ECEN 314: Signals and Systems

Lecture Notes 2: Transformations of the Independent Variable

Reading:
e Current: SSOW 1.2
e Next: SSOW 1.3

1 Mathematical description of signals

1.1 Definitions

x(t) = sin(4mt)
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1.2 Periodic signals

A CT signal z(t) is periodic with period T if T' is the smallest positive number such that
x(t +T) = x(t) for all t. By induction, this implies that x(t + kT) = z(t) for all integer
k and all t. Since T is smallest value that satisfies this relationship, this also implies that
x(t+ kT) # x(t) for some ¢ if k is not integer. Therefore, if a signal satisfies z(t + A) = z(t)
for all ¢, then z(t) is periodic and A is an integer multiple of its period 7. For example,
x(t) = cos(2t) satisfies x(t + 2m) = cos(2t + 47) = cos(2t) for all ¢. But, it’s period is 7 (not
27).
The following properties of periodic functions may be useful:

e Time-shifts remain periodic: x(t) periodic with period 7" implies x(t — () is periodic
with period T

e Sums of periodic functions are periodic: if z;(t) is periodic with period T and x5(t) is
periodic with period Ty, then y(t) = x1(t) + xo(t) satisfies y(t + A) = y(t) for all ¢ with
A =lem(T,T3). This implies that A is an integer multiple of the period, T', of y(t).

e Functions of periodic functions are periodic: Actually, the previous statement holds
for any function of M periodic signals with periods 11, T3, ..., Ty by choosing A =
ICI’H(Tl,TQ, Ce ;Tm)

A DT signal z(t) is periodic with period N if N is the smallest positive integer such that
xz[n + N] = z[n] for all integer n. Likewise, induction implies that x[n + kN| = z[n] for
all integer k£ and all integer n. By analogy, the properties of CT periodic signals described
above also apply to DT periodic signals.

2 Energy and Power

Let z(t) be a continuous time signal. Suppose v(t) = z(t) volts are applied across an R ohm

resistor. Then, the instantaneous current is i(t) = %v(t) amps and the instantaneous power

dissipation is p(t) = i(t)v(t) = 5x(t)> Watts. So, the total energy dissipated over the time

interval t; <t <ty is given by
to 1 to
/ p(t)dt = & / (1)t
t1 R t1

and the average power over the same interval is

1 t2 1 t2 )
tdt:—/ z(t)2dt.
tg—tl/tl p(t) R(tr—1) J,, *)

With this simple model in mind, the standard convention is to define the energy and power
of a signal as above with R = 1.
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For complex signals, one must use |x(t)|? instead of z(t)?. Also, for DT signals, the
energy over the interval n; < n < ng is given by

> lzln]at

n=ni
and the average power is

1 2

n=ni
The total energy in a signal (for CT and DT) is defined by
T

E. = lim |z (t)[? = lim Z |z[n]

T—oo _T N—oo

The average power of the whole signal (for CT and DT) is defined by

T 1 N
— i 2 _ % Z 2
Poo = lim 57 /_ ()] P = Jm SN 11 e 2ln]

Any signal with finite energy (i.e., Fs < 00) has power P, = 0 and is sometimes called an
“energy-type” signal. Any signal with 0 < P,, < oo has E,, = oo and is sometimes called a
“power-type” signal.

3(1-14) ifo<z<4
) if —4<2<0 <

otherwise

Example 1. For the above signal, what is the total energy? Integrating gives

Eoo:/ () dt = /|x ) at
2
:2/ 32<1—f> dt—18/ (1—f> dt
0 4 0 4
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Example 2. What is the energy from t =0 to t = 10 in z(t) = €**? Integrating gives

10 10 ) 10
E= / lz(t)]* dt = / /2 dt = / 1 dt = 10.
0 0 0

3 Transformation of signals in CT

Time advance x(t) Time delay
to <0 to >0
-.'\ -.'\
] ]
] ]
] ]
: : > ¢
to—2 ty tot+2 -2 0 2 to—2 to tot+2

A
Time compression
() a>1
Time expansion
a<l1
2 0 2 > 1
2 T2 2 2
a a a a
A
x(t)
Time reversal
>
-2 0 2

The are many ways of transforming a CT signal into another. For instance, we can scale
it, shift it in time, differentiate it, or perform a combination of these actions. Later in this
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course, we will introduce the idea of transforming a signal as a system. To familiarize you
with manipulating signals, in this lecture we will examine a particular type of transformation:
transformation on the independent variable of signals.

More formally, let us for now restrict ourselves to transformations of the form:

z(t) — y(t) = =(f(1))

where z(t) is the starting signal given to us, y(t) is the signal we end up with after the
transformation, and f(t) is a function of . The arrow “—” denotes the action and direction
of transformation. The function f(¢) can be any well-defined function, of course, but for the
study of ECEN 314, we will look at the class of affine functions

f&)=at+b

where a and b are arbitrary real constants such that a # 0. The resulting transformation of
x(t) into y(t) is hence called an “affine transformation on the independent variable.”

All such transformations can be decomposed into just three fundamental types of signal
transformations on the independent variable: time shift, time scaling, and time reversal.
They involve a change of the variable ¢ into something else:

e Time shift: f(t) =t — to for some t; € R.
e Time scaling: f(t) = at for some a € RT.

e Time reversal (or flip): f(t) = —t.
When applied to the signal x(t), we obtain:

e Time shift: z(t) — y(t) = z(t — ty). When the shift constant ¢, is positive, the effect
is to move the signal z(t) to the right by ¢o. In other words, each point on the signal
x(t) now falls ¢y later in time, so we call this transformation a time delay. Likewise,
when it is negative, we call it a time advance.

e Time scaling: z(t) — y(t) = x(at). When the scaling factor a is greater than 1, the
effect is to “squeeze” the signal toward ¢ = 0: an arbitrary point on z(¢) located at,
say, t = t1, namely x(t1), is now moved to the point t| = ¢;/a on the resulting signal
y(t). Quick check: y(t)) = z(at}) = x(aty/a) = x(t1). Since t] is closer to the vertical
axis than t¢; is, this is called time compression. When the factor a is between 0 and 1,
we call it time expansion. At first, the correspondence of a large factor to compression
and a small factor to expansion seems counterintuitive, but the above example explains
the nomenclature.

e Time reversal: z(t) — y(t) = z(—t).

When more than one transformation is applied to a signal, one must be careful about
the order in which it is done. The following example illustrates this.

We are given the signal x(t), and let us transform it to z(—2t + 6). We need to use all
three types of transformations (a shift, a scale, and a flip), but what in what order shall we
do them? How do we do it? The following guide explains:



e We can do the transformations in any order. However, the amount and direction of
the shift depends on whether it is performed before or after the reversal and the scale.

e We can think of cascaded transformations as repeated substitutions of the independent
variable ¢.

To demonstrate these principles, let us do the transformation in three different orders.

A 2
o (1) dvance by 6 z(t + 6) —>Reverse x(—t+6) Compress by 2 x(—2t +6)
2 A
o op) SOMPIOSS DY 2 oy Advance by 3. o4 3)) = w(2t + 6) RS Loy 4
6) = z(—2t + 6)

Compress by 2

Delay b
) Reverse, 2(—t) M 2(—(

o u(t t—6)) =x(—t+06) x(—2t + 6)

We observe the following:
e We need to use the same operations: a time reversal, a time shift, and a time scaling.

e The operations are generally not commutative; switching the order may change the
result. However, scaling and reversal are commutative operations.

e The time scale is always a compression by 2 (it is never an expansion).
e The time shift, on the other hand, depends on its order relative to the other operations:

— If it is after compression, then it is a shift by 3, otherwise it is by 6.

— If it is after time reversal, then it is a delay, otherwise it is an advance.

Because of the subtlety with the time shift, you may want to adopt a consistent order
that you use whenever you encounter these problems. However, you should be able to do it
in any order. Of course, you can always double-check your solution by plugging in the values
of t.

Let us show that the operations are generally not commutative; switching the order may
change the result. If we do the first series of transformations (advance, reverse, compress)
in the opposite order, we get:

Compress by 2 Advance by 6

(1) s o(26) BEVETSC 0 _4)) = (=21
The final result from this series of transformations is not the same as before.

A common mistake when considering independent variable transformations is to mis-
interpret the English description, leading to incorrect final results. For instance, the first
series of transformations in this example has an advance followed by a time reversal and a
compression. When told to perform this sequence in English words on z(¢) and to say what

x(—2(t46)) = z(—2t—12)



is the dot for z(-) at each stage, some students mistakenly implement those words as (quotes
indicate what they think the transformation is):

Advance by 6

Reverse Compress by 2
__—_é N

()

The incorrect version applies transformations to the entire argument of the function z(-),
which results in the signal that would come from reversing the order of the transformations
as shown earlier, whereas the correct version replaces the independent variable ¢ by some
function of ¢.

z(t +6) z(—(t+6)) z(2(—(t+6)))

\
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4 Transformation of signals in DT

Transformations in discrete time are analogous to those in continuous time. However, there
are a few subtle points to consider. For instance, can we time shift z[n] by a non-integer
delay, say to xz[n — 1/2]7 If we compress the signal xz[n] to z[2n]|, do we lose half the
information stored? Finally, if we expand z[n| to x[n/2], how do we “fill in the blanks?”
These are some interesting questions to think about, and we will examine them further when
we study sampling. It turns out that one useful method of executing a non-integer delay is
by interpolating the DT samples (“connecting the dots”) into a CT signal, shifting the CT
signal, then resampling to get the final shifted DT signal. A similar trick can be used for
DT expansion. We will discuss the actual methods of interpolation later.

For now, we will only consider time shifting y[n] = x[n —ng] with integer ng, time scaling
y[n] = z[an] for positive integer a, and time reversal y[n] = x[—n].



