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1 Polynomial Fitting and Reed-Solomon Codes

1.1 Basic Idea

An introduction to Reed-Solomon codes will be presented that requires no knowledge of coding theory.
It relies on a very simple method of “fitting” points in a plane by the polynomial of smallest degree that
passes through those points. For example, we know that any two points in the plane can be “fitted”
uniquely by a straight line, any 3 points can be fitted uniquely by a parabola, and so on. This is
illustrated in Figure 1. In general, we find that k points can be “fitted” by polynomial of the form

y=fx) = fe12"  + frox® 2 4+ o + frz + fo.

The formula for fitting y = f(z) is not important here, but it is called the Lagrange Interpolation
formula. Instead, we can start with a polynomial of degree k — 1,

y=f(z) = fro12" 2+ .+ fo2 + fiz + fo,

and evaluate it at n (where n > k) distinct values of x, say xg,21,...,Z,—1 to obtain the n points in
the plane (y07 330), R (yn—l,xn—l) where y; = f(-rz)

From the Lagrange Interpolation formula, we know that the polynomial f(x) can be obtained from
any k of the n points (since the polynomial f(x) is of degree k — 1). If n = k we have just enough points.
If n > k, we have more than enough points. The (n — k) extra points are “redundant” and can help in
choosing the correct f(x) even if some of the points have been “moved”.

We illustrate this by the following example. Assume that k = 3 and n = 7 so that the 7 points are
initially on a parabola f(z) = fox? + fix + fo as shown in Figur lc.

Assume that for some mysterious reason 2 of the 7 points have been moved vertically resulting in
the 7 points shown in Figure 1d (vertical movement means that the  component has not changed). It
is clear that the 7 points shown in Figure 1d cannot be fitted by a single parabola. Qur problem is to
find the single parabola that fits as many as possible of the 7 points. In statistics, one would treat the
moved points as outliers. It is our claim that in this case, the original parabola is the parabola that fits
the maximum number of points. We can see this by noting that:

o The original parabola fits the (7 — 2) = 5 unmoved points

e If a parabola fits 5 points, then at least 5 — 2 = 3 of them are unmoved it must equal the original
parabola. Thus, an incorrect parabola fits at most 4 points

e U

Figure 1: Fitting points on a plane and example with n = 7 and k = 3.




The first statement is obvious since the original parabola was used to find the original points so certainly
will fit the 5 unmoved points. The validity of the second statement takes some explanation. As shown
in Figure 1d we have attempted to move the 2 points vertically in such a way so that as many points
as possible land on another parabola (shown as a dotted curve). But, we can make only 4 points (2
moved points and 2 unmoved points) fall on this wrong parabola. Since, if there were more than 4 points
on this wrong parabola, 3 of them would be unmoved points and we know that any 3 unmoved points
uniquely define the original parabola.

Let us generalize this result to the case of an arbitrary choice for k and n > k. Assume that we start
with an original polynomial of degree k — 1 for which we evaluate f(x) at n distinct values of z. Let us
take the resulting n points and move t of them (vertically). Let us now find the polynomial of degree
k—1 that fits as many of these points as possible. I claim that the original polynomial will be the winner
provided that ¢ < (n — k)/2. To see this note that

o The original polynomial will fit the (n — ) unmoved points

o Any other polynomial fits at most (¢t + k — 1) points
— If one fits t 4+ k points, then it fits at least £ unmoved points and must equal the original
o Successful decoding guaranteed if (n —¢) > (t+k—1)+1 < t<(n—k)/2.

In summary, we find that, if there are (n — k) redundant points, then we can recover the original f(z)
as long as the number of errors is less than half this number.

Before examining how the above result relates to Reed-Solomon codes, let us consider what type of
number system applies to the previously described system. The reader has most likely assumed that x
and y are real variables (0o < x < 00, —00 < y < 00) and that the coefficients of f(z) are themselves real
numbers. This is the usual case when one uses Lagrange Interpolation. However we can consider that x,y
take values from a finite field: a finite set of values that can be added, subtracted, multiplied and divided
in a manner analogous to real numbers. One such set of values are the 2™ binary vectors of dimension
m. In particular we can start with the polynomial f(z) = fr 121 + fr_oaP 2 4+ .- +fox® + fiz+fo
where the coefficients { fi}fz_ol are binary vectors of dimension m, and z is itself constrained to be one of
those binary vectors. When we substitute for z one of the binary m-vectors, the resultant value of y is
also one of these binary m-vectors. Everything we developed before still hold except now we see that n
must be less than or equal to 2™, since there are at most 2™ distinct values that can be substituted for
x iny = f(x). Specifically the m points: (yo,%0), ..., (Yn—1,Zn—1) as such that the z and y component
are binary m vectors. Still, we can have up to (n — k)/2 of these points move vertically (i.e, change their
value of y) and still recover the original f(z).

1.2 Reed-Solomon Codes

We now arrive at the relationship between fitting polynomials to curves and Reed-Solomon codes. First,
we must define Reed-Solomon codes properly. For our present purposes, a Reed-Solomon code is a set
of length-n vectors (known as codewords), where the elements of the vector (known as symbols) consist
of m binary digits. Our only restriction is that n must be chosen no larger than 2. Of the n symbols
in each code word, k of them carry information and the other (n — k) are redundant symbols. At the
transmitter side, an encoder is used to compute the (n — k) redundant symbols from the k information
symbols. Then the n symbols of a code word are transmitted (or stored). When the n symbols are
received (or read), some of them have errors. Note that, since a symbol is a binary m-vector, we say
that a symbol is in error if one or more of the m binary digits are incorrect.

Assume that, of the total n symbols, exactly ¢ of them are received in error (and the other n — ¢
are received correctly). Reed-Solomon codes have the remarkable property that if ¢ < (n — k)/2, then
the correct information can be computed from this faulty codeword. Furthermore, if s of the received
symbols are erased (i.e, tagged as probably being faulty) and another ¢ symbols are received in error,
the correct information can be computed from the faulty code word provided that s + 2t < n — k. The
device that reconstructs the information from the received vector is called a decoder.

We are now ready to relate the Reed-Solomon code to Lagrange Interpolation. As you might sus-
pect, we will use points with = and y components being binary m-vectors. We assume that the k
information symbols correspond to the y vectors of the points (yi,,Zi,)s (Yiy, Tir ), - - -+ (Yir_1,Zir_, ) Where



Tigy Tigy Tigy- -+ Tiy_, are any k distinct z-values. Remember that there are a total of 2™distinct val-
ues to choose from. From these k points, we compute the unique polynomial of the form f(z) =
foo12P P+ fu_oxk 2 4 .+ fox® + fix +fo which fits these points. To encode the k information sym-
bols to a codeword of length m symbols, we evaluate f(x) at (n — k) additional points. The codeword
then consists of the original & information symbols vi, vi,,,Yi, ----¥i,_, Plus the y values of the n — &
additional points. To keep the nomenclature simple, we will assume that a codeword is of the form:

(Yo, Y15 -+ Yn—1) where (yo,y1,...,Yx—1) are the information symbols and (yg, Yk+1,-..,Yn—1) are the
redundant symbols. Thus, we have shown how to encode.
Suppose we receive the noisy code word (Yo, ¥1,-- -, Yn—1) Where g; = y; for (n — t) of the symbols

(i.e. the symbols without error) and y; # y; for ¢ of the symbols (i.e., those symbols received in error).
We now take the received code word (with errors) and treat them as n points in the plane. We note
that the = values are known to the decoder and are the same values used in the encoder . We now find
the polynomial f(x) of degree k — 1 or less which fits the maximum number of points. We know from
our earlier work that this will be the correct f(z) provided that ¢ < (n — k)/2. Once f(x) is found, we
can evaluate it at the x values corresponding to the information positions to get the correct values for
all of the information symbols. Furthermore, if there are s erasures, the only effect is to reduce n by s
so that we will get correct decoding if t < (n — s — k)/2.

2 Evaluation Points and the Fourier Transform

One of the easiest ways to understand the algebraic decoding of Reed-Solomon codes is to choose a special
set of evaluation points over the complex numbers. If we let the n evaluation points be x; = €™ /n
(where i = v/—1), then the polynomial evaluation

fla) = feoa2b ™+ food TP 4 foad + fim 4 fo
k—1
— ZfleQTrijl/n
1=0
is proportional to the inverse discrete Fourier transform of the n-point zero padded sequence ( fo, f1,- .-, fk—1,0,..

So the codeword is defined by y; = f (z;) and the noisy received codeword is y; = y; + 2z; where z; is
noise contribution to the jth point. If we form the received polynomial

F(@) = Pnor@" ™+ Poa" 2+ L+ Guz + G,
then we find that

n—1
']7(.’15;1) _ Z,zjle—Qﬂ'ijl/n
=0

n—1 n—1
— 2 yl6727rzyl/n + § Zl672ﬂ'zjl/n'
=0 =0

Notice that the first sum is the discrete Fourier transform of (yo,y1,...,yn—1) which is zero for j =
kk+1,...,n—1. So, f (;1:]_1) depends only on the noise for j = k,k+ 1,...,n — 1. Assuming that
exactly t elements of the noise (z(,(l), Za(2)5 -+ za(t)) are non-zero, this gives, for j =1,2,...n —k,
. n—1
f (x;ij) _ Z Zle—27rz(n—])l/n
1=0
n—1

— E Zl627rzyl/n

=0
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This can be extended to a semi-infinite sequence (S, S, ...) by defining

t .
. J
Sj L E Zo () <e27ru7(l)/n) ,
=1

.,0).



and noting that S; = f(m;ij) for j = 1,2,...,n — k. In coding theory, this sequence is called the
syndrome sequence. Notice that the sequence (S7,Se,...) consists of equally spaced samples of the
sum of ¢ complex exponentials with unknown frequency and amplitude. If we can solve this spectral
estimation problem (i.e., find the amplitude and frequency) using the first n — k samples, then we can
reconstruct the z’s and subtract the noise from our original signal.

Fortunately, this problem was solved in 1795 by Baron Gaspard Riche de Prony. Prony’s method!
allows one to find the frequency and amplitude of v unknown complex exponentials using 2v equally
spaced samples. It can be viewed as a filter design problem; the goal is to find the v + 1 tap FIR filter,
with transfer function A(z) 2 3°7_; A;a/, that has zeros at each of the frequencies in the input sequence
(51, S2, .. .), with transform

£ i ijj
j=1
t [ee] .
_ Z Zo (1) Z £L'j (e2ﬂia(l)/n)J
=1 J

=1
27rw'(l)/n
- Z Zo()7 1_ pe2mio(l)/n"

In this case, the filter will null the entire tail of this infinite input sequence. In coding theory, the
polynomial A( ) is called the error-locator polynomial because (as we will soon see) A (6_2”"(1)/") =0

for I =1,2,...t, so that factoring A(x) allows one to find the error locations.

This means that the output sequence, with transfer function Q(z) £ A(x)S(x), will satisfy Q; = 0
forj=v+1,v+2,...and Qz) £ Z(;io Q;27. Each of these constraints gives a linear equation of the
form ,

> SjmAm = 0.
m=0
Assuming Ay = 1 and putting these equations in matrix form for j = v+ 1,v + 2,...,2v gives
Sl 52 tee Sl/ Al/ _SVJrl
52 S3 e Sl/-‘,—l Al/—l _Sy+2
: : - : : - : ' (1)
Sy Spv1 o Sawa Ay —Say

Since a v + 1 tap filter can null exactly v distinct frequencies, this system of equations will always have
a unique solution v = ¢. If v > ¢, then the filter has an extra zero which can be placed anywhere and
the system of equations is underdetermined (i.e., has multiple solutions).

The desired filter for v =t is given by

A = ] (1= aeimietmim)

m=1
and one can verify that, for this choice,
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1Today, Prony’s method typically refers to an slightly different approach that uses more than 2t samples to achieve
robustness in the presence of noise.



In coding theory, Q(z) is called the error-evaluator polynomial because

t
[9) (6—27Ti0'(l)/n> = 2,0 xe?ﬂ’ia(l)/n H (1 o xe?ﬂia(m)/n)

m#l p—e—2mic(l)/n
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1=1 m#£l
The basic method for decoding Reed-Solomon codes proceeds by applying this method, for j =
0,1,..., "’572 and v = #, to the sequence Si,S2,..., S, until the matrix equation (1) has a

unique solution. Then, the error-locator polynomial is factored and the error-magnitudes are found.
This approach to decoding was first applied to binary BCH codes by Peterson in 1960 and generalized
to non-binary BCH and Reed-Solomon codes by Gorenstein and Zierler in 1961. It is now known as
Peterson-Gorenstein-Zierler decoding. The connection to Prony’s method was observed in 1967 by Wolf.



