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7.1 Overview and learning goals

1. LP-based inference: how MAP inference (best assignment) can be written as an ILP and
relaxed to an LP on pseudo-marginals.

2. The marginal polytope: the convex set of all realizable collections of marginals.

3. Bethe free energy and BP: a principled approximation to the Gibbs free energy that is
exact on trees, and whose stationary points correspond to loopy BP fixed points.

Throughout, we use the factor graph G = (V, F') with V' = [n] and factors { f, }scr to define
f(m):Hfa(waa)v x:(xlu"'vxn)e‘)(n7
a€F
and the associated distribution

wla)=—f(z), 2= f()

reX™
Energy notation. It is often convenient to write
f@)=exp(—E(x)), E@) =) Fa(toa),  FEalvos) 2 —1In fa(zoa)-
acF
Then, the MAP assignment is arg min,, E(x), and the partition function is Z = >~ e~ @),

(We use the same neighborhood notation as earlier notes: da C [n] is the set of variables
adjacent to factor a, and 9i C F' is the set of factors adjacent to variable i.)

Some running examples.

e Sudoku as a factor graph. Sudoku is a large sparse constraint satisfaction problem; it
motivates local consistency, relaxations, and why loopy methods can be useful.

e Codes and single-parity-check (SPC) constraints. A factor node a enforces a parity
constraint on da (useful pictorially and algebraically).

e MAX-SAT. Version of the boolean satisfiability problem where the goal is to maximize the
number of satisfied clauses. In this case, there are n literals (z1,...,2,) € {0,1}" and a
factor for each clause. If clause a € F' is satisfied, then the factor f,(zg,) = 2 and otherwise
it equals 1. Thus, if an assignment x € {0,1}" satisfies S clauses, then f(x) = 2. Taking
logy gives the number of satisfied clauses.

7.2 Warm-up: inference, lifting, and relaxation

7.2.1 MAP (best assignment) and marginal inference

Given f: X" — R>q, two fundamental tasks are:
¢ MAP / best assignment:

x* € arg max f(x) & x* € argmaxIn f(z).
TEXT x
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e Marginalization: compute p;(z;) = Zw[n]\i p(x) (and similarly factor marginals jiq(zaq))-

The idea of linear programming (LP) decoding starts from the observation that any discrete
optimization problem can be linearized by lifting from a point x € X" to an indicator distribution
over X™.

For a finite set A, let P(A) denote the set of all probability mass functions ¢: A — [0,1] on A
satisfying > ., q(z) = 1. Similarly, let Z(A) C P(A) denote the subset of all indicator functions
q: A — {0,1} on A satisfying > _ ,q(2) = L.

Indicator variables and linear programming. Let P(X"™) denote the set of probability dis-
tributions on X" and introduce a variable ¢ € P(X"), i.e.,

g(z) >0, > qlx)=1.
TeX™
Then, we can write
max log f(z) = max Z q(z)In f(x).

exn xn
v a€P( )IEX"

Equivalently, in energy form, we have

min F(x) = min z)E(x) = min z)E(x),
mip Be) = min, 3 a(@)Ew) = mig 3 a(o)E(e)

where the reduced simplex is defined to be
P2 {qeP(AX") | q(z)=0if E(z) = oo}

and the last step holds because the objective is infinite if g(x) > 0 for some x where E(z) = occ.

Remark 1 (Extreme points make the lifting exact). The feasible set P(X") is a simplex in RI*I".
Its extreme points are the delta distributions ¢, € Z(X™) defined by

576(2):{1 ifz==x

0 otherwise.

Since the objective is linear in ¢, an optimizer may be chosen at an extreme point and hence equals
dz+(z). Therefore the lifted LP is ezact but requires |X'|" variables.

7.2.2 Why factorization matters

Factor graphs help because f is a product of local functions. Exact algorithms (variable elimination,
junction trees, BP) are efficient on trees, but can be expensive or intractable on loopy graphs. This
motivates relaxations and variational approximations.

The lifted LP is exact but intractable because it has |X|" variables. In this lecture, we:

1. Replace the global distribution ¢ by writing the cost function in terms of its globally consistent
factor marginals (called the marginal polytope M)

2. Then, relax the marginal polytope M into a set of locally consistent marginals £ (called the
local polytope) satisfying M C L.

Definition 2. An n-dimensional polytope is a convex set defined by the convex hull of a finite set
of points in R™. When n = 2 (or n = 3), a polytope is called a polygon (or a polyhedron).
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Definition 3. A linear program (LP) over a polytope Q C R™ is given, for some ¢ € R", by

gélél@?, c).

An important result in optimization is that a linear program over a polytope has an optimizer
at an extreme point of the polytope. This follows from two simple observations. First, any strictly
feasible point can be improved by moving in the opposite direction of the cost vector until we
hit the boundary of the polytope. Second, if the objective is constant on an affine subset of the
boundary, then it has the same constant value on the extreme points of that subset. Thus, we can
restrict to optimizing over extreme points of the boundary.

7.3 The marginal polytope and inference via LP

7.3.1 Node and factor marginals as a linear mapping

Given ¢ € P(X™), define its node marginals ¢; € P(X) and factor marginals ¢, € P(X199/) by

G(z)= Y a@),  dulzea) = D ala)

T IX;=Z; T:1THa=—2da

This is a linear map I' from P(X™) into the space of local marginals:

I': P(Xn) - H P(X) X H P(X‘aa‘)a q—q= ((Qi)iE[n]v (Qa)aGF)-

i€[n] a€EF

It follows that, if ¢ = §, € Z(X") is a delta distribution on z, then I'(d,) is the collection of
indicator functions (i.e., deterministic marginals) induced by z. Apologies for abusing notation and
using the subscripts ¢ and a to distinguish between node and factor marginals.

7.3.2 The marginal polytope
Definition 4. The marginal polytope M is the image of P(X"™) under I':

M = {q = ({ai}ici)s {ta}acr) | 3u € P(X") s.t. Tp= g (ie., ¢ = i, da = joa) }-

The reduced marginal polytope M’ is the image of the reduced simplex P’ under I'. It can also be
defined by adding constraints to the definition of M that force ¢q(294) = 0 whenever E,(zg,) = 0.

Remark 5. M and M’ are convex polytopes because each is the linear image of a simplex. Moreover,
I'(d,) is an extreme point of M, corresponding to the deterministic marginals induced by z.

MAP is a linear program over M. Define the linear energy functional on factor marginals:

<E7Q> £ Z Z Qa(zé)a) Ea(zﬁa)~

a€F 25, € X10a|
Theorem 6. The MAP assignment problem can be solved as LP over M (or M'):

in E(z) = min (E & 1 = — min(E, q).
Jnin E(z) £ﬁ< ) max In f(z) ;gﬁ( . )

The optimizer may be chosen to be an extreme point of M corresponding to a MAP assignment.
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Proof. Start from the exact lifted LP:

win B) = iy, 3 q(e)B(e)

Using the factorization E(x) = Y ,cp Fa(7a,), we expand

> _a(x)E() Z )Y Ealzaa) = ) Y a(z)Ealzoa)-

T a€F a€F

For each a, group terms by zg, = 94"

Z q(x)Ea(a:aa) = Z( Z Q<x > Zaa ZQa Zaa ZBa)

T Z9a \T: Toa=Z2da Z9a

Therefore

Z Zan (20a)Ea(z0a) = (E,q).

T -7

Now minimize over ¢ € P(X™). The set of achievable collections ¢ is exactly M by definition,
so the objective can be written as minimizing (E,q) over ¢ € M. Finally, since M is a polytope
and the objective is linear, an optimizer exists at an extreme point, and extreme points include
projections of d, corresponding to deterministic assignments. Similar to the simplex LP, we note
that the feasible set M can be reduced to M’ without changing the result because the objective is
infinite if ¢(x) > 0 for some x where E(z) = cc. O

7.3.3 Why this is not yet algorithmic

Theorem 6 is conceptually clean but computationally hard: describing M exactly typically re-
quires exponentially many constraints. We now build a tractable outer approximation using local
constraints.

7.4 Consistency and the local polytope

Definition 7. A collection ¢ = ({¢i}ic[n), {9a}acr) is locally consistent if

(2:) = 0, Zqz'(zi) =1, (7.1)

Ga(20a) > an (200) = 1, (7.2)
Zda
Z Ga(z9a) = qi(2i), Va € F, Vi € Oa, Vz; € X. (7.3)
29a\i

The set of all locally consistent marginals is called the local polytope L. It contains M because all
globally consistent marginals must satisfy these local consistency constraints. Moreover, all integral
points I'd, in L correspond to deterministic marginals induced by assignments x € X™. If some
energies are infinite, then we can define the reduced local polytope L' by adding the constraints
da(z94) = 0 for all @ € F and zy, such that Ey(zg,) = 00.



6 ECE 590.17: Lecture 7

The local LP relaxation. The local LP for MAP is
E.q) = ey . 7.4
min (F,q) rqrém Z Zq 29a)Ea(204)- (7.4)

qE B acF zpq
This LP can solved efficiently if the maximum factor degree is bounded. Like the previous LP, the
result is unchanged by restricting £ to the reduced local polytope L.
7.4.1 Projection onto the variable marginals

Let f be an indicator function for the set S of valid configurations. In that case, a random
configuration X is uniform over S and the reduced marginal polytope M’ captures this structure.
Suppose Y be a noisy observation of X through a memoryless channel with

P =y | Xi =x5) = Wi(yi | zi).

Then, the MAP assignment is
n
PY=y|X=2)= Wiy | x;).
argmaxP(Y =y | X =) = arg glggl:[l AED)

Let the space of variable marginals by V = P(X)" with elements denoted by
= {vi}tiepm) €V, v;: X — [0,1].
Define the projection m : M’ — V where
q = ({@i}icpm) {Gatacr) = v ={vi}icn) with v; =g;.

Then, with M = m(M’), we can lift the MAP assignment to the LP

q7*(y) EargmaxZZqZ YIn W (y; | 2)

1=1 zeX

_7r<arg ngaxZZqZ 2)InW(y; | z >
q

i=1 zeX

For £ = n(L’ ), we can approximate the MAP assignment problem by the LP

4 pY EargmaxZqu YIn W (y; | 2)
9€L = 1zeX

= W(&rgmaxz Z qi(z) In W (y; | z))

e !
4 i=1zeX

7.4.2 Binary variables and log-likelihood ratios

If |X| = 2, then we can identify X with {0,1} and simplify ¢;(z) to the number ¢; = ¢;(1) (since
qi(0) = 1—¢;(1)). Using this simplification, the convex hull of the set of valid configurations forms
a polytope in the unit cube [0, 1]". Thus, |X| = 2, we treat M and L as polytopes in [0, 1]™.

For decoding, we map the observations to log-likelihood ratios (LLRs)

pi(yi | 0)

7 = In
Copw D)
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Lemma 8 (LLR linearization). For |X| = 2, there is a constant A (independent of x) such that
n
InPY =y|X=2)=A- Z%:m
i=1
Therefore ML decoding is equivalent to

n
TML € arg mLH/ E Vil
IGM i=1

Proof. We compute

ImP(Y=y|X=2)= Zlnpi(yi | ;)
=1

(=) iy | 0) + i lnpilyi | 1))

|
&M:

@
Il
—

- pi(yi | 1)
Inp;(y; | 0) + sz In ———=
~  piyi|0)

I
NE

i
n
=1

where A = Y Inp;(y; | 0). Since A does not depend on z, maximizing the log-likelihood is
equivalent to minimizing . v;z;. O

Il
—_

7.5 Visualizing small binary CSPs

For a set S C AX™ of valid configurations, let f(z) = I{x € S}. Each configuration = can be
represented by a set {q;};c[, of variable indicator functions ¢; € P(X), where g;(2;) = [{z; = w;}.
In this case, the convex hull of the set of valid configurations {g;};c[, defines a polytope in R,

If |X| = 2, then we can identify X with {0,1} and simplify ¢;(z) to the number ¢; = ¢;(1) (since
qi(0) = 1 —¢;(1)). In this case, the convex hull of the set of valid configurations forms a convex
polytope in the unit cube [0,1]". As an example, consider 3 binary variables satisfying an even
parity constraint. As discussed in the last section, the implied polytope in [0,1]3 is the convex hull
of the valid configurations: (0,0,0), (1,1,0), (0,1,1), and (1,0, 1).

This simplifcation allows one to visualize som small examples in 3D space.

7.5.1 A binary parity-check of degree-2: the 2-bit even-parity line
Consider two binary variables (z1,z2) € {0,1}? with an even parity constraint:

T, P x9 = 0.

The valid assignments are (0,0) and (1,1). Identify node marginals by ¢; = P(X; = 1) € [0, 1]. For
a deterministic assignment x, the projected point is

(QI,QZ) = (xlan) € {(O?O)v (17 1)}

Hence the projected exact polytope (convex hull of valid projected points) is the line segment
-/
MSPC(Q) = COHV{(0,0), (17 1)} = {(t,t) te [07 1]} - [07 1]2'

In this case the local and exact projected polytopes coincide (there is only one factor and no cycles).
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7.5.2 A binary parity-check of degree-3: the 3-bit even-parity tetrahedron
Now consider three binary variables (z1, 2, 23) € {0,1}3 with even parity:
1 ®x2 D3z =0.

Valid assignments are
000, 110, 101, O11.

In node-marginal coordinates ¢; = P(X; = 1), the deterministic projected points are
(0,0,0), (1,1,0), (1,0,1), (0,1,1).
Their convex hull is a tetrahedron inside the unit cube:
Misps) = conv{(0,0,0), (1,1,0), (1,0,1),(0,1,1)} < [0,1]>.

This is exactly the codeword polytope forpicture you already draw:

(0.1,1) (1,1,1)
(0,1,0) :
0.00) £ (1,0,0)

7.5.3 Small code example

Example 9. Consider the binary linear code C = {x € {0,1}3 | Hz = 0} with parity-check matrix
1 10
H=1|1 11
0 1 1
This has three parity-check equations:
a: x1 PDxe =0, b: x1®xea® a3 =0, c: xo®x3=0.

As they are linearly independent, the code contains only the all-zero vector. But, the factor graph
has a cycle and the local polytope is not equal to the marginal polytope.
To see this, one can verify that the point ¢ = ({¢:}, {¢a}) € M defined by

2/3 ifle,ZQ:l
Ga(21,22) = 1/3 if 21 = 20 =0

0 otherwise,

1/3 if (21, 22, 23) € {110,101,011
qt;(Zl, z9, 2’3) = / ( 1 2 3) { }
0 otherwise,
and
2/3 lf Z9 = 23 = ]_
Qe(22,23) = 1/3 if 29 =23 =0
0 otherwise.

The variable node marginals are q1(1) = g2(1) = ¢3(1) = 2/3, so this point is a pseudo-codeword.
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Geometric description. Let (21,29, 23) € [0,1]3. Then, the three parity-check polytopes are
Qo = {(z1, 20, 23) € [0,1]® : 21 = 29},
Qp = conv{(0,0,0), (1,1,0),(1,0,1),(0,1,1)},
Qe = {(z1,22,23) € [0,1]° : 33 = a3}

This follows from the earlier visualization examples. Check a enforces z1 @ xo = 0, so among
binary points we must have (x1,z2) € {(0,0),(1,1)}, with x3 free. Thus, Q, is the convex hull
of {(0,0,0),(0,0,1),(1,1,0),(1,1,1)}, i.e., the plane slice x; = x2 within the cube. Check c is
identical with indices shifted, giving xo = x3.

Check b enforces even parity on three bits, so the allowed binary triples are

000, 110, 101, O11.

The polytope is the convex hull of these four points.

Pictures of Q,,Q,, Q..

(0,1,1) — (1,1,1) (0,1,1) = (1,1,1) (0,1,1), p (LL1)
0.1.0) : 010 : 0.10) :
I/I (17071) I/I (17071) ‘;’:I/I (1,0,1)
amp)[f (1,0,0) amﬁ)*: (1,0,0) mpp)/ ’u@m

~

. For this example, let

}.

Proof. Intersecting @, and Q. forces 1 = x9 = x3 = ¢t with ¢t € [0,1]. So Q4 N Q. is the main
diagonal segment from (0,0,0) to (1,1,1).

Now impose membership in @ = conv{000,110,101,011}. Any point in @, can be written as
a convex combination

Proposition 10 (Computing the projected reduced local polytope

Wl Do

C?zQaﬂQuﬁQu:{@hﬂ:OSté

x=a000+ 4110+ ~v101 + 6011, a,B,7,0>0, a+f+y+d=1.
The coordinates then satisfy
1 =047, x9 =B+, x3 =7v+6.
If we additionally require x1 = x2 = x3 = t, we get the linear system
B+y=B+0=7+d=t.

From f+~v =+ we get v = 6. From f+6 = v+ we get 5 =+. Thus § =~ = J. Let
B=~v=d=5>0. Thent =0+~ =2s,s0s=1/2.
Finally the normalization constraint gives

t 2
a+3s=1 = azl—%EO = tgg.

Therefore the intersection is exactly {(¢,¢,¢) : 0 <t < 2/3}. O
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Pictures of ), N Q. and Q.

(0,1,1), — (1,1,1) (0,1,1) 4= = (LL.1)
(0,1,0) A 0.1.0) A
// — (10,1 // — (L0.1)
(0.0.0) L/ ;(170’0) 0.00) Vi (1.0.0)

Proposition 11 (Extreme points and pseudocodeword). The polytope Q = {(t,t,t) : 0 <t < 2/3}
has exactly two extreme points:
(0,0,0) and (3,%,2).

The point (0,0,0) is a codeword, while (2, %, %) is a pseudocodeword (a fractional vertez of the

3
relaxation).

Proof. A non-degenerate line segment has the endpoints as its only extreme points. The endpoint
(0,0,0) is in C since it satisfies all parity checks. The other endpoint has non-integer coordinates,
so it cannot be a convex combination of codewords within {0, 1}? (equivalently, it is not in conv(C)
here), hence it is a fractional vertex of Q. O

Proposition 12 (When does the pseudocodeword win the LP?). Consider the LP decoding objec-
tive minmea Z?Zl vizi. The pseudo codeword acts like a phantom (1,1,1) codeword because

o if y1 +v2 + 3 > 0, the unique optimum is (0,0,0);

o if y1 +72 + 3 <0, the unique optimum is (2/3,2/3,2/3);

e if v + v2 4+ v3 = 0, every point on the segment is optimal.
Proof. Parametrize x = (¢,t,t) with ¢ € [0,2/3]. The objective equals

3
D iwi =t + 2+ 73),
i=1

which is minimized at ¢ = 0 if the sum is positive, at ¢t = 2/3 if the sum is negative, and is constant
if the sum is zero. O

What should students take away? This example is small enough that we can see the ge-
ometry. Even though each check polytope @, looks “reasonable,” their intersection can create a
fractional extreme point. That fractional extreme point can beat the true codeword for certain
LLRs, producing an LLP decoding error.

7.5.4 The LP relaxation for MAP
Definition 13 (LP relaxation for MAP). The LP relazation (a.k.a. local LP) for MAP is

min  (F, ). 7.5
(ui,ua)€£< K (7:5)

Lemma 14 (Tightness on trees). If the factor graph is a tree (acyclic), then L = M and the local
LP (7.5) returns an exact MAP solution.

Proof. We give a constructive proof: on a tree, any locally consistent collection of marginals can
be “glued” into a global distribution.
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Step 1: build a candidate global distribution. Assume the factor graph is connected and
acyclic. For each variable node i let d; = |0i|. Given (u;, pg) € £ with full support (i.e., all entries
strictly positive), define

(z) 2 [aer Ha(Toa)
[Licpny pa(aa)

(If some marginals have zeros, the same proof goes through by restricting to their support and
taking limits; see Remark 15.)

(7.6)

Step 2: show [i is normalized. Since the factor graph is a tree, we can choose an arbitrary
variable node r to be the root and orient edges away from the root. In the resulting directed
graph, every node (variable or factor) except the root has a unique parent. Now eliminate leaves
iteratively:

e If a variable node i is a leaf with parent factor a, then in (7.6) the only factor involving x;
is f1q(25q) in the numerator and p;(z;)% ' = p;(2;)° = 1 in the denominator. Thus, we can
remove variable ¢ and factor a while adding a new factor b with b = da \ i and defining

ps(an) =Y Ha(Taa),

i.e., we marginalize x; out of .

e If a factor node a is a leaf with parent variable 7, then a appears exactly once in the numerator
and da = {i} implies u;(z;)%~! appears in the denominator. By local consistency (the sum
OVer Tpq\; is over the empty set), we have p,(z;) = p1i(z;). Hence

fa (i) _ 1
pi (@)=t g ()% —2

After deleting the leaf factor a, the degree of i drops by one, so its denominator exponent
in (7.6) is exactly d; — 2. Therefore, we can remove a without changing the value of the
expression.

Carrying out this elimination from the leaves up to the root shows that > f(x) = 1.

Step 3: show i has the desired marginals. A similar elimination argument shows that the
marginal of i on any factor scope da equals p,, and on any variable node equals p;. Concretely, to
compute [iga(Tya), sum (7.6) over all variables not in da. Because the factor graph is a tree, the
variables outside da decompose into subtrees attached to da, and each subtree sum collapses to 1
by the same cancellations.

Step 4: conclude £ C M on trees. The construction shows that any (u;, pe) € L is realizable
by a global distribution (namely i), hence belongs to M. Since always M C L, we obtain £ = M.

Finally, because Theorem 6 gives exact MAP as a linear program over M and £ = M, the local
LP (7.5) is exact on trees. O

Remark 15. In (7.6), zeros in factor marginals u, are harmless because they only appear in the
numerator. The only potential singularities come from node marginals p; in the denominator. For
rigorous handling, one can treat the alphabets for all variables as distinct and remove the impossible
values from the correct alphabets.



12 ECE 590.17: Lecture 7

Example 16. Consider the binary linear code from Example 9. The factors f,, f, fo take the
value 0 whenever their arguments contain an odd number of ones. Thus, the marginal polytope is
reduced by the equality constraints

0 =q4(0,1) = q4(1,0)
0=qy(1,0,0) = ¢(0,1,0) = ¢,(0,0,1) = gp(1,1,1)
0=¢q.(0,1) = q.(1,0).

7.6 Worked example: Sudoku as a simple LP

Sudoku is a constraint satisfaction problem (CSP), so we can view it as MAP inference with zero-
one factors. The main point of this example is that, after introducing indicator variables, the local
LP becomes an extremely simple linear program whose constraints are just “certain sums equal 1.”

7.6.1 Indicator variables

Consider an N x N Sudoku with symbols X = [N] (e.g., N =9 with 3 x 3 blocks). For each cell
(r,c) € [N] x [N] and value v € [N], introduce an indicator variable

qrc(v) € {0,1}, Ire(v) =1 <= z,.=0.

(These are the Sudoku analogue of the ¢; variables in the MAP-ILP discussion.)

In a full factor-graph LP, we would also introduce factor marginals ¢,: cell factors enforce “one
value per cell,” and row/column/block factors enforce “each value appears exactly once” on their
scopes. Local consistency would require each g, .(v) to match the corresponding marginals of every
incident factor.

For Sudoku, these consistency equations reduce to simple linear count constraints. For example,
a row factor for row r and value v implies Ziv: 1 qrc(v) = 1; similarly, column and block factors
imply the analogous column/block equalities, and cell factors imply ijvzl qrc(v) = 1. Hence we
can work directly with the ¢, .(v) variables: the usual local-consistency requirements are already
encoded by these linear constraints.

7.6.2 Local constraints (row/column/block counts)

The Sudoku rules can be written as linear constraints in the indicators.

(i) Exactly one value per cell.
N
qu(v) =1, Vr,c € [N]. (7.7)
v=1

(ii) Each value appears exactly once in each row.

qu(v) =1, Vr € [N], Yv € [N]. (7.8)

(iii) Each value appears exactly once in each column.

N
qu(v) =1, Ve € [N], Yv € [N]. (7.9)
r=1
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(iv) Each value appears exactly once in each block. Let B be the set of blocks, and write
B € B for a block (a set of cell indices). Then

Y qre(v)=1, VBEB, Vve|N] (7.10)
(r,c)eB
Clues. A clue “cell (r,c) equals v*” is just
¢re(v*) =1 (equivalently g, (v) = 0 for v # v*). (7.11)

7.6.3 ILP and the basic LP relaxation

With integrality, Sudoku is an ILP feasibility problem:
¢rc(v) €{0,1} and (7.7),(7.8),(7.9),(7.10), (7.11).

Dropping integrality yields the basic Sudoku LP:

find {grc(v)} st. (7.7),(7.8) (7.12)

,(7.9),(7.10), (7.11),
0 < ¢gre(v) <

1, Vr, e, v.

(Optionally, add a tiny tie-breaking linear objective miny . Wy oG c(v); otherwise it is a pure

feasibility LP.)

T,C,V

Remark 17 (How this fits the general framework). This is exactly the “indicator — relax” pipeline:
e Integral feasible points correspond to valid Sudoku solutions.

e Fractional feasible points are pseudo-solutions: they satisfy all the local counting constraints,
but do not correspond to any single grid assignment.

e In the language of graphical models, the variables g, .(-) are node beliefs, and (7.8)—(7.10) are
local marginal-consistency constraints. Thus the feasible set of (7.12) is a concrete instance
of the local polytope L.

Remark 18 (One-line pseudo-solution). If there are no clues, the uniform assignment ¢, .(v) = 1/N
satisfies (7.7)—(7.10) but is not integral. Strictly speaking, this is not a valid Sudoku because the
solution is not unique. It is the correct analogue of a pseudocodeword though: the LP enforces the
constraints only “on average.” There are other valid Sudokus where the best assignment is unique
but there are pseudo-solutions.

7.6.4 Why the local polytope can be loose

On loopy graphs, £ is only enforcing pairwise consistency between each factor and its incident
variables. There is no global constraint that guarantees these local marginals arise from a single
joint distribution. This gap is exactly the gap between M and L.

Example 19. Sudoku factor graphs have many cycles. Local consistency constraints can ensure,
e.g., that a cell marginal agrees with the marginal induced by its row constraint, but that does not
imply there exists a global Sudoku solution distribution consistent with all these marginals. Thus
L may contain points that look locally consistent but are globally impossible.
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7.7 The Gibbs free energy: exact variational principle

7.7.1 KL divergence and a key identity
Definition 20 (KL divergence). For distributions v, u € P(X™) with supp(v) C supp(u), define

Dl 2 3" v(z)ln v(z)

e p()

Lemma 21 (Nonnegativity of KL). D(v||u) > 0 with equality iff v = u

Proof. This is a standard consequence of Jensen’s inequality applied to the convex function t — tInt
(or equivalently, In concavity). A short proof: since — In is convex,

ot =l 5] m(m[15]) - (£0355)

T

and one can refine this to obtain D(v||u) > 0 (the cleanest route is the log-sum inequality). We
omit the standard details. O

7.7.2 Exact variational characterization of 7

Define the (exact) Gibbs free energy functional

x x
Theorem 22 (Exact variational principle). Let pu(z) = 2e E@). Then
—InZ= min G(v),

veP(X™)
and the unique minimizer is v* = u.

Proof. Since p(z) = +e —B() we have

Substitute into G(v):

G(V)ZZV( )(—Inp(z) —InZ) +Z )Inv(z
:—an—i-Z i

=—InZ+ D(VH,u).

By Lemma 21, D(v||x) > 0 with equality iff v = p. Thus the minimum of G(v) is —In Z, uniquely
achieved at v = pu. O

Interpretation. The exact inference problem (computing p and Z) can be viewed as an op-
timization problem. Unfortunately, the decision variable v is a distribution over X", which is
exponentially large.

The next step is to express (or approximate) this optimization in terms of local marginals.
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7.8 The Bethe approximation: from trees to loopy graphs

7.8.1 Rewriting the energy term in local marginals

The energy decomposes as E(x) = > cp Fa(rs,). For any distribution v with factor marginals
Vga, We have

E,[BE(X)] =) Ey[Ea(Xoa)l = > > voa(20a)Eal20a).

ackF a€F zpq

Thus the energy term depends only on factor marginals. The difficulty is the entropy term H(v),
which generally depends on the full joint.

On trees, there is a miracle: the joint distribution can be reconstructed from consistent local
marginals, and the entropy can be written in terms of local entropies. Bethe extends these exact
tree identities to loopy graphs as an approximation.

7.8.2 Bethe entropy

For any distribution p on a finite alphabet, define its entropy
H(p)=> p(2) N
. p(z)

Definition 23 (Bethe entropy). For ({1}, {tta}) € £ define

n

H(pp 2> H(pa) — > (di—1)H(w),  di = |0il.

acl i=1
Remark 24. On a tree, H(u)p equals the true entropy of the unique joint distribution consistent
with (u, te). On loopy graphs, H(u)p is an approximation and may fail to be concave.

7.8.3 Bethe free energy
Definition 25 (Bethe free energy). For (u;, j1q) € L define the Bethe free energy

G(u) = Z Zua(Zaa) Eo(200) —  H(p)s

acF zpa Bethe entropy

TV
average energy

What we are doing conceptually. Compare Theorem 22 to Gg:
e We replace the true entropy H(v) by H(u)g, which depends only on local beliefs.
e We relax the feasible set from the marginal polytope M to the local polytope L.

This yields a tractable (but generally non-convex) variational problem.

7.8.4 Bethe is exact on trees

Theorem 26 (Exactness of Bethe on trees). Assume the factor graph is a tree. Then:

1. L= M (already proved in Lemma 1}4).
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2. For every (wi, ltq) € L, the reconstructed joint fi from (7.6) satisfies

n

=" H(pa) ~ > (di — DH(u) = H()g.

acF =1
3. Consequently,

~InZ= min G)= min Gpu),
= i O = i G

and the minimizer corresponds to the true marginals of L.

Proof. We already proved £ = M for trees, so it remains to prove the entropy identity.

Step 1: express [ in logarithms. From (7.6),

In fi(z Z In p14(x54) Z(d’ — 1) In g (z;).

a€F i=1

Step 2: take expectation under . Using H (i) = —IE,; [ln a(X)], we get

_Zﬂ (Z In pg(zo4) — (d —1) lnﬂz(x2)>

acF i=1
d -1 Z,u )In pi(x

:_Z ZM lnﬂa waa)

acF z

||M:

Step 3: rewrite the sums using marginals. Because i has factor marginals u, and node
marginals u; (from the reconstruction proof),

Zu )0 p1a(290) =D pta(z00) I fta(200),

Zda

Zﬁ( In g (x;) Zul zi) In i ().
X

Therefore,

>N ptalzoa) I pralz0a) + Y (di — 1) > pilz) In pi(z),
i=1 Zi

acF Zda

which is exactly
n

H(i) =" H(pa) — > _(d;i — 1)H(ps) = H(1)s.

a€F i=1

Step 4: conclude the variational statements. On a tree, minimizing Gg over £ = M is the
same as minimizing the exact free energy G(v) over v, so the minimum equals — In Z by Theorem 22,
and the minimizer yields the true marginals. O

7.9 BP and Bethe: fixed points vs. stationary points

This is the key conceptual result for the second lecture: loopy BP is not arbitrary; it is attempting
to optimize a variational objective. Specifically, BP fixed points coincide with stationary points of
the Bethe free energy (under mild positivity assumptions).
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7.9.1 BP messages and induced beliefs
Recall the (sum-product) BP updates on a factor graph:

Misa(wi) o< [ Moilas), (7.13)
bedi\a

ma—)z xz Z fa fEaa H m]—m 55] (714)
Zoa\i ]Gaa\z

At a fixed point of these updates, we define the corresponding beliefs

pi(wi) o [ ritasi(aa), (7.15)
a€di

Ma(xaa) X fa(xaa) H mi—m(l‘i)- (716)
1€0a

It is a good exercise (and an important sanity check) to verify that these beliefs satisfy local
consistency:
Z ta(Toa) = pi(x;) after normalization.

Zoa\i

Thus BP fixed points naturally produce points in L.
Indeed, if we normalize

1
H mb—)z xz /La(waa) = 7fa(x8a) H mjﬁa(xj)a
" beoi a j€E€Da
then pu;, i, are nonnegative and have unit mass by construction. For local consistency,
Z Ha(x(?a) X mi%a(fi) Z fa(xaa) H mjﬁa(vrj)
Loa\i Zoa\i jeaa\i

o Miya (i) 1ai(x5) o< [ [ riromi (i) o< pilas),
beoi

where we used (7.14) and (7.13). After normalization this gives
BP-induced beliefs lie in L.

Toa\i “a(xaa) = Mi(xz‘), so the

7.9.2 Factor Graphs without Cycles

If the factor graph does not have any cycles, then inference and analysis are both greatly simplified.
In particular, the sum-product algorithm (SPA), which is also called belief propagation (BP), can
be used to efficiently compute the factor marginals {pge}acr and {p;}icy. In this subsection we
also allow optional unary factors f;(x;); in the earlier notation this is the special case f; = 1.

The message-passing update rules of the SPA are given by

WOV @) o i) T @)

bedj\a

“Zfa(iaa)(sxj,x H Ngﬂa(xi)v

Ty, i1€da\j

(7.17)

along with the normalization conditions ) . /Ly_)m( )=1and > ualj( ) = 1. The symbol

dz;, denotes the Kronecker delta function and equals 1 if z; = z and 0 otherwise. The algorithm is
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typically initialized to /é o) o< fj(x). If the factor graph does not have cycles, then this iteration

converges to a fixed point after a finite number of steps and we denote the fixed point messages by
fin—;(w) and pj_,, (). In this case, the factor marginals are given by

OC f7« H :ub—n

bedi (7.18)

N(’)a(i&z) X fa(%a) H M;,k—m(xl)
i€0a

Another consequence of the factor graph not having cycles is that the joint distribution p can
be written as a function of the factor marginals. This is especially convenient given that these
marginals are easily computed with the SPA. The following lemma makes this precise.

Lemma 27. Consider a factor graph without cycles. Let A be any subset of factor nodes whose
induced subgraph is connected and define

0A £ | ] da,
acA

the set of variable nodes adjacent to A. Then, the marginal puga can be written as

Hoa l'aa
1oA(Zoa) i (24)
Proof. The proof is by induction on |A|. If |A| = 1, then let b denote the single factor node in A
and observe that the base case

pon(Zap) = <1m> (H pi (7 ) = pav(Zap)

1€0b

holds trivially. The subgraph, S(A), induced by A is a tree because it is a connected subgraph
of a cycle free graph. If |A| > 1, then choose b € A to be any factor node with |0b| > 2 that is
adjacent to a leaf variable node. Such a b exists because S(A) is a tree and |A| > 1. Since S(A) is
a tree, there is a unique variable node k € 0b that is in both 9b and 9(A\b). In this case, S(A\b) is
connected and |A\b| = |A| —1. Therefore, we can apply the induction hypothesis to get the formula
for p19(4\p)- Since zy separates 9(A\b) and 9b in the factor graph, conditional independence implies

HoA(Zoa) = to(avs) (Zaca\s)) Hov\k (Zap\ ki {k} [ Tk)

pon(Zap)

= '1: ()

Ha(ap) (Za(are)) pi (k)
H Hoa x(’)a) H :u iL‘ w
acA\b Hzeaa (i) i€0(A\b) )

. Maaxaa T 1’ 1
(It ) (M) I o)

wia LLicoa Hi(@ icob icO(A\b)

Hoa J}aa T
(It ) (I e )

where the last equality holds because 9(A\b)Ndb = {k} implies that the second and third products
have an extra factor of ug(xy) that cancels the 1/uy(xy) term. O
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Remark 28. Choosing A = F in the above lemma shows that the formula holds for any tree factor
graph. Likewise, it is easy to verify that conditional independence implies the formula also holds
for any factor graph without cycles (i.e., consisting of disjoint tree components).

Lemma 29. For a factor graph without cycles, the entropy of u can be written in terms of the

factor marginals as
w) =Y H(poa) — Y (10i] = 1)H () (7.19)
acF eV

and the free energy can be written as

7 = 3|3 pan(wan) 0 5|+ 3

acF Tog (:E@a) eV

— H(p). 7.20
2 mila) m] (). (120)
Proof. Using the form of p(z) given by Lemma 27, one can directly compute the entropy with

Hp)= 3 pla)n——

o p(z)

_ ) In M e
3 viom| (I 255 ) (v )|
=- ) ) [Z In proa(29,) — (101 = 1) lnﬂi(a%)]

TxEAX™ aclF eV
=Y 3 pa) s = 301 = 1) 3 )
acF zeXn (Z4 eV zEAT i\ Tq
=" H(uga) — >_(10i] = 1)H (113).
ack =%

The second result follows from Theorem 22, which gives G(u) = —In Z, together with the definition
G(v) =E,[E(X)] - H(v). O

7.9.3 Factor Graphs with Cycles

For factor graphs with cycles, there is no guarantee that the SPA will converge or give useful results.
Still, one can use equations that are exact for factor graphs without cycles as approximations
for arbitrary factor graphs and hope for the best. This approach is sometimes called the Bethe
formalism. Roughly speaking, the idea is to identify fixed points of the SPA and, at each fixed
point, use (7.18) and Lemma 27 to estimate p(z). Under various conditions, this can give good
results. For example, if the SPA has a unique fixed point and the factor graph has large girth, then
the marginal of any node is essentially determined by its tree-like neighborhood on which the SPA
is exact.

Consider a set of variable node beliefs b £ {b; : X — [0,1]},.,, and factor node beliefs b &

{l;a . x19al 10, 1]} - satisfying the marginal consistency constraints
ac
Y balzaa) = bilzi),
Zja\i

for all (i,a) € E and x; € X. The set of all (b,b) pairs satisfying these conditions is called the
marginal polytope associated with the factor graph and denoted by M. A set of factor node beliefs
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b is called consistent if there is a b such that (b, 13) € M and the set of all such beliefs is denoted
by M. For any b € M’, the Bethe entropy is defined to be

Hp(b) £ Z Zi)a(&aa)ln : ) Z(|8Z| -1 Zbi(mi)ln bi(ll’i)?

a€F zy, ba (gaa eV T

where we note that the b;’s can be computed from the by’s. Basically, this formula treats the beliefs
as marginals and applies the entropy formula (7.19) for a factor graph without cycles. This extends
the domain of the entropy formula in (7.19) from factor graphs without cycles to general factor
graphs.

Likewise, one can extend the free energy formula in (7.20) from factor graphs without cycles to
general factor graphs. This results in the Bethe free energy formula

. . 1 1 -
Fp(d) =) ba(zp,)In D +) 0 bi(a)In ) Hp(b). (7.21)

acF Z5, i€V x;

Reasoning by analogy from the variational Gibbs free energy, one might hope that minimizing this
function over all consistent beliefs will lead to a set of beliefs that approximates well the marginals
oa- Hence, we define

b* = arg min Fp(b)
beM’
and note that Fp(b*) is known as the Bethe estimate of —In Z because min,epxny G(v) = —In Z.
This leads us to the question, “How hard is minimizing the Bethe free energy?”. In the next section,
we will see that this question is intimately connected to the SPA.

Remark 30. The negation of the Bethe free energy is called the Bethe free entropy and can similarly
be maximized. An easy way to remember the difference is to recall that physical processes tend to
minimize energy and maximize entropy.

7.9.4 A constrained optimization problem

Consider the Bethe variational problem

min G . 7.22
(pipa) EL B(4) ( )

Because L is a polytope, this is a finite-dimensional constrained optimization problem, but it is
typically non-convex (due to the Bethe entropy).

7.9.5 Main theorem

Theorem 31 (Bethe stationary points <= BP fixed points). Assume all factors are strictly posi-
tive: fo(xgq) > 0 for alla € F and all zp,. Let (ui, p1q) € L be a point with full support (all entries
positive). Then (u;, pa) s a stationary point of (7.22) if and only if there exist positive messages
{misa}, {Ma—i} satisfying the BP fized-point equations (7.13)—(7.14) such that the beliefs induced
by (7.15)—(7.16) equal (u;, pa) (after normalization).

Proof. We give a complete Lagrangian derivation.
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Step 1: write the constrained Lagrangian. The constraints defining £ are:

Z“Z (r;)=1, Vi (7.23)

Z ta(zoa) =1,  Va, (7.24)
Toa

> ta(woa) = pilzi),  Va, Vi € da, Va. (7.25)
Toa\i

Introduce multipliers:
n; € R for (7.23), 1n4 € R for (7.24), Ag—i(z;) € R for (7.25).

Define the Lagrangian (dropping nonnegativity since we assume interior point):

L{1m. A) éGB<u>+Zni(Zuz-<xi> - 1) +Zna(zﬂa (z00) = 1)

Toa

5SS hila) (Y alwon) — )

a i€0a T; Toa\i

Step 2: take derivatives w.r.t. u, and p;. We need the derivatives of entropies. For a
distribution p, H(p) = — >, p(2)In p(z), hence

(Zp )In p(z )zlnp(z)—l—l.

ooy~ H )

Therefore, differentiating £ yields:
Derivative w.r.t. j1qa(Toq):

oL
0= ———=F.(xaq) + (Inpo(zss) + 1) +ng + Aa—i(T;). 7.26
e = Eolrn) (B +1) 4+ 3 ) (7.26)
Derivative w.r.t. pi(z;): Note that Gg contains —(—(d;—1)H (1)) = +(di—1) >_,, pi(zi) In pi (),
S0

oL
O=+——=(d—1 lnle—i—l —|—Z E Aa—i(Ti). 7.27
8/%(1'1) ( )( g ( ! a€cdi - ( )

Step 3: solve the stationary equations into a multiplicative form. Rearrange (7.26):
In Na(maa) =—-F, ($6a —1—=mnq— Z )\a—m 551
1€0a

Exponentiating and absorbing constants into a proportionality constant gives

Na(xaa) X G_Ea(xaa) H € “Aai(@i) fa 338(1 H ua—>z xz (728)
i€0a i€0a

where we defined wuq_;(x;) £ e~ ra—i(@i),
Similarly, rearranging (7.27) yields

lnuz(xz) =-1- d d 1 Z )\a—n xz
a€di
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o (again absorbing constants)
i () o H era—i(@i)/(di=1) (7.29)
acoi

At this point the expressions do not yet look exactly like BP. The next step is to reparameterize
the multipliers so that the exponents disappear. This is a standard degree-normalization trick.

Step 4: reparameterize multipliers into BP-style messages. Define new functions m;_,q(z;) >
0 and Mmg—i(zi) > 0 by

pi(i)

€—>\a—>i (x4) , . .
Ma—i(Ti)

(1>

Masi(Ti) 2 Ugsi(T;) = Mi—a(T4)

(Heuristically: the “incoming product” at node i will be proportional to u;, and m;_, is what
remains after removing the contribution from a.)

With this definition, (7.28) becomes exactly the BP belief form (7.16):
e marginalized

27

(see next step).

Na(xaa) X fa(lﬁa) H ma—)i(xi) and ma—m‘(xi) X
i€da

Also, by construction,

piq) o H Ma—i(3),
a€di

which matches (7.15) up to normalization.

Step 5: recover the BP update equation from local consistency. Use the local consistency

constraint (7.25):
= Z Na(xaa)-

Taa\i

Substitute the multiplicative form (7.16):

o« Y falzaa) [T mjsalay)

xaa\i jeaa
= miﬁa(xi) Z fa(fU@a) H mjﬁa(xj)'
Toa\i jeaa\i

Rearranging gives
,U”L xz
E fa fl:aa H m]—m LU]
mz—)a xz
Zoa\i ]68(1\7,

But the left-hand side is (by definition) proportional to 74—;(z;):

N 11 (3)
Mae—i (331) miﬁa(l'i) .
Thus we have derived the factor-to-variable BP equation (7.14).
Finally, from the definition m; a(zi) = pi(2:)/Ma—i(x:) and pi(x;) o< [[peq; Mo—i(Ts), we
obtain
misa(@i) o< [ (@),
bedi\a

which is exactly the variable-to-factor BP equation (7.13).
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Conclusion (stationary = BP fixed point). Starting from a stationary point of the con-
strained Bethe problem, we constructed positive messages satisfying the BP fixed-point equations.

Reverse direction (BP fixed point = stationary). Assume we have positive messages sat-
isfying the BP fixed-point equations and define beliefs by (7.15)—(7.16). These beliefs are locally
consistent and normalized, so they lie in £. Now define multipliers A\,—;(x;) = —In7hg—;(x;) and
choose 7;, 1, so that (7.26)—(7.27) hold (this is always possible because the proportionality constants
in (7.15)—(7.16) can be absorbed into 7;,1,). Thus the KKT (stationarity) conditions are satisfied,
so the beliefs correspond to a stationary point. O

Remark 32. Theorem 31 concerns stationary points, not necessarily global minima. Because Gp
can be non-convex on loopy graphs, there may be multiple BP fixed points, and the algorithm can
depend on initialization and scheduling.

7.10 Connecting the three stories: LP, Bethe, and BP

7.10.1 A unifying picture

e Exact (intractable) marginal inference:

~InZ= min E,[E(X)] - H(®).
nZ= i [E(X)] - H(v)

e Exact on trees (tractable): rewrite the same objective in local marginals because £ = M
and Bethe entropy is exact.

e Loopy graphs (approximate): replace (M, H(v)) by (£, H(p)g). Stationary points are
BP fixed points.

e LP for MAP: ignore the entropy (or take a zero-temperature limit) and minimize only the
average energy over a relaxation.

7.10.2 Zero temperature limit (optional detail)

Introduce temperature 7' > 0 (or inverse temperature § = 1/7") and define

1 - x
pp(x) = ?ﬁe BE(@),

Then the exact variational principle becomes

—; InZs = min B,[B(Y)] - ;H(u).

As  — o0, the entropy coefficient 1/ — 0, so the optimization becomes dominated by E,[E(X)].
At the level of relaxations, this is the heuristic bridge:

LP-MAP = (Bethe / variational) inference at 7' — 0.

We do not need this limit formally, but it can be useful to see that LP and Bethe are related
approximations in the same family.
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