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Factor Graphs

▶ A factor graph provides a graphical representation of the local dependence structure
for a set of random variables

▶ Bipartite graph with variables x1, . . . , xn and factors f1, . . . , fm

▶ Consider random variables (X1, X2, . . . , X4) ∈ X 4 and Y where:

P (x1, x2, x3, x4) ≜ P(X1=x1, X2=x2, . . . , X4=x4|Y = y)

∝ f(x1, x2, x3, x4)

≜ f1(x1, x2)f2(x2, x3)f3(x3, x4)

▶ Given Y = y, this describes a Markov chain whose factor graph is

x1 f1 x2 f2 x3 f3 x4
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Conditional Independence for Factor Graphs

▶ Let A,B, S ⊂ [n] be disjoint subsets of VNs in factor graph G

▶ If S separates A from B (i.e., there is no path from A to B that avoids S),
then we have XA ⊥⊥ XB | XS

P (xA, xB |xS) = P (xA|xS)P (xB |xS)

▶ Markov chain example: A = {x1, x2}, B = {x4}, S = {x3}

x1 f12 x2 x4

▶ Sketch of Proof:

▶ Fixing XS=xS separates the FG into disjoint components

▶ Groups of VNs in different components are independent

▶ XA ⊥⊥ XB because A and B are in different components
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Inference via Marginalization

▶ Marginalizing out all variables except X1 gives

P(X1 = x1|Y = y) ∝ g1(x1) ≜
∑

(x2,...,x4)∈X 3

f(x1, x2, x3, x4)

▶ Thus, the maximum a posteriori decision for X1 given Y = y is

x̂1 = arg max
x1∈X

∑
(x2,...,x4)∈X 3

f(x1, x2, x3, x4)

▶ For a general function, this requires roughly |X |4 operations

▶ Marginalization is efficient for tree-structured factor graphs

▶ For the Markov chain, roughly 5 |X |2 operations required

g1(x1) =
∑
x2∈X

f1(x1, x2)
∑
x3∈X

f2(x2, x3)
∑
x4∈X

f3(x3, x4)
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The Importance of Factorization (1)

▶ Consider a random vector (X1, X2, . . . , X6) ∈ X 6 where

P(X1 = x1, . . . , X6 = x6|Y = y) ∝ f(x1, x2, x3, x4, x5, x6)

▶ Brute force marginal requires |X |5 operations for each x1 ∈ X :

g1(x1) ≜
∑

x6
2∈X 5

f(x1, x2, x3, x4, x5, x6)

▶ Thus, we need |X |6 operations

▶ If f factors as follows, then the marginalization can be simplified:

f(x1, x2, x3, x4, x5, x6) = f1(x1, x2, x3)f2(x1, x4, x6)f3(x4)f4(x4, x5)
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The Importance of Factorization (2)

For example, we can write g1(x1) as:

=
∑
x6
2

f1(x1, x2, x3)f2(x1, x4, x6)f3(x4)f4(x4, x5)

=
∑
x5
2

f1(x1, x2, x3)f3(x4)f4(x4, x5)

[∑
x6

f2(x1, x4, x6)

]

=
∑
x4
2

f1(x1, x2, x3)f3(x4)

[∑
x5

f4(x4, x5)

][∑
x6

f2(x1, x4, x6)

]

=
∑
x3
2

f1(x1, x2, x3)

[∑
x4

f3(x4)

[∑
x5

f4(x4, x5)

][∑
x6

f2(x1, x4, x6)

]]

=
∑
x2

[∑
x3

f1(x1, x2, x3)

][∑
x4

f3(x4)

[∑
x5

f4(x4, x5)

][∑
x6

f2(x1, x4, x6)

]]

This implementation requires roughly 2 |X |3 +O
(
|X |2

)
operations
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The Factor Graph and Leaf Removal

x1

f1 f2

x2 x3 x4 x6

f3 f4

x5

g1(x1) =
∑
x5
2

f1(x1, x2, x3)f3(x4)f4(x4, x5)
∑
x6

f2(x1, x4, x6)
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The Factor Graph and Leaf Removal

x1

f1 f ′
2

x2 x3 x4

f3 f4

x5

g1(x1) =
∑
x4
2

f1(x1, x2, x3)f3(x4)

[∑
x5

f4(x4, x5)

]
f ′
2(x1, x4)
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The Factor Graph and Leaf Removal

x1

f1 f ′
2

x2 x3 x4

f3 f ′
4

x5

g1(x1) =
∑
x3
2

f1(x1, x2, x3)

[∑
x4

f3(x4)f
′
4(x4)f

′
2(x1, x4)

]
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The Factor Graph and Leaf Removal

x1

f1 f ′′
2

x2 x3

x5

g1(x1) =
∑
x2

[∑
x3

f1(x1, x2, x3)

]
f ′′
2 (x1)
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The Factor Graph and Leaf Removal

x1

f ′
1 f ′′

2

x2

x5

g1(x1) =

[∑
x2

f ′
1(x1, x2)

]
f ′′
2 (x1)
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The Factor Graph and Leaf Removal

x1

f ′′
1 f ′′

2

x2

x5

g1(x1) = f ′′
1 (x1)f

′′
2 (x1)
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Factor Graphs and Distributions

▶ A non-negative function f : Xn → R defines a distribution on Xn:

P (x) ≜ P(X1=x1, . . . , Xn=xn)

=
1

Z
f(x) ≜

1

Z

m∏
a=1

fa(x∂a),

▶ where x∂a is the subvector of variables involved in factor a

▶ and Z ≜
∑

x f(x) is called the partition function

▶ Zero-one factors define constraint satisfaction problems (CSPs)

▶ All factors satisfy fa(x∂a) ∈ {0, 1} for all x∂a ∈ X |∂a|

▶ The set of valid configurations is {x ∈ Xn|f(x) = 1}
▶ Thus, Z equals the number of valid configurations

▶ P (x) is uniform over the set of valid configurations
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Marginalization via Belief Propagation

▶ Factor Graph G = (V ∪ F,E)

▶ Variable nodes V , Factor nodes F

▶ Edges: (i, a) ∈ E ⊆ V × F

▶ F (i)/V (a) = set of neighbors for node-i/a

▶ Messages: µ
(t)
i→a(xi) and µ̂

(t)
a→i(xi)

▶ variable-i to factor-a message

µ̂
(t)
b1→i(xi)

µ̂
(t)
b2→i(xi)

µ̂
(t)
b3→i(xi)

i µ
(t+1)
i→a (xi) =

∏
b∈F (i)\a

µ̂
(t)
b→i(xi)

▶ factor-a to variable-i message

µ
(t)
j1→a(xj1)

µ
(t)
j2→a(xj2)

µ
(t)
j3→a(xj3)

a µ̂
(t)
a→i(xi) =

∑
xV (a)\i

fa(xV (a))
∏

j∈V (a)\i

µ
(t)
j→a(xj)

▶ variable-i marginal µ
(t+1)
i (x)

µ̂
(t)
b1→i(xi)

µ̂
(t)
b2→i(xi)

µ̂
(t)
b3→i(xi)

i µ̂
(t)
b4→i(xi) µ

(t+1)
i (xi) =

∏
b∈F (i)

µ̂
(t)
b→i(xi)
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(t)
b→i(xi)
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Marginalization via Belief Propagation: Example

iteration 1: variable to factor
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Marginalization via Belief Propagation: Example

iteration 2: variable marginal

µ
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1 (x1) = µ̂
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= f ′′
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Same answer as peeling but from
a distributed parallel algorithm
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Log Likelihood-Ratio Messages for Binary Variables

▶ Normalized binary messages given by scalar: µ(1) = 1− µ(0)

▶ One can also use the likelihood ratio (LR): µ(0)
µ(1)

▶ Or the log likelihood-ratio (LLR): L = ln µ(0)
µ(1)

▶ For inference, LLR messages contain all the information:

L
(t)
i→a = ln

µ
(t)
i→a(0)

µ
(t)
i→a(1)

L̂
(t)
a→i = ln

µ̂
(t)
a→i(0)

µ̂
(t)
a→i(1)
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VN Update for Binary Variables in LLR Domain

f1

f2

f3

x1 f4

µ̂ (t)
1→1

µ̂
(t)
2→1

µ̂
(t)

3→1

µ
(t)
1→4

▶ Recall that the VN message-passing update is:

µ
(t+1)
i→a (xi) =

∏
b∈F (i)\a

µ̂
(t)
b→i(xi)

▶ In the LLR domain, this simplifies to

L
(t+1)
i→a = ln

µ
(t+1)
i→a (0)

µ
(t+1)
i→a (1)

= ln

∏
b∈F (i)\a µ̂

(t)
b→i(0)∏

b∈F (i)\a µ̂
(t)
b→i(1)

=
∑

b∈F (i)\a

L̂
(t)
b→i
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FN Update for Binary Variables in LLR Domain

x1

x2

x3

f1 x4

µ (t)
1→1

µ
(t)
2→1

µ
(t)

3→1

µ̂
(t)
1→4

▶ Recall that the FN message-passing update is:

µ̂
(t)
a→i(xi) =

∑
xV (a)\xi

f1(xV (a))
∏

j∈V (a)\i

µ
(t)
j→a(xj)

▶ In the LLR domain, this gives

L̂
(t)
a→i = ln

µ̂
(t)
a→i(0)

µ̂
(t)
a→i(1)

= ln

∑
xV (a):xi=0 f1(xV (a))

∏
j∈V (a)\i µ

(t)
j→a(xj)∑

xV (a):xi=1 f1(xV (a))
∏

j∈V (a)\i µ
(t)
j→a(xj)
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Outline

Factor Graphs

Message Passing

Applications of Factor Graphs
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Sudoku: A Factor Graph for the Masses

2 5 1 9

8 2 3 6

3 6 7

1 6

5 4 1 9

2 7

9 3 8

2 8 4 7

1 9 7 6

rows are permutations of {1, 2, . . . , 9}

columns are permutations of {1, 2, . . . , 9}
subblocks are permutations of {1, 2, . . . , 9}

x11 x12 x13 x14 x15 x16 x17 x18 x19

x21 x22 x23 x24 x25 x26 x27 x28 x29

x31 x32 x33 x34 x35 x36 x37 x38 x39

x41 x42 x43 x44 x45 x46 x47 x48 x49

x51 x52 x53 x54 x55 x56 x57 x58 x59

x61 x62 x63 x64 x65 x66 x67 x68 x69

x71 x72 x73 x74 x75 x76 x77 x78 x79

x81 x82 x83 x84 x85 x86 x87 x88 x89

x91 x92 x93 x94 x95 x96 x97 x98 x99

implied factor graph has
81 variable and 27 factor nodes

f(x) =

(
9∏

i=1

fσ(xi∗)

) 9∏
j=1

fσ(x∗j)

( 9∏
k=1

fσ(xB(k))

) ∏
(i,j)∈O

I(xij = yij)
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Solving Sudoku with a Factor Graph

▶ Consider any constraint satisfaction problem with observed entries

▶ One can write f(x) as the product of indicator functions

▶ Some factors force x to be valid (i.e., satisfy constraints)

▶ Other factors force x to be compatible with observed values

▶ Summing over x counts the # of valid compatible sequences

▶ Low-complexity peeling solution

▶ Set elements of x one at a time

▶ Each step looks for i ∈ [n] and x′ ∈ X such that:

▶ For currently set variables, f(x) = 0 for all xi ∈ X \ x′

▶ Sudoku’s unique solution implies that xi = x′ correct

▶ Fix xi = x′ and repeat until all values fixed



19 / 27

Solving Sudoku with a Factor Graph

▶ Consider any constraint satisfaction problem with observed entries

▶ One can write f(x) as the product of indicator functions

▶ Some factors force x to be valid (i.e., satisfy constraints)

▶ Other factors force x to be compatible with observed values

▶ Summing over x counts the # of valid compatible sequences

▶ Low-complexity peeling solution

▶ Set elements of x one at a time

▶ Each step looks for i ∈ [n] and x′ ∈ X such that:

▶ For currently set variables, f(x) = 0 for all xi ∈ X \ x′

▶ Sudoku’s unique solution implies that xi = x′ correct

▶ Fix xi = x′ and repeat until all values fixed



20 / 27

Boolean Satisfiability: K-SAT

▶ One instance of 3-SAT is given, for example, by

f(x) = (x1 ∨ x3 ∨ x7) ∧ (x1 ∨ x2 ∨ x5) ∧ (x2 ∨ x4 ∨ x6) .

▶ In the FG, clause a ∈ [m] is enforced by the function fa

▶ Marginalization allows uniform sampling from valid set

▶ For i = 1, 2, . . . , n, fix xj for j < i and compute marginal

gi(xi) =
1

Zi

∑
xi+1,...,xn

f(x) = P (Xi = xi|X1 = x1, . . . , Xi−1 = xi−1)

▶ Then, sample xi ∼ gi(·) and repeat

▶ This algorithm has low complexity if factor graph forms a tree

▶ If not a tree, use approximate marginal from belief propagation

▶ This is related to BP-guided decimation [MM09]
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Low-Density Parity-Check (LDPC) Codes

parity
checks

permutation

code bits

▶ Linear codes defined by xHT = 0 for all c.w. x ∈ C ⊂ {0, 1}n

▶ H is an m× n sparse parity-check matrix for the code

▶ Code bits and parity checks associated with cols/rows of H

▶ Factor graph: H is the biadjacency matrix for variable/factor nodes

▶ Ensemble defined by configuration model for random graphs

▶ Checks define factors: feven(x
d
1) = I(x1 ⊕ · · · ⊕ xd = 0)

▶ Let x∂a be the subvector of variables in the a-th check and

f(x1, . . . , xn) =

(
m∏

a=1

feven(x∂a)

)(
n∏

i=1

PY |X(yi|xi)

)
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A Little History
Robert Gallager introduced LDPC codes in 1962 paper

Judea Pearl defined general belief-propagation in 1986 paper
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Simple Message-Passing Decoding for the BEC

▶ Constraint nodes define the valid patterns

▶ Circles represent a single value shared by factors

▶ Squares assert attached variables sum to 0 mod 2

▶ Iterative decoding on the binary erasure channel (BEC)

▶ Messages passed in phases: bit-to-check and check-to-bit
▶ Each output message depends on other input messages
▶ Each message is either the correct value or an erasure

▶ Message passing rules for the BEC

▶ Bits pass an erasure only if all other inputs are erased
▶ Checks pass the correct value only if all other inputs are correct

?

?

1

0
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Computation Graph and Density Evolution

x1 = ε

y1 = 1−(1−x1)
3

x2 = εy21

y2 = 1−(1−x2)
3

x̃3 = εy32

▶ Computation graph for a (3,4)-regular LDPC code

▶ Illustrates decoding from the perspective of a single bit-node

▶ For long random LDPC codes, the graph is typically a tree

▶ Allows density evolution to track message erasure probability

▶ If x/y are erasure prob. of bit/check output messages, then

εy

y

y

εy3

x

x

x

1− (1− x)3
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Density Evolution (DE) for LDPC Codes

0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.1

0.2

0.3

0.4

0.5

0.6

xℓ

x
ℓ+

1

(3,4) LDPC Code with ε = 0.6

Density evolution for a (3, 4)-regular
LDPC code:

xℓ+1 = ε
(
1− (1− xℓ)

3
)2

Decoding Thresholds:

εBP ≈ 0.647

εMAP ≈ 0.746

εSh = 0.750

▶ Binary erasure channel (BEC) with erasure prob. ε

▶ DE tracks bit-to-check msg erasure rate xℓ after ℓ iterations

▶ Defines noise threshold εBP for the large system limit

▶ Easily computed numerically for given code ensemble
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