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1 Introduction

Compressed sensing (CS) is an area of signal processing and statistics that emerged in the late 1990’s and
then exploded in the mid-2000’s [1, 2, 3, 4, 5]. The main idea is that many signals can be reconstructed
and/or processed using many fewer measurements than predicted by a naive application of Nyquist’s
theorem. CS originated with the observation that many signal processing systems first sample a large
amount of data, then perform a linear (e.g., wavelet) transform, and finally throw all the small coefficients
away. If the locations of the large-magnitude transform coefficients were known in advance, then one
could just sample those values directly and reduce the complexity enormously. CS is a research area
that emerged when people realized that a random transform could be used (with a small penalty) to
achieve the same result without prior knowledge about the locations of important coefficients. CS can
be broken into two phases: sampling and reconstruction. In the sampling phase, the signal of interest
(SOI) is sampled by computing its dot product with a set of sampling kernels. The reconstruction phase
estimates the SOI from the observed samples. In many cases, the number of samples required for a good
estimate is much smaller than other methods (e.g., Nyquist sampling at twice the maximum frequency).

The recent excitement about CS is largely motivated by a series of practical signal reconstruction
algorithms: basis pursuit [1, 4, 5], LASSO [6, 7], and approximate message-passing (AMP) [8, 9]. The
original basis-pursuit algorithm was actually developed to solve the (essentially equivalent) best-basis
selection problem, whose goal is to find a good sparse approximation for a vector in terms of an over-
complete dictionary of vectors. Best-basis selection is a classic problem in signal processing and statistics
and basis-pursuit defines a linear program (LP) which efficiently approximates the answer. The LASSO
uses a linearly constrained quadratic program to solve the same problem when there is measurement
noise. Finally, AMP provides a very efficient message-passing solution for the LASSO problem. Other
natural applications of these algorithms include compression, denoising, and super-resolution estimation.

To motivate CS, assume that some linear transform of the SOI is either (i) exactly sparse or (ii)
approximately sparse. For example, a 1D piecewise constant signal with a small number of jumps is
exactly sparse after first-order differencing because the number of non-zero elements in the difference
sequence is equal to the number of jumps. This result is easily generalized to piecewise polynomial
functions by considering higher order differences. Likewise, many 2D images associated real applications
are approximately sparse in some wavelet transform domain. In fact, most 2D signals associated with
physical phenomena (e.g., topographic maps) “nice” enough to be approximately sparse in some natural
transform domain. In general, compressed sensing can be applied to signals which are approximately
sparse in some known transform domain.

One can compare sampling and reconstruction algorithms for CS in terms of their efficiency and
complexity. The efficiency of a CS system increases when the number of samples required for “good”
reconstruction decreases. A system has near-optimum efficiency if the number of samples required is
only slightly larger than the theoretical minimum. For exactly sparse signals, it is now known that
the theoretical minimum of one measurement per non-zero entry in the vector is asymptotically achiev-
able [10, 11]. The complexity of a CS system is the computational complexity of signal reconstruction
algorithm relative to the problem size. Implementation of the basis-pursuit algorithm based on a direct
application of LP has roughly cubic complexity in the problem size [1], but this can reduced significantly.
In particular, the message-passing reconstruction techniques are linear in the signal dimension [12, 13, §].



1.1 Basic Problem Statement

In CS, the reconstruction problem is to take m dot-product samples of a length-n discrete-time signal-
of-interest (SOI) and then to use those samples to reconstruct the SOI. For simplicity, we assume that
the SOI is (approximately) sparse. Let z € R™ the signal vector, ® € R™*™ be the m X n measurement
matrix, and y = ®x be the m linear observations of x. If m < n, then unique reconstruction of x
from ¥ is not possible without making some assumptions. For example, if one assumes the vector z is
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ii.d. zero-mean Laplacian (i.e., entries drawn~ fx(x) oc e” , then a mazimum a posteriori (MAP)

estimate 2 is recovered by the basis-pursuit problem

Z = arg min H£||1 )
z:Pr=y

where ||z = S |2i]? defines the p-norm® for p € (0, 00).

Exercise 1.1. Formulate basis-pursuit problem as a linear program in 2n variables using the decompo-

sition x = 27 — 27, where ¥ = (27 ,...,2}) € RZ, and 2~ = (2] ,...,7,;) € RZ,.

If instead, we know that the signal has independent entries that are non-zero with probability § < 1/2,
then all MAP solutions are recovered by

Z=arg min ||z,

where [|z[| ;; = lim,o [|z[|}, is the Hamming weight of z. Solving this problem, however, is NP Hard. In
both cases, the purpose of the prior distribution for x is simply to provide a partial ordering of the set
{z € R"|®z =y} so that the “best” element can be chosen.

In the case of measurement noise, a common assumption is that y = ®x + 2z, where z € R" is additive
noise. If one assumes that z is i.i.d. standard Gaussian noise and that the signal is i.i.d. zero-mean
Laplacian with parameter A\, then a MAP estimate Z is recovered by the LASSO problem

. 1 2
& = arg min = ||y — z[, + Az, . (1)
The case where z is only sparse in some transform domain y = ¥z can be handled by replacing ||z||,
by [[¥z||, in basis-pursuit and LASSO problems. It is well-known in convex optimization that a point,
Z, is a minimizer of a convex function h : R" — R iff h(z) > h(z) for all z € R™. This is equivalent to
saying that 0 € Oh(z) (i.e., 0 is a subgradient of h at z). Applying this to (1) gives the necessary and
sufficient condition

{/\} ifz; >0
(@7 (y—®z)], € ¢ {-A} ifx; <0 (2)
Exercise 1.2. Formulate the LASSO problem as a quadratic program in 2n variables using the decom-
position = 2T — z~, where 2+ = (z],...,z}) € R%y and 2~ = (z7,...,7,) € RL,.

The most impressive results of CS are based on approximately sparse signals defined by ||z|| p S 00
for some p € (0,2). These signals occur in practice as the wavelet transforms of natural image classes [4].
The reason these signals are interesting is that they can be approximated closely in the 2-norm based
only their top N elements of largest magnitude. For example, if () is a modified version of z where
all but the largest N elements are set to zero, then
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where C), is a constant. From a geometric point of view, the reason for this is that points in the n-
dimensional p-norm ball ||z || » S R cannot lie very far away from a sparse subspace. An impressive result
of [4] is that the basis-pursuit solution Z with m measurements satisfies

m N\ 1/2-1/p
logn '
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1For p € (0,1), this is only a quasi-norm because it does not satisfy the triangle inequality.



Since (3) required knowledge of the position of the largest N coefficients, we see that LP gives perfor-
mance is within a logn factor of sampling only the top IV elements.

Whether or not this logn factor can be eliminated was an important open question in CS for some
time. Message-passing reconstruction, for the noiseless case, provided an early hint that the logn
can be removed [13, 14]. Results from information theory then showed that this is possible using
optimal decoding [10]. In 2011, those results were extended to the noisy case [11] and to low-complexity
reconstruction [15, 16] based on spatially-coupled measurement matrices [17].

2 Bayesian Reconstruction

In the early compressive sensing literature, the typical signal model is that the signal z € R™ is a
random vector drawn uniformly from the n-dimensional unit [|-[|, ball. For 0 < ¢ < 2, this enforces
an approximate sparsity condition. Recent advances have been made using a stochastic model for the
signal. For example, one simple assumption is that each component of the signal vector is drawn i.i.d.
according to some distribution fx(:). In this case, optimal reconstruction refers either to the MAP or
or minimum mean-square error (MMSE) estimate of z given the observation y. This also allows us to
view the CS reconstruction problem in a Bayesian framework where a very important role is played by
the prior distribution assumed for the signal.

Consider a signal where, conditional on an i.i.d. Bernoulli(p) random variable, each entry is either
exactly zero or chosen i.i.d. from a Gaussian distribution with mean p; and variance o7. Such a signal
is called Bernoulli-Gaussian and can be modeled by choosing its pdf to be
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where ¢(z) is the pdf of a standard Gaussian. For approximately sparse signals, one can use instead a
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where choosing oy < o7 results in roughly (1 — p)n entries that are close to zero.
For a random observation Y = ®X + Z of the signal X, it is generally very difficult to find either
the MAP estimate

iMAP:argm%XPr(X:£|X:y)
ZER™ -

or the MMSE estimate

~MMSE - 2
& arg min (X —2)’lY =y (X]Y]

This type of inference problem can be tackled by defining an appropriate factor graph and using belief
propagation. If the signal alphabet is small, then the complexity is quite manageable. But, for the real
numbers, this leads to messages that are functions (e.g., pdfs). In practice, one must either quantize
the alphabet or approximate the message functions. The former approach is discussed in [18, 19] and
has some issues with complexity and accuracy. The latter approach was taken in [20] where relaxed
belief-propagation (RBP) was defined based on a Gaussian approximation.

Historically, some of the approximations used for the CS problem were originally introduced for the
code-division multiple-access problem [21, 22, 23|. These approaches led to RBP for CS in [20] and
a more efficient version called approximate message-passing (AMP) in [8, 9]. These algorithms gives
rise to a natural conjectured density evolution analysis called state evolution. For large problem sizes
with Gaussian measurement matrices, this analysis can be made precise [24] and one finds that the
AMP algorithm solves the LASSO problem in this case. The state-of-the-art in factor-graph based CS
currently consists of combining specially-designed pseudo-random measurement matrices with the AMP
algorithm for reconstruction [17, 15, 16]. One big advantage of Bayesian reconstruction is the factor-
graph framework which leads naturally to low-complexity message-passing solutions. In particular,
this framework allows one to tie together factor graphs for many different systems and easily compute
approximate solutions to the joint MAP estimation problem [25, 26].



3 Factor Graph Formulation

In this section, it is assumed that X is drawn independently X; ~ fx,(x;). Then, the measurements are
computed with Y = ®X + Z where Z is drawn independently Z, ~ fz (z,). In this case, the joint pdf

is given by
fﬁx 7 (HfX Ty ) (HfZa (ya_zq)a,ixi>>~
a=1 i=1

This naturally defines a factor graph with variable nodes V' = [n] and factor nodes F' = [m]. The set of
edges is defined to be E £ {(i,a) € V x F|®,; # 0}. Let V(a) = {i € V| (i,a) € E} denote the set of
variable nodes (VNs) adjacent to a and F(i) £ {a € F'| (i,a) € E} denote the set of factor nodes (FNs)
adjacent to 1.

In contrast to previously studied problems, we now have X = R and the sums in the standard belief-
propagation equations must be replaced by integrals over R. The messages also become functions (e.g.,
pdfs) and we find that
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where CA’((IZ_)” and Cfﬁal) are the normalization factors that guarantee [ ,&fflﬂ(xi)dmi = ul@:al )(Jci)dxi =
1.

3.1 Relaxed Belief Propagation

In this section, we derive the RBP algorithm which was introduced for CS [20]. This can be seen as an
approximation of belief propagation whose error vanishes asymptotically as n — oo. This algorithm is
closely related to the AMP algorithm and was introduced for CS as “relaxed belief propagation” in [20].
3.1.1 FN-toVN Message Update

Let us first consider the FN-to-VN message update
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The following lemma will simplify our derivation.

Lemma 3.1. If fw(w) is the pdf of a random vector W € RP and g : RP — R, then V = %g(ﬂ) is
equivalent to

/6 B — g(w) fuw (w)duw (5)

Proof. H'V = %g(w), then

Pr(V < v) = Pr(g(W) < fv) = / u (Bv - g(w)) fur(w)dw,

where u is the unit step function. Thus,

fre) = 5y [ B0 = gw) frlwdw =5 [ 3(50 - g(w) fir(w)du



Likewise, if (5) holds, then fy (v) =3 [ 6 (Bv — g(w)) fw (w)dw because

//vi ) fu(w dwdvf// (o' — g(w)) A’ fr (w dw—/fw

Working backwards from fy (v) through the equalities of the first part proves that V = % g(W). O
To apply this lemma to (4), we first define independent random variables Xz(ﬁa ~ ,ugﬁa(m) and

x¥ ﬂge_)m( ) for all (i,a) € [n] x [m]. Then, we let W = (Za,{Xkﬁa}k;ﬁi) be a n-dimensional
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random vector and observe that its joint pdf is
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Using 9({$k}k¢i v Za) = Ya — Za — Zk# Q1 Tk, = Pgi, and V = X,_; in Lemma 3.1 shows that (4)
is equivalent to
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Xa%i = Ya — Za - Z (I)a,kaﬁa . (6)
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By construction, the random variables Z, and Xj_,, for k # 4 are all independent. If they are
also Gaussian, then (6) implies that X,_,; is also Gaussian®. If ®, ; scales like @(ﬁ), then the same

conclusion holds asymptotically even if the Xj_,, are not Gaussian! Focusing on the sum in (6), we
see that S,, = Zk £i D, Xk—q is the scaled sum of n — 1 independent random variables. Under mild
technical conditions, the central limit theorem (CLT) implies that .S,, —E[S,,] converges in distribution, as
n — 00, to a Gaussian random variable with variance ), 2 @i’ wvVar(Xy_,o). In the limit, the distribution

of X, s depends only on the mean and variance of Xj_,, for k # i, which are denoted

mi,, = /lu’l(fl)a(xk)‘rk‘dxk =E {nge_)m]
0= [ 0o (om0 ) o = v (x00,).
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then (6) implies that
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Remark 3.2. The error in this Gaussian approximation can be bounded by tracking the absolute third
()

moment of the .~

(x) messages and applying the Berry-Esseen central limit theorem.

y v . .
2This happens when the signal values are independent Gaussians X; ~ A (m;,v;) and the observation noise values are
independent zero-mean Gaussians Z, ~ N(0,02). In this case, the algorithm derived here is known as Gaussian belief
propagation.



3.2 VN-to-FN Update
The following simple lemma will simply our analysis of the VN-to-FN update.

Lemma 3.3. A function v(z) is equal to the Gaussian function \/21%6_(35_7”)2/(21}) if and only if
Jv(z)dz =1 and v(z) < exp (— 522 + Zx).

Proof. The “only if” is immediate. The “if” follows from completing the square —5-22+ ™z = — 2 [(z — m)? + m?]

and computing the Gaussian integral. O
Using the fact that /lz(;lz(xb> is asymptotically Gaussian, we use Lemma 3.3 to write
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where the symbol & is used to denote approximately proportional (i.e., the two sides are approximately
(€+1)

equal after normalization). Next, we can analyze the VN-to-FN messages u,_, .’ (z;) via
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where matching coefficients in the last two steps shows that
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Applying Lemma 3.3 to (8) shows that
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If X; ~ N(m;,v;) is Gaussian, then it is easy to verify that
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This update is leads to Gaussian belief propagation. Otherwise, ,uy:al )(.Ti) is not Gaussian and it is not

immediately clear how to proceed. Fortunately, this analysis of the FN-to-VN messages depends only

on their mean and variance! Moreover, for a fixed fx,(z;), (10) mean and variance of ugﬁ; )(:cl) only

(@) (f)

depend on 1, ”,, and 9,_,,. Thus, one can write the updates
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in terms of the functions

[ fx.(z exp (=5 (z —m)?) zda
ffX x) exp (f%( )2) dz
[ fx, (@) exp (=55 (x — m)?) 2 da
[ fx. () exp (— i( m)?) dz
Remark 3.4. Closed form expressions for 7; and 6; can be computed for many priors including the

Laplacian prior fx,(z) = e ?l#! and the Bernoulli-Gaussian prior fx,(z) = (1 —p)d(z) + £¢ (:£). For
example, see Section 6. Also, for any prior, direct computation using the chain rule shows that
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The Relaxed Belief Propagation Algorithm:
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4 Reducing the Number of Messages

In the last section, we saw that a Gaussian approximation can be used to simplify belief propagation
from a recursion on functions to recursion on real numbers. Still, the algorithm requires tracking and
updating mn messages. Moreover, a brief inspection shows that many of these messages only differ
slightly from each other. In this, section we will describe how to reduce the the number of messages to
m + n. The idea comes from statistical physics and is based on the work of Thouless, Anderson, and



Palmer (TAP). In signal processing and communications, it was first applied to CDMA in [22]. These

notes are based on the derivation in [27]. We consider n — oo along a sequence where m = an is integer

(n) \}E&)EIZ), where éf:l) is an m x n array of i.i.d.

and assume that the matrix entries are given by @,
random variables with mean zero, variance one, and oxponcntial (or faster) tails. Extreme-value theory

allows one to bound, with high probability, the maximum entry in <I>( ) to show that |<I>(")| = (1“")

and |<I>(")|2 = O(™) hold uniformly in (a,i). Two important spec1al cases are where ® is Gaussian
(i.e., <I>( i) is standard Gaussians) and ® is Rademacher (i.e. <I>((1 i) is equiprobable on {+1,—1}). The
superscript n is hereafter dropped from (I)z(z,i) and (I)Ez,i)' We also assume that o2 = o2 for all a and
fx,(z) = fx(x) for all 4.

Consider the estimate of U, £ Y, — Z, = > ®aiX; generated by belief propagation from the

,u,(fla(xk) messages after ¢ iterations. This estimate can be written as

V((lf)(ua) / (ua ZCD kxk> dek,uk_m k)

Applying Lemma 3.1 shows that the distribution % (uq) can be associated with the random variable

Ua i i q)a,iXiﬁa
i=1

and the CLT trick implies that
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These two quantities can be interpreted as the node-based quantities of interest for the factor nodes. We
also consider the node-based quantities of interest for the variable nodes. Starting with (9), we define
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It is worth noting that some quantities used in the algorithm become deterministic as n — oo while
others depend on the problem instance. For example, consider the quantity

(Z) Z (p(l Z z—>a



If éai € {+1, —1} for all (a,i), then it follows that v = Iy fﬂa More generally, if we assume
that f i 2 11)1(_)”1 satisfies a central limit theorem, then the Var (Va([ ) = O(2) and it follows that

1w~ (v Inn
Va(z) = ﬁ Zvl(—)ﬂl +O <\/’FL> .

i=1
In contrast, the quantity

n

1
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W g ‘\/ﬁ a,iM; g
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remains random under the same assumptions (e.g., it has positive variance as n — 00).

To continue the derivation, it is important that we understand the rough order of each variable as

n — oo. First, we note that the variances of the signal estimates, vz(_)> > should remain uniformly O(1)

as n — oo. ThlS is automatically true if fx(z) has bounded support. Regardless, if things are working
well, vfla should be non-increasing in ¢ and, thus, be upper bounded by vl(i)a This also implies that
v s uniformly O(1) as n — oo. From the formula for v((f_)”-, one may also conclude that, for a fixed

(a,i), 0 ol = = O(n) as n — oo. For a similar reason to Ufﬂa, one can argue that v( ) ., should remain O(1)

G.—)’L
as n — oo. We will also assume that m(z D= = O(lnn) uniformly in ¢ as n — oo because extreme-value
theory implies that both that the true Slgnal value and the deviation of the estimate from the true signal

value should satisfy this bound.

Lemma 4.1. Using a first-order Taylor series expansion, we observe that

0 (D) 409 (25D D a0 (20D a0
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where dm and dv are given by
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Proof. To see this, we write
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where dm and dv are differences implied by the first order Taylor series expansion. This implies that
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where the approximations hold because v; 1)

) and Zk# P2 kvk_m are uniformly bounded as n — oo

and @2 ; = () uniformly in (a,7). Likewise, we can write
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where the approximation holds because v; ) and Dok £ <I>2 kvk o are uniformly bounded as n — oo

and 2 ; = O(2) uniformly in (a,7). The proof for !9 s the same except that 7 is replaced by 6. [

1—a

Lemma 4.2. The estimates

hold uniformly in i as n — co.
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Proof. Starting with the definition of mge)’ we use Lemma 4.1 to write

Q) L }m: Q)
4
m; = E m; e

a=1
1 & ~(6—1) ~(6—1
= EZT} (mz(’—ﬂz)’vz(—m)>
a=1
1 — _(0=1) ~(6— - (6—1) ~(6— - (6—=1) ~(£—
~ Ez [n <m§ 1),%( 1)) + 0 (mi 1)’%( 1)) dm 4 n© (mg 1)’%@ 1)) dv}
a=1
1 & _ _ _ _ _ _ 1
_ 72 [77 (mie Dt 1)) + (10 (mge bt 1)) dm + 7Y (mgz bt 1))0 <nnﬂ
ma:l "
1 m (1)2 N(Z 1)~(l 1) ( al—nl)/ H.—)’L)
~ 1 (m§£_1)717££_1)> + 727’(1,0) (mgz—l)’ﬁgz—l)) a,iVi—a
M o= 245 . @2 B 1/1;“ b
a=1 g k#i *a,kVk—a bt 1/
m HE=D 5E=1) ~(£—1) ~ (4—1 - (€-1) (571)
_,7<~<e 1 s 1>)+1ze(mi Y ) o2 o it Y (maﬂ Hi)
~(0) -1 (e—1
meia ; (U(%—FZk;ézq)kal(cﬁa)) ( b= 11/ Ups ))
L (6—1) ~(¢—1) . (6— 1) G
~ ~ 1 (m ’vl ) 1 m ( a—1 a z)
=1 m(é Y, (21)+7 ~(15) O<M)Z = (:1
m n) S (Smasd)
(e=1) 5(e=) 1 (-1) S(6-1) 2l
~ ~ ~ - ~ a—1
~n(m; - ( 2 Uy )ZA(e—l)

(
(
(
(

) a=1 Ya—i
— (D, 5t 1)) _1, (~<e S 1>) m Y
m ’[}Z(E—l)
o (5 1) <lnn>

where the final approximation holds because m(z b - = O(Inn) uniformly and f)y_l) and Ml,l) 0 <ﬁ1§e_1), @1(@—1)) =
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O(1) uniformly. Likewise, we can write

1™
Ui :EZ 2(211

v
a=1
RS ~(6=1) ~(£-1
- EZ‘9< E—m)’Uz(—)a))
a=1
1 & _ B - - ) i
~=> [9 (mi/ D gt 1)) + 910 (mge D gt 1)) dm + 00D (mng D g 1)) dv]
m a=1
1 <& _ B B ) ) ) 1
= fz [9 (rhﬁ‘ D 5 1)) + 9(1.0) (mff b 5 1)) dm + 6O (mﬁe D e 1)) 0 (nnﬂ
m a=1 "
- [ 2 ~(L’ 1)~(£ 1) A(£71) L (0—1)
~ 0 (m(f—l) 5(4—1)> i lzeu,o) (m(e_l) 6@_1)) Py 0, My (m Vasi )
i » Y m 4= ) L) O'-I-Z (I)Qv(él) 1/ )
o k#i “a,k k—a b 11/
lis [ 2 S(e=1) = (0=1) <A(z—1) L (0— 1))
=0 (m(fﬂ) 17%1)) 4 iza(l,o) (m('ffl) 6“*1)) 2 0,0,y .
7 s Uy i ,7; —
i soted) (),
m (m“ D /e 1))
- 9 (m@_l) 17@_1)> + i@(l,o) (’ﬁl(»[_l) ,17@—1)) O lnl - Z a—1 a—1
i » Ve m 7 ’ 7 n _1< m 1/@((_‘1)>
= b=1 b—i
~ 0 (m((fl) (¢ 1)) _1, (m(zf1) {}(671)> S i D
7 ) m 7 s Ug i -1
a=1 Ya—1
-0 (m(_éfl) Ny 1)) _1, (m({fl) ~(z71)> 0
v 7 m 2 9
- 1
=0 (a8 V) 1o (“”) 7
n

where the final approximation holds because Thl@*l) O(Inn) uniformly and 6 (~ (-1) 65671)) =0(1)
uniformly. O

Now, we will write simplified recursions for wt(f) and Va([) that are asymptotically exact. The goal is to

. . . . 0 G

keep all terms that do not vanish asymptotically. Naively, one might guess that wa ~Y ; # Pqim; 2,
is good enough to achieve this accuracy. But, this is not the case. Although the error is O( f) for each
a, the combmatlon of m = an values during the next stage leads to a constant size correction in the
,(flm ,(Clm messages are bounded, (7) implies that 7 @ = O(v/n)

and v My s

recurswn for wa . As long as m

and 0 vb = 0O(n).
Startmg from 12, we use Lemma 4.1 to write

A= !
a,i'lbq
_ Z‘b“vi (77 (m?‘”,@f‘”) +TI(1’0) (mEZ—1)7ﬁ£e—1)) dm+n(0’1) <~ (e~ 1) ~ e 1) ) dv)

—Z‘b“”( B+ A+ A,
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where A, and A, are the Taylor series corrections. The correction to wa ) due to dv is given by

Ay 2 @@ (Y5 ) av
i=1

(1)2 ~(6-1) ~ (E 1)

= - (0,1) (= (=1) ~(4*1)) a,iV Visa
_i:Zl(ba,z’r] (mz ,’Ui ( 7= 1))

oa+ D s P2 LUk e
o) 5D (e=1)
S

02+ 342 Pk Uk e
_0 (hqn) ’
n

where the approximation holds because extreme-value theory implies that max, ‘E?:l @371- =0 ( ln—")

n
The correction to w((l ) is given by

23 ™0 (R, 5 ) dm
i=1
~ (£—1) ~(£—1 ~ (£—1 -1
_Zq) 9( N )) o2 o5 VY ( e ,(H))
a,i —
”(é Y (02+Ek7ﬁ2 ‘1)2 kvlgrii)) ( b 1/ éizl)

n n 9 mgzq)’ﬁi(zfl)
=0() 3 =3, ( D )f»ff—”( WP D)
i=1 Y;

i=1

~0 <W> - i@ 0 (vo — Tisi ®armi))

" i=1 q% - <U2 + D ki P2 kvéﬂi))
U PR CE wi ! 4 @y mi,)
- p a7 2+V<“) 32 D
= a 1 Z*}a
- —wY 4 @a,imgi;) Inn
Z a,i 1 £—1) 1+6
im1 0% + Vi n
Z (O Ya — Wi 4 @y mi)
P a,i 1 02 + Va(gfl)
L n o
~ = o2 (g 1) Z(I)az Ui O(l)z(bz,imi—)a
+ Vi o1
-1
_ y - w¢(z ) V(@ 1) +0 (lnn)2
o2+ Yy n ’

where Y7 1<I>3 Z D~ > 1<I>3 (1) _ O(

7,—)0.
value theory 1mphes that max, {ZZ 1 <I>3 = (1 ) This results in

(/) = Z (I)a lmz%a
(e-1)

—1) ~(¢—1) Ya — Wa (Inn)?
—Z‘I’aﬂ?( , U, ) 7\/([ 1)—i—O< - )

o2 + 74

) because the means are O(Inn) and extreme-




Next, we observe that
‘
Z@(L'L z(—)>a
- (6—1) ~(6—1
_Z(b ( 1(1%2)7 z(z%z))
S (6=1) /. (0—1 . (=1 -1
:Zq)2 0 (Zb 1 I()—>z )/ b ) t(z—m)/ ((1—>z) 1 >
a,i (-1 £—1)
i=1 Zb:l 1/ Uy _1/ a~>z) Eb 11/ lgﬁz _1/ Va—si
~ 302, (0 (Y 000 (DD am o+ 00D (Y, 6V dv)
i=1

-3 a2, <9 (50 ) 000 (05 ) dm + 0O (R, 5 (m)

’ n
=1
(D) /(-1
o2 5D 50D ( )

~ 2 p(1,0) (5 (=1) ~(Z—1)) a,iVi—a MYy Ma—i [ Va—i
Z <I>a i z —|— Z P .0 (mZ ,7; ; o7 D D)
(‘7 + D ki o kVksa ) <Zb L /0,

)

(%

(e-1)

2 oD () -1 g
~ 1,0 a,iVisa MYy 1,0 (¢—1)Ya — Wa + Py im,_,,
Skl + [o00] 2, T ) o] 020 =

02+ 32 0200 g+va“ Y92 0

ak k—m
“Leltvo (M) o (5,

where Y7 | éi’imy_l) = O (22) because the """ = O(Inn) uniformly and extreme-value theory

implies that max, |Z?=1 @2,1‘ =0 (1“7") This formula also implies that Va(e) is essentially independent

of a. If we assume that a CLT holds for ﬁ Z?:l o Z( ) (i.e., without any real proof), then we can
write

. 1
St alf = 300 (22).

Since the RHS is essentially independent of a, so is the LHS. Thus, we define

—0 2 1= (0
va (
=D v

i=1
¢ . e .

and make the approximation V(é) ~ V( ). The same conclusion can be reached deterministically (i.e.,
without resorting unproven assumptions) if the measurement matrix is Rademacher. Based on this
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0

result, we will replace all occurrences of Va(e) with V' in the final algorithm. Next, we use (7) to write

50 _ 1
Y ‘
Za 1 / ¢(1—)>z

m —1
o) pp—_
2 ,U(e)

0 _
a=10 V al i—a

" 1
Kg +v<f> @z”la/wzwé%)
- -1
(@) |~ Inn
- azzlazwy (1 *O(n))

m 2
[E e (o)
= +0
(0 Inn
o2V 10 (ﬁ) n
AN 5 Inn Inn B
- [ (o (5) (o (5)

« Inn Inn Inn -
s (0 (82)) (o (52)) (o (%))
024V " vn "

—(0)

o?4+V Inn

== (o ().

where (a) holds because ®2; = O(™) uniformly in (a,i), (b) relies on the assumption that v
concentrates around a deterministic quantity that doesn’t depend on a, and (c) follows from >, @i,i =
(1 + 0 (1“ ")) uniformly in 1.

-1

-1
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)

Using an approach similar to the one for v, ©

we now analyze ;. In particular, we write

) m (b

m; ~ a Mg
5O _Z - (€)

i a=1 Ya—i

(I)a,i(ya - ) + (I)a zm(Z) )

= in: 1—ra

a=1 2 + Va(e) (I)i i z—)>a

m Vi ¢ (Z) —1
:Z@a,i(ya—wé)—l—@mmi_)m) 1+%

= o2 + VY o2 4+ VO
_ i (I)a,i(y - Wc(ze) + @a)imgﬁa) 140 lnn -1
B 2 O "

a=1 0t 4V,

e (I)a i(ya <(1£)) i (1)2 Eﬂa

az::l o2 + V¥ o2+ v

@2 Eﬁa - (I)a,i(ya — w,(f))

®
NE

=+ —
{02+ V“) +0 (ln—") e+ v 40 (ln—)

a

P2 (_)> ( Inn " By (g — wi) Inn
-2 (o () Rt (o ()
Zlauv“ 4z 2_:1 o2 + 7 v

a

(£)
azya a) Inn
(it 3 e (10 (32)
m WO
®) 1 a © ( <1nn)> B i (ya — ))( <lnn>)
— mY. | (1+0 +y e (140
<az+v“)< g ﬁ) vn g o2+ 7 v

a

m (£-1)
_ L ~ () o, 1(3/(1 — Wa ) Inn
<a2+V“)mi e JUelzE))

a=

B

=1 concentrates around a deterministic quantity that doesn’t
depend on a and (b) relies on the assumption that > ", <I>§7im(-£) = (1 +0 (1“")) o s m!"

i—a m a=1""—a"

where (a) relies on the assumption that v

Both assumptions follow from arguments above if ® is Rademacher. Otherwise, if ® is Gaussian, both
assumptions follow from the rigorous state evolution analysis in [28].

Together, these equations define an approximation of RBP that has greatly reduced storage require-
ments. For the case where ® is Rademacher, the above derivation shows it is asymptotically exact as well.
For Gaussian Ci)w-, the state evolution analysis in the next section also implies that it is asymptotically
exact.
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The TAP form of the Relaxed Belief Propagation Algorithm:

2
0) = /fxl (-'I/'z) (.’L‘Z‘ — mgo)) dx
=0 1= (@
V = — N
Z
(£-1)

(&) — d YamWa ~le-1)
wy, Mm V
Z 2 D

50 LV(“)

~(e+1) (e Lo Z(I)az< _wge—n)

A g (a0, 50)

o = g (m®,50)

5 Relationship to AMP

5.1 State Evolution

For sequences of graphs with tree-like neighborhoods, density evolution provides an asymptotically exact
analysis of message-passing inference. For compressed sensing, this technique can be used to analyze
RBP in the large-sparse-limit, where the node degrees grow slowly with the block length (e.g., like
Inn) [20]. This special limit is required because the growth of the node degrees is required for the
central limit theorem but the degrees must grow slow enough that the sequence of graphs has tree-like
neighborhoods.

Density evolution does not extend, however, to general graphs whose neighborhoods are not tree-like.
For the dense factor graph implied by an i.i.d. Gaussian ® matrix, it is somewhat surprising that one
can rigorously analyze the average the evolution of message-passing decoding. The resulting analysis is
called state evolution and the proof is quite different from standard density evolution [28]. From the

o) . . . . .
© is the average variance of the element-wise variable estimates. State

evolution also proves that the quantity Va(l) = V(E)

o)

previous section, it is clear that V
is independent of a. If the true prior is used for
reconstruction, then it also shows that V( is also equal to the normalized mean-squared-error signal of

—(t .y
signal estimates. For this quantity, state evolution predicts that vy _ (V( )), where

/fX /\ﬁZ/QtQ( /U+02,Uzg>dzdx.

This equation can be seen to start with the message variance v. Then, the variance is increased to 22~

v+o2
«a )

by the bit-to-check and check-to-bit message passing. Finally, a random observation Y = X + Z
where Z is a standard Gaussian variable, is combined with the prior to compute the new mean-squared-

error 6 (Y, % of the signal estimates. The function k(v) gives the expected value of the new

variance w.r.t. to the random observation of the signal in Gaussian noise.
The formula for k(v) can be expressed in a variety of equivalent ways:
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2
/@(v)_Var<X‘X+Z ”+U>
Q
) _\2
—E (X—IE X‘X—FZ\/U—HT )
«
| v+0o2 v+ o2 ?
—E|(x-n|x+z ,
(07 Q
2
:MSE<X‘X+Z,/”+U>,
«

where MSE(XY) stands for the mean-squared error of the optimal estimator of X given Y.

5.2 AMP

In our notation, the AMP decoding evolution is given by

k
w® =y —om? + oD

m) — (qﬂg(f) +m®; 9(0) ,

where x(m; ) = sgn(m)(|m| —0)* is the soft-thresholding function and the parameter () is chosen® so
that Hz € [n] |m£e+1) # OH = k for some fixed k € {1,2,...,an — 1}.

Lemma 5.1. A tuple (m,w, 0) is a solution to the LASSO problem (1) iff it is a fized point of the AMP
algorithm.

Proof. 1f it is a fixed point, the fixed point equations are

Solving the first equation for w and substituting into the second equation gives

an

m=x<<I>T1_1k (y—<I>m)+m;9>

or, using x(am;af) = ax(m;0),

N ) T )

Letting A =6 (1 - %), we see this is equivalent to

[\ A ifm; =0
(@7 (y—®m)], € ¢ {A} if m; >0
{—)\} if m; <0,
which is also the necessary and sufficient condition for a LASSO minimizer (2). Likewise, for a solution

to the LASSO problem with & non-zero entries, the steps holds in reverse and allow one to construct a
fixed point for AMP. O

3There are a variety of closely related rules that can be used here and we have chosen a particularly simple one.
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5.3 Minimax Denoising and Soft-Thresholding

The factor-graph framework reduces the CS reconstruction problem to interference reduction followed
by scalar estimation. If the prior is not known, one can emphasize robustness and solve the minimax
problem to find the worst case prior in some class of distributions. For CS, a natural choice is the class
of signal distributions, F, such that Pr(X = 0) > 1 — e. The minimax estimator for this class has been
analyzed but the results do not have a simple expression. These ideas led [8] to use the soft-thresholding
function x(m;6) = sgn(m)(|m| — 0)* in their derivation of AMP.

The MSE of soft-thresholding is given by

M (0,0, ) 2B [ (X = x (X + 2v5;0))°] .

To understand the worst-case prior for this choice, let M(e, 6, v) £ supy cr. M (0,v, fx) and observe
that

inf M = inf M
in (€,0,v) ;Izlof)s(lépfe (0,v, fx)

= inf M (0
juf, sup. (0v/0,v, fx)

= inf sup E {(ﬁX - x(ﬁX—i—Z\/ﬂ;Gﬁ))ﬂ

020 fyer.

— vinf E|(X -y (X + Z:0))>
v sup. [( X (X + ,))}

= v inf M(e,6,1).
v inf M(e,0,1)
This is automatically an upper bound on the MSE of the true minimax estimator (i.e., without assuming

soft-thresholding). Also, it turns out that the soft-thresholding minimax problem can be solved [29]
because the worst case distribution is discrete and known to be

1—€¢ ifz=0
Pr(X=xz)=1q¢/2 ifz=00

€/2 if x = —o0.

Using this, it is easy to verify that
M(e,0,1) = e(1+6%) + (1 —¢) [2(1 + 92)/ d(2)dz — 204(6) | .
0

Let M (e) = infg>o M(e,6,1) and observe that state-evolution recursion for soft-thresholding with the
worst-case prior satisfies

2 ¢
Ve _ M(E)LV()
e
and converges to the fixed point .
Ve M(e}(r2
a — M(e)

as long as M(e) < a.
A less pessimistic analysis results in the state-evolution recursion

2 L 2 l
« [0

k(v ) =E (X—X<X+Z\/UJ;UQ,A>> :

where \*(v) = argminy x(v; A\) minimizes this variance. Of course, this recursion depends explicitly on
the prior.

(17)
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Remark 5.2. It is important to note that the matrix scaling ﬁ used in this handout matches [27] and
is different from the \/%TL used in [8]. The former leads to roughly unit-norm rows while the latter leads

to roughly unit-norm columns. For this reason, the state evolution equation (17) does not match the
analogous equation in [8]. To recover their equation, one can simply replace our noise variance o2 by
the quantity ac?.

6 Closed-Form Expressions for 7(m,v) and 6(m,v)

6.1 Bernoulli-Gauss Prior

For a Bernoulli-Gaussian prior, fx(z) = (1 —p)d(z) + £¢ (%) , the functions are given by
2 2 2 2 h

mos + pv 1-p [v+o7 (m — 1) m

= (=L TP g \/ _n

n(m, v) ( v+ o0} ) ( + P P 2v+0?) 2

~1

Blm.v) = ot (m? +v) +vof@mpn +v) +fe?\ [ 1-p Jotop o ((m—p)? m?
T (v+0)2 P v P 2v+o0?) 2w

0(m,v) = B(m,v) — (n(m,v))*.

Mathematica was used to assist with the integration to output the TEX code but these integrals can also
be computed easily by hand.

6.2 Laplacian Prior

For a Laplacian prior, fx(z) = %e‘”‘”‘, the functions are given by

_m?2 (m—2xv)2 Ao—mm (Avtm)? Avtm
e 2w e = (m—)\v)erfc( Nerd ) +e 2 (m—l—)\v)erfc( Jﬂ)

n(m,v) = e3 Qv=2m) e (Av=m ) | o 3AOwt2m)gpfe ((Avim
Vo Ve

_m? [ (mAn)? 2 Av—m 2xm 2, Avtm Qugm)? 2 4r03/2
e 2 e 2o (((mf)\v) +v) erfc( T ) —e ((m+xv)*+ erf( )) +e ((m+xv)*+v) — Nerd

3 Av—2m) g (%) + e Ovt2m) g e ( +
O(m,v) = B(m,v) — (n(m, U))Q‘

By treating x > 0 and = < 0 separately, one gets integrals that are tedious but straightforward. Mathe-
matica was used to assist with the integration to output the TEX code.
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