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Factor Graphs

> A factor graph provides a graphical representation of the local dependence structure
for a set of random variables

» Bipartite graph with variables z1,...,z, and factors f1,..., fn

» Consider random variables (X1, X»,..., X4) € X* and Y where:

P($1,$2,$3,$4) £ P(Xl :J}l,XQZJ,‘Q, e 7)(4:.’1,‘4|3/ = y)
X f(x17x271.37x4)

£ fi(z1,22) fo(w2, x3) f3 (23, T4)



Factor Graphs

> A factor graph provides a graphical representation of the local dependence structure
for a set of random variables

» Bipartite graph with variables z1,...,z, and factors f1,..., fn
» Consider random variables (X1, X»,..., X4) € X* and Y where:

P($1,$2,$3,$4) £ P(Xl :J}l,XQZJ,‘Q, e 7)(4:.’1?4|3/ = y)
X f(x17x271.37x4)

£ fi(z1,22) fo(w2, x3) f3 (23, T4)

» Given Y =y, this describes a Markov chain whose factor graph is
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Conditional Independence for Factor Graphs

» Let A, B,S C [n] be disjoint subsets of VNs in factor graph G

» If S separates A from B (i.e., there is no path from A to B that avoids ),
then we have X4 1l Xp | Xg

P(za,zplzs) = P(zalzs)P(zp|Ts)
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Conditional Independence for Factor Graphs

» Let A, B,S C [n] be disjoint subsets of VNs in factor graph G

» If S separates A from B (i.e., there is no path from A to B that avoids ),
then we have X4 1l Xp | Xg

P(za,zplzs) = P(zalzs)P(zp|Ts)

> Markov chain example: A = {x1, 22}, B = {x4}, S = {z3}

@ fi2 4@7 f33 24

» Sketch of Proof:

» Fixing Xg=uxg separates the FG into disjoint components
» Groups of VNs in different components are independent
» X, Ul Xp because A and B are in different components



Inference via Marginalization

» Marginalizing out all variables except X gives

P(X) = x| = y) o ga(21) 2 Z f(@1, 22, 3, 24)

» Thus, the maximum a posteriori decision for X given Y =y is

%1 = arg max E f(w1, 20,73, 24)
x1 .
(z2,...,mq)EX3

» For a general function, this requires roughly \)(|/1 operations



Inference via Marginalization

» Marginalizing out all variables except X gives

P(X) = x| = y) o ga(21) 2 Z f(@1, 22, 3, 24)

» Thus, the maximum a posteriori decision for X given Y =y is

%1 = arg max E f(w1, 20,73, 24)
x1 .
(z2,...,mq)EX3

» For a general function, this requires roughly \)(|/1 operations

» Marginalization is efficient for tree-structured factor graphs

> For the Markov chain, roughly 5 |X|* operations required

gi(z) = D filwn,x2) Y falwa,ws) Y falws, )

xo€EX r3€EX T4 EX



» Consider a random vector (X1, Xa, ..., Xg) € X® where

]P(Xl =T1,... aXG = $6|Y = y) &8 f($1,$2,$3,$4,$5,$6)
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The Importance of Factorization (1)

» Consider a random vector (X7, Xo, ..., Xg) € X% where
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» Brute force marginal requires |X\5 operations for each z; € A
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> Thus, we need | X|® operations



The Importance of Factorization (1)

» Consider a random vector (X7, Xo, ..., Xg) € X% where

P(X) =x1,..., X = x6]Y =y) < f(x1, 72,73, 74,75, T6)

» Brute force marginal requires |X\5 operations for each z; € A

gr(1) & > flar, w2, w3, 24, 75, T6)
z§eXs

> Thus, we need | X|® operations

» If [ factors as follows, then the marginalization can be simplified:

flx1, z2, 3, T4, x5, 6) = f1(z1, 2, x3) fo@1, T4, T6) f3(2a) fa(xa, 5)



For example, we can write g;(x1) as:

=Z fi(xr, o, 23) fo(x1, 24, w6) f3(24) fa(2a, x5)

6
T3
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The Importance of Factorization (2)

For example, we can write g1 (1) as:
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6
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The Importance of Factorization (2)

For example, we can write g1 (1) as:

:Z f1(x1, 22, 23) fa (w1, T4, T6) f3(24) fa (24, T5)

6
T3

=25:f1(x17wz,ws)fg(m)fzx(m,ws) [;h(xumws)]
:Z4f1(93171'2»173)f3(x4) [;f4($4,$5)] [;fz(whu’xﬁ)]
:ZBﬁ(xl,xg,xg) [;fg(u) l;ﬁ;(m,xs)] [;fz(:cl,m,%)H
:; l;fl(xl,@,m)] [;fg(u) ;ﬂ;(u,xs)] [;fz(xwwﬁ)H

This implementation requires roughly 2 |X|* + O(|X|*) operations




The Factor Graph and Leaf Removal
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g1(@1) =Y fil@r, va,23) fa(wa) falwa, 25) Y fol@r, 24, 76)
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The Factor Graph and Leaf Removal
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g1(z1) =Y fi(@r, 22, 73) f3(2a) [Z f4(x47x5)] fi(x1,24)




The Factor Graph and Leaf Removal

T

Sog

f3 fi

gi(1) =Y fi(wr, w2, 25) [Z f3(@a) fi(@a) fo (21, 24)



gi(z) =) lz fl(wl,xz»l‘?:)] f3 (1)

x2 x3



gi(z1) = lz f{(wl,xz)] f3 (x1)



g1(z1) = f{,(xl)fél(xl)



Factor Graphs and Distributions

» A non-negative function f: X™ — R defines a distribution on X™:

P(z) 2 P(Xi=m1,...,Xp=12,)

1 P
Ef(g) = nga(gﬁa)v

> where z,, is the subvector of variables involved in factor a
» and Z £ )" f(z) is called the partition function



Factor Graphs and Distributions

» A non-negative function f: X™ — R defines a distribution on X™:

P(z) 2 P(Xi=m1,...,Xp=12,)

1 P
Ef(g) = nga(gﬁa)a

> where z,, is the subvector of variables involved in factor a
» and Z £ )" f(z) is called the partition function

» Zero-one factors define constraint satisfaction problems (CSPs)
> All factors satisfy f,(zp,) € {0,1} for all z,, € X9
» The set of valid configurations is {z € A™|f(z) =1}
» Thus, Z equals the number of valid configurations
» P(z) is uniform over the set of valid configurations
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Marginalization via Belief Propagation

» Factor Graph G = (VU F,E)

» Variable nodes V, Factor nodes F'

» Edges: (i,a) e ECV X F

> F(i)/V(a) = set of neighbors for node-i/a
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Marginalization via Belief Propagation

» Factor Graph G = (VU F, E)
» Variable nodes V, Factor nodes F'
» Edges: (i,a) e ECV X F
F(i)/V (a) = set of neighbors for node-i/a

> Messages: /Agia(.%‘z) and ,uaﬁl(xi)

» variable-i to factor-a message
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Ml()g)—n(xl) ¢ Et——l—;) ? H :u“l()t—)m .Z‘,
/U beF(ia

A(t
/'Ll()g)—>l (‘T'L)



Marginalization via Belief Propagation

» Factor Graph G = (VU F, E)
» Variable nodes V, Factor nodes F'
» Edges: (i,a) e ECV X F
F(i)/V (a) = set of neighbors for node-i/a

> Messages: uf.ia(:cl) and ,uaﬁl(xi)

» factor-a to variable-i message

t
:ugl)—m(le)

t
/"L_gg)—ﬂl('er) I‘Laﬁ)l Z fa xV H /J/ *)0. .%‘j

Ty (a)\i JGV(G)\l

Mg?ﬁa(q"]é)



Marginalization via Belief Propagation

» Factor Graph G = (VU F, E)
» Variable nodes V, Factor nodes F'
» Edges: (i,a) e ECV X F
F(i)/V (a) = set of neighbors for node-i/a

> Messages: /Agia(.%‘z) and ,uaﬁl(xi)

» variable-i marginal ugtﬂ)(x)

~(t
sl ()

Mbg*)l

NG (xz)> ()

sl ()

(L+1

H Iu’b~>1 11

beF (i)



Marginalization via Belief Propagation: Example

Z1

iteration 1: variable to factor
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Marginalization via Belief Propagation: Example

Z1

iteration 1: variable to factor

M (@) =1

lj‘z—m

S

iteration 1: factor to variable
(1
i 4(z) Zf4 2, 35) 54 (1)

= Zf4 Ty, T5)

s 4 (aa) = f3(334)




Marginalization via Belief Propagation: Example

zy

iteration 1: factor to variable

~(1
i 4(2) Zf4 (4, w5) 15,4 ()

S

= Zf4 T4,T5)
52, 4(x4) = fa(x4) G{ %

iteration 2: variable to factor

2 ~(1 ~(1
uP(wa) = a4 (20) 87 4 (2a)

= fa(za) Y falwa, x5)

Zs5

2
5 (w6) = 1




Marginalization via Belief Propagation: Example

z1
iteration 2: variable to factor <,
ae
N
2 (1 (1 N
1o (wa) = 2 (@)t (wa)

= fa(@4) Y falaa, a5) -

Ts5
2
sy (x6) = 1 § E

iteration 2: factor to variable

~(2 2 2
AP @) = Y folan, v, 26) (w0 s (w6)

T4,T6

= Z fa(x1, 24, 26) f3(74) Z fa(a, x5)

Z4,%6 x5

= f3(x1)




Marginalization via Belief Propagation: Example

z1
iteration 2: variable marginal - <
V‘/\\ 5
\\\ N

p (@) = 2 (2)as (a)

= fi'(x1) f3 (22)

Same answer as peeling but from
a distributed parallel algorithm




Log Likelihood-Ratio Messages for Binary Variables

1(0)

» Normalized binary messages given by scalar: p(1) =
» One can also use the likelihood ratio (LR): “—)
> Or the log likelihood-ratio (LLR): L = In £}
» For inference, LLR messages contain all the information
. (t
(t) =In ,U/E*)}a(()) i](t) —1In Mgln(o)
a—1 R
e (1)

i—a
Hisa



VN Update for Binary Variables in LLR Domain

h g
\/\

- (1) (t)

i o
fz 2:1 T 1—4 f4

b

Pyt

BE

» Recall that the VN message-passing update is:

1 N
@)= [ (e

bEF(i)\a
» In the LLR domain, this simplifies to
(t+1) () Iber@na ity 0)
Lisa =Gy ) = NON
imva (1) HbeF(i)\a fiy (1)



FN Update for Binary Variables in LLR Domain

» Recall that the FN message-passing update is:
/’ca%z Z fl TV (a H M]"a
Ty (a)\Ti JGV(a)\z

» In the LLR domain, this gives

. ®
L(t) —In H Ezl)z(o) —In Zﬂfv(a)iﬁfi;o h (lv(“)) I—[JEV(@)\Z ’uJ—W(xj)

a—1 ~(t)

flg=si(1) va(a) xy=1 fi(@v)) Hje\/(a)\i Ng‘—)m(xj)
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Sudoku: A Factor Graph for the Masses

2 5 1 9 Z11|T12|T13|T14 |15 |16 |17 | T18 | T19

8 2 3 6 To1 | T2 T2z |T24 | Tas | T26 | Tar | T2s | T29
3 6 7 X31|T32|T33|T34 |35 |36 |37 |L38|L39

1 6 241 |Ta2 | 043 |Ta4 |Ta5 | a6 | Tar | Tag | Tag

514 119 Z51 | T52 [T53|Tsa |T55 | Ts6 |57 |58 | T59
2 7 Te1 |T62 |63 |Tea | T65|T66 | L67|L68 | L69

9 3 8 71 | T2 |73 | X7a |75 | T76 | T77 | T78 | T79

2 8 4 7 Tg1 | T2 | L83 |Tsa | Tss | Ts6 |Ts7| T8 |T89
1 9 7 6 T91 | T2 |L93 | Toa | Tos | To6 | To7 | Tos | Tog

rows are permutations of {1,2,...,9} implied factor graph has

columns are permutations of {1,2,...,9} 81 variable and 27 factor nodes
subblocks are permutations of {1,2,... 9;;

9 9
f@) =TT fo@) | [ IT o) ) | TT fo@nm) | 1T Was = i)
i=1 j=1 k=1

(i,5)€0



Solving Sudoku with a Factor Graph

» Consider any constraint satisfaction problem with observed entries

> One can write f(z) as the product of indicator functions
» Some factors force z to be valid (i.e., satisfy constraints)
» Other factors force x to be compatible with observed values

» Summing over x counts the # of valid compatible sequences



Solving Sudoku with a Factor Graph

» Consider any constraint satisfaction problem with observed entries
> One can write f(z) as the product of indicator functions
» Some factors force z to be valid (i.e., satisfy constraints)
» Other factors force x to be compatible with observed values

» Summing over x counts the # of valid compatible sequences

» Low-complexity peeling solution
» Set elements of x one at a time
» Each step looks for i € [n] and ' € X such that:
> For currently set variables, f(z) =0 for all z; € X'\ 2/
» Sudoku’s unique solution implies that x; = 2’ correct

» Fix x; = 2’ and repeat until all values fixed



Boolean Satisfiability: K-SAT

» One instance of 3-SAT is given, for example, by
fl@)=@T1VEsVar) Az VT2V as) A (xa VIV ) .

» In the FG, clause a € [m] is enforced by the function f,
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» One instance of 3-SAT is given, for example, by
fl@)=@T1VEsVar) Az VT2V as) A (xa VIV ) .
» In the FG, clause a € [m] is enforced by the function f,

» Marginalization allows uniform sampling from valid set

» Fori=1,2,...,n, fix x; for j <i and compute marginal

1
9i(xi) = - Z f@)=P(Xs=z| X1 =21,..., X1 =21)

Lid1s--5T

» Then, sample x; ~ g;(-) and repeat



Boolean Satisfiability: K-SAT

» One instance of 3-SAT is given, for example, by
fl@)=@T1VEsVar) Az VT2V as) A (xa VIV ) .

» In the FG, clause a € [m] is enforced by the function f,

» Marginalization allows uniform sampling from valid set

» Fori=1,2,...,n, fix x; for j <i and compute marginal

1
9i(xi) = - Z f@)=P(Xs=z| X1 =21,..., X1 =21)

Lid1s--5T

» Then, sample x; ~ g;(-) and repeat

» This algorithm has low complexity if factor graph forms a tree

» If not a tree, use approximate marginal from belief propagation
» This is related to BP-guided decimation [MMO09]



Low-Density Parity-Check (LDPC) Codes

ARAARARARR =™
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» Linear codes defined by zH” =0 for all cw. 2 € C C {0,1}"
» H is an m X n sparse parity-check matrix for the code

» Code bits and parity checks associated with cols/rows of H



Low-Density Parity-Check (LDPC) Codes

ARAARARARR =™

IIIIII:IIIiIIIIIIiIiIiIIIIII:Ii?iIIIIiIiIiIfIIIIiIi?iIiIIII:I:IiIIIIII:I:Ii permutation

UL ey e ey

» Linear codes defined by zH” =0 for all cw. 2 € C C {0,1}"
» H is an m X n sparse parity-check matrix for the code

» Code bits and parity checks associated with cols/rows of H
» Factor graph: H is the biadjacency matrix for variable/factor nodes
» Ensemble defined by configuration model for random graphs
» Checks define factors: foyen(z$) =1(z1 @ --- @ 24 = 0)
> Let x4, be the subvector of variables in the a-th check and

f(xlv cee axn) = (H feven(xaa)> (H PYIX(yixi)>
a=1

=1



A Little History
Robert Gallager introduced LDPC codes in 1962 paper

1962 IRE TRANSACTIONS ON INFORMATION THEORY 21

Low-Density Parity-Check Codes*

R. G. GALLAGERt

Summary—A low-density parity-check code is a code specificd  equations. We call the set of digits contained in a parity-
e e s (v check equation @ parity-check set. For example, the
mall fxed mumber & > of 15 The typcal minmum distance of 75t Parity-checkk sot in Fig, Lis the sot of digits (1,2,3, 5).
these codes increases linearly with block length for a fixed rate and _The use of parity-check codes makes coding (as dis-
fixed j. When used wit tinguished from decoding) relatively simple to implement.
ciently quiet binary-input symmotric_channel, the typical prob-  Alco, ng Elias 3] has shown, if a typical parity-check
oty of Jocoding error decreases exponentially i ok length  oode of long block length is used on a binary symmetric

rate an ; 1y
o et docoting schomo operating dcectiy  channel, and if the code rate is between crifical raie and
feom the channel & posterior probabilitcs is described. Both the channel capacity, then the probability of decpding error

Judea Pearl defined general belief-propagation in 1986 paper

Fusion, Propagation, and Structuring in
Belief Networks*

Judea Pearl
Cognitive Systems Laboratory, Computer Science Department,
University of California, Los Angeles, CA 90024, U.S.A.

Recommended by Patrick Hayes

ABSTRACT

Belief networks are directed acyclic graphs in which the nodes represent proposisions (or variables).,

the arcs signify direct dependencies between the linked propositions, and the strengths of these

dependencies are quanified by conditional probabilities. A network of this sort can be used (o

represent the generic knowledge of a domain expert, and it turns into a computational architecture if

the links are used not merely for storing factual knowledge but also for directing and activating the

data flow in the computations which manipulate tiis knowledge. 22




Simple Message-Passing Decoding for the BEC

» Constraint nodes define the valid patterns
» Circles represent a single value shared by factors

» Squares assert attached variables sum to 0 mod 2

> lterative decoding on the binary erasure channel (BEC)
» Messages passed in phases: bit-to-check and check-to-bit
» Each output message depends on other input messages
» Each message is either the correct value or an erasure
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» Constraint nodes define the valid patterns
» Circles represent a single value shared by factors

» Squares assert attached variables sum to 0 mod 2

> lterative decoding on the binary erasure channel (BEC)

> Messages passed in phases: bit-to-check and check-to-bit
» Each output message depends on other input messages
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Simple Message-Passing Decoding for the BEC

» Constraint nodes define the valid patterns
» Circles represent a single value shared by factors

» Squares assert attached variables sum to 0 mod 2

> lterative decoding on the binary erasure channel (BEC)

> Messages passed in phases: bit-to-check and check-to-bit
» Each output message depends on other input messages
» Each message is either the correct value or an erasure

» Message passing rules for the BEC

» Bits pass an erasure only if all other inputs are erased
» Checks pass the correct value only if all other inputs are correct

1 1
f.»;@—m O>D_m
? ?



Computation Graph and Density Evolution

T3 = eys
. «
Y2 =1—(1—22)°
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» Computation graph for a (3,4)-regular LDPC code
» lllustrates decoding from the perspective of a single bit-node
» For long random LDPC codes, the graph is typically a tree

> Allows density evolution to track message erasure probability
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» If z/y are erasure prob. of bit/check output messages, then
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» Computation graph for a (3,4)-regular LDPC code
» lllustrates decoding from the perspective of a single bit-node
» For long random LDPC codes, the graph is typically a tree
> Allows density evolution to track message erasure probability

» If z/y are erasure prob. of bit/check output messages, then
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» Computation graph for a (3,4)-regular LDPC code
» lllustrates decoding from the perspective of a single bit-node
» For long random LDPC codes, the graph is typically a tree
> Allows density evolution to track message erasure probability
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Computation Graph and Density Evolution

T3 = eys
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» For long random LDPC codes, the graph is typically a tree
> Allows density evolution to track message erasure probability

» If z/y are erasure prob. of bit/check output messages, then




Density Evolution (DE) for LDPC Codes

(3,4) LDPC Code with e = 0.6

0.6 T
Density evolution for a (3, 4)-regular
0.5F g LDPC code:
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» Binary erasure channel (BEC) with erasure prob. ¢
» DE tracks bit-to-check msg erasure rate x, after /¢ iterations
» Defines noise threshold eBF for the large system limit

» Easily computed numerically for given code ensemble
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