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1 Reed-Solomon and BCH Codes

1.1 Introduction

Consider the (n, k) cyclic code over Fym with generator polynomial

where a € Fym is an element of order n and g;cd(b7 n) = 1. This is a cyclic Reed-Solomon (RS) code
with dyni = n — k + 1. Adding roots at all the conjugates of {a®*? 920, .. adt(=kb (wrt. the
subfield K = F,) also allows one to define a length-n BCH subcode over F; with dy,:n, > n—k+1. Also,
any decoder that corrects all patterns of up to ¢ = [(n — k)/2]| errors for the original RS code can be
used to correct the same set of errors for any subcode.

The RS code operates by encoding a message polynomial m(z) = Zj é m;z® of degree at most k — 1

into a codeword polynomial c(z) = Z;:Ol c;x" using

c(x) = m(z)g(z).

During transmission, some additive errors are introduced and described by the error polynomial e(x) =

Z;L:_g e;x'. Let t denote the number of errors so that e(z) = Z;Zl eg(j)x”(j). The received polynomial

is r(z) = Zf;é riz® where
r(z) = c(z) + e(x).

In these notes, the RS decoding is introduced using the methods of Peterson-Gorenstein-Zierler
(PGZ), the Berlekamp-Massey Algorithm (BMA) and the Euclidean method of Sugiyama. All of these
are based on the idea of an error-locator polynomial, whose mathematical roots can be traced back to
a method of fitting data to exponentials introduced by the engineer Baron Gaspard De Prony in 1796
[1]. The first decoder computes this polynomial using direct matrix inversion, the second is based on
linear feedback shift registers (LFSRs), and the third uses the extended Euclidean algorithm (EEA) for
polynomials.

1.2 Syndromes and Error Locators

Suppose there are v errors. Then, the (frequency domain) syndrome sequence is defined, for j =
1,2,...n—k, by

. N\ J
S. L r aa+jb —c a+jb a+]b e %o ijb _ euli (ﬁa(z)) ,
j & (atT) = (a") e Z Z 709
0
where 3 = a® has order n as well because ged(b,n) = 1. For a BCH code over F,, we observe that

r(z) € F, implies that

n—1 n—1
[Sj]q _ [r a+Jb [E :7" ad-i-ﬂ?} E rgaqa+qu = qla—Dea E Pl = a(q_l)aqu.
i=0 i=0



For example, this implies that Sy; = sz when g = 2. The syndrome polynomial is defined to be

2t
S(z) & Z Sjai=t.
j=1

1.3 Examples

The following examples were taken from [2, pp. 184-185] and use the Galois field F16 = Fa[a]/(a*+a+1),
where a* + o + 1 is a primitive polynomial. Using the power representation o’ for i = 0,1,...,14,
multiplication is easy. To perform addition, we use the following addition table, which gives the value
of a® + a7 for i, € {0,1,...14}.

1 a OZQ 043 4 045 OLG Oé7 048 Oég 0510 all a12 a13 0414
1 0 044 a 0414 Qa alO 0413 ()(9 042 057 015 0412 all 046 aB
a a4 0 Ot5 a9 1 a2 all 0414 alO Oé3 OtS Oé6 0413 0112 047
042 aS 045 0 Oé6 alO a 043 0412 1 all O£4 a9 047 0114 alS
a3 0[14 Oég 0[6 0 a? Olll a2 a4 0[13 a a12 a5 alO 0[8 1
044 a 1 alO Oé7 0 CYS a12 a3 aS a14 a2 alS aﬁ all 049
O¢5 0410 O¢2 a Oéll aS 0 049 a13 044 0&6 1 aB Oél4 047 0412
Oé6 0113 all OZS 042 0612 049 0 OLIO 0114 Oé5 Ot7 Q 054 1 048
Oé7 a9 0414 0412 044 043 0113 alO 0 all 1 OZG 048 052 045 a
aS 0[2 CulO 1 0[13 045 0[4 0[14 all 0 a12 a a? 049 0[3 aﬁ
a9 a? 043 all a 0414 O[6 Oé5 1 a12 0 a13 042 aS alO Oé4
alO a5 048 a4 0412 042 1 047 046 Qa 0413 0 0414 043 049 all
Oéll 0(12 Oé6 0(9 ()é5 a13 OZS a OZS OZ7 Oé2 0514 0 1 O[4 OZlO
al? all 0413 O[7 alO 056 0114 Oé4 012 049 048 aS 1 0 a 045
a13 0[6 a12 0414 aS all 0[7 1 Cv5 0[3 CulO a9 a4 a 0 a2
a14 a3 047 a13 1 a9 0[12 OéS a a6 044 all alO a5 0[2 0

Example 1. Consider the (15,7, 5) binary primitive narrow-sense BCH code with generator polynomial
g(z) = 2% + 27 + 25 + 2* + 1, which has zeros at o' for i € {1,2,3,4,6,8,9,12}. If the received sequence
is 7(x) = 2% + 2% + 2% + 2° + 2 + 1, then the syndromes are given by

Si=r(@)=a+a’+a’+’+a+1=0a?
2

SQ:r(a):Sf:a4
Ss=r(a®)=1+a+a’+1+a+1=alt
Sy =r(a") =55 =a®

Therefore, the syndrome polynomial is given by
S(z) = a®z® + a'tx? + otz + o2

Example 2. Consider the (15,9,7) primitive narrow-sense RS code over Fig with generator polynomial
g(z) = 25 + a2 + az? + a*2® + %22 + %z + of, which has zeros at of for i € {1,2,3,4,5,6}. If
the received sequence is

r(z) = a2z + otz + a?2® + a2’ + alxt + 23+ al%2? + a7,

then the syndromes are given by

S =7r(a)=a’a +ata” +aa’ +aa® +ofat +ad +al%? 4o =’
Sy =7 (0?) = a"a” + a*a + a*a’? + 0%a' + 02a® + o + %t + o7 = o
S =71 (o) = a"0® + a%a® + a*a® + o + 02a'? + o + 0'%° + a7 = ol
Si=r(a?) = a’a + a%a’® + a%a? + 0%a® + a%a + a2 + a'%F + a7 = o
Ss =71 (0) = a"a'® + a0’ + ot + 0%l + a0’ + a® + a1 + o7 = o7
S =7 (a%) = a"a® + a%a'? + a'a + a® + a2a® + a® + a%? + o7 = o?,



Therefore, the syndrome polynomial is given by

10,.2

S(x) = a2 + a2 + a®2® + a'%% + Tz + oP.

2 Algebraic Decoding

2.1 Peterson-Gorenstein-Zierler Decoding
2.1.1 The Error-Locator Polynomial

If there are v errors, then the syndrome relationships (3) for j = 1,2,...,n — k provide n — k equations
involving the 2v unknowns o (i) and e,(; for i = 1,2,...,v. Since these equations are nonlinear, solving

for these unknowns requires a clever trick. For v <t < L"T’]“J, let A(z) = Zﬁ':o Ajz7 be any degree-t

polynomial that satisfies A(0) = 1 and A(377®%) = 0 for i = 1,...,v. Then, the coefficients of A(x)
have a linear relationship with the syndromes. This can be seen by summing the equation

0= A (570@')) _ A (gw(z‘))t AL (57[;@))“1 LA (5—0@')) LAy

for i =1,...,v with the coefficients e, ;o (ﬁ”(i))k. For k=t+1,t+2,...,2t, this gives

=1 7=0
t v
_ ZAJ Z eo‘(z)aa (60’(1)) J
7=0 =1
t
=3 A;Sk_j. (1)
7=0

The derivation implies that any polynomial A(z) with constant term 1 and roots at g (i.e., the
inverse of « to the error location) for ¢ = 1,...rv must satisfy this equation. The minimal-degree
polynomial A(z) that satisfies these conditions is called the error-locator polynomial. Tt is easy to see
that it must have one root at each location and is, therefore, the degree-v polynomial defined by

A(z) & ﬁ (1 - xﬂa(i)) .
i=1

This polynomial allows the error position to be revealed by factoring A(x).
Since Ag = 1, (1) defines the linear system

S Sy - S Ay —Si41
Se  Sg -+ Sia Ay —Sit2

: : . : : - : ’ (2)
St Sty1 0 Saa Ay —S9¢

where the i-th row is given by the equation for k = ¢t + 4. If ¢ = v, then this matrix will be invertible
because there is a unique solution. If it is not invertible, one can sequentially reduce ¢ by 1 until the
matrix becomes invertible. After solving for the error-locator polynomial, one can evaluate it at all
points in F} to determine the error locations. An efficient method of doing this is called a Chien search.

For binary BCH codes, the error magnitudes must be 1. After correcting the “errors”, one must
also check that the resulting vector is a codeword by reducing it modulo g(z). If it is not a codeword,
then the decoder should declare a detected error. For non-binary codes, one can solve for the error



magnitudes using the error locations and the implied frequency-domain parity-check matrix. For fixed
error locations, one can write the first v syndromes as linear functions of the error magnitudes using

a® (870)! ae (87" oo ae (B70) ] T ey 51
R CA0) TN C) Y L O o) | | S
a’ (ﬁd(l))y o (/60'(2))V e (BU(V))V €o(v) SV

This matrix is invertible because it is Vandermonde.

Example 3. Continuing Example 1, we use the PGZ method to compute the error-locator polynomial.
We assume there are 2 errors' and write the matrix equation

Sl SQ A2 _ —53 — a2 a4 AQ _ 0111
SQ 53 A1 - —S4 014 all A1 o a8 ’
Since the matrix is invertible, the error-locator polynomial of degree-2 is uniquely determined and one can

find the solution Ay = a!* and A; = o?. Therefore, the error-locator polynomial A(z) = a'42?+a?x+1.
Evaluating this polynomial at o' for all i € {0,1,...,14} shows that

A®) =o' + o’ +1=a+a"+1=0
Al =atta" +a2att+1=af +a®+1=0.

Since a™® = '® and o~ ! = a?, this is consistent with errors in bit 4 and bit 10. To check this, we let

é(x) = 2* + 2% and compute
r(z) — e(z) mod g(x) = 2% + 2° + 2° + 2* + 2+ 1 mod g(x) = 0
because (z + 1)g(x) = 2% + 25 + 2% + 2* + 2 + 1.

Example 4. Continuing Example 2, we use the PGZ method to compute the error-locator polynomial.
We assume there are 3 errors and write the matrix equation

Sl SQ 53 A3 —54 a5 047 0410 Ag 045
SQ 53 S4 Ag = —55 =54 047 0410 055 A2 = 047
Sg S4 S5 A1 —Sg 0510 a5 057 A1 013

Since the matrix is invertible, the error-locator polynomial of degree-3 is uniquely determined and
one can find the solution Az = a*, Ay = ab and A; = o®. Therefore, the error-locator polynomial
A(x) = a*2® + ab2% + o’z + 1. Evaluating this polynomial at o’ for all i € {0,1,...,14} shows that

Ale) =a*a? + ol + oot +1=a+at+a°+1=0
Ae®) =a*a? +aba? +afa’ +1=a+a’+ o +1=0
Aa’?) =ata® + afall +aPaP® +1=a®+a?+a®+1=0.
Since a™* = a'!, a7 = of, and a3 = @2, this is consistent errors in symbol positions 2, 6, and 11.

To calculate the magnitudes, we write the matrix equation

ao’(l) ao’(2) a0(3) €o(1) Sl a2 af ot €s b
Q20(1)  o20(2)  20(3) oy | = | S — ot a2 ot e | =] o
a3e(D) o302 30(3) Co(3) S5 o ol ol €11 a0

Solving this gives es = 1, eg = o>, and e;; = a’. To check this, we let é(x) = %2 4+ a3z8 + "z observe

that

r(z) — é(z) = a’a” + a2’ + a®2® + o®at + 2° + 0”2 + o7 = (a + a'z)g().

1If this leads to a valid codeword, then there is no codeword at distance 1. If not, one should repeat this process
assuming there is one error.



2.2 The Berlekamp-Massey Decoding Algorithm

While the PGZ algorithm is conceptually simple, it can require the inversion of an ¢ x ¢ matrix for
i=1,2,...,t in the worst case. Since each inversion has a complexity of roughly i®/2 operations, this
approach leads to a worst case complexity of roughly #*/6 operations. The Berlekamp-Massey algorithm
starts with the observation that (1) can be rewritten, for j =t+1,t+2,...,n —k, as

t
Sj=-=> AiSj_i.
=1

This implies that the syndrome sequence Sy, .S, ... can be generated by a linear feedback shift register
(LFSR) with coefficients Ay, A, ..., A;. The shortest LFSR that generates the syndrome sequence is
unique and corresponds to ¢t = v and gives the error-locator polynomial.

The trick is to solve recursively for a sequence of LEFSRs that generate the initial part of the syndrome
sequence. Let the connection polynomial? of a length-L; minimal length LESR that generates the first
k elements of the syndrome be

Ly
A (z) = ZAEk]xi.
=0

To be precise, we say that Al*l(z) generates the first k elements if

Ly,
SJ = ZAEk]SJ*M
i=1

for j = Ly 4+ 1,...,k. In particular, the shift register is initialized to contain the first L; elements,
S1,82,...,5L,. Then, the j-th clock outputs S; and computes S;;r, from Si,5,...,Sr,. This also
introduces a subtle distinction between Ly and the degree of A¥l(z). If L;, > deg (A[k] (z)), then there
is an LFSR of length deg (A[’“] (z)) that generates S, Sj41,...,5% for j = Ly — deg (A[k] (:c)) + 1 but it
cannot generate S1,...,Sk.

Starting from Al=U(z) = AlM(z) =1, A_; = Ag =1, and L_; = Ly = 0, we write

Lp_1

Sp=-Y AMls
=1

If S, = Sk, then the current LFSR generates the next syndrome and we can choose AF(z) = AlF=1(z)
with Ly = Li_. If this does not occur, then there is a non-zero discrepancy

Li_1 Ly
Ap=Sk—8k =8+ Y AFUs =3 Al s
=1 1=0

Let m = min{i € {0,1,...,k—1}| L, = Ly_1} be the iteration index before the last length change.
Then, we can update the connection polynomial to be

AR (z) = AP () — ApASteR—m A= ()

)

where Ly, = max (Lg—1, L,,,—1 + k — m) is not necessarily equal to deg (A[k] (m)) for the reason mentioned
earlier. This implies that

Ly L1 Ly_1+k—m
SoAS = Y AT s Al 3T A S
=0 =0 i=k—m
Lk—l L7n—1
=S AU AL ST AT s =0,
i=0 j=0
Ak A7n

Therefore, the updated polynomial correctly predicts the k-th syndrome. The proof that this update
produces the shortest LESR is too lengthy for these notes [3, Sec. 6.4.3] [4, Ch. 6].

2For k < 2v, this may not be unique.



Algorithm 1 The Berlekamp-Massey Algorithm
1: AlFU(z) 1, Al(z) 1
2. L 1+0, Lo+ 0
3: Al =1
4: for k < 1 to 2t do

5: Ap — ZZLZ’C(;I Agk_l]skfi

6: m < min{i € {0,1,...,k—1}|L; = Ly_1}

7 if Ak =0 then

8: AlFl(z) = AlF=1(2)

9: Ly 1= Ly

10: else

11: Al (z) « AlF=1(z) — AL ATk Alm=1(g)
12: Ly + max (Lk—h Loy 1+ k— m)

13: end if

14: end for

15: A(x) «+ APP(z)

Example 5. Continuing Example 1, we use the Berlekamp-Massey algorithm to compute the error-
locator polynomial and observe that it matches the result of the PGZ method.

B Sk | A | A () [ Ly [ m ]
0 1 1 0
1] a2 0 o? 1+a?(1)x 1 ]0
2| of a?(a?) = ot 0 1+a%x 1|1
3| all a?(at) =af a | (1+a?z)+ala2? | 2 | 1
4] a® | (e +a(a?)y=a®] 0 1+ a2z + atz? 2 |3

Example 6. Continuing Example 2, we use the Berlekamp-Massey algorithm to compute the error-
locator polynomial and observe that it matches the result of the PGZ method.

EN S | A | AM () | L [ m ]
0 1 1
1] a® o’ 1+a°(1)x
2 | a” a®(a®) = alY ab (1+a’z) +ab(a)z=1+a’x
3| ald a2’y =a° a®? 1+ a?z) + aB(a™)2? = 1+ %z + o82?
41 o a?(a'®) + af(a”) = al? a’ 1+ oz + a®2? + a3 (a " P)z(1 + o?x) =
1+ ax + allz?
5 af a(a®) —alt(al?) =0 a’ 1+az+alz? + a7 (0 1¥)2?(1 + o%x) =

1+ az + a22? + ollz?

6 ad a(a7) _ a2(a5) _ all(alo) ) o 1—|—o¢x+a2x2+a11x3+ag(a*7)x(1—|—oza:—|—oz11x ) —
14+ o’z + ab2? + a*a

2.3 Sugiyama’s Euclidean Decoding Algorithm
2.3.1 The Key Equation and the Error-Evaluator Polynomial

An alternative approach is to use the Euclidean algorithm to find the error-locator polynomial. To
describe this, the syndrome is first extended to a semi-infinite sequence (57, Ss,...) by defining

Sj = EV: eo (i)t (ﬁ”(i))j ; 3)
i=1



for j € {1,2,...} and noting that the two definitions coincide for j = 1,2,...,n — k. The extended
syndrome function S(z) is defined to be

o (3)

Zea(’)a 0 Ba( i)
= Z Z Co(pyaa’”! (ﬁc’”))j

j=1i=1
(oo}

— ol

= E Sz ™.
i=1

It is important here to comment on the meaning of infinite sums over finite fields. Unlike the continuous
case, no two distinct points can be considered close to one another. Therefore, convergence in the limit
is the same as eventual equality. Thus, the second and third equalities do not hold for evaluations but

instead imply that the (infinite) power series expansions of the two expressions match term by term.
A

The error-evaluator polynomial Q(z) = Z?:o Q,x7 is given by

Qz) & A(l‘)S(w)

. H (1 - xﬂg(j)> zy:eg 1)04 6;;,(1)
S (-5,

J#i

It is easy to see that Q(z) has degree at most v — 1. The polynomial Q(z) is called the error-evaluator
polynomial because

Q(ﬁmk)) :Z Co(iya® 37 )H( (k>5g(j>)

J#i

— eg(k)a“ Ba(k) ﬁ (1 — xﬁg(j))

Jj#k z=p—o k)
= 760(1{:)0‘041\/ (ﬁia(k)) 3

where, using the product rule, the formal derivative of A(x) is given by

AN(z) = _zy:ﬁa(i) ﬁ (1 — xﬁU(i)) .

i=1 j#i

Using (x), one can compute the error magnitudes using

0 (3=

€o(k) = _W. (4)

This approach is known as Forney’s method.

The decoder is required to compute both the error-locator and error-evaluator polynomials from the
finite syndrome polynomial S(z) £ thzl S;x?1. Since S(z) = S(x) + z*w(x), for some w(x), we find
that

Qz) = A(z)S(z) = A(z)S(z) + A(z)x? w(x)
and deg (2(z)) < v. Thus, we arrive at the key equation for RS decoding which is given by
Q(z) = A(z)S(z) mod z**

In fact, if v < ¢, then any degree-v polynomial ©(z) that satisfies deg (©(z)S(x) mod z?*) < v must
also satisty ©(x) = cA(z) [4, Prop. 6.1]. Therefore, this equation can also be used to find error-locator
and error-evaluator polynomials.



2.3.2 The Extended Euclidean Algorithm

The extended Euclidean algorithm (EEA) computes the greatest common divisor of two elements ay, as
from a Euclidean domain E (e.g., a ring of polynomials over a field) and coefficients u,v € E such that
aou + a1v = ged(aq, az). The algorithm proceeds by dividing a; by ajy1 so that a; = a;11¢j41 + aj42
with quotient ¢;41 and remainder a; 2. Each step of the Euclidean algorithm works because the division
implies that ged(a;, aj41) = ged(ajy1,a;42). For polynomials, the Euclidean algorithm terminates when
a; = 0. This always occurs because deg(az) < deg(aq) holds by assumption and deg(a;jt+2) < deg(a;+1)
holds by induction.

The extended algorithm also computes uj,v; recursively so that a; = uja; + vjas. Starting from
as = a1 — qaag (i.e., us = 1 and vs = —¢2), we have the recursion

Gjy2 = Q5 — 4j410541 = (ujal + Ujaz) —4j+1 (uj+1a1 + vj+1a2) .
This gives the recursions w12 = uj — ¢j+1uj+1 and vj42 = vj — ¢j+1vj41 starting from us = 1 and
U3 = —q2.

The decoding the RS codes is accomplished using a partial application of the EEA algorithm to
compute ged (th, S(a:)) The extended part of the algorithm generates a sequence of relationships of
the form

uj(x)z +vj(2)S(x) = a (@),
where the degree of a;(z) is decreasing with j. Let j* be the first step where deg (a;(x)) < t and stop
the algorithm at this point. Viewing the above relationship as a congruence modulo 22! gives

v;(2)S(z) = a;(z) mod 2*,

and we see that v;-(x) and a;-(x) satisfy the key equation with deg(a;j-(x)) < t. In this case, the
polynomials v« (), a;-(x) must also satisfy

vj(z) = cA(x)
aj(z) = cQ(z),

for some constant ¢. This means that we can run the EEA until the remainder term has degree less than
t. After that, we can solve for ¢ using ¢ = v;(0) and compute A(z),(x). After the error-locator and
error-evaluator polynomials are known, decoding proceeds by factoring A(x) to find the error locations
and then using (4) to compute the error magnitudes.

A careful reader might observe that this decoding algorithm is independent of the u,;(x) polynomial.
Hence, the Euclidean decoding algorithm can be summarized as follows.

Algorithm 2 Sugiyama’s Euclidean Decoding Algorithm
ai(z) + 2%, ax(x) + S(x)
vi(x) < 0, va(z) 1
j+2
while deg(a;(z)) >t do
ji+1
95 (2), a;(z)] = a;j—2(x) div a;_:(z)
vj(x) = vj—2() — vj-1(2)gj-1(7)
end while
A(z) < v;(x)/v;(0)
Q(z)  a;(x)/v;(0)

-
=

Example 7. Continuing Example 1, we use the Sugiyama algorithm to compute the error-locator
polynomial. The results are shown in the table below and the algorithm terminates with j* = 4 because
a4(z) has degree less than ¢ = 2. Finally, we observe that it matches the result of the PGZ method.

1 J ] a;j(x) | ai(@)  [u(@) ] v (@) \
1 2t 1 0
2 [ a3+ al2? +atz+a? | a’z+al” 0 1
3 ax? + otz + al? o’z 1 o’z +alf
4 Qz) = a? o’z | Alz) =a2® +a’z +1




Example 8. Continuing Example 2, we use the Sugiyama algorithm to compute the error-locator
polynomial. The results are shown in the table below and the algorithm terminates with j* = 5 because
as(z) has degree less than ¢ = 3. Dividing by v5(0) = o gives the error-locator A(z) = a*z® 4 S22 +
o’z + 1 (which matches the PGZ result and error-evaluator Q(z) = a®z? + oz + .

J a;() | gi@) ] uj(z) \ v; ()

1 20 1 0

2 a5+ a2t + a3+ a2 +a"z+a° | oz +a 0 1

3 2+ a2 a2+ +ab a3z +ab 1 oz +a

4 a®23 + %22 + a0z 4+ a3 a’z + o'l az +al 22+ a0z 4+ a3

5 a3Q(z) = a2 + %z + o8 r+ad a2 + oz + ot | &®A(z) = 723 + 2% + Bz + o®

The error magnitudes can be found by evaluating the error-evaluator polynomial and are given by

Q (of"(i)) o822 + %+ ab

N (ao@) a’z? + a8

eo(i) = ¥ (a“’(i)) =

r=a—0o()
We verify that this matches the PGZ result by computing

a8a11 +a9a13 -‘1-0[8

_ 13y _ —
Cor) =¥ (o) = aTall + o8 =1
8,3 9,9 8
_ 9y o t+oaa’+a 4
Co(2) = ¥ (0”) = B+t @
8,8 9,4 8
. 5N o taota ot
Co(z) = ¥ (o) = aTa® + ob o
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