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Low-Density Parity-Check (LDPC) Codes
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» Linear codes with a sparse parity-check matrix H

» Edge in Tanner graph connects check node i to bit node j if H;; =1

Circles represent a code bit value participating in parity checks

Squares indicate an even-parity check (i.e., attached bits sum to 0 mod 2)

Naturally leads to message-passing iterative (MPI) decoding
Introduced by Gallager in 1960; largely forgotten until 1995



Decoding LDPC Codes

» Maximum A Posteriori (MAP) Decoder
» Optimum decoder that chooses the most likely codeword
» Infeasible in practice due to enormous number of codewords

» Belief-Propagation (BP) Decoder
» Low-complexity message-passing decoder by Gallager
» Probability estimates are passed along edges in the Tanner graph

» Updates based on assuming incoming estimates are independent

» Density Evolution (DE)
» Tracks distribution of messages during iterative decoding
» BP noise threshold can be computed via DE
> Long codes decode almost surely if DE predicts success



A Little History

Robert Gallager

introduced LDPC codes in 1962 paper

1962 IRE TRANSACTIONS ON INFORMATION THEORY 21

Low-Density Parity-Check Codes*

R. G. GALLAGER}

‘Summary—A low-density parity-check code is a code specified
by a parity-check matrix with the following properties: each columa
contane 3 mall fed, sumber f > 3 o 14 and axch ow contaioe
a small fixed number & > j ical minimum distance of
these codes increases !lnenrly with block length for a fixed rate and
fixed j. When used with maximun likelihood decoding on a suffi-
ciently quiet binary-input symmetric channel, the typical prob-
ability of decoding error decreases exponentially with block length
for a fixed rate and fired

A simple but nonoptimum decodiag scheme operating directly
from the channel a posteriori probabilities is described. Both the

defined general belief-propagation in 1986 paper

equations. We call the set of digits contained in a parity-
check equation a parity-check sot. For example, the
first, parity-check set in Fig. 1 is the set of digits (1,2, 3, 5).

The use of parity-check codes makes coding (as dis-
tinguished from decoding) relatively simple to implement.
Also, as Elias [3] has shown, if & typical parity-check
code of long block length is used on a binary symmetric
channel, and if the code rate is between critical rate and
channel capacity, then the probability of decoding error

Fusion, Propagation, and Structuring in

Belief Networks*

Judea Pearl

Cogitive Systems Labcratory, Computer Science Department,
University of California, Los Angeles. CA 90024, U.S.A.

Recommended by Patrick Hayes

ABSTRACT

Belief networks are directed acyclic graphs in which the nodes represent propositions (or variables),
the arcs signify direct dependencies between the linked propositions, and the strengths of these
dependencies are quanified by conditional probabilities. A network of this sort can be used fo
represent the generic knowledge of a domain expert, and it turns into a computational architecture if
the links are used not merely for storing facual knowledge but also for directing and activating the
data flow in the computations which manipulate tais knowledge.



Message-Passing Decoding

» Basic Idea

» Estimates of bit values are passed along graph edges in alternating phases
» bit-to-check phase: bits pass messages to adjacent checks
» check-to-bit phase: checks pass messages to adjacent bits

» Each output message depends on other input messages

» Simplifications for the binary erasure channel (BEC)
» Messages are always either the correct value or an erasure

» This leads to very simple message combining rules



Message-Passing Decoding for the BEC

» Message passing rules for the BEC
» Bits pass an erasure only if all other inputs are erased

» Checks pass the correct value if all other inputs are correct and erasure otherwise
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» Message passing rules for the BEC
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Message-Passing Decoding for the BEC

» Message passing rules for the BEC
» Bits pass an erasure only if all other inputs are erased

» Checks pass the correct value if all other inputs are correct and erasure otherwise

1 1
? ?

» If input messages are independently erased with prob. x




Computation Graph
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» Computation graph for a (3,4)-regular LDPC code
» lllustrates decoding from the perspective of a single bit-node
» Show the truncated depth-4 neighborhood of a single bit node
» This is sufficient to determine 2 full iterations of message passing
» For long random LDPC codes, the graph is typically a tree



Computation Graph for the Message-Passing Decoder

» Density evolution evaluates failure probability for a random instance of decoding
> Messages are now seen as random variables (either 0 or ?)
» Independence at each level follows from tree structure

» Allows density evolution to track message erasure probability
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» Density evolution evaluates failure probability for a random instance of decoding
> Messages are now seen as random variables (either 0 or ?)
» Independence at each level follows from tree structure
» Allows density evolution to track message erasure probability

» During i-th iteration, bit-to-check / check-to-bit message erasure prob is x; / y;
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Computation Graph for the Message-Passing Decoder
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» Density evolution evaluates failure probability for a random instance of decoding
> Messages are now seen as random variables (either 0 or ?)
» Independence at each level follows from tree structure
» Allows density evolution to track message erasure probability
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Computation Graph for the Message-Passing Decoder
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» Independence at each level follows from tree structure
» Allows density evolution to track message erasure probability

» During i-th iteration, bit-to-check / check-to-bit message erasure prob is x; / y;



Computation Graph for the Message-Passing Decoder
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» Density evolution evaluates failure probability for a random instance of decoding
> Messages are now seen as random variables (either 0 or ?)
» Independence at each level follows from tree structure
» Allows density evolution to track message erasure probability

» During i-th iteration, bit-to-check / check-to-bit message erasure prob is x; / y;



Computation Graph for the Message-Passing Decoder
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» Density evolution evaluates failure probability for a random instance of decoding

> Messages are now seen as random variables (either 0 or ?)

» Independence at each level follows from tree structure

» Allows density evolution to track message erasure probability

» During i-th iteration, bit-to-check / check-to-bit message erasure prob is x; / y;



Density Evolution (DE) for LDPC Codes

(3.4) LDPC Code with ¢ = 0.6
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» DE tracks bit-to-check msg erasure rate x, after / iterations
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Density Evolution (DE) for LDPC Codes

(3.4) LDPC Code with ¢ = 0.6

0.6 T T T T T Density evolution for a (3, 4)-regular
050 . LDPC code:
2
041 y Te41 =€ (1 —(1- xé)g)
F03} 2 Decoding Thresholds:
0.2 1 PP ~ 0.647
0.1) | eMAP ~ 0.746
o=l - e = 0.750

0 01 02 03 04 05 06
Xy

» DE tracks bit-to-check msg erasure rate x, after / iterations

» 1, decreases to a limit x(¢) that depends on ¢

» As n — 0o, decoding succeeds if € less than the BP noise threshold

> BP —sup{e € [0,1] |z (e) =0}  (easily computed numerically)



LDPC Decoding on General Channels

» Consider a binary-input DMC defined by W (y|z) with z € {0,1} and y € Y

> Sufficient Statistics
> A statistic T'(y) is sufficient for the input if Y — T'(Y) — X forms a Markov chain
» The conditional probability (i.e., T'(y) £ P(X = 1|Y = y)) is always sufficient

» Channel Combining Rules

» A tree Tanner graph defines a combined channel whose input z is the root bit and
whose output y is the combination of all bit-node observations in the tree

» The output space becomes quite complicated, so we compress to a sufficient statistic

» One can get efficient decoding by propagating sufficient statistics up the tree



» 5 bits satisfying 2 parity checks
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Channel Combining

» 5 bits satisfying 2 parity checks

> Bit-i observed directly through channel W;(y;|z;) @ Wi (y1|x1)
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» 5 bits satisfying 2 parity checks
> Bit-i observed directly through channel W;(y;|z;)
» Treat ys, y3 as output of combined channel Wo3:

Was(ya, yslz1) = 3 Z Wa(yelz1®u)Ws(ys|u)
u€e{0,1}

@ Wi (y1|z:1)
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» 5 bits satisfying 2 parity checks
> Bit-i observed directly through channel W;(y;|z;) Wi (y1|x1)

» Treat ys, y3 as output of combined channel Wo3:
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applied to treat y4, y5 as the output of Wys @ @ @ @
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Channel Combining

» 5 bits satisfying 2 parity checks Wy, yslz1)
AR

> Bit-i observed directly through channel W;(y;|z;) Wi(y1|z1)
» Treat ys, y3 as output of combined channel Wo3:

Was(y2, yslz1) = 3 Z Wa(yz|z1Gu)Ws(ys|u) - -

u€e{0,1}

» This is called check combining and may also be

applied to treat y4, y5 as the output of Wys @ @ @ @
» The overall channel for z; is defined by grouping Waz(y2, yzlz1) Was(ya, ys|z1)

(.

J

independent observations (called bit combining):

W(yh cee ,y5|x1) = W1(y1\x1)W23(y2, ys\xl)W45(y4» y5\$1)
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Factor Graphs

» A factor graph provides a graphical representation of the local dependence structure for a
set of random variables

» Bipartite graph with variables =1, ...z, and factors fi1,..., fin
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» A factor graph provides a graphical representation of the local dependence structure for a
set of random variables

» Bipartite graph with variables =1, ...z, and factors fi1,..., fin

» Consider random variables (X1, Xo,..., X4) € X* and Y where:

P($1,$2,$3,5134) £ P(Xl :xl,Xg =T2,.. .,X4:$4|Y = y)
o f(x1, 72,23, 74)

£ fi(z1, 22) fo(w2, x3) f3(23, T4)



Factor Graphs

» A factor graph provides a graphical representation of the local dependence structure for a
set of random variables

» Bipartite graph with variables =1, ...z, and factors fi1,..., fin

» Consider random variables (X1, Xo,..., X4) € X* and Y where:

P($1,$2,$3,334) £ P(Xl :xl,XQZZL‘Q, .. .,X4:$4|Y = y)
o f(x1, 72,23, 74)

£ fi(z1, 22) fo(w2, x3) f3(23, T4)

» Given Y =y, this describes a Markov chain whose factor graph is

OO -6




Conditional Independence for Factor Graphs

» Let A, B,S C [n] be disjoint subsets of VNs in factor graph G

» If S separates A from B (i.e., there is no path in G from A to B that avoids S), then
we have X4 Il Xp | Xg

P(xza,xplrs) = P(xalrs)P(zp|rs)
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» Let A, B,S C [n] be disjoint subsets of VNs in factor graph G

» If S separates A from B (i.e., there is no path in G from A to B that avoids S), then
we have X4 1l Xp | Xg

P(xza,xplrs) = P(xalrs)P(zp|rs)

» Markov chain example: A = {x1, 22}, B = {x4}, S = {z3}

@

12

-o-

fa3

-

fa4




Conditional Independence for Factor Graphs

» Let A, B,S C [n] be disjoint subsets of VNs in factor graph G

» If S separates A from B (i.e., there is no path in G from A to B that avoids S), then
we have X4 1l Xp | Xg

P(za,zplrs) = P(xalrs)P(xp|rs)
» Markov chain example: A = {x1, 22}, B = {24}, S = {23}

» Sketch of Proof:
» Fixing Xs=uxg separates the FG into disjoint components




Conditional Independence for Factor Graphs

» Let A, B,S C [n] be disjoint subsets of VNs in factor graph G

» If S separates A from B (i.e., there is no path in G from A to B that avoids S), then
we have X4 1l Xp | Xg

P(za,zplrs) = P(xalrs)P(xp|rs)
» Markov chain example: A = {x1, 22}, B = {24}, S = {23}

@ 12 4@7 fa3 f34

» Sketch of Proof:
» Fixing Xs=uxg separates the FG into disjoint components

» Groups of VNs in different components are independent
» X, Ul Xp because A and B are in different components



Inference via Marginalization

» Marginalizing out all variables except X gives

P(X) = x| = y) o ga(21) 2 Z f(@1, 22, 3, 24)

» Thus, the maximum a posteriori decision for X given Y =y is

%1 = arg max E f(w1, 20,73, 24)
x1 .
(z2,...,mq)EX3

» For a general function, this requires roughly \)(|/1 operations



Inference via Marginalization

» Marginalizing out all variables except X gives

P(X) = x| = y) o ga(21) 2 Z f(@1, 22, 3, 24)

» Thus, the maximum a posteriori decision for X given Y =y is

%1 = arg max E f(w1, 20,73, 24)
x1 .
(z2,...,mq)EX3

» For a general function, this requires roughly \)(|/1 operations

» Marginalization is efficient for tree-structured factor graphs

> For the Markov chain, roughly 5 |X|* operations required

gi(z) = D filwn,x2) Y falwa,ws) Y falws, )

xo€EX r3€EX T4 EX



» Consider a random vector (X1, Xa, ..., Xg) € X® where

]P(Xl =T1,... aXG = $6|Y = y) &8 f($1,$2,$3,$4,$5,$6)
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The Importance of Factorization (1)

» Consider a random vector (X7, Xo, ..., Xg) € X% where

P(X) =x1,..., X = x6]Y =y) < f(x1, 72,73, 74,75, T6)

» Brute force marginal requires |X\5 operations for each z; € A

gr(1) & > flar, w2, w3, 24, 75, T6)
z§eXs

> Thus, we need | X|® operations



The Importance of Factorization (1)

» Consider a random vector (X7, Xo, ..., Xg) € X% where

P(X) =x1,..., X = x6]Y =y) < f(x1, 72,73, 74,75, T6)

» Brute force marginal requires |X\5 operations for each z; € A

gr(1) & > flar, w2, w3, 24, 75, T6)
z§eXs

> Thus, we need | X|® operations

» If [ factors as follows, then the marginalization can be simplified:

flx1, z2, 3, T4, x5, 6) = f1(z1, 2, x3) fo@1, T4, T6) f3(2a) fa(xa, 5)



For example, we can write g;(x1) as:

=Z fi(xr, o, 23) fo(x1, 24, w6) f3(24) fa(2a, x5)

6
T3
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The Importance of Factorization (2)

For example, we can write g1 (1) as:

:Z f1(x1, 22, 23) fa (w1, T4, T6) f3(24) fa (24, T5)

6
T3

= fi(wr, w2, w3) f3(24) fa(wa, 25) l2f2($17$47966)]
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The Importance of Factorization (2)

For example, we can write g1 (1) as:

:Z f1(x1, 22, 23) fa (w1, T4, T6) f3(24) fa (24, T5)

6
T3

= fi(wr, w2, w3) f3(24) fa(wa, 25) l2f2($17$47966)]
=Y fi(a1, 2, 33) f3(2a) [Zﬁ(m,ﬂ?s)l [Zfz(zhu,%)]
=Y filwr, 32, 73) lZfza(m) [Zfzx(%ﬂ%)] [Zfz(%,m,%)H



The Importance of Factorization (2)

For example, we can write g1 (1) as:

:Z f1(x1, 22, 23) fa (w1, T4, T6) f3(24) fa (24, T5)

6
T3

=25:f1(x17wz,ws)fg(m)fzx(m,ws) [;h(xumws)]
:Z4f1(93171'2»173)f3(x4) [;f4($4,$5)] [;fz(whu’xﬁ)]
:ZBﬁ(xl,xg,xg) [;fg(u) l;ﬁ;(m,xs)] [;fz(:cl,m,%)H
:; l;fl(xl,@,m)] [;fg(u) ;ﬂ;(u,xs)] [;fz(xwwﬁ)H

This implementation requires roughly 2 |X|* + O(|X|*) operations




The Factor Graph and Leaf Removal
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The Factor Graph and Leaf Removal

T

fi f3
Byt
f3 fa

®

g1(z1) =Y fi(@r, 22, 73) f3(2a) [Z f4(x47x5)] fi(x1,24)




The Factor Graph and Leaf Removal

T

Sog

f3 fi

gi(1) =Y fi(wr, w2, 25) [Z f3(@a) fi(@a) fo (21, 24)



gi(z) =) lz fl(wl,xz»l‘?:)] f3 (1)

x2 x3



gi(z1) = lz f{(wl,xz)] f3 (x1)



g1(z1) = f{,(xl)fél(xl)
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Factor Graphs and Distributions

» A non-negative function f: X™ — R defines a distribution on X™:

P(z) 2 P(Xi=m1,...,Xp=12,)

1 P
Ef(g) = nga(gﬁa)v

> where z,, is the subvector of variables involved in factor a
» and Z £ )" f(z) is called the partition function



Factor Graphs and Distributions

» A non-negative function f: X™ — R defines a distribution on X™:

P(z) 2 P(Xi=m1,...,Xp=12,)

1 P
Ef(g) = nga(gﬁa)a

> where z,, is the subvector of variables involved in factor a
» and Z £ )" f(z) is called the partition function

» Zero-one factors define constraint satisfaction problems (CSPs)
> All factors satisfy f,(zp,) € {0,1} for all z,, € X9
» The set of valid configurations is {z € A™|f(z) =1}
» Thus, Z equals the number of valid configurations
» P(z) is uniform over the set of valid configurations
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rows are permutations of {1,2,...,9}
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Sudoku: A Factor Graph for the Masses

2 8 4 7
1 9 7 6

rows are permutations of {1,2,...,9}
columns are permutations of {1,2,...,9}
subblocks are permutations of {1,2,...,9}



Sudoku: A Factor Graph for the Masses

2 5 1 9 Z11|T12|T13|T14 |15 |16 |17 | T18 | T19

8 2 3 6 To1 | T2 T2z |T24 | Tas | T26 | Tar | T2s | T29
3 6 7 X31|T32|T33|T34 |35 |36 |37 |L38|L39

1 6 241 |Ta2 | 043 |Ta4 |Ta5 | a6 | Tar | Tag | Tag

514 119 Z51 | T52 [T53|Tsa |T55 | Ts6 |57 |58 | T59
2 7 Te1 |T62 |63 |Tea | T65|T66 | L67|L68 | L69

9 3 8 71 | T2 |73 | X7a |75 | T76 | T77 | T78 | T79

2 8 4 7 Tg1 | T2 | L83 |Tsa | Tss | Ts6 |Ts7| T8 |T89
1 9 7 6 T91 | T2 |L93 | Toa | Tos | To6 | To7 | Tos | Tog

rows are permutations of {1,2,...,9} implied factor graph has

columns are permutations of {1,2,...,9} 81 variable and 27 factor nodes
subblocks are permutations of {1,2,... 9;;

9 9
f@) =TT fo@) | [ IT o) ) | TT fo@nm) | 1T Was = i)
i=1 j=1 k=1

(i,5)€0
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Marginalization via Belief Propagation

» Factor Graph G = (VU F,E)

» Variable nodes V, Factor nodes F'

» Edges: (i,a) e ECV X F

> F(i)/V(a) = set of neighbors for node-i/a
(t)

> Messages: u, 4, (z;) and /2((111-(@-)



Marginalization via Belief Propagation

» Factor Graph G = (VU F, E)
» Variable nodes V, Factor nodes F'
» Edges: (i,a) e ECV X F
F(i)/V (a) = set of neighbors for node-i/a

> Messages: /Agia(.%‘z) and ,uaﬁl(xi)

» variable-i to factor-a message

()

(¢ \(\ N
Ml()g)—n(xl) ¢ Et——l—;) ? H :u“l()t—)m .Z‘,
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A(t
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Marginalization via Belief Propagation

» Factor Graph G = (VU F, E)
» Variable nodes V, Factor nodes F'
» Edges: (i,a) e ECV X F
F(i)/V (a) = set of neighbors for node-i/a

> Messages: uf.ia(:cl) and ,uaﬁl(xi)

» factor-a to variable-i message

t
:ugl)—m(le)

t
/"L_gg)—ﬂl('er) I‘Laﬁ)l Z fa xV H /J/ *)0. .%‘j

Ty (a)\i JGV(G)\l

Mg?ﬁa(q"]é)



Marginalization via Belief Propagation

» Factor Graph G = (VU F, E)
» Variable nodes V, Factor nodes F'
» Edges: (i,a) e ECV X F
F(i)/V (a) = set of neighbors for node-i/a

> Messages: /Agia(.%‘z) and ,uaﬁl(xi)

» variable-i marginal ugtﬂ)(x)

~(t
sl ()

Mbg*)l

NG (xz)> ()

sl ()

(L+1

H Iu’b~>1 11

beF (i)



Marginalization via Belief Propagation: Example
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Marginalization via Belief Propagation: Example
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iteration 1: factor to variable
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iteration 2: variable to factor

2 ~(1 ~(1
uP(wa) = a4 (20) 87 4 (2a)

= fa(za) Y falwa, x5)

Zs5

2
5 (w6) = 1




Marginalization via Belief Propagation: Example

z1
iteration 2: variable to factor <,
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iteration 2: factor to variable
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Marginalization via Belief Propagation: Example

z1
iteration 2: variable marginal - <
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p (@) = 2 (2)as (a)

= fi'(x1) f3 (22)

Same answer as peeling but from
a distributed parallel algorithm




Log Likelihood-Ratio Messages for Binary Variables

1(0)

» Normalized binary messages given by scalar: p(1) =
» One can also use the likelihood ratio (LR): “—)
> Or the log likelihood-ratio (LLR): L = In £}
» For inference, LLR messages contain all the information
. (t
(t) =In ,U/E*)}a(()) i](t) —1In Mgln(o)
a—1 R
e (1)

i—a
Hisa



VN Update for Binary Variables in LLR Domain
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» Recall that the VN message-passing update is:

1 N
@)= [ (e

bEF(i)\a
» In the LLR domain, this simplifies to
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FN Update for Binary Variables in LLR Domain

» Recall that the FN message-passing update is:
/’ca%z Z fl TV (a H M]"a
Ty (a)\Ti JGV(a)\z

» In the LLR domain, this gives
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FN Update for Even-Parity Constraint in LLR Domain

» The result of the even-parity constraint homework problem implies:

T2t (12100 + 2, (1) + T2 (12,0)
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Overview of Code Ensembles

» (4, k)-regular ensemble of parity-check matrices
» Every column has j ones and every row has k ones
» Length-n code has parity-check matrix with n columns and m = nj/k rows
» Variety of similar constructions related to random biregular bipartite graphs

» Regular structure is nice but performance can be improved by irregularity
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» Configuration model where permutation used to match edge sockets from nodes
» At moderate length, performance hurt by variation in local neighborhood structure



Overview of Code Ensembles

» (4, k)-regular ensemble of parity-check matrices
» Every column has j ones and every row has k ones
» Length-n code has parity-check matrix with n columns and m = nj/k rows
» Variety of similar constructions related to random biregular bipartite graphs

» Regular structure is nice but performance can be improved by irregularity

> Standard (A, P)-irregular ensemble where A(z) = >, Ajz* and P(z) =, P2
» Code length n = A(1) with m = P(1) parity checks
» # of columns with i ones is A; and # of rows with i ones is P; and
» Configuration model where permutation used to match edge sockets from nodes
» At moderate length, performance hurt by variation in local neighborhood structure

» Protograph ensemble uses small matrix H? to define larger parity-check matrix

> Allows controlled irregularity to obtain very good performance

» Described in the next few slides



Protograph LDPC Code Ensemble (1)

In topology, covering maps are used to describe large

objects that are locally indistinguishable from smaller /
objects. If the large object can be mapped down to the

smaller object in a way that preserves all local proper-

ties, then the mapping is called a covering map. This

idea is used to construct irregular LDPC codes with de-

terministic local structure.

The figure shows an example covering map, ¢, that maps each vertex of the cube to the
unique vertex in K, (i.e., complete graph on 4 vertices) that has the same color.
Definition

Let B be a base graph with no multiple edges and G be an arbitrary graph. A function,

¢ : G — B, that maps the vertices of G to the vertices of B is a covering map if, for every

x € G, the neighbors of z are bijectively mapped to the neighbors of ¢(x) in B. We say that
G is a graph cover of B.



Protograph LDPC Code Ensemble (2)

Simple code designs often use protographs that have multiple edges (i.e., are multigraphs).
Though the previous definition does not generalize, one can still use them as base graphs.

Definition

Let B be a bipartite multigraph with (N — K) x N adjacency matrix HE. Let HS be an
m(N — K) x mN matrix formed by replacing the (i,5) entry of H? with the sum of HZB]

m X m permutation matrices. Then, G is an m-lift of B. If B has no multiple edges, then G is
called a graph cover of B. Using

For the base multigraph with H” = [ 3 2 |, here is a 3-lift with no multiple edges:

1 11110
H=|1 110 1 1
11110 1



Protograph LDPC Code Ensemble (3)

Definition

For a bipartite multigraph B, the protograph code ensemble PROTO(B,m) is defined by
choosing the Tanner graph G to be an m-lift of B where each permutation matrix is chosen
uniformly at random. The resulting code is defined by the parity-check matrix HS.

For the protograph ensemble PROTO(B,m), each row and column in the parity-check matrix
H?PB of the base graph B define a node type. The local neighborhood of each node in the lifted
graph is deterministic and depends only on its node type (i.e., its associated node in the base
graph) . Likewise, each non-zero entry in the parity-check matrix H” of the base graph defines
an edge type. The local neighborhood of each edge in the lifted graph is deterministic and
depends only on its edge type.



	Low-Density Parity-Check Codes
	Factor Graphs
	Message Passing
	Belief Propagation

	LDPC Ensembles

