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1 Introduction

Let X be a finite set and f : X™ — R be a non-negative real function. For a finite set A, let P(A) be
the set of probability distributions over A. The function f implicitly defines a probability distribution
wE P(X™) via

plz) £ f(o),

where Z = > . f(z) is called the partition function (or sum). For [n] £ {1,2,...,n} and a subset

I = {i1,i9,...,ix} C [n] with 4y < iy < -+ < i} , let 2; = (24,,%i,,...,7;,) denote the ordered
subvector. For p € P(X™), the marginal distribution of z; is denoted

pi(azr) £ ) u(z)

Lin\1
or in shorthand as pu(z;). Likewise, the conditional distribution of z; given z ; is denoted

A ﬂIuJ@qu)

prg (27l ) f(zy)

or in shorthand as p(z;|z ;). The Shannon entropy (in nats) of any v € P(A) is denoted

H(v) = Z v(a) lni.

acA V(a)

2 The Gibbs Free Energy

In physics, the configuration distribution is denoted pg and the partition function is denoted Z(3) due
to their dependence on the inverse temperature parameter 5. In this case, the quantity —% InZ(pB) is
called the free energy of the system and the quantity In Z(5) is called the free entropy of the system.
The choice of 5 =1 is natural for inference problems and, thus, the definitions of i and Z above assume
B = 1. Therefore, one finds that the free entropy is simply the log partition-function In Z and the free
energy is simply the negative log partition-function —In Z.

Remark 2.1. If f(z) € {0, 1}, then pu(x) is uniform over the set of valid patterns V = {z € A" | f(z) = 1}
and Z = |V| is the number of valid patterns. In this case, the free entropy In Z equals the Shannon
entropy H(u).

The Gibbs free energy G : P(X") — R maps v € P(X™) to the real numbers

Gv) = Z v(z)In
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where U(v) is the average “energy” of the system for the configuration distribution v. Since f(z) = Zu(z),
one can also write the Gibbs free energy as

Gv) = Z V(g)ln%— Z V(g)ln@
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where D(v||p) is the Kullback-Liebler divergence. Since D(v||p) > 0 with equality iff v = p, it follows
that min,cpy)G(v) = —InZ is achieved uniquely at v* = p. This formulation is often called the
variational Gibbs free energy.

To motivate this definition, we mention a connection to the theory of large deviations. Let Py be
the probability that the empirical distribution of N samples drawn according to u is equal to v. If
Nu(z) is integer for all z € A", then [1, Thm. 11.1.4] shows that Py = e~ NPWIm+o(l and; thus,
D(v||p) = G(v) + In Z implies that

Py = efN[G(V)+an+o(1)]'

3 Factor Graphs

Many operations on f can be simplified if f factors into the product of local potentials. These simplified
operations can often be understood in terms of a factor graph. A factor graph is bipartite graph defined
by a set of variable nodes V = [n], a set of factor nodes F', a set of edges E C V x F, and a weight
function f, for each factor a € F. Let V(a) £ {i € V| (i,a) € E} denote the set of variable nodes
adjacent to a and F(i) = {a € F | (i,a) € E} denote the set of factor nodes adjacent to i. Such a factor
graph represents the factorization

fler,. @) = (H fa(wV(a))> (H fi(l‘i)> -
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From this, we see that a variable node i € V participates in factor a € F iff i € V(a). Likewise, a factor
a € F depends on variable ¢ € V iff a € F(i).

3.1 Factor Graphs without Cycles

If the factor graph does not have any cycles, then inference and analysis are both greatly simplified. In
particular, the sum-product algorithm (SPA), which is also called belief propagation (BP), can be used
to efficiently compute the factor marginals {py (o) aer and {u;}icy.

The message-passing update rules of the SPA are given by

{41 ~(0)
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bEF(J)\a 3)
Z fa va(a wj,ac H /1' —)a xl
Ty (q) i€V(a)\Jj

along with the normalization conditions »___, Mﬁa( )=1and > . ﬂfflj( ) = 1. The symbol 6, »
denotes the Kronecker delta function and equals 1 if z; = x and 0 otherwise. The algorithm is typically
initialized to ME-O_)M(CU) o fj(x). If the factor graph does not have cycles, then this iteration converges
to a fixed point after a finite number of steps and we denote the fixed point messages by f;;_, ;(z) and

W—q(x). In this case, the factor marginals are given by

O< fz H Mb*)l
bEF(z)
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Another consequence of the factor graph not having cycles is that the joint distribution p can be
written as a function of the factor marginals. This is especially convenient given that these marginals
are easily computed with the SPA. The following lemma makes this precise.

Lemma 3.1. Consider a factor graph without cycles. Let A be any subset of factor nodes whose induced
subgraph is connected and let V(A) £ UyeaV (a) denote the set of variable nodes adjacent to A. Then,
the marginal piy 4y can be written as

Hv (a) (gV a )
v (a)(Zy (ay) = <H H()> [T wita
a€A
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Proof. The proof is by induction on |A|. If |A] = 1, then let b denote the single factor node in A and
observe that the base case

_ [ v (Eve) _
wrio () = <Hev<b>ﬂ($) el\:[b) e | = o)

holds trivially. The subgraph, S(A), induced by A is a tree because it is a connected subgraph of a cycle
free graph. If |A| > 1, then choose b € A to be any factor node with |V (b)| > 2 that is adjacent to a
leaf variable node. Such a b exists because S(A) is a tree and |A| > 1. Since S(A) is a tree, there is a
unique variable node k € V(b) that is in both V(b) and V(A\b). In this case, S(V(A\b)) is connected
and |A\b| = |A| — 1. Therefore, we can apply the induction hypothesis to get the formula for sy (\p)-.
Since xj separates V(A\b) and V'(b) in the factor graph, conditional independence implies

Ky (A) (QV(A)) = KV (A\b) @\/(A\b))NV(b)\k(&v@)\k\{k}|$k:)

1 ) (Zy v
P— x ()
uv(A\b)(7V(A\b)) ()
v @) v o) (Zy (b))
=\ U e ) | L mte | =205
acA\p L€V (a) FiLTE i€V (A\b) o
W (@) (Zv () 1
(I ) (1w ) [ T1 o) s
acA Lliev(a) Fili i€V (b) i€V (A\D) o
BN ) EAKGIETUR ) § EUA
sea v (ay malei) )

i€V (A)

where the last equality holds because V(A\b) NV (b) = {k} implies that the second and third products
have an extra factor of puy(xy) that cancels the 1/ (zg) term. O

Remark 3.2. Choosing A = F in the above lemma shows that the formula holds for any tree factor
graph. Likewise, it is easy to verify that conditional independence implies the formula also holds for any
factor graph without cycles (i.e., consisting of disjoint tree components).

Lemma 3.3. For a factor graph without cycles, the entropy of 1 can be written in terms of the factor
marginals as

=3 Huyw) = Y (FG)| 1) H(u) 5)
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and the free energy can be written as

RYED V] DINTTRCRNIEE

(z
a€A |y (0 V(a iceV

Z.uz ;) 2)] — H(p). (6)



Proof. Using the form of u(z) given by Lemma 3.1, one can directly compute the entropy with

H(p) = 3 ma)n
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The second result follows by combining the result G(u) = —In Z from (2) with (1). O

3.2 Factor Graphs with Cycles

For factor graphs with cycles, there is no guarantee that the SPA will converge or give useful results. Still,
one can use equations that are exact for factor graphs without cycles as approximations for arbitrary
factor graphs and hope for the best. This approach is sometimes called the Bethe formalism. Roughly
speaking, the idea is to identify fixed points of the SPA and, at each fixed point, use (4) and Lemma 3.1
to estimate p(x). Under various conditions, this can give good results. For example, if the SPA has
a unique fixed point and the factor graph has large girth, then the marginal of any node is essentially
determined by its tree-like neighborhood on which the SPA is exact.

Consider a set of variable node beliefs b = {b; : X — [0, 1]}, and factor node beliefs b2 {f)a : xIV(al

satisfying the marginal consistency constraints

Z l;a(gV(a)) = b’i(mi)7
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for all (i,a) € E and x; € X. The set of all (b, b) pairs satisfying these conditions is called the marginal
polytope associated with the factor graph and denoted by M. A set of factor node beliefs b is called
consistent if there is a b such that (b,b) € M and the set of all such beliefs is denoted by M’. For any
be M, the Bethe entropy is defined to be

23N balay)! 7—Z|F |—1belln )’
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where we note that the b;’s can be computed from the ba’s. Basically, this formula treat the beliefs
as marginals and applies the entropy formula (5) for a factor graph without cycles. This extends the
domain of the entropy formula in (5) from factor graphs without cycles to general factor graphs.

Likewise, one can extend the free energy formula in (6) from factor graphs without cycles to general
factor graphs. This results in the Bethe free energy formula

=Y D baley()ln +Zzb () e — Hp(b). (7)
)

x
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Reasoning by analogy from the variational Gibbs free energy, one might hope that minimizing this
function over all consistent beliefs will lead to a set of beliefs that approximates well the marginals
My (a)- Hence, we define

b* = arg min Fg(b)
beM’

— [0, 1]}
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and note that Fp(b*) is known as the Bethe estimate of —In Z because min,cp(xn) G(v) = —InZ. This
leads us to the question, “How hard is minimizing the Bethe free energy?”. In the next section, we will
see that this question is intimately connected to the SPA.

Remark 3.4. The negation of the Bethe free energy is called the Bethe free entropy and can be similarly
maximized. An easy way to remember the difference is to recall that physical processes tend to minimize
energy and maximize entropy.

4 The Bethe Free Entropy and the SPA

In this section, we describe the dynamic formulation (9) of the Bethe free entropy in terms of the sum-
product messages. If the messages are a fixed point of the SPA, then the dynamic formulation equals
the Bethe free entropy associated with the sum-product beliefs given by (4). Otherwise, the function
has no direct connection to the Bethe free energy. Instead, it defines the dynamics of the SPA because
the SPA updates are defined naturally in terms of its derivatives.

4.1 The Bethe Free Energy at a SPA Fixed Point

Let the message vectors p, /i define a fixed point of the SPA and, based on (4), let us define the node
and variable beliefs to be

1
b( )éafzmz H Ma*}lxl

¢ a€F (i)

~ 1
ba(iv(a)) é F xV(a H l’l’l—>a xl
a i€V (a)

where C; £ > oe, filzi) HaeF(i) fia—i(x;) and c, & waa) fa(§V(a))HieV(a) ti—q(x;). Also, for any
a € F(i), one can observe that

H ,Ub—n 371 /J'a—m T; fz xz H ,Ub—m -Tz
bEF(3) beF(i)\a
X ﬂaﬁi(fi)/‘iﬂa(xi)-
Thus, for a € F(i), one has
bi(w;) = iﬂaﬁi(-ri)/ﬁi—)a(-fi),

where C; , 2 5 i fasi(zi)ia(x;). Using this, one can verify the marginal consistency condition by
observing that

Z a(Zy (a)) X Z fa(@y () H Pisa(;)
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x bj(x;).

Now, we will write the Bethe free energy in terms of SPA fixed-point messages.. First, we expand
the Bethe entropy term in (7) to get

- Ja(zZy ()
_Z Z ba(@V(a))l Zzb :L‘z
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Using SPA fixed-point messages, the first term T can be rewritten as

- Z Z Ba(@v(a)) In Cafa(gv(a))

Ja (EV(a)) HiEV(a) i—sa(Ti)

a€F Ty (o)

= - Z Z i)a(gv(a)) In CA(a - Z In /”/i—)a(xi)
a€F Zy () i€V (a)

= — Z InC Z Zb i) In piyq(x;)
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Using SPA fixed-point messages, the second term can be rewritten as

Zzb ) Cifi(miz
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Using SPA fixed-point messages, the third term can be rewritten as

T3 éz Z Zbi(mi)ln ” ] .C(i,a.
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Putting these three rewritten terms together, one gets

=Y €= WmCi+ > InCia. (8)
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4.2 Dynamic Formulation of the Bethe Free Entropy

In this section, we observe that the RHS of (8) can be evaluated for any set of SPA messages (i.e., a fixed-
point is not required). Of course, the previous derivation provides no meaning for such an evaluation.
Fortunately, the SPA itself will provide the connection. One caveat is that there are multiple ways to
write the Bethe free energy in terms of the SPA fixed-point messages and we have picked precisely the
one for which this works. Note: To match the formulas in [2, Sec. 14.2.4], we now flip signs and discuss
the Bethe free entropy —Fz(b).

To express the dynamic formulation, one groups the messages by factor node and variable node and
we use the notation p_,, £ {uiﬁa}iev(a) and fi_,; £ {ﬂaﬁi}aeF(i). The potential functions associated



with the factor nodes, variable nodes, and edges are defined, respectively, by
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The Bethe free entropy for a set of SPA messages is defined to be the sum of these potentials over all
nodes and edges

) £ Z Salftsa) + Z Si(fiss) — Z Sia(lisa, fla—i)s 9)
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where p £ {tisal(iayer and fi = {ftawsi}(; aye- This definition is taken from [2, Sec. 14.2.4] though
our notation differs slightly from theirs.

The following derivation of the connection between the Bethe free entropy and the sum-product
algorithm is very much related to the Lagrangian approach of Yedidia et al. [3], but seems to avoid the
fixed-point requirement by focusing on edge messages. We note that [3] proves, under some conditions,
beliefs minimizing the static Bethe free energy Fpg (3) (or maximizing the static Bethe free entropy) are
given by fixed points of the SPA. For details, see [2, Sec. 14.4.1].

First, we note that S(u, i) is unaffected by the positive scaling of individual messages. This is because
scaling any message f;_sq () (resp. fia_i(x)) by a constant v > 0 adds Iny to Sy (_q) (resp. Si(fisi))
and adds Iny to S; o (fhi—sa, fla—si)- 1t is easy to verify that these two constants cancel in (9) and thus
S(p, fv) is unchanged.

Now, consider the derivative of S(u, ft) w.r.t. p1;4(x). The individual terms are given by

d
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In this case, one finds that
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Setting this derivative to 0 and solving for fi,—;(x) is equivalent to solving for ¢ in
bj ¢
Siaibi Y, aic
when g and b are fixed. It is not too hard to see that this holds iff ¢;/b; is constant for all j. Therefore,
as a function of i, ;(x), (10) is zero for all x € X if and only if

ﬂa%] Z fa fL'V(a) Tj,T H Mz—)a -T'L
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This condition is precisely equal to the sum-product update for fi,—,;(x).
Likewise, the derivative of S(u, 1) w.r.t. fiq—;(z) is related to the sum-product update. The indi-
vidual terms are given by
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This implies that
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Using the same argument as before, one finds that (11), as a function of p;_q(z), is zero for all z € X
if and only if

(11)
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This condition is precisely equal to the sum-product update for p;_q(x).
Thus, the SPA alternately updates the forward and backward messages in a way that forces the
gradient (w.r.t. the opposite set of messages) to the all zero vector. For this reason, we interpret (9) as
a function that generates the discrete-time dynamics of the SPA.
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