convenience we rewrite the CSS state |¢),) as

n—2k n—2k —2k
o) = —=—= + —— X ——
Wj> |CJ- CGZC;C ]Z;x] ]> |CJ_ C;;jl_ll ‘ H |CJ‘ CGZCL|

Using the commutation relations above we have Z;X; = —X;Z; and ZZX'J- = XjZi for j # i. Also,
since b} € C it satisfies b, - ¢ = 0 for all ¢ € C*. This implies

ZW}m— 1:]2: \/’CTZ‘Q

ceCtL



Jj=1 ceCt
n—2k
= (= || X’ (—1)k<le)
V|CL]
j=1 ‘ cect
n—2k 1
=0 [[ 57— > 19
7=1 |CJ_| cect
= (=1)" [¢z) . O

Finally we need to verify that these logical operators commute with the elements of the stabilizer
of the code. But this is directly true because g, - h; = 0 and g, -h; =0V ielk],j e [n— 2k] since
g, € Ct and ﬁj,h; eC.

The other logical operators that comprise a universal set of gates need to be defined based on
the specific CSS code and there is no general construction like we had for the logical Paulis above.

Example

For our [[6,4]] quantum code Q we have the following two possible generator matrices for C/C+:

110000 010001
oY a1 01000 oz 2|00 1001
c/et 10010 0f ° ~cet 000101

100010 000011

Note that Gg e is a generator matrix for an equivalent code of C/C* which is the code obtained

by simply relabeling indices as 6,5,...,1. But we will ignore this qualification and consider it to
T

be a generator matrix for C/C* itself. It is easily verified that GC)’(/C n (Gg I L) = I,. Furthermore,
these give the logical operators

X1 =X1X 7\ = ZyZs

XQ = X1X3 ZQ = 737

X3 =X1Xy Z3 = ZyZg

X4 = X1 X5 Z4 = Zs5Zg

These clearly satisfy the commutation conditions

{—@Xiﬁi—ﬁ

XiZj=9_ & .,
Z;X; ifie#7

<

Recall that the stabilizer generators for this code are
91 £ X1 XoXaXaXsXe = X0, gf £ 212223247575 = Z%°.
It is easily verified that for i = 1,2, 3,4 we have

[X;,95] =0, [Xi,g7] =0, [Z,9%] =0, [Zi,97] = 0.

7



For this code, the logical transversal Hadamard operator H®*, applied to all logical qublts
simultaneously, is also easy to construct. This operator must satisfy the conditions H;X;H; =
Z;,H;Z;H; = X;. If we apply physical Hadamard operator H transversally, i.e. HiHoy--- Hg, we
get the mappings

XiXiyi = Z1Ziyr , Zig1Ze — Xip1Xe.

To complete the logical transversal Hadamard we now have to just swap physical qubits 1 and 6.
This will give the desired mappings

X =77 7, = X1 X
X =737 7 = X1X3
X, = Z4Zg Zh=X1Xq
X =257 7 = X1 X5

The target Hadamards H; and other logical operators are trickier to construct. These are discussed
in [2].

2.5 CSS State Preparation

We have seen in the discussion above that the X stabilizers generated by gi satisfy gX lu) =
‘Q+gi> fort=1,2,...,k. The set of all X stabilizers is given by

X:{gf :QGCL} ; ®XJ,Q— 0102...Cn].

Hence these vectors satisfy g [0)®" = gX [00...0) = |c). Therefore, given logical qubits |z), with
x € {0,112k we can first prepare the physical state |0)*” and then arrive at the desired CSS state
|tz) as follows:

R 1 n—2k
ij> = \/@ Z c+ Z xjhj>

n

Note that this perspective requires us to apply all stabilizers to the state \O>® which can be
impractical. However, this representation of the CSS state could be potentially useful for arguing



about the effects of operators applied externally to a CSS state. We saw one such use (only using
till the third equality above) in the argument for Z; in Theorem 4. An application of this final
expression can be found in an important claim proven in [2].
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