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Chapter 1
Logic and Set Theory

To criticize mathematics for its abstraction is to miss the point entirely.
Abstraction is what makes mathematics work. If you concentrate too
closely on too limited an application of a mathematical idea, you rob
the mathematician of his most important tools: analogy, generality, and

simplicity.

— lan Stewart

Does God play dice? The mathematics of chaos

In mathematics, a proof is a demonstration that, assuming certain axioms, some
statement is necessarily true. That is, a proof is a logical argument, not an empir-
ical one. One must demonstrate that a proposition is true in all cases before it is
considered a theorem of mathematics. An unproven proposition for which there is
some sort of empirical evidence is known as a conjecture. Mathematical logic is
the framework upon which rigorous proofs are built. It is the study of the principles
and criteria of valid inference and demonstrations.

Logicians have analyzed set theory in great details, formulating a collection of
axioms that affords a broad enough and strong enough foundation to mathematical
reasoning. The standard form of axiomatic set theory is the Zermelo-Fraenkel set
theory, together with the axiom of choice. Each of the axioms included in this the-
ory expresses a property of sets that is widely accepted by mathematicians. It is
unfortunately true that careless use of set theory can lead to contradictions. Avoid-
ing such contradictions was one of the original motivations for the axiomatization

of set theory.
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A rigorous analysis of set theory belongs to the foundations of mathematics and
mathematical logic. The study of these topics is, in itself, a formidable task. For
our purposes, it will suffice to approach basic logical concepts informally. That is,
we adopt a naive point of view regarding set theory and assume that the meaning of
a set as a collection of objects is intuitively clear. While informal logic is not itself
rigorous, it provides the underpinning for rigorous proofs. The rules we follow
in dealing with sets are derived from established axioms. At some point of your
academic career, you may wish to study set theory and logic in greater detail. Our
main purpose here is to learn how to state mathematical results clearly and how to

prove them.

1.1 Statements

A proof in mathematics demonstrates the truth of certain statement. It is therefore
natural to begin with a brief discussion of statements. A statement, or proposition,
is the content of an assertion. It is either true or false, but cannot be both true and
false at the same time. For example, the expression “There are no classes at Texas
A&M University today” is a statement since it is either true or false. The expression
“Do not cheat and do not tolerate those who do” is not a statement. Note that an
expression being a statement does not depend on whether we personally can verify
its validity. The expression “The base of the natural logarithm, denoted e, is an

irrational number” is a statement that most of us cannot prove.

Statements on their own are fairly uninteresting. What brings value to logic is
the fact that there are a number of ways to form new statements from old ones.
In this section, we present five ways to form new statements from old ones. They
correspond to the English expressions: and; or; not; if, then; if and only if. In the

discussion below, P and () represent two abstract statements.

A logical conjunction is an operation on two logical propositions that produces
a value of true if both statements are true, and is false otherwise. The conjunction
(or logical AND) of P and ), denoted by P A @), is precisely defined by



1.1. STATEMENTS

Mo o3 3|

T 10

o™ 13>

Similarly, a logical disjunction is an operator on two logical propositions that

is true if either statements is true or both are true, and is false otherwise. The
disjunction (or logical OR) of P and (), denoted P V @, is defined by

PlQlPVvQ
TIT| T
T F| T
F[T| T
F|F| F

In mathematics, a negation is an operator on the logical value of a proposition

that sends true to false and false to true. The negation (or logical NOT) of P,

denoted — P, is given by

P | =P
T| F
F| T

The next method of combining mathematical statements is slightly more subtle

than the preceding ones. It is connected to the notion of logical implication. The

conditional from P to (), denoted P — (), is mathematically true if it is not the

case that P is true and () is false. The precise definition of P — () is given in the

truth table

P—=Q

sl SIS R R ey

o B s I H )

H 3 0 3]

This table should match your intuition when P is true. When P is false, students

often think the resulting truth value should be undefined. Although it may seem
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strange at first glance, this truth table is universally accepted by mathematicians.
To motivate this definition, one can think of P — () as a promise that () is true
whenever P is true. When P is false, the promise is kept by default. This defini-
tion allows one to combine many statements together and detect broken promises
without being distracted by uninformative statements.

Logicians draw a firm distinction between the conditional connective and the
implication relation. They use the phrase “if P then ) for the conditional con-
nective and the phrase “P implies () for the implication relation. They explain
the difference between these two forms by saying that the conditional is the con-
templated relation, while the implication is the asserted relation. We will discuss
this distinction in the Section[I.2] where we formally study relations between state-
ments. The importance and soundness of the conditional form P — () will become
clearer then.

The logical biconditional is an operator connecting two logical propositions
that is true if the statements are both true or both false, and it is false otherwise.
The biconditional from P to (), denoted P <> @, is precisely defined by

PlQ|P+Q
T|T T
T | F F
F|T F
F | F T

We read P <> @ as “P if and only if ().” The phrase “if and only if” is often
abbreviated as “iff”.

Using the five basic operations defined above, it is possible to form more com-
plicated compound statements. We sometimes need parentheses to avoid ambiguity
in writing compound statements. We use the convention that — takes precedence
over the other four operations, but none of these operations takes precedence over
the others. For example, let P, () and R be three propositions. We wish to make a

truth table for the following statement,
(P— R)AN(QV —R). (1.1

We can form the true table for this statement, using simple steps, as follows
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PIQ[R[(P = R A (Q vV -R)
T, T, T|] T T T T T T F
T T|F| T F F F T T T
T F|T| T T T F F F F
T F|F| T F F F F T T
F|T|T|F T T T T T F
F|, T/ F|F T F T T T T
F/ F| T  F T T F F F F
F/\F/F| F T F T F T T

1 5 2 7 3 6 4

We conclude this section with a brief mention of two important concepts. A
tautology is a statement that is true in every valuation of its propositional variables,
independent of the truth values assigned to these variables. The proverbial tautology
is PV P,

PP Vv =P
T|T T F
FIF T T

1 3 2

For instance, the statement “The Aggies won their last football game or the Ag-
gies did not win their last football game” is true regardless of whether the Aggies
actually defeated their latest opponent.

The negation of a tautology is a contradiction, a statement that is necessarily
false regardless of the truth values of its propositional variables. The statement

P A =P is a contradiction, and its truth table is

PP AN P
T|T F F
FIF F T

1 3 2

Of course, most statement we encounter are neither tautologies nor contradic-
tions. For example, ((1.1) is not necessarily either true or false. Its truth value

depends on the values of P, () and R. Try to see whether the statement
(PAQ)—= R) = (P = (Q—R))

is a tautology, a contradiction, or neither.
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1.2 Relations between Statements

Strictly speaking, relations between statements are not formal statements them-
selves. They are meta-statements about some propositions. We study two types
of relations between statements, implication and equivalence. An example of an
implication meta-statement is the observation that “if the statement ‘Robert gradu-
ated from Texas A&M University’ is true, then it implies that the statement ‘Robert
is an Aggie’ is also true.” Another example of a meta-statement is “the statement
‘Fred is an Aggie and Fred is honest’ being true is equivalent to the statement ‘Fred
is honest and Fred is an Aggie’ being true.” These two examples illustrate how
meta-statements describe the relationship between statements. It is also instruc-
tive to note that implications and equivalences are the meta-statement analogs of
conditionals and biconditionals.

A logical implication can be intuitively described as P implies () if () must be
true whenever P is true. That is, () cannot be false if P is true. Necessity is the
key aspect of this sentence, the fact that P and () both happen to be true cannot
be coincidental. To have P implies (), we need the conditional P — () to be true
under all possible circumstances.

The notion of implication can be rigorously defined as follows, P implies () if
the statement P — () is a tautology. We abbreviate PP implies () by writing P = ().
It is important to understand the difference between “P — ()” and “P = ().” The
former, P — (), is a compound statement that may or may not be true. On the
other hand, P = () is a relation stating that the compound statement P — () is
true under all instances of P and ().

While the distinction between implication and conditional may seem extrane-
ous, we will soon see that meta-statements become extremely useful in building
valid arguments. In particular, the following implications are used extensively in

constructing proofs.

Fact 1.2.1. Let P, ), R and S be statements.
1. (P=>Q)ANP=Q.
2. (P—=Q)N-Q = —-P.

3. PNQ = P.



1.2. RELATIONS BETWEEN STATEMENTS 7
4. (PVQ)A-P = Q.
5. PoQ=P Q.
6. (P—Q)A(Q— P)= P — Q.
7. (P>QAQ—R)=P>R
8 (P=Q)A(R— S)A(PVR)=QVS.

As an illustrative example, we show that (P — Q) A (@) — R) implies P — R.

To demonstrate this assertion, we need to show that
(P=Q) AN(Q—R) = (P—R) (1.2)

is a tautology. This is accomplished in the truth table below

PIQIRI (P = @ AN (@ = R) = (P — R
Tty T T T T T T T T T T T
T, T\F) T T T F T F F T T F F
T/ FpyT| T F F F F T T T T T T
T\ F/F| T F F F F T F T T F F
F|T|T F T T T T T T T F T T
F|T|F| F T T F T F F T F T F
F/F|T | F T F T F T T T F T T
F/F|F|  F T F T F T F T F T F

1 7 2 10 3 8 4 11 5 9 6

Column 11 has the truth values for statement (I1.2). Since (I.2)) is true under all
circumstances, it is a tautology and the implication holds. Showing that the other
relations are valid is left to the reader as an exercise.

Reversing the arrow in a conditional statement gives the converse of that state-
ment. For example, the statement () — P is the converse of P — (. This reversal
may not preserve the truth of the statement though and therefore logical implica-
tions are not always reversible. For instance, although (P — Q)A(Q — R) implies
P — R, the converse is not always true. It can easily be seen from columns 9 & 10
above that

(P—R) = (P = Q)N (Q—R))



CHAPTER 1. LOGIC AND SET THEORY

is not a tautology. That is, P — R certainly does not imply (P — Q) A (Q — R).

A logical implication that is reversible is called a logical equivalence. More

precisely, P is equivalent to () if the statement P <+ () is a tautology. We denote the

sentence “P is equivalent to ()" by simply writing “P < ().” The meta-statement
P & @ holds if and only if P = () and () = P are both true. Being able to recog-

nize that two statements are equivalent will become handy. It is sometime possible

to demonstrate a result by finding an alternative, equivalent form of the statement

that is easier to prove than the original form. A list of important equivalences ap-

pears below.

Fact 1.2.2. Let P, () and R be statements.

1.

2.

10.

11.

12.

—~(—P) & P.

PVQ&QVP.

PAQ = QAP.
(PVQ)VR< PV (QVR).
(PAQ)AR& PA(QAR)
PA(QVR)< (PAQ)V(PAR).
PV(QAR) < (PVQ)A(PVR).
P—Q&-PVQ.

P — Q < —Q — P (Contrapositive).
P& Qe (P—=Q)N(Q—P)
~(P A Q) < =PV =Q (De Morgan’s Law).

—(PV Q) < P A—Q (De Morgan’s Law).

The first equivalence in this list, =(—P) < P, may appear trivial. However,

from the point of view of constructing mathematical proofs, this equivalence is

frequently employed. Indeed, one method to prove that statement P is true is to

hypothesize that = P is true and then derive a contradiction. It then follows that =P
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is false, which implies that P is true. This popular technique is called proof by
contradiction. It is illustrated below through a classic example.

Given a conditional statement of the form P — (), we call =) — —P the
contrapositive of the original statement. The equivalence P — () < —Q — —P

is also used extensively in constructing mathematical proofs.

1.2.1 Fallacious Arguments

A fallacy is a component of an argument that is demonstrably flawed in its logic
or form, thus rendering the argument invalid. Recognizing fallacies in mathemat-
ical proofs may be difficult since arguments are often structured using convoluted
patterns that obscure the logical connections between assertions. We give below
examples for three types of fallacies that are often found in attempted mathematical

proofs.

Affirming the Consequent: If the Indian cricket team wins a test match, then all
the players will drink tea together. All the players drank tea together. Therefore the

Indian cricket team won a test match.

Denying the Antecedent: If Diego Maradona drinks coffee, then he will be fid-
gety. Diego Maradona did not drink coffee. Therefore, he is not fidgety.

Unwarranted Assumptions: If Yao Ming gets close to the basket, then he scores

a lot of points. Therefore, Yao Ming scores a lot of points.

1.2.2 Quantifiers

Quantifiers are of paramount importance in rigorous proofs. They are employed to
make statements about collections of elements. Universal quantification is used to
formalize the notion that a statement is true for all possible values of a collection.
The universal quantifier is typically denoted by V and it is informally read “for
all.” Let U be a specific collection of elements, and let P(z) be a statement that
applies to z. Then the statement Va € U, P(z) is true if P(x) is true for all values
of x in U. The other type of quantifier often encountered in mathematical proofs is
the existential quantifier, denoted 3. The statement 3z € U, P(z) is true if P(z)
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is true for at least one value of x in U. Based on the meanings of the quantifiers, we

have the following equivalences

- (Vx e U)P(z)) < (Jz € U) (-P(x))
- ((3z € U)P(z)) & (Ve e U) (—-P(x)).

In mathematics, a free variable is a notation for a place or places in an expres-
sion into which some definite substitution may take place, or with respect to which
some operation (e.g. quantification) may take place. A bound variable is a variable

for which we have no ability to choose the value.

1.3 Strategies for Proofs

The relation between intuition and formal rigor is not a trivial matter. Intuition
tells us what is important, what might be true, and what mathematical tools may
be used to prove it. Rigorous proofs are used to verify that a given statement that
appears intuitively true is indeed true. Ultimately, a mathematical proof is a con-
vincing argument that starts from some premises, and logically deduces the desired
conclusion. Most proofs do not mention the logical rules of inference used in the
derivation. Rather, they focus on the mathematical justification of each step, leaving
to the reader the task of filling the logical gaps. The mathematics is the major issue.
Yet, it is essential that you understand the underlying logic behind the derivation as
to not get confused while reading or writing a proof.

True statements in mathematics have different names. They can be called the-
orems, propositions, lemmas, corollaries and exercises. A theorem is a statement
that can be proved on the basis of explicitly stated or previously agreed assump-
tions. A proposition is a statement not associated with any particular theorem; this
term sometimes connotes a statement with a simple proof. A lemma is a proven
proposition which is used as a stepping stone to a larger result rather than an inde-
pendent statement in itself. A corollary is a mathematical statement which follows
easily from a previously proven statement, typically a mathematical theorem. The
distinction between these names and their definitions is somewhat arbitrary. Ulti-
mately, they are all synonymous to a true statement.

A proof should be written in grammatically correct English. Complete sen-

tences should be used, with full punctuation. In particular, every sentence should
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end with a period, even if the sentence ends in a displayed equation. Mathemati-
cal formulas and symbols are parts of sentences, and are treated no differently than
words. One way to learn to construct proofs is to read a lot of well written proofs, to
write progressively more difficult proofs, and to get detailed feedback on the proofs

you write.

Direct Proof: The simplest form of proof for a statement of the form P — @) is
the direct proof. First assume that P is true. Produce a series of steps, each one
following from the previous ones, that eventually leads to conclusion (). It warrants
the name “direct proof” only to distinguish it from other, more intricate, methods

of proof.

Proof by Contrapositive: A proof by contrapositive takes advantage of the math-
ematical equivalence P — ) < —() — —P. That is, a proof by contrapositive
begins by assuming that () is false (i.e., —() is true). It then produces a series of
direct implications leading to the conclusion that P is false (i.e., =P is true). It

follows that () cannot be false when P is true, so P — Q).

Proof by Contradiction: A proof by contradiction is based on the mathematical
equivalence =(P — @) < P A —=Q. In a proof by contradiction, one starts by
assuming that both P and —() are true. Then, a series of direct implications are

given that lead to a logical contradiction. Hence, PA—() cannot be true and P — Q).

Example 1.3.1. We wish to show that V2 is an irrational number:

First, assume that \/2 is a rational number. This assumption implies that there
exist integers p and q with ¢ # 0 such that p/q = V2. In fact, we can further assume
that the fraction p/q is irreducible. That is, p and q are coprime integers (they have
no common factor greater than 1). From p/q = V2, it follows that p = \/§q, and so
p? = 2¢>. Thus p* is an even number, which implies that p itself is even (only even
numbers have even squares). Because p is even, there exists an integer r satisfying
p = 2r. We then obtain the equation (2r)? = 2q°, which is equivalent to 2r* = ¢
after simplification. Because 21 is even, it follows that ¢° is even, which means that
q is also even. We conclude that p and q are both even. This contradicts the fact
that p/q is irreducible. Hence, the initial assumption that V2 is a rational number

must be false. That is to say, \/2 is irrational.
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Example 1.3.2. Consider the following statement, which is related to Example|l.3.1]
“If \/2 is rational, then it can be expressed as an irreducible fraction.” The contra-
positive of this statement is “If /2 cannot be expressed as an irreducible fraction,
then it is not rational.” Above, we proved that V2 cannot be expressed as an irre-

ducible fraction and therefore \/2 is not a rational number:

1.4 Set Theory

Set theory is generally considered to be the foundation of all modern mathematics.
This means that most mathematical objects (numbers, relations, functions, etc.)
are defined in terms of sets. Unfortunately for engineers, set theory is not quite
as simple as it seems. It turns out that simple approaches to set theory include
paradoxes (e.g., statements which are both true and false). These paradoxes can
be resolved by putting set theory in a firm axiomatic framework, but that exercise
is rather unproductive for engineers. Instead, we adopt what is called naive set
theory which rigorously defines the operations of set theory without worrying about
possible contradictions. This approach is sufficient for most of mathematics and
also acts as a stepping-stone to more formal treatments.

A set is any collection of objects, mathematical or otherwise. For example, we
can think of the set of all books published in 2007. The objects in a set are referred
to as elements or members of the set. The logical statement “a is a member of the

set A” is written

a€ A.

Likewise, its logical negation “a is not a member of the set A” is written a ¢ A.
Therefore, exactly one of these two statements is true.

One may present a set by listing its elements. For example, A = {a,e,7,0,u} is
the set of standard English vowels. It is important to note that the order elements are
presented is irrelevant and the set {, 0, u, a, e} is the same as A. Likewise, repeated
elements have no effect and the set {a, e, i, 0, u, e, 0} is the same as A. A singleton
set is a set containing exactly one element such as {a}.

There are a number of standard sets worth mentioning: the integers Z, the real
numbers R, and the complex numbers C. It is possible to construct these sets in a

rigorous manner, but instead we will assume their meaning is intuitively clear. New
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sets can be defined in terms of old sets using set-builder notation. Let P(x) be a
logical statement about objects x in the set X, then the “set of elements in X such
that P(x) is true” is denoted by

{z € X|P(x)}.
For example, the set of even integers is given by
{z € Z|“ziseven”} = {...,—4,-2,0,2,4,...}.

If no element x € X satisfies the condition, then the result is the empty set which
is denoted (). Using set-builder notation, we can also recreate the natural numbers
N and the rational numbers Q with

N={neZn>1}

Q={¢eRlg=a/bjacZ,be N}

The following standard notation is used for interval subsets of the real numbers:

Open interval: (a,b) = {r € Rla < x < b}
Closed interval: [a,b] £ {z € Rla <z < b}
Half-open intervals: (a,b] £ {x € Rla < z < b}
[a,b) £ {r € Rla <z < b}
Example 1.4.1 (Russell’s Paradox). Let R be the set of all sets that do not contain
themselves or R = {S|S ¢ S}. The paradox arises from the fact that the definition
implies the logical contradiction R € R < R ¢ R. Axiomatic set theory eliminates

this paradox by disallowing self-referencing constructions like this.
There are also some standard relations defined between any two sets A, B.

Definition 1.4.2. We say that A equals B (denoted A = B) if, for all x, x € A iff
x € B. This means that

A=B&eVr((xeA) < (xeB)).

Definition 1.4.3. We say that A is a subset of B (denoted A C B) if, for all z,
x € Aimplies v € B. This means that

ACBeVr((xreA) — (xe€B)).

It is a proper subset (denoted A C B)if A C Band A # B.
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There are also a number of operations between sets. Let A, B be any two sets.

Definition 1.4.4. The union of A and B (denoted A U B) is the set of elements in
either A or B. This means that AU B = {x € A or x € B} is also defined by

re AUB & (x e A)V (z € B).

Definition 1.4.5. The intersection of A and B (denoted AN B) is the set of elements
in both A and B. This means that AN B = {x € A|x € B} is also defined by

re ANB & (x € A) A (z € B).

Two sets are said to be disjoint if AN B = (.

Definition 1.4.6. The set difference between A and B (denoted A — B or A\ B) is

the set of elements in A but not in B This means that
re€A-B& (reA)N(x ¢ B).

If there is some implied universal set U, then the complement (denoted A°) is de-
fined by A=U — A

One can apply De Morgan’s Law in set theory to verify that

(AUB) = A°N B¢
(AN B) = A°U B¢,

which allows us to interchange union or intersection with set difference.
We can also form the union or the intersection of arbitrarily many sets. This is

defined in a straightforward way,

USQ = {z|z € S, for some a € I}

acl

ﬂ So ={zlr € S, forall a € T}.

acl
It is worth noting that the definitions apply whether the index set is finite, countably
infinite, or even uncountably infinite.

Another way to build sets is by grouping elements into pairs, triples, and vectors.
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Definition 1.4.7. The Cartesian Product, denoted A x B, of two sets is the set of
ordered pairs {(a,b)la € A,b € B}. For n-tuples taken from the same set, the
notation A" denotes the n-fold product A x A x --- x A.

Example 1.4.8. If A = {a, b}, then the set of all 3-tuples from A is given by
A3 = {(a’ a'7 a)’ (a7 a’ b)’ (a7 b7 a)’ (a7 b’ b)’ (b’ a? a)? (b7 a? b)? (b’ b7 a)’ (b7 b’ b)}

The countably infinite product of X, denoted X, is the set of infinite sequences
(21, 22,3, ...) where z,, € X is arbitrary for n € N. If the sequences are restricted
to have only a finite number of non-zero terms, then the set is usually denoted X *°.

One can also formalize relationships between elements of a set. A relation ~
between elements of the set A is defined by the pairs (x,y) € A x A for which
the relation holds. Specifically, the relation is defined by the subset of ordered pairs
E C A x A where the relation a ~ b holds; so x ~ y if and only if (z,y) € E. A

relation on A is said to be:
1. Reflexive if 2 ~ x holds forall x € A
2. Symmetric if x ~ y impliesy ~ x forall z,y € A
3. Transitive if x ~ y and y ~ z implies x ~ z forall x,y,z € A

A relation is called an equivalence relation if it is reflexive, symmetric, and
transitive. For example, let A be a set of people and P(z,y) be the statement “z
has the same birthday (month and day) as y.” Then, we can define ~ such that
a ~ b holds if and only if P(z,y) is true. In this case, the set £ is given by
E ={(z,y) € A x A|P(x,y)}. One can verify that this is an equivalence relation
by checking that it is reflexive, symmetric, and transitive.

One important characteristic of an equivalence relation is that it partitions the
entire set A into disjoint equivalence classes. The equivalence class associated with
a € Ais given by [a] = {x € A|z ~ a}. In the birthday example, there is a natural
equivalence class associated with each day of the year. The set of all equivalence
classes is called the quotient set and is denoted A\ ~= {[a]|a € A}.

In fact, there is a natural equivalence relation defined by any disjoint partition
of a set. For example, let A; ; be the set of people in A whose birthday was on the

j-th day of the i-th month. It follows that x ~ y if and only if there exists a unique



16 CHAPTER 1. LOGIC AND SET THEORY

pair 7, j such that z,y € A, ;. In this case, the days of year are used as equivalence

classes to define the equivalence relation.

Example 1.4.9. Consider the set N x N = {(a,b)|a,b € N} of ordered pairs of
natural numbers. If one associates the element (a, b) with the fraction a/b, then the
entire set is associated with the set of (possibly reducible) fractions. Now, consider
the equivalence relation (a,b) ~ (c,d) if ad = be. In this case, two ordered pairs
are equivalent if their associated fractions evaluate to the same real number. The

quotient set N x N\ ~ can therefore be associated with the set of reduced fractions.

1.5 Functions

In elementary mathematics, functions are typically described in terms of graphs and
formulas. The drawback of this approach is that one tends to picture only “nice”
functions. In fact, Cauchy himself published in 1821 an incorrect proof of the false
assertion that “a sequence of continuous functions that converges everywhere has a
continuous limit function.” Nowadays, every teacher warns their students that one
must be careful because the world is filled with not so “nice” functions.

The modern approach to defining functions is based on set theory. A function
f X — Y is arule that assigns a single value f(x) € Y to each element x € X.
The notation f : X — Y is used to emphasize the role of the domain X and the
codomain Y. The range of f is the subset of Y which is actually achieved by f,
{f(z) € Y|z € X}. Since the term codomain is somewhat uncommon, people
often use the term range instead of codomain either intentionally (for simplicity) or

unintentionally (due to confusion).

Definition 1.5.1. Formally, a function f : X — Y from X to Y is defined by a
subset ' C X XY such that A, = {y € Y|(z,y) € F'} has exactly one element
foreach x € X. The value of f at x € X, denoted f(x), is the unique element of

Y contained in A,.

Two functions are said to be equal if they have the same domain, codomain, and

value for all elements of the domain. A function f is called:

1. one-to-one or injective if f(z) = f(2') implies that x = 2;
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2. onto or surjective if its range { f(z)|z € X} equals Y;
3. a one-to-one correspondence or bijective if it is both one-to-one and onto.

A bijective function f : X — Y has a unique inverse function f~! : ¥ — X
such that f~!(f(x)) = x forall z € X and f(f'(y)) = y forally € Y. In fact,
any one-to-one function f : X — Y can be transformed into a bijective function
g: X — Rwith g(z) = f(z) by restricting its codomain Y to its range R.

Functions can also be applied to sets in a natural way. For a function f : X — Y
and subset A C X, the image of A under f is

f(Ay2{yeY|Tr e Ast. f(z) =y} = {f(z)|z € A}.

Using this definition, we see that the range of f is simply f(X). One benefit of
allowing functions to have set-valued images is that a set-valued inverse function

always exists. The inverse image or preimage of a subset B C Y is
f1(B) = {x € X|f(z) € B}.

For a one-to-one function f, the inverse image of any singleton set { f(z)} is the
singleton set {x}. It is worth noting that the notation f~'(B) for the preimage of B
can be somewhat misleading because, in some cases, f~!(f(A)) # A. In general, a
function gives rise to the following property, f(f~'(B)) C Band f~(f(A)) 2 A.

Example 1.5.2. Let the function [ : R — R be defined by f(x) = x°. Let A = [1, 2]
and B = f(A) = [1,4]. Then,

FUB) = fFY([1,4]) = [-2,—-1]U[1,2] D A.

Example 1.5.3. Let the function f : R — R be defined by f(x) = x> + 1. Let
B =[0,2] and A= f~Y(B) = [-1,1]. Then,

P154. Forall f : X — Y, AC X, and B CY, we have the rules:

(a) x € A= f(x) € f(A) b)ye f(A)=3Tx e Ast f(z)=y
(c)ze f'(B)=f(x)eB (d) f(z)e B=x¢€ f}(B).

Use these rules to show that f~*(f(A)) 2 Aand f(f~'(B)) C B.
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S The first result follows from
(a) (d) 1
reA = f(x)e f(A) = ze [T (f(A),

and the definition of subset. The second result follows from

ye [ (B) B 3re f(B)st fla) =y Dye B,

and the definition of subset.

P155. Let f : X — Y, A, C X foralli € I, and B; CY foralli € 1. Show
that the following expressions hold:

a>f@MJ=Umm @)fgvogﬂﬂw

icl i€l el i€l

G) 1 (U B@-) _Usrte) s (m B@-) N,

el el el el



Chapter 2
Metric Spaces and Topology

From an engineering perspective, the most important way to construct a topology on
a set is to define the topology in terms of a metric on the set. This approach underlies
our intuitive understanding of open and closed sets on the real line. Generally
speaking, a metric captures the notion of a distance between two elements of a set.
Topologies that are defined through metrics possess a number of properties that
make them suitable for analysis. Identifying these common properties permits the
unified treatment of different spaces that are useful in solving engineering problems.
To gain better insight into metric spaces, we need to review the notion of a metric

and to introduce a definition for topology.

2.1 Metric Spaces

A metric space is a set that has a well-defined “distance” between any two ele-
ments of the set. Mathematically, the notion of a metric space abstracts a few basic
properties of Euclidean space. Formally, a metric space (X,d) is a set X and a

function d that is a metric on X.
Definition 2.1.1. A metric on a set X is a function
d: X xX—-R
that satisfies the following properties,
1. d(z,y) >0 Vx,y € X; equality holds if and only if t = y

19
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2. d(x,y) =d(y,r) Vr,ye X
3. d(z,y) +dy, 2) 2 d(z,z) Vr,y,z€X.

Example 2.1.2. The set of real numbers equipped with the metric of absolute dis-

tance d(x,y) = |z — y| defines the standard metric space of real numbers R.

Example 2.1.3. Given z = (v1,...,2,),y = (Y1,.-.,Yn) € R", the Euclidean
metric d on R" is defined by the equation

d (Lg) = \/(231 —y1)? (T — )2
As implied by its name, the function d defined above is a metric.

P214. Letz = (v1,...,7,),y = (Y1, .,Yn) € R" and consider the function p
given by
P (E’g) = max{]ml - y1|7 R |xn - ynl} :

Show that p is a metric.

P 2.1.5. Let X be a metric space with metric d. Define d : X x X — R by

d(z,y) = min{d(z,y),1}.
Show that d is also a metric.

Let (X, d) be a metric space. Then, elements of X are called points and the
number d(z,y) is called the distance between = and y. Let ¢ > 0 and consider the
set By(z,€) = {y € X|d(x,y) < €}. This set is called the d-open ball of radius ¢

centered at x.

P 2.1.6. Suppose a € Bgy(x,€) with ¢ > 0. Show that there exists a d-open ball

centered at a of radius 6, say By(a,d), that is contained in By(x,€).

One of the main benefits of having a metric is that it provides some notion of
“closeness” between points in a set. This alows one to discusss limits, convergence,

open sets, and closed sets.

Definition 2.1.7. A sequence of elements from a set X is an infinite list x1, o, . ..
where v; € X for all i € N. Formally, a sequence is equivalent to a function
f:N— X where x; = f(i) foralli € N.
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Definition 2.1.8. Consider a sequence x1, x5, . .. of points in a metric space (X, d).
This sequence d-converges to v € X if, for any € > 0, there is natural number N
such that d(x,x,) < € foralln > N.

Definition 2.1.9. A sequence x1, s, ... in (X, d) is a Cauchy sequence if, for any

€ > 0, there is a natural number N (depending on €) such that, for all m,n > N,
d(xm,, x,) < €.
Theorem 2.1.10. Every d-convergent sequence is a Cauchy sequence.

Proof. Since x1, x5, ... d-converges to some z, there is an [V, for any € > 0, such
that d(x, x,) < €/2 forall n > N. The triangle inequality for d(z,,, x,,) shows that,
forall m,n > N,

ATy, ) < d(Tp, ) +d(x,2,) < €/2+€/2 =€
Therefore, x1, x2, . . . is a Cauchy sequence. [

Definition 2.1.11. Let W be a subset of a metric space (X, d). The set W is called
d-open if, for every w € W, there is an € > 0 such that By(w,e) C W.

Theorem 2.1.12. For any metric space (X, d),
1. 0 and X are d-open
2. any union of d-open sets is d-open
3. any finite intersection of d-open sets if d-open
Proof. This proof is left as an exercise for the reader. [

One might be curious why only finite intersections are allowed in Theorem|2.1.12

The following example highlights the problem with allowing infinite intersections.

Example 2.1.13. Let [,, = (—l l) C R, for n € N, be a sequence of open real

n’n

intervals. The infinite intersection

(VI ={z €RVneN,z € I,} = {0}.

neN

But, it is easy to verify that {0} is not a d-open set.
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Definition 2.1.14. A subset W of a metric space (X, d) is d-closed if its complement
We¢=X — W is d-open.

Corollary 2.1.15. For any metric space (X, d),
1. 0 and X are d-closed
2. any intersection of d-closed sets is d-closed
3. any finite union of d-closed sets if d-closed

Sketch of proof. Using the definition of d-closed, one can apply De Morgan’s Laws
to Theorem [2.1.12] verify this result. O

Definition 2.1.16. Suppose f : X — Y is a function from the metric space (X, dy)
to the metric space (Y,dy). Then, f is d-continuous at x if, for any € > 0, there
exists a § > 0 such that, for all v € X satisfying dx(xo,x) < 6,

dy (f(xo), f(z)) <e.

In precise mathematical notation, one has

(Ve>0)(3d>0),
((x € X) A (dx(zg,x) <)) = dy (f(xo), f(z)) <.

Definition 2.1.17. A function f : X — Y is called d-continuous if, for all xo € X,

it is d-continuous at xo. In precise mathematical notation, one has

(Vxg € X)(Ve>0)(F6 > 0),
((x € X) A (dx(zg,x) <9)) = dy (f(xg), f(z)) <.

Definition 2.1.18. A metric space (X,d) is said to be complete if every Cauchy

sequence in X converges to a limit x € X.
Example 2.1.19. Any closed subset of R" (or C") is complete.

Example 2.1.20. Consider the sequence x, € Q defined by x,, = (1 + %)n It is
well-known that this sequence converges to e € R, but this number is not rational.

Therefore, the rational numbers QQ are not complete.
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Definition 2.1.21. An isometry is a mapping ¢ : X — Y between two metric
spaces (X, dx) and (Y, dy) that is distance preserving (i.e., it satisfies dx (z,z') =
dy (6(x), 6(a')) for all z,2’ € X).

Definition 2.1.22. A function f : X — Y is called uniformly d-continuous if it
d-continuous and, for all ¢ > 0, the 6 > 0 can be chosen independently of x. In

precise mathematical notation, one has

(Ve>0)(Fd>0)(Vzo € X),
((x € X) A (dx(xg,x) <9)) = dy (f(x0), f(z)) <.

2.2 General Topology

Definition 2.2.1. A topology on a set X is a collection J of subsets of X that

satisfies the following properties,
1. Dand X arein J
2. the union of the elements of any subcollection of J is in J
3. the intersection of the elements of any finite subcollection of J is in J.

A subset A C X is called an open set of X if A € J. Using this terminology,
a topological space is a set X together with a collection of subsets of X, called
open sets, such that () and X are both open and such that arbitrary unions and finite

intersections of open sets are open.

Definition 2.2.2. If X is a set, a basis for a topology on X is a collection B of
subsets of X (called basis elements) such that:

1. foreach x € X, there exists a basis element B containing x.

2. ifx € By and x € By where By, By € B, then there exists a basis element Bs
containing x such that Bs C By N Bs.

3. a subset A C X is open in the topology on X generated by B if and only if,
for every x € A, there exists a basis element B € B such that x € B and
B C A
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Probably the most important and frequently used way of imposing a topology

on a set is to define the topology in terms of a metric.

Example 2.2.3. If d is a metric on the set X, then the collection of all e-balls
{Ba(z,€)|lz € X, e > 0}

is a basis for a topology on X. This topology is called the metric topology induced
by d.

Applying the meaning of open set from Definition to this basis, one finds
that a set A is open if and only if, for each x € A, there exists a 0 > 0 such that
Byi(z,90) C A. Clearly, this condition agrees with the definition of d-open from

Definition[2.1.11]

Definition 2.2.4. Let X be a topological space. This space is said to be metrizable
if there exists a metric d on the set X that induces the topology of X.

Example 2.2.5. While most of the spaces discussed in these notes are metrizable,
there is a very common notion of convergence that is not metrizable. The topology
on the set of functions f : [0, 1] — R where the open sets are defined by pointwise

convergence is not metrizable.

2.2.1 Closed Sets and Limit Points

Definition 2.2.6. A subset A of a topological space X is closed if the set
A=X—-A={reX|x ¢ A}

is open.

Note that a set can be open, closed, both, or neither! It can be shown that the
collection of closed subsets of a space X has properties similar to those satisfied by

the collection of open subsets of X.
Fact 2.2.7. Let X be a topological space. The following conditions hold,
1. O and X are closed

2. arbitrary intersections of closed sets are closed
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3. finite unions of closed sets are closed.

Definition 2.2.8. Given a subset A of a topological space X, the interior of A is
defined as the union of all open sets contained in A. The closure of A is defined as

the intersection of all closed sets containing A.

The interior of A is denoted by A° and the closure of A is denoted by A. We
note that A° is open and A is closed. Furthermore, A° C A C A.

Theorem 2.2.9. Let A be a subset of the topological space X. The element x is in

A if and only if every open set B containing x intersects A.

Proof. We prove instead the equivalent contrapositive statement: = ¢ A if and only
if there is an open set B containing x that does not intersect A. Clearly, if = ¢ A,
then A° = X — Aisan open set containing x that does not intersect A. Conversely,
if there is an open set B containing x that does not intersect A, then B¢ = X — B
is a closed set containing A. The definition of closure implies that B¢ must also
contain A. Butz ¢ B¢, sox ¢ A. O

Definition 2.2.10. An open set O containing x is called a neighborhood of x.

Definition 2.2.11. Suppose A is a subset of the topological space X and let x be
an element of X. Then x is a limit point of A if every neighborhood of x intersects

A in some point other than x itself.

In other words, x € X is a limit point of A C X if z € A — {«}, the closure of
A — {x}. The point x may or may not be in A.

Theorem 2.2.12. A subset of a topological space is closed if and only if it contains

all its limit points.

Definition 2.2.13. A subset A of a topological space X is dense in X if every x € X

is a limit point of the set A. This is equivalent to its closure A being equal to X.

Definition 2.2.14. A ropological space X is separable if it contains a countable

subset that is dense in X.

Example 2.2.15. Since every real number is a limit point of rational numbers, it
follows that Q is a dense subset of R. This also implies that R, the standard metric

space of real numbers, is separable.
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2.2.2 Continuity

Definition 2.2.16. Let X and Y be topological spaces. A function f : X — Y is
continuous if for each open subset O C 'Y, the set f~'(O) is an open subset of X.

Recall that f~!(B) is the set {r € X|f(z) € B}. Continuity of a function
depends not only upon the function f itself, but also on the topologies specified for

its domain and range!

Theorem 2.2.17. Let X and Y be topological spaces and consider a function f :
X — Y. The following are equivalent:

1. f is continuous

2. for every subset A C X, f (Z) C f(A)
3. for every closed set C C Y, the set f~1(C) is closed in X.

Proof. (1 = 2). Assume f is a continuous function. Suppose x € A, where A is
a subset of X. Let O be a neighborhood of f(x). Since f~!(O) is an open set of
X containing x € A, it must intersect with A in some point 2. It follows that O
intersects f(A) in the point f(z’). By Theorem we find that f(z) € f(A).

(2 = 3). Suppose that for every subset A C X, f (4) C f(A). Let C CY be
a closed set and let A = f~(C). By P[1.5.4] we have f(A) C C. If z € A, then

fx)e f(A) cfA) cT=C.

So that € f~1(C) = A and, as a consequence, A C A. Thus, A = A is closed.
(3= 1). Let O be an open setin Y. Let O° =Y — O; then O° is closed in Y.

By assumption, f~1(0°) is closed in X. Using elementary set theory, we have
X — f7H0°) ={z € X|f(z) ¢ O} = {z € X|f(x) € O} = f1(O).
That is, f~*(O) is open. O

Theorem 2.2.18. Suppose X and 'Y are two metrizable spaces with metrics dx and
dy. Consider a function f : X — Y. The function [ is continuous if and only if it

is d-continuous with respect to these metrics.
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Proof. Suppose that f is continuous. For any z; € X and ¢ > 0, let O, =
B, (f(z1), €) and consider the set

0. =f71(0,)

which is open in X and contains the point z;. Since O, is open and z; € O,,
there exists a d-open ball By, (x1,d) of radius § > 0 centered at z; such that
By (z1,6) C O,. We also see that f(zy) € O, for any x5 € By, (21,0) be-
cause A C O, implies f(A) C O,. It follows that dy (f(x1), f(z2)) < € for all
To € By (x1,9).

Conversely, let O, be an open set in Y and suppose that the function f is d-
continuous with respect to dy and dy. For any z € f~1(O,), there exists a d-open
ball By, (f(x),€) of radius € > 0 centered at f(z) that is entirely contained in
O,. By the definition of d-continuous, there exits a d-open ball By, (x, §) of radius
d > 0 centered at x such that f (B, (x,0)) C By, (f(x),€). Therefore, every
z € f71(O,) has a neighborhood in the same set, and that implies f~(O,) is
open. 0

Definition 2.2.19. A sequence x1, x5, . .. of points in X is said to converge tox € X

if for every neighborhood O of x there exists a positive integer N such that x; € O
foralli > N.

A sequence need not converge at all. However, if it converges in a metrizable

space, then it converges to only one element.

Theorem 2.2.20. Suppose that X is a metrizable space, and let A C X. There

exists a sequence of points of A converging to x if and only if v € A.

Proof. Suppose z,, — x, where z,, € A. Then, for every open set O containing
x, there is an N, such that z,, € O for all n > N. By Theorem [2.2.9] this implies
that z € A. Let d be a metric for the topology of X and z be a point in A. For
each positive integer n, consider the neighborhood By (z, 1). Since x € A, the set
AN By (x, %) is not empty and we choose x,, to be any point in this set. It follows
that the sequence 1, 7o, ... converges to x. Notice that the “only if” proof holds

for any topological space, while “if”” requires a metric. [

Theorem 2.2.21. Let f : X — Y where X is a metrizable space. The function f is

continuous if and only if for every convergent sequence x,, — x in X, the sequence

f(z,) converges to f(x).



28 CHAPTER 2. METRIC SPACES AND TOPOLOGY

Proof. Suppose that f is continuous. Let O be a neighborhood of f(z). Then
f7YO) is a neighborhood of z, and so there exists an integer N such that x, €
f7Y(O) forn > N. Thus, f(x,) € O foralln > N and f(x,) — f(x).

To prove the converse, assume that the convergent sequence condition is true.
Let A C X. Since X is metrizable, one finds that z € A implies that there exists a
sequence 1, Ta, . . . of points of A converging to z. By assumption, f(x,) — f(z).
Since f(x,) € f(A), Theoremimplies that f(z) € f(A). Hence f (A) C

]

f(A) and f is continuous.

2.2.3 Completeness

Suppose X is a metrizable space. From Definition[2.2.19] we know that a sequence
X1, T2, ...of points in X converges to z € X if for every neighborhood A of x there
exists a positive integer /N such that z; € A foralli > N.

It is possible for a sequence in a metrizable space X to satisfy the Cauchy cri-

terion, but not to converge in X.

Example 2.2.22. Let C|—1, 1] be the vector space of continuous functions on the

interval |—1, 1] and consider the Ly norm

it =(/ \f<t>|2dt)é .

Define the sequence of functions f,(t) given by

0 te[-1,-1]
PO=1 %+4 te(-5)
1 te[:1]

Assuming that m > n, we get

m—mn)?

A(fr, fn) = || fa(t) — fm(t)HQ = </—1 | fu(t) — fm(t)|2dt)2 _ (

6m?2n
This sequence satisfies the Cauchy criterion, but it does not converge to a continu-

ous function in C[—1, 1].

Definition 2.2.23. A metrizable space X is said to be complete if every Cauchy

sequence in X converges to a limit x € X.
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Theorem 2.2.24. A closed subset A of a complete metrizable space X is itself a

complete metrizable space.

Definition 2.2.25. The completion of a metrizable space X consists of a complete
metric space X' and an isometry ¢ : X — X' such that ¢(X) is a dense subset of

X'. Moreover, the completion is unique up to isometry.

Example 2.2.26. Consider the metric space Q of rational numbers equipped with
the metric of absolute distance. The completion of this metric space is R because

the isometry is given by the identity mapping and Q is a dense subset of R.

Cauchy sequences have many applications in analysis and signal processing.
For example, they can be used to construct the real numbers from the rational num-
bers. In fact, the same approach is used to construct the completion of any metric

space.

Definition 2.2.27. Two Cauchy sequences x1,xs, ... and yy,Ys, . . . are equivalent
if for every € > 0 there exists an integer N such that d(xy,yy) < € forall k > N.

Example 2.2.28. Let C(Q) denote the set of all Cauchy sequences qi,qs, ... of
rational numbers where ~ represents the equivalence relation on this set defined
above. Then, the set of equivalence classes (or quotient set) C(Q)\ ~ is in one-
to-one correspondence with the real numbers. This construction is the standard
completion of Q. Since every Cauchy sequence of rationals converges to a real
number, the isometry is given by mapping each equivalence class to its limit point
in R.

Definition 2.2.29. Let A be a subset of a metric space (X,d) and [ : X — X be a
function such that f(A) C A. The function f is a contraction on A if there exists a
constant v < 1 such that d (f (z), f(y)) < vd(z,y) forall v,y € A.

Consider the following important results in applied mathematics: Picard’s the-
orem for differential equations, the implicit function theorem, and Bellman’s prin-
ciple of optimality for Markov decision processes. What do they have in common?
They each establish the existence and uniqueness of a function and have relatively

simple proofs based on the contraction mapping theorem.
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Theorem 2.2.30 (Contraction Mapping Theorem). Let (X, d) be a complete metric
space and f be contraction on a closed subset A C X. Then, f has a unique
fixed point x* in A such that f(z*) = x*. Moreover, the sequence x,.1 = f(z,)
converges to x* for any point x1 € A, with d(z*, f*(z1)) < " for a constant ¢

depending on x;.

Proof. Suppose f has two fixed points y, z € A. Then, d(y, z) = d (f(y), f(2)) <
vd(y, z) and d(y, z) = 0 because v € [0, 1). This shows that y = z and any two
fixed points in A must be identical.

Using induction, it is easy to see that d(z,,, Tp41) < 7" d(z1, o). From this,

we can bound the distance between x,,, and x,, (for m < n) with

d<xm7 .Z'n) S d($m7 xm+1) + d(iL‘erl, .I'n)

n—1 n—1

< d(wg,w441) < Z’Yi_ld(iﬁl,@)
;3 ) - ,.ym—l

S ;ﬂ’}ﬂ_ld(l’h ZL‘Q) S 1_ ’yd(l‘l, 1'2).

The sequence z,, is Cauchy because d(z,,, z,,) can be made arbitrarily small (for
all n > m) by increasing m. Since (X, d) is complete, it must converge to a fixed

point and z* is the unique fixed point in A. O

Example 2.2.31. Consider the cosine function restricted to the subset [0,1] C R.
Since cos(x) is decreasing for 0 < x < m, we have cos([0,1]) = [cos(1), 1] with
cos(1l) ~ 0.54. The mean value theorem of calculus also tells us that cos(y) —
cos(x) = cos'(t)(y — x) for some t € [x,y]. Since cos'(t) = —sin(t) and sin(t) is
increasing on [0, 1], we find that sin([0, 1]) = [0, sin(1)] with sin(1) ~ 0.84.
Taking the absolute value, shows that | cos(y) — cos(z)| < 0.85|y — x|. There-
fore, cos(t) is a contraction on [0, 1] and the sequence x,, = cos(z,) converges

to the unique fixed point x* = cos(z*) for all x; € [0, 1].

2.2.4 Compactness

Definition 2.2.32. A metrizable space X is totally bounded if, for any € > 0, there

exists a finite set of B(x, €) balls that cover (i.e., whose union equals) X.
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Definition 2.2.33. A metrizable space X is compact if it is complete and totally
bounded.

The closed interval [0, 1] C R is compact. In fact, a subset of R" is compact if
and only if it is closed and bounded. On the other hand, the standard metric space

of real numbers is not compact because it is not totally bounded.
Theorem 2.2.34. A closed subset A of a compact space X is itself a compact space.

The following theorem highlights one of the main reasons that compact spaces

are desirable in practice.

Theorem 2.2.35. Let X be a compact space and x1,xs,... € X be a sequence.
Then, there is a subsequence T, ,Zy,,..., defined by some increasing sequence
ni, o, ... € N, that converges.

Proof. Suppose for some =z € X, it holds that, for any ¢ > 0, the set B(z,¢€)
contains infinitely many elements in the sequence x, xs,.... In this case, we can
choose n1, no, . .. so that |x—xnj| < % Therefore, the subsequence converges to x.

On the other hand, suppose the sequence has no convergent subsequence. Then,
for every z € X, there is an ¢ > 0 such that B(z, ¢) does not contain infinitely
many elements in the sequence. Since X is totally bounded, we also find that, for
any € > 0, X is covered by a finite set of balls of radius €. But, for each € > 0, this
gives a contradiction because all the elements in the infinite sequence must fall into
a finite number balls each containing finitely many elements. By contradiction, this

implies that there is a subsequence that converges. [

Functions from compact sets to the real numbers are very important in prac-
tice. To keep the discussion self-contained, we first review the extreme values
of sets of real numbers. First, we must define the extended real numbers R
by augmenting the real numbers to include limit points for unbounded sequences

R £ RU{o0, —oo}. Surprisingly, it turns out that R is a compact metrizable space.

Definition 2.2.36. The supremum (or least upper bound) of X C R, denoted
sup X, is the smallest extended real number M € R such that v < M for all
x € X. It is always well-defined and equals —oc if X = ().

Definition 2.2.37. The maximum of X C R, denoted max X, is the largest value
achieved by the set. It equals sup X if sup X € X and is undefined otherwise.
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Definition 2.2.38. The infimum (or greatest lower bound) of X C R, denoted
inf X, is the largest extended real number m € R such that x > m for all x € X.
It is always well-defined and equals oo if X = ().

Definition 2.2.39. The minimum of X C R, denoted min X, is the smallest value
achieved by the set. It equals inf X if inf X € X and is undefined otherwise.

Lemma 2.2.40. Let X be a metrizable space and f : X — R be a function from X
to the real numbers. Let M = sup f(A) for some non-empty A C X. Then, there

exists a sequence x1, s, ... € A such that lim,, f(x,) = M.

Proof. If M = oo, then A has no finite upper bound and, for any y € R, there
exists an x € A such that f(z) > y. In this case, we can let z; be any element of A
and x,,,1 be any element of A such that f(x,.1) > f(z,) + 1.

If M < oo, then A has a finite upper bound and, for any € > 0, there is an x such
that M — f(z) < e. Otherwise, one arrives at the contradiction sup f(A) < M.
Therefore, we can construct the sequence x1, zs, . .. by choosing z,, € A to be any
point that satisfies M — f(z,) < 2. O

Theorem 2.2.41. Let X be a metrizable space and f : X — R be a continuous
function from X to the real numbers. If A is a compact subset of X, then there

exists x € A such that f(z) = sup f(A) (i.e., f achieves a maximum on A).

Proof. Using Lemma[2.2.40] one finds that there is a sequence z1, z2, ... € A such
that lim,, f(z,) = sup f(A). Since A is compact, there must also be a subsequence

Ty, Tny, - - - that converges to some 2* € A. Finally, the continuity of f shows that

sup f(A) = lim () = lim f(2,,) = f(ime,,) = ()
O]

Corollary 2.2.42. A continuous function from a compact subset A, of a metrizable

space X, to the real numbers achieves a minimum on A.

Theorem 2.2.43. Any bounded non-decreasing sequence of real numbers converges

to its supremum.

Proof. Let x1,x5,... € R be a sequence satisfying z,,,1 > z, and z, < M < o0
for all n € N. Without loss of generality, we can take the upper bound M to be the
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supremum sup{xy, z, ...}. This sequence converges to M if, for any ¢ > 0, there
isan N € Nsuchthat M — z,, < eforalln > N.

Proving by contradiction, we assume that it does not converge to M. Since z,,
is non-decreasing, this implies that there is an € > 0 such that M — x,, > ¢ for
all n € N. But, this result contradicts sup f(A) = M. Therefore, the sequence
converges to M. [
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Chapter 3

Linear Algebra

3.1

Fields

Consider a set F' of objects and two operations on the elements of £, addition and

multiplication. For every pair of elements s,¢ € F then (s +t¢) € F. For every pair

of elements s,¢ € F' then st € F'. Suppose that these two operations satisfy

1.

2.

7.

8.

addition is commutative: s +t =t + s Vs, t € F

addition is associative: r + (s +t) = (r+s) +t Vr,s,t € F

. toeach s € F there exists a unique element (—s) € F such that s+ (—s) =0

multiplication is commutative: st = ts Vs, t € F'

. multiplication is associative: r(st) = (rs)t Vr,s,t € F

there is a unique non-zero element 1 € F such that s1 = s Vs € F
to each s € F — 0 there exists a unique element s~! € F such that ss™! = 1

multiplication distributes over addition: (s + t) = rs + rt Vr,s,t € F.

Then, the set F' together with these two operations is a field.

Example 3.1.1. The real numbers with the usual operations of addition and multi-

plication form a field. The complex numbers with these two operations also form a

field.

35
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Example 3.1.2. The set of integers with addition and multiplication is not a field.
P 3.1.3. Is the set of rational numbers a subfield of the real numbers?

Example 3.1.4. Is the set of all real numbers of the form s + t\/2, where s and t
are rational, a subfield of the complex numbers?

The set F' = {S +tV2: st € Q} together with the standard addition and
multiplication is a field. Let s,t,u,v € Q,

s+tV2+ut+ovv2=(s4+u)+(t+v)V2€F
<s+t\/§> (u+vx/§> = (su+2tv) + (sv + tu)V/2 € F

(s+t\/§)_lzs_t\/§= i — ! V2eF

s2+2t2  s2 4212 52 4 2¢2

Again, the remaining properties are straightforward to prove. The field s + t\/2,

where s and t are rational, is a subfield of the complex numbers.

3.2 Matrices

Let F' be a field and consider the problem of finding n scalars x4, ..., x, which

satisfy the conditions

a;nry + apprs + -+ ATy = N1
211 + ATy + -+ Gy = Yo

(3.1
Am1T1 + Amal2 + -+ AQppy, = Ym

where {y; : 1 < i <n} C Fand {a;; : 1 <i < m,1 < j <n} C F.
These conditions form a system of m linear equations in n unknowns. A shorthand

notation for (3.1) is the matrix equation
Azx =y,
where A is the matrix representation given by

@11 Q2 -+ Qin

Q21 Q22 - Q2p

Am1 Q2 * Qmn
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and x, y denote
T
= (T1,...,%y)

(yla s 7ym)T'

y

Definition 3.2.1. Let A be an m x n matrix over F' and let B be an n x p matrix

over F. The matrix product AB is the m x p matrix C whose 1, j entry is

n
Cij = E airij.
r=1

Definition 3.2.2. Let A be an n X n matrix over F. Ann x n matrix B is called the
inverse of A if
AB = BA=1.

If A is invertible then its inverse will be denoted by A™".

Lemma 3.2.3. Let A be an m X n matrix over F with m < n. Then, there exists a

length-n column vector x # 0 (over F') such that Az = 0.

Proof. This result follows easily from row reduction and the proof is left as an

exercise for the reader. L]

3.3 Vector Spaces

Definition 3.3.1. A vector space consists of the following,
1. a field F of scalars
2. a set'V of objects, called vectors

3. an operation called vector addition, which associates with each pair of vec-
tors v,w € V avectorv+ w € V such that
(a) addition is commutative: v +w = w + v
(b) addition is associative: u + (v + w) = (u+v) + w
(c) there is a unique vector 0 € V such thatv+0=uv, Yv € V

(d) to each v € V there is a unique vector —v € V such that v + (—v) =0
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4. an operation called scalar multiplication, which associates with each s € F

andv € V avector sv € V such that

(a) lv=v,Yv eV
(b) (s152)v = s1(520)
(c) S(Q—I—w) = sv + sw

(d) (51 + s2)v = 510 + s90.

Example 3.3.2. Let F' be a field, and let V' be the set of all n-tuples v = (vy, ..., v,)
of scalar v; € F. If w = (wy, ..., w,) with w; € F, the sum of v and w is defined
by

v+ w=(v1+w,..., 0+ wy).

The product of a scalar s € F' and vector v is defined by
sv = (svy,...,S0,).

The set of n-tuples, denoted by F™, together with the vector addition and scalar

product defined above forms a vector space.

Example 3.3.3. Let X be a non-empty set and let F' be a field. Consider the set
V' of all functions from X into F. The sum of two vectors f,g € V is the function
from X into I defined by

(f+9)(x) = f(z) +g(z) VreX.

The product of scalar s € F and the function f € V is the function s defined by

(sf)(x) =sf(x) Vo € X.

Definition 3.3.4. A vector w € V is said to be a linear combination of the vectors
Vy,...,v, €V provided that there exist scalars s1, ..., s, € F such that

n

w = E 8-

i=1
Definition 3.3.5. Consider a complex n x n matrix A with elements a;;. The Her-
mitian transpose B = A" of A has elements defined by b;; = a;; where a denotes

the complex conjugate of a.
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3.3.1 Subspaces

Definition 3.3.6. Let V' be a vector space over F. A subspace of V is a subset
W C V which is itself a vector space over F'.

Fact 3.3.7. A non-empty subset W C V' is a subspace of V' if and only if for every

pair of vector w,,w, € W and every scalar s € F' the vector sw, + w, is again in

w.

If V' is a vector space then the intersection of any collection of subspaces of V'

is a subspace of V.

Example 3.3.8. Let A be an m x n matrix over F. The set of all n x 1 column

vectors V such that

veV —= Av=0

is a subspace of F™ 1.

Definition 3.3.9. Let U be a set of vectors in a vector space V. The span of U,
denoted span(U), is defined to be the set of all finite linear combinations of vectors
inU.

The subspace spanned by U can also be defined equivalently as the intersection
of all subspaces of V' which contain U. It is easy to see that all finite linear com-
binations of vectors in U must be in all subspaces containing UU. One can show
the converse by considering its contrapositive: There exists a finite linear combina-
tion of vectors in U and a subspace containing U such that the vector is not in the

subspace. Of course, this contradicts the definition of a vector space.

Definition 3.3.10. Let V' be a vector space and U, W be subspaces. If U, W are
disjoint (i.e., U N W = {0}), their direct sum U & W is defined by

UsW 2 {u+wluecUwecW}

An important property of a direct sum is that any vector v € U@ W has a unique

decomposition v = v + w where w € U and w € W.
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3.3.2 Bases and Dimension

The dimension of a vector space is defined using the concept of a basis for the

space.

Definition 3.3.11. Let V be a vector space over F. A subset U C V is linearly
dependent if there exist distinct vectors u,, . . .,u, € U and scalars sy, ...,s, € F,

not all of which are 0, such that

n
E s;u; = 0.
i=1

A set which is not linearly dependent is called linearly independent.

A few important consequences follow immediately from this definition. Any
subset of a linearly independent set is also linearly independent. Any set which
contains the 0 vector is linearly dependent. A set U C V is linearly independent if

and only if each finite subset of U is linearly independent.

Definition 3.3.12. Let V' be a vector space over F. Let B = {v,|a € A} be a
subset of linearly independent vectors from V, such that every v € V' has a unique
decomposition as a finite linear combination of vectors from B. Then, the set B is a

Hamel basis for V. The space V is finite-dimensional if it has a finite basis.
Theorem 3.3.13. Every vector space has a Hamel basis.

Proof. Let X be the set of linearly independent subsets of V. Furthermore, for
x,y € X consider the strict partial order defined by proper inclusion. By the maxi-
mum principle, if x is an element of X, then there exists a maximal simply ordered

subset Z of X containing x. This element is a Hamel basis for V. [

Example 3.3.14. Let F' be a field and let U C F™ be the subset consisting of the

vectors ey, . .., e, defined by
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Foranyv = (vy,...,v,) € F", we have
v=7 v (32)
i=1
Thus, the collection U = {e,, ..., e,} spans F". Since v = 0 in (3.2)) if and only if
vy = -+ = v, =0, U is linearly independent. Accordingly, the set U is a basis for

F™*L This basis is termed the standard basis of "

Example 3.3.15. Let A be an invertible matrix over F'. The columns of A, denoted
by Ay, ..., A,, form a basis for the space of column vectors F™*'. This can be seen
)T

as follows. If v = (v, ...,v,)" is a column vector, then

n

=1

Since A is invertible,

Av=0 = [v=A"10 = v=0.

Thatis, { Ay, ..., A} is a linearly independent set. For any column vectorw € F™,
let v = A~ w. It follows that w = Av and, as a consequence, {Ay, ..., A,} is a
basis for F™.

Theorem 3.3.16. Let V' be a vector space which is spanned by a finite set of vectors
W =A{w,,...,w,}. Then, any linearly independent set of vectors in V' is finite and

contains no more than n elements.

Proof. Assume that U = {u,,...,u,,} C V with m > n. Since W spans V, there

exists scalars a;; such that
n

U; = E QiW;.
i=1
For any m scalars sy, . .., s, we have

m n

m
Sjgj: E Sj E Q50
=1

j=1 j=1

n n
E , (aijs;)w; = E :aws]

=1 =1

zms

Collecting the a;; coefficients into an n by m matrix A shows that



42 CHAPTER 3. LINEAR ALGEBRA

Since n < m, Lemma [3.2.3] implies that there exist scalars sy, ..., s,, not all 0,
such that t; = t, = --- = t,,, = 0. For these scalars, E;”Zl sju; = 0. That is, the
set U 1is linearly dependent. [

If V is a finite-dimensional vector space, then any two bases of V' have the same
number of elements. Therefore, the dimension of a finite-dimensional vector space
is uniquely defined. While this may seem intuitively obvious to many readers, the
previous theorem shows that this intuition from R" does not break down for other

fields and vector spaces.

Definition 3.3.17. The dimension of a finite-dimensional vector space is defined as
the number of elements in any basis for V. We denote the dimension of a finite-

dimensional vector space V' by dim(V).

The zero subspace of a vector space V' is the subspace spanned by the vector
0. Since the set {0} is linearly dependent and not a basis, we assign a dimension
0 to the zero subspace. Alternatively, it can be argue that the empty set () spans
{0} because the intersection of all the subspaces containing the empty set is {0}.

Though this is only a minor point.

Theorem 3.3.18. Let A be an n x n matrix over F and suppose that the columns
of A, denoted by Ay, ..., A,, form a linearly independent set of vectors in F"*",
Then A is invertible.

Proof. Suppose that W is the subspace of F"*! spanned by Ay,..., A,. Since
Ay, ..., A, are linearly independent, dim(W) = n = dim(F™*!). It follows that

W =V and, as a consequence, there exist scalars b;; € I’ such that

€ = Z%‘Ai, I1<j<n
i=1
where {e,,...,e,} is the standard basis for F™*!. Then, for the matrix B with
entries b;;, we have
AB = 1.

Note also that if the rows of A form a linearly independent set of vectors in F1*"
then A is invertible. O]
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3.3.3 Coordinate System

Let {v,,...,v,} be a basis for the n-dimensional vector space V. Every vector

w € V can be expressed uniquely as

n
w= E Si;.
=1

While standard vector and matrix notation requires that the basis elements be or-
dered, a set is an unordered collection of objects. Ordering this set (e.g., vy, ..., v,,)
allows the first element in the coordinate vector to be associated with the first vector

in our basis and so on.

Definition 3.3.19. If'V is a finite-dimensional vector space, an ordered basis for VV

is a finite sequence of vectors which is linearly independent and spans V.

In particular, if the sequence v, ..., v, is an ordered basis for 1/, then the set
{vy,...,v,} is a basis for V. The ordered basis B is the set {v,,...,v,}, together
with the specific ordering of the vectors. Based on this ordered basis, a vector

w € V can be unambiguously represented as an n-tuple,

n

W= (s s) = 3 s
i=1
Equivalently, vector w can be described using the coordinate matrix of w relative

to the ordered basis B:
S1

The dependence of this coordinate matrix on B can be specified explicitly using
the notation [w],. This will be particularly important when multiple coordinates

systems are involved.

Example 3.3.20. The canonical example of an ordered basis is the standard basis
for F'™ introduced in Section|[3.3.2] Note that the standard basis contains a natural
ordering: ¢e,,...,e,. Vectors in F" can therefore be unambiguously expressed as

n-tuples.
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P 3.3.21. Suppose that A = vy, . .., v, is an ordered basis for V. Let P be ann X n
invertible matrix. Show that there exists an ordered basis B = wy,...,w, for V
such that

[M]A =P [Q]B
uls =P~ [u] 4

foreveryu € V.

S3.3.21} Consider the ordered basis A = v,,...,v, and let Q = P~'. For all

ueV,wehaveu =3 " | s;v;, where

S1
[Q]A =
Sn
If we define .
w, = prity,
k=1
and

ti = Z ij S
i=1

then we find that

Z tiw, = Z Z QijSjw; = Z Z QijSj Zplm;yk
i—1 k=1

i=1 j=1 i=1 j=1

n n n n n
= g S E Uy, g Pridij = E S E Uy0jk
k=1 =1 k=1

j=1 j=1
n
- Z SV = U
j=1
This shows that B = w,, ..., w,, is an ordered basis for V and
th
lug = |
tn

The definition of ¢; also shows that [u]; = P! [u] , and therefore [u] , = P [u].
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3.4 Norms

Let V' be a vector space over the real numbers or the complex numbers.
A norm on vector space V' is a real-valued function ||-|| : V' — R that satisfies

the following properties.
1. o]l >0 Vv € V;equality holds if and only if v = 0
2. |lsvll =lslllul| VveV,seF
3. [lo 4wl <o) + llw] - Vv,we V.

The concept of a norm is closely related to the concept of a metric. For instance,
a metric can be defined in terms of a norm. Let ||v|| be a norm on vector space V/,
then

is the metric induced by the norm.
Normed vector spaces are very useful because they have all the properties of a
vector space and all the benefits of a topology generated by the norm. Therefore,

one can discuss limits and convergence in a meaningful way.

Example 3.4.1. Consider vectors in R™ with the euclidean metric

d(v,w) = \/(Ul —wi)?2 4+ (v, —wy)?

Recall that the standard bounded metric introduced in Problem is given by

d (v, w) = min{d (v,w),1}.
Define the function f : R" — R by
f () =d(v0).

Is the function f a norm?

By the properties of a metric, we have
1. d(v,0) >0 Yo € V; equality holds if and only if v = 0

2. d(v,0)+d(w,0) =d(v,0)+d(0,w) >d(v,w) Yo,welV.
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However;, d (sv,0) is not necessarily equal to sd (v,0). For instance, d (2e,,0) =
1 < 2d (e, 0). Thus, the function f : R™ — R defined by

f(v) =d(v0).
is not a norm.
Example 3.4.2. The following functions are examples of norms for F",

1. the ly norm: ||v||, = >0, |vil

AL

2. the l, norm: ||v||, = (3 i, [vilP)?,  p € (1,00)
3. the lo norm: ||v|| = maxy__,{|vi|}.

Example 3.4.3. Similarly, norms can be defined for the vector space of functions
from [a,b] to R (or C) with

1. the Ly norm: ||f(t)||, = f |f(t)|dt

1

2. the L, norm: || f(t) (f |f(t) |pdt);, p € (1,00)

3. the Loo norm: || f(t)||, = esssupy, y{|f ()|}

In this example, the integral notation refers to the Lebesgue integral (rather
than the Riemann integral). The reason for this is that many important spaces
include functions that are not Riemann integrable. The Lebesgue integral is defined
using measure theory and is often used in advanced probability courses. Since
there are many non-zero Lebesgue-integrable functions whose integral is zero, this
definition has a subtlety. The norm of a function is zero if and only if it is zero
almost everywhere (abbreviated a.e.). Therefore, two functions are equal almost
everywhere if the norm of their difference is zero. Strictly speaking, a vector space
of “functions” with the L, norm actually has elements that are equivalence classes

of functions defined by equality almost everywhere.

Definition 3.4.4. A vector v € V is said to be normalized if ||v|| = 1. Any vector

can be normalized, except the zero vector:

‘I@

(3.3)

g:

=

has norm ||u|| = 1. A normalized vector is also referred to as a unit vector.
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Definition 3.4.5. A complete normed vector space is called a Banach space.

Banach spaces are the standard setting for many problems because completeness

is a powerful tool for solving problems.

Example 3.4.6. The vector spaces R" (or C™) with any well-defined norm are Ba-

nach spaces.

Example 3.4.7. The vector space of all continuous functions from |a,b] to R is a

Banach space under the supremum norm

IF (@B = sup f(t).

te[a,b]

Definition 3.4.8. A Banach space V' has a Schauder basis, v, v,, ..., if every v €

V=) s,

1€N

V' can be written uniquely as

Example 3.4.9. Let V = RY be the vector space of semi-infinite real sequences.
The standard Schauder basis is the countably infinite extension {e,, e,, ...} of the

standard basis.

Definition 3.4.10. A closed subspace of a Banach space is a subspace that is a

closed set in the topology generated by the norm.
Theorem 3.4.11. All finite dimensional subspaces of a Banach space are closed.

Proof. This proof requires material from later in the notes, but is given here for
completeness. Let w,,w,,...,w, be a basis for a finite dimensional subspace W
of a Banach space V over F'. Let U = F™ be the standard Banach space, which is
closed by definition, and consider the mapping f : U — W defined by

f(s) = Z S;W;.

It is easy to verify that this linear mapping is non-singular and onto. Therefore,
it has a linear inverse mapping ¢ = f~! that must be continuous (i.e., bounded)
because U, W are finite dimensional. Since ¢ is continuous, we find that W =
g 1 (U) = f(U) is closed because U is closed. O
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Example 3.4.12. Let V = L,([a, b)), for 1 < p < oo, be the set of real Lebesgue-
integrable functions on [a,b]. We say that [ € V is continuous if the equivalence
class generated by equality almost everywhere contains a continuous function. It is
easy to verify that the subset W C V' of continuous functions is a subspace. It is not
closed, however, because sequences in W may converge to discontinuous functions.
More generally, the span of any infinite set of linearly independent vectors only

includes finite linear combinations and is therefore not closed.

3.5 Functionals and Optimization

Functions mapping elements of a vector space (over F') down to the scalar field /'

play a very special role in the analysis of vector spaces.

Definition 3.5.1. Let V' be a vector space over F. Then, a functional on V is a
function f : V' — F that maps V to F.

Later, we will see that linear functionals (i.e., functionals that are linear) are
used to define many important concepts. For unconstrained optimization, however,
linear functionals are not interesting because they are either zero or achieve all
values in ['. Instead, this section focuses on a class of functionals (called convex)

which have well-defined minimum values.

Definition 3.5.2. Let (X, || - ||) be a normed vector space. Then, a functional f :
X — R achieves a local minimum value at x, € X if there is an € > 0 such that,
forall z € X satisfying ||x — z,|| < € we have f(z) > f(x,). If the bound holds

for all x € X instead, then the local minimum is also a global minimum value.

Definition 3.5.3. Let V' be a vector space over the real numbers. The subset A CV
is called a convex set if, for all a;,a, € A and \ € [0,1], we have \a; + (1 —
Na, € A. The set is strictly convex if. for all a,,a, € A and \ € (0, 1), we have
Aa; + (1= N)a, € A°.

Definition 3.5.4. A Banach space X is called strictly convex if the unit ball, given

by {x € X|||z| < 1}, is a strictly convex set. An equivalent condition is that

equality in the triangle inequality (i.e., ||z + y|| = ||z[| + ||ly||) for non-zero vectors

implies that x = sy for some s € F.
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Definition 3.5.5. Let V be a vector space, A C V' be a convex set, and f : V — R

be a functional. Then, the functional f is called convex on A if, for all a,,a, € A
and \ € (0,1), we have

fay + (1= A)ay) < Af(a)) + (1= A)f(ay).
The functional is strictly convex if equality occurs only when a, = a,.

Example 3.5.6. Let (X, || - ||) be a normed vector space. Then, the norm || - || :
X — Ris a convex functional on X. Try proving this.

Theorem 3.5.7. Let (X, | - ||) be a normed vector space, A C X be a convex set,
and f : X — R be a convex functional on A. Then, any local minimum value of
f on Ais a global minimum value on A. If the functional is strictly convex on A
and achieves a local minimum value on A, then there is a unique point v, € A that

achieves the global minimum value on A.

Proof. Let z, € A a point where the functional achieves a local minimum value.
Proving by contradiction, we suppose that there is another point ; € A such that
f(zy) < f(z,). From the definition of a local minimum value, we find an € > 0
such that f(z) > f(z,) for all z € A satisfying ||z — z,|| < €. Choosing A <
oz I (0,1) and z = (1 — Nz, + Az, implies that ||z — z,|| < € while the

convexity of f implies that

fl) = f((1=Nzg+ Azy) < (1= A)f(zo) + Af(zy) < f(o)-

This contradicts the definition of a local minimum value and implies that f(z,) is
a global minimum value on A. If f is strictly convex and f(z,) = f(z,), then we

suppose that z, # x,. In this case, strict convexity implies that

f ((1 - /\)Io + /\£1> < (1 - A)f@o) + /\f@l) = f@o)-

This contradicts the fact that f(x,) is a global minimum value on A and implies
that x, = z; is unique. OJ
3.6 Inner Products

Definition 3.6.1. Let F’ be the field of real numbers or the field of complex numbers,

and assume V' is a vector space over F'. An inner product on 'V is a function which
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assigns to each ordered pair of vectors v,w € V a scalar (v|w) € F in such a way

that for all w,v,w € V and any scalar s € F

~

(u+ v|w) = (ulw) + (v|w)

2. (sulw) = s (vlw)

3. (v|w) = (w|v), where the overbar denotes complex conjugation;
4. (v|v) > 0 with equality iff v = 0.
Note that the conditions of Definition [3.6.1]imply that

(ufsv +w) =3 (ulv) + (u|w) .

Definition 3.6.2. A real or complex vector space equipped with an inner product is

called an inner-product space.

Example 3.6.3. Consider the inner product on F"™ defined by

n

(wlw) = ((vr, ..., v)| (w1, ..., wy)) = Zujmj.

j=1
This inner product is called the standard inner product. When F' = R, the standard

inner product can also be written as

n
(vlw) = " vjw;.
j=1

In this context it is often called the dot product, denoted by v - w. In either case, it
can also be written in terms of the Hermitian transpose as (v|w) = w"v.
P 3.6.4. Forv = (vy,vs) and w = (wy,ws) in R?, show that

(V|w) = viwy — vawy — Vywy + 4vaw,
is an inner product.
SB.6.4, For all u,v,w € V and all scalars s

(u+ vjw) = (ug + v1)wy — (ug + vo)wy — (ug + v1)we + 4(ug + vo)ws
= UIW1 — UpWy — U W3 + dUuswy + V1w — Vawy — VW3 + 4vws

= (ulw) + (v|w) .
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Also, we have
(sv|w) = svjw; — svawy — sViwy + 4svaws = s (v|w) .
Since V = R2, we have (v|w) = (w|v). Furthermore,
(v|v) = v — 20109 + 4v3 = (v] — v2)® 4+ 3v; >0 with equality iff v = 0.
That is, (v|v) is an inner product.

Example 3.6.5. Let V' be the vector space of all continuous complex-valued func-

tions on the unit interval [0, 1|. Then
1
(o) = [ gt
0

Example 3.6.6. Let V and W be two vector spaces over F and suppose that (-|-)

is an inner product.

is an inner product on W. If 'T' is a non-singular linear transformation from V' into

W, then the equation
pr (V1,09) = (T [T'w,)

defines an inner product pp on'V'.

Theorem 3.6.7. Let V' be a finite-dimensional space, and suppose that

B:wla"wwn

is an ordered basis for V. Any inner product on V' is completely determined by the

values
hji = <wi|wj>

it assumes on pairs of vectors in B.

Proof. Ifu =73 s;w;and v = Zj tjw;, then

- (i) 5

= Z Si <w¢ thwj> = Z Z sity (w;|w;)
= Z ijhjisi = [v]g H [u]s




52 CHAPTER 3. LINEAR ALGEBRA

where [u]; and [v]; are the coordinate matrices of u, v in the ordered basis 3. The

matrix H is called the matrix of the inner product in the ordered basis B. [

It is easily verified that [ is a Hermitian matrix, i.e., H = H H - Furthermore,

H must satisfy the additional condition
w"Hw >0, Vw#0. (3.4)

In particular, / must be invertible.
Conversely if H is an n x n Hermitian matrix over F which satisfies (3.4)), then
H is the matrix in the ordered basis B of an inner product on V. This inner product
is given by
(ulv) = [v]5 H [ug-

P 3.6.8. Let V be a vector space over F. Show that the sum of two inner products
on V' is an inner product on V. Show that a positive multiple of an inner product is

also an inner product.

Example 3.6.9. Consider any set W of real-valued random variables, defined on
a common probability space, that have finite 2nd moments. It turns out that V' =

span(W) is a vector space over R. In fact, one can define the inner product
(X[Y) = E[XY],

forany X,Y € V. Using the induced norm, this inner product provides the topol-
0gy of mean-square convergence and two random variables XY € V are consid-
ered equal if | X — Y||> = E[|X — Y|?] = 0 (or equivalently Pr(X #Y) = 0).

3.6.1 Induced Norms

A finite-dimensional real inner-product space is often referred to as a Euclidean

space. A complex inner-product space is sometimes called a unitary space.

Definition 3.6.10. Let V' be an inner-product space with inner product (-|-). This

inner product can be used to define a norm, called the induced norm,

for everyv € V.
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Theorem 3.6.11. If V is an inner-product space and || - || is its associated induced

norm, then for any v,w € V and any scalar s
1. ||su]| = [s| [lz]
2. o]l > 0forv £0
3. [(wlw)| < ol [Jw]] with equality iff v =0, w = 0, or v = sw
4. o+ wll < o]l + ]| with equality iff v = 0, w = 0, or v = su.

Proof. The first two items follow immediately from the definitions involved. The
third inequality, |(v|w)| < ||v|| ||w]|, is called the Cauchy-Schwarz inequality.
When v = 0, then clearly |(v|w)| = ||v|| [|w]|| = 0. Assume v # 0 and let

Then (u|v) = 0 and

v ]|
ey ) (ow) 2 |(vlw)
A L

Hence | (v|w)|* < |Jv||* ||lw||*. Notice that equality occurs iff u = 0, or equivalently
iff w=0orv=sw.

Using this result, we get

2 2 2
v+ w||” = [|o)|” + (vlw) + (w|v) + ||w]|
= |lv[|* + 2Re (v|w) + [|w]?
2 2
< lll” + 2ol lwl + Jw]”,

with equality iff Cauchy-Schwarz holds with equality. Thus, ||v + w|| < |Ju]|+||w]|

with equality iff v = 0, w = 0, orv = sw (i.e., v and w are linearly dependent). [

Theorem 3.6.12. Consider the vector space R™ with the standard inner product of
Example The function f : V — F defined by f (w) = (w|v) is continuous.

Proof. Let w,,w,,...be asequence in V' converging to w. Then,
[{(w,[v) — (wlv)| = [{w, — w|v)] < flw, —w] ]l

Since ||w,, — w|| — 0, the convergence of (w,,, v) is established. O
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3.7 Orthogonal Vectors and Subspaces

Definition 3.7.1. Let v and w be vectors in an inner-product space V. Then v is
orthogonal to w (denoted v w) if (v|w) = 0. Since this relation is reflexive and w

is also orthogonal to v, we simply say that v and w are orthogonal.

Definition 3.7.2. Let V' be an inner-product space and U, W be subspaces. Then,
the subspace U is an orthogonal to the subspace W (denoted U LW ) if ulw for
allu e Uandw € W.

Definition 3.7.3. A collection W of vectors in V is an orthogonal set if all pairs of

distinct vectors in W are orthogonal.

Example 3.7.4. The standard basis of R" is an orthonormal set with respect to the

standard inner product.

Example 3.7.5. Let V be the vector space (over C) of continuous complex-valued

functions on the interval O < x < 1 with the inner product
1
(o) = [ S(@)stads.
0

Let f,(z) = v/2cos 2mnx and g, (x) = \/2sin 2mna. Then {1, f1, g1, f2, G2, . . .} is
a countably infinite orthonormal set that is a Schauder basis for this vector space.

Theorem 3.7.6. An orthogonal set of non-zero vectors is linearly independent.

Proof. Let W be an orthogonal set of non-zero vectors in a given inner-product

space V. Suppose wy, . .., w,, are distinct vectors in ¥ and consider
U= S1w; F o+ S,
The inner product (v|w,) is given by

lw;) = <Z Sjwj|wi> = Z S <wj|wi> = 5; (w;|w;) -

J J

{

[S

Since (w,|w;) # 0, it follows that

In particular, if v = 0 then s; = 0 for 1 < j < n and the vectors in W are linearly

independent. O
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Corollary 3.7.7. If v € V is a linear combination of an orthogonal sequence of

distinct, non-zero vectors wy, . . ., w,,, then v is the particular linear combination
Z Qw
wlP
Theorem 3.7.8. Let V' be an inner-product space and assume v, ...,v, are lin-

early independent vectors in V. Then it is possible to construct an orthogonal

sequence of vectors wy, ..., w, €V such that for each k =1, ... n the set
{wla s 7wk}
is a basis for the subspace spanned by v, . .., v;.

Proof. First let w; = wv,;. Define the remaining vectors inductively as follows.
Suppose the vectors
(1<m<n)

Wy ooy Wy

have been chosen so that for every &

{wlw"vwk} 1§k§m

is an orthogonal basis for the subspace spanned by v, ..., v,. Let
m
_ <Um+1 |wz>
W1 = Umgr — 7 W
i llwll
Then w,, , # 0, for otherwise v, is a linear combination of w,,...,w,, and
hence a linear combination of v, ..., v,,. Furthermore, for j € 1,...,m
<vm+1 |U)
<wm+1|wj> = <Qm+1‘ Z _i‘wj>
= il
_ <Qm+1 ‘MJ>
= <Qm+1‘wj> wjle>
I
=0.
Clearly, {w,,...,w,,,} is an orthogonal set consisting of m + 1 non-zero vectors
in the subspace spanned by v,, ... ,v,, . Since the dimension of the latter subspace

is m + 1, this set is a basis for the subspace. [
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The inductive construction of the vectors w,, ..., w, is known as the Gram-

Schmidt orthogonalization process.

Corollary 3.7.9. Every finite-dimensional inner-product space has a basis of or-

thonormal vectors.

Proof. Let V be a finite-dimensional inner-product space. Suppose that v, ..., v

) =n

is a basis for V. Apply the Gram-Schmidt process to obtain a basis of orthogonal

vectors wy, . .., w,,. Then, a basis of orthonormal vectors is given by
Wy w,
U, = B :
ol

Example 3.7.10. Consider the vectors

Uy = (27 2, 1)
Uy = (37 6, O)
23 = (67 37 9)

in R? equipped with the standard inner product. Apply the Gram-Schmidt process
to vy, Vy, U5 to obtain an orthogonal basis.

Applying the Gram-Schmidt process to vy, vy, Vs, we get

w; = (2a 2, 1)

(3,6,0)[(2,2,1))
9

wy = (3,6,0) — (2,2,1)

= (3,6,0) — 2(2,2,1) = (—1,2, —2)
((6,3,9)[(2,2,1))
9
= (6,3,9) — 3(2,2,1) + 2(—1,2, —2) = (=2, 1,2).

<(67 37 9)’(_17 27 _2>>
9

wy = (6,3,9) — (2,2,1) — (—=1,2,-2)

It is easily verified that w,, w4, w5 is an orthogonal set of vectors.

Definition 3.7.11. Let V' be an inner-product space and W be any set of vectors in
V. The orthogonal complement of W denoted by W+ is the set of all vectors in V

that are orthogonal to every vector in W or

WL:{QGV‘<Q|Q>:OVMEW}.
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P 3.7.12. Let W be any subset of vector space V. Show that W+ is a closed
subspace of V' and that any vector in the subspace spanned by W is orthogonal to

any vector in W+.

SB3.7.12, Let m,, m, € W+ and s € F'. For any vector w € W, we have
(my |w) = (my|w) =0.

This implies

(smy + mp|w) = s (my|w) + (my|w) = 0.
That is, sm, + m, € W+. Hence, W+ is a subspace of V.
To see that W+ is closed, we let m be any point in the closure of W+ and
my,m,,... € W= be a sequence that converges to m. The continuity of the inner
product, from Theorem [3.6.12] implies that, for all w € WV,

(mh) = ( lim myfuw) = lisn (m, i) = 0.

Therefore, m € W+ and the orthogonal complement contains all of its limit points.
Notice also that any vector w in the subspace spanned by W can be written as
w =) s;w; withw, € W and s; € F. Therefore, the inner product of w with any

w' € W+ is given by

i

w’> = Zsi (w;|w’y =0.

It follows that the subspace spanned by W is orthogonal to the subspace W=.

3.7.1 Hilbert Spaces

Definition 3.7.13. A complete inner-product space is called a Hilbert space.

Definition 3.7.14. Recall that a subset {v,|o € A} of a Hilbert space V' is said to
| = 1 for every a € A and <ya|yﬂ> =0forall o # B. If
the subspace spanned by the family {v,|o € A} is dense in V, we call this set an

be orthonormal if ||v,,|

orthonormal basis.

Note that, according to this definition, an orthonormal basis for a Hilbert space
V' is not necessarily a Hamel basis for V. However, it can be shown that any or-

thogonal basis is a subset of a Hamel basis. In practice it is the orthonormal basis,
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not the Hamel basis itself, which is of most use. None of these issues arise in
finite-dimensional spaces, where an orthogonal basis is always a Hamel basis.
Let B = {v,|a € A} be an orthonormal basis for Hilbert space V. Each element
v € V has the form
v = Z Salys

acA

where the sum converges in the (2)-norm. The Parseval identity

2
ol = Isal?

a€A

is obtained by computing (v|v).

Theorem 3.7.15. Every orthogonal set in a Hilbert space V' can be enlarged to an

orthonormal basis for V.

Proof. Let X be the set of orthonormal subsets of V. Furthermore, for z,y € X
consider the strict partial order defined by proper inclusion. If x = {v,|a € Ap} is
an element of X, then by the Hausdorff maximal principle there exists a maximal
simply ordered subset Z of X containing x. This shows the existence of a maximal
orthonormal set {v,,|a € A}, where Ay C A.

Let W be the closed subspace of V' generated by {v,|av € A}. If W # V, there
is a unit vector u € W+, contradicting the maximality of the system {v,|a € A}.

Thus, W = V and we have an orthonormal basis. O

Theorem 3.7.16. A Hilbert space V' has a countable orthonormal basis if and only
if V' is separable.

Sketch of proof. 1If V is separable, then it contains a countable dense subset. Us-
ing the well-ordering theorem, this subset can be ordered into a sequence v;, v, . . .
such that, for every vector v € V and any ¢ > 0, there exists an n such that

| < e. Therefore, applying Gram-Schmidt orthogonalization, to this or-

v — v,

dered sequence of vectors, generates a countable orthonormal basis. Conversely, if
V' has a countable orthonormal basis, then linear combinations with rational coeffi-

cients can be used to construct a countable dense subset. L]



3.8. LINEAR TRANSFORMATIONS 59

3.8 Linear Transformations

3.8.1 Definitions

Definition 3.8.1. Let V and W be vector spaces over a field F. A linear transform
from'V to W is a function T from V into W such that

T (svy + vy) = sTvy + T,
forall v, and v, in 'V and all scalars s in F'.

Example 3.8.2. Let A be a fixed m x n matrix over F. The function T defined by

T (v) = Av is a linear transformation from F"*! into F™*1,

Example 3.8.3. Let P € F"™*™ and Q € F"*" be fixed matrices. Define the func-
tion T from F™*" into itself by T(A) = PAQ. Then T is a linear transformation

Sfrom F™*™ into F"™*". In particular,

T(sA+B)=P(sA+B)Q
=sPAQ + PBQ
=sT(A)+T(B).
Example 3.8.4. Let V be the space of continuous functions from R to R, and define
T by
T = [ 1o
0

Then T is a linear transformation from V into V. The function T f is continuous
and differentiable.

It is important to note that if 7" is a linear transformation from V' to W, then

T (0) = 0. This is essential since
T =T0O+0)=T0)+T().

Definition 3.8.5. A linear transformation T' : V. — W is singular if there is a

non-zero vector v € V such that T'v = 0. Otherwise, it is called non-singular.
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3.8.2 Properties

Theorem 3.8.6. Let V., W be vector spaces over F and B = {v, |a € A} be a
Hamel basis for V. For each mapping G : B — W, there is a unique linear
transformation T : V' — W such that Tv, = G (v,).

Proof. Since B is a Hamel basis for I/, every vector v € V has a unique expansion
U= Sal,,
acA
where s, # 0 for only a finite subset of A. Using this expansion and the mapping
G for basis vectors, we define the mapping 7', for each v, as
Ty = Z 5aG (1) -
acA

Using the unique decomposition of vectors, it is easy to verify that this mapping is
linear.

To show that it is unique, we assume that there is another linear mapping U :
V' — W such that Uy, = G (v, ). In this case, the linearity guarantees that

Uv=U (Z saya> = ZsaU (v,) = ZsaG (v,) -

acA acA acA

This implies that Uv = T'v for all v € V' and therefore that U = T'. L]

This theorem illuminates a very important structural element of linear trans-
formations: they are uniquely defined by where they map basis vectors of their

domain.

Definition 3.8.7. If T’ is a linear transformation from V into W, the range of T' is
the set of all vectors w € W such that w = Tv for some v € V. We denote the
range of T' by

R(T) £ {w e W|Fv € Vst Tv=w}={Tvjv €V}

The set R(7) is a subspace of W. Let w,, w, € R(T’) and let s be a scalar. By
definition, there exist vectors v; and v, in V' such that v, = w; and T'v, = w,.

Since T’ is a linear transformation, we have
T (svy +vy) = sTvy + Tvy = sw; + w,,

which shows that sw, + w, is also in R(7T').
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Definition 3.8.8. IfT is a linear transformation from V' into W, the nullspace of T
is the set of all vectors v € V such that T'v = 0. We denote the nullspace of 'T' by

N(T) = {v € V|Tv=0}.
It can easily be verified that N'(T') is a subspace of V.
T(0) =0 = 0eN(T).
Furthermore, if T'v; = T'v, = 0 then
T (svy +vy) = sT (vy) + (vp) =50+ 0 =0,
so that sv; + vy, € N(T).

Definition 3.8.9. Let V and W be vector spaces over a field F and let T' be a linear
transformation from V' into W. If V is finite-dimensional, the rank of 'T' is the
dimension of the range of 'T' and the nullity of T is the dimension of the nullspace
of T.

Theorem 3.8.10. Let V' and W be vector spaces over the field I' and let T' be a

linear transformation from V into W. If V is finite-dimensional, then
rank(7") + nullity(7") = dim(V)

Proof. Let vy, ...,v, be a basis for N(T), the nullspace of 7. There are vectors
Upstr--->Y, € V such that v,... v, is a basis for V. We want to show that

TV, q,.-.,Tv, is a basis for the range of 7. The vectors Tv,,...,Tv, certainly

span R(T') and, since Tv; = 0 for j = 1,...,k, it follows that T'v , , .. .,v,, span

R(T). Suppose that there exist scalars sy1, . .., S, such that
n
Z sjTv; = 0.
j=k+1
This implies that
n
Jj=k+1
and accordingly the vector v = Z?:k 41550, 1s In the nullspace of T'. Since
vy, ..., v, form a basis for N(T), there must be a linear combination such that

k
v = E 1jv;.
j=1
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But then,
k n
tio; = D, s =0
j=1 j=k+1
Since the vectors v, .. ., v,, are linearly independent, this implies that
tlz"':tkzskJrl:...Sn:O.

That is, the set T'v; 4, ..., T'v, is linearly independent in 1/ and therefore forms a
basis for R(7"). In turn, this implies that n = rank(7") + nullity (7). O

Corollary 3.8.11. If A is an m X n matrix with entries in the field F, then
row rank(A) £ dim(R(A”)) = dim(R(A)) £ column rank(A).

Proof. First, we note that the range R(A) of A equals the column space of A and
therefore rank(A) = dim (R(A)). Next, we use the definition of the orthogonal
complement and R(A”) = {A"yly € F™} to see that

R(AH)L:{Q cF"|2fz2=0Vze R(AH}:{Q e F" |2HAHQZ 0Vy e Fm}
This implies that R(A7)* = {z € F" |2 A" = 0} = N(A) and therefore that

dim (R(A™)) = n — dim (R(A™))" = n — dim (N(A)) = dim (R(A)) .

3.8.3 Projections

Definition 3.8.12. A function F' : X — Y withY C X isidempotent if F(F(x)) =
F(x). When F is a linear transformation, this reduces to F> = F - F = F.

Definition 3.8.13. Ler V' be a vector space and T’ : V' — V be a linear transfor-

mation. Then, T is a projection if T' is idempotent.

Example 3.8.14. The idempotent matrix A is a projection onto the first two coor-

dinates.

I

I
o O =
o = O
e R S
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Theorem 3.8.15. Let V' be a vector space and T’ : V' — V be a projection operator.
Then, the range R(T) and the N (T') are disjoint subspaces of V.

Proof. For all v € V — {0}, we need to prove that v is not in both the range and
nullspace. Let v € V be in the range of 7' so that there is a w € V such that
Tw = v. Then, Tv = T?w = Tw = v and v is not in the null space unless v = 0.
Let v be in the null space of 7', then T'v = 0. But, T'v = v for all v in the range.
Therefore, v is not in the range unless v = 0. From this, we see that only 0 € V is

in both the range and nullspace. Therefore, they are disjoint subspaces. [

Example 3.8.16. Consider the linear transformT' : V. — V defined by T' = I — P,

where P is a projection. It is easy to verify that T’ is a projection operator because
™=(I-P(I-P)=1I-P-P+P*=]-P=T.

Notice also that P(I — P)v = 0 implies that R(T) C N(P) and Tv = v for
v € N(P) implies N(P) C R(T). Therefore, R(T) = N(P) and I — P is a
projection onto N (P).

Definition 3.8.17. Let V be an inner-product space and P : V' — V be a projection
operator. Then, P is an orthogonal projection if R(P) LN (P).

Example 3.8.18. Let V' be an inner-product space and P : V' — V' be an orthogo-
nal projection. Then, v = Pv + (I — P)v defines a natural orthogonal decomposi-
tion of v because Pv € R(P) and (I — P)v € N'(P). Therefore, N (P) = R(P)*
and Pv = v if and only if v € R(P).

Theorem 3.8.19. Any idempotent Hermitian matrix P defines an orthogonal pro-

jection operator.

Proof. We simply must verify that the range a null space are orthogonal. Since
Pu € R(P) and (I — P)v € N(P), we can simply point out that

(Pu|(I — P)v) = o™ (I — P)! Pu=v"(P — PP P)u=v"(P— P*)u=0.

]
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Chapter 4

Representation and Approximation

4.1 Best Approximation

Suppose W is a subspace of a Banach space V. For any v € V, consider the

problem of finding a vector w € W such that ||[v — w|| is as small as possible.

Definition 4.1.1. The vector w € W is a best approximation of v € V by vectors
in W if
o —wl| < Jlv—w

forallw' € W.

If W is spanned by the vectors w,, ..., w, € V, then we can write

w—+ e

51w1+"'+5nwn+§7

where ¢ is the approximation error.

This problem is, in general, rather difficult. However, if the norm || - || cor-
responds to the induced norm of an inner product, then one can use orthogonal
projection and the problem is greatly simplified. This chapter focuses mainly on

computing the best approximation of arbitrary vectors in a Hilbert space.

Theorem 4.1.2. Suppose W' is a subspace of a Hilbert space V and v is a vector in

V. Then, we have the following:

1. The vector w € W is the best approximation of v € V' by vectors in W if and

only if v — w is orthogonal to every vector in W.

65
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2. If a best approximation of v € V' by vectors in W exists, it is unique.

3. If W has a countable orthogonal basis w,,w,, ... and is closed, then

w=Y" (| wll L, 4.1)

=1

is the best approximation of v by vectors in W.

Proof. Let w € W and suppose v — w is orthogonal to every vector in WW. Let
w' € W such that w’ # w. Thenv — w’ = (v — w) + (w — w’) and
le = w'|” = flo = w|* + 2Re (v — wlw — w') + w - ||
= [lo = wlf* + [lw — w'|* (4.2)
> o —w|*.
Conversely, suppose that ||v — w'|| > ||v — w]|| for every w’ € W. From @.2), we

get
2Re (v — w|w — w') + [lw — w'[|* > 0

for all w’ € W. Note that every vector in ¥ can be expressed as w — w’ where
w' € W, it follows that

2Re (v — wlw”) + [|w”]|* > 0 (4.3)

for every w” € W. If w' is in W and w’ # w then we may take

p__{w—wy —2w> (w—w).

lw — ||

Inequality (4.3) then reduces to the statement

—wlw — w')? v — wlw — w')|?
wlw /HQ_H +\<_ wlw —w')| > 0.

Ll 2
lw — w|

|w — w

This inequality holds if and only if (v — w|w —w’) = 0. Therefore, v — w is
orthogonal to every vector in . Hence the vector w € W is a best approximation
of v € V by vectors in W if and only if v — w 1s orthogonal to every vector in W.

Suppose w,w’ € W are best approximations of v by vectors in . Then
|lv —w|| = |Jlv—w'| and @.2) implies that ||w —w'|| = 0. That is, if a best

approximation exists then it is unique.
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Assume that IV is closed and has a countable orthogonal basis wy, ..., w,, and
let w be defined by (@.1). Then v — w is orthogonal to w; for j € N, i.e.,

)

(wjlw;) = 0.

(v —wlw;) = (vjw,) — <i @‘QHZQ w,

i=1 sz

<Q|@j>

2
[l |

= (vlw;) -

That is, v — w is orthogonal to every vector in W and therefore w is the best ap-

proximation of v by vectors in IV. U

Definition 4.1.3. Whenever the vector w in Theorem exists, it is called the
orthogonal projection of v onto W. If every vector in V' has an orthogonal projec-
tion onto W, then the mapping E : V. — W, which assigns to each vector in V' its

orthogonal projection onto W, is called the orthogonal projection of V onto W'

One can use Theorem to verify that this is consistent with the concept of
orthogonal projection from Definition

P 4.1.4. Let W be the subspace of R? spanned by the vector (1,2). Using the
standard inner product, let E be the orthogonal projection of R? onto W. Find

1. a formula for E(xq,x2)

2. the matrix of E in the standard ordered basis, i.e., E(x1,x2) = Ex
3wt

4. an orthonormal basis in which E is represented by the matrix

10

00 ] '

Theorem 4.1.5. Suppose W is a closed subspace of a separable Hilbert space V'

E =

and let I/ denote the orthogonal projection of V-on W. Then, E' is an idempotent
linear transformation of V onto W, Ew' = 0 iffw’ € W+, and

V=Waewt.



68 CHAPTER 4. REPRESENTATION AND APPROXIMATION

Proof. Let v be any vector in V. Since E'v is the best approximation of v by vectors
in W, it follows that v € W implies Ev = v. Therefore, F (Ev) = Ev for any
v € V since Ev € W. Thatis, E? = E and F is idempotent.

To show that £ is a linear transformation, let w,,w,, ... be a countable or-
thonormal basis for IV (whose existence follows from Theorem [3.7.16)). Using part
3 of Theorem [4.1.2] we find that

oo

E (s10; +v5) = > _(s10; + v,w;)w,
=1

o0
:512U1|w ZU2|7~U w;

1=1

= s1Bv; + Ev,.

Therefore, E is a linear transformation. It also follows that Ew’ = 0 iff w’ € W+
because W= can be defined by the fact that (w’|w,) = 0 fori € N.

Again, let v € V and recall that (by Theorem Ewv is the unique vector
in W such that v — FEuv is in W+, Therefore, the equation v = Ev + (v — Ev)
gives a unique decomposition of v into Ev € W and v — Ev € W=, This unique
decomposition implies that V' is the direct sum of ¥ and . Lastly, one finds
from the definition of W+ that

WAWw={ueWulw)=0¥we W} C {ueWulu) =0} = {0}.
]

Corollary 4.1.6. Let W be a closed subspace of a separable Hilbert space V' and
E be the orthogonal projection of Von W. Then I — E is the orthogonal projection
of V.on W+.

Proof. This follows directly from the orthogonal decomposition in Theorem
One can also verify that / — E' is an idempotent linear transformation of V' with
range W+ and nullspace 1. From Definition [3.8.17, we see that I — E is an

orthogonal projection. [

Theorem [.1.5]also implies the following result, known as Bessel’s inequality.
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Corollary 4.1.7. Let v,,v,, ... be a countable orthogonal set of distinct non-zero

vectors in an inner-product space V. If v € V then

— [(ufw,)[*
Z =0 < ol
=1

sl

Moreover, equality holds if and only if

Proof. Define

Then v = w + u, where (w|u) = 0 and ||v]|* = HwH2 + ||u||*. Noting that

!

we obtain the desired result, with equality iff u = 0. 0

If v;,v,, ... 1s an orthonormal set, Bessel’s inequality states that

Sl P < [l

=1

It follows that the vector v is in the closure of the subspace spanned by v,, v,, ... if
an only if

= (vl

4.2 Computing Approximations in Hilbert Spaces

4.2.1 Normal Equations

Suppose V' is a Hilbert space the subspace W is spanned by w,,...,w, € V. Con-
sider the situation where the sequence w,, ..., w,, is linearly independent, but not
orthogonal. In this case, it is not possible to apply (4.1)) directly. It is nevertheless

possible to obtain a similar expression for the best approximation of v by vectors in
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W. Theorem {4.1.2|asserts that © € W is a best approximation of v € V' by vectors

in W if and only if v — © is orthogonal to every vector in /. This implies that

(0= dlw;) = <Q— > s, wj> =0
=1

i: si (w;lw;) = (v|lw;)

for 5 = 1,...,n. These conditions yield a system of n linear equations in 7 un-

or, equivalently,

knowns, which can be written in the matrix form

(wiwy)  (wolwy) -+ (w,|w) s1 (v]w,)
(wiwy)  (walwy) -+ (w,|wy) spo | _ | (ulws)
(w |lw,) (wylw,) -+ (w,|w,) Sn (v|w,)

We can rewrite this matrix equation as
Gs=t

where
t" = ((vlw,) , (@lwy) , ..., (vhw,))
is the cross-correlation vector, and

st = (81,82, .-+, 8n)

is the vector of coefficients. Equations of this form are collectively known as the

normal equations.

Definition 4.2.1. The n X n matrix

(wylwy) (wplwy) - (w,|w)
o= <w1:|w2> <M2:|QQ> <Mn:|wz> 44)
(wiw,) (wylw,) - (w,|w,)

is called the Grammian matrix. Since Gj; = <wi lw j>, it follows that the Grammian

is a Hermitian symmetric matrix, i.e., GH = G.
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Definition 4.2.2. A matrix M € F"*" is positive-semidefinite if v’ Mv > 0 for all
v € ™. Amatrix M € F™*" is positive-definite if v Mv > 0 forallv € F"—{0}.

An important aspect of positive-definite matrices is that they are always invert-
ible. This follows from noting that Mv = 0 for v # 0 implies that v’ Mv = 0 and

contradicts the definition of positive definite.

Theorem 4.2.3. A Grammian matrix G is always positive-semidefinite. Further-

more, it is positive-definite if and only if the sequence of vectors w,,...,w,, is

linearly independent.

Proof. Letv = (vq,...,v,)" € F". Then,
v Go = Z Z 0,Gjv; = Z Z Uj <wi‘wj> (%
i=1 j=1 i=1 j=1
> vjwj> (4.5)
j=1

n

=2 i (viw;|vjw;) = <é viaw,

i=1 j=1

n
E v; W,
i=1

2
> 0.

That is, v7Gv > 0 forall v € F™.
Suppose that G is not positive-definite. Then, there exists v € F™ — {0} such
that v Gv = 0. By (#.3)), this implies that

n

Zviwi =0

=1

and hence the sequence of vectors wy, ..., w, is not linearly independent.

Conversely, if G is positive-definite then v Gv > 0 and

Z viw; (| >0
i=1
for all v € F™ — {0}. Therefore, the sequence of vectors wy, ..., w, is linearly

independent. [
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4.2.2 Orthogonality Principle

Theorem 4.2.4. Let w,, ..., w, be vectors in an inner-product space V' and denote
the span of wy, ..., w, by W. For any vector v € V, the norm of the error vector
n
e=u-3 s, @)

i=1
is minimized when the error vector e is orthogonal to every vector in W. If v denotes

the least-squares approximation of v then

(v—

<>

!%) =0

forj=1,...,n
e||”, where e is given by requires minimizing

- Bl B

:<y|y>—2; Z<v|sy >+§;Z;<sz w;[sjw;)

= () = Y i (wlv) — Z 5 (vlw,) + Z Z 5i5; (wlw;)

i=1 j=1 i=1 j=1

Taking the gradient of J (s), we get
(v]w;) (wylwy) (wplwy) .. (w,|wy) $1
VJ(s) = — <| 2) n (W |wy)  (wolwy) .. (w,|w,) 52
(v|w,) (wilw,) (wylw,) ... (w,|w,) Sn

=0.
In matrix form, this yields the familiar equation
Gs =t.
To ensure that this extremum is in fact a minimum, we compute the Hessian matrix
V2 (s) = G.

Since G is a positive-semidefinite matrix, the extremum is indeed a minimum.
This implies that ||e||* is minimized if and only if Gs = t. That is, |le|” is

minimized if and only if v — © is orthogonal to every vector in V. [
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Note that it is also possible to prove this theorem using the Cauchy-Schwarz

inequality or the projection theorem.

4.3 Approximation for Systems of Linear Equations

4.3.1 Matrix Representation

For finite-dimensional vector spaces, least-squares (i.e., best approximation) prob-
lems have natural matrix representations. Suppose V' = F™ and w,, w,,...,w,, €
V' are column vectors. Then, the approximation vector is given by

n

0= E S, W;

=1

In matrix form, we have

0= As,
where A = [w, ---w,]. The optimization problem can then be reformulated as
follows. Determine s € F™ such that
2 <112 2
lell” = llu—2[" = flu — As]|

is minimized. Note that this occurs when the error vector is orthogonal to every

vectorin W, i.e.,
(elw;) = (v —dlw;) = (v — Asfw;) =0

forj=1,...,n.

4.3.2 Standard Inner Products

When || - || is the norm induced by the standard inner product, these conditions can
be expressed as
wy!
(v —As) = 0.
w!

Using the definition of A, we obtain

AT As = Ay,
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The matrix A A is the Grammian G defined in (#@4)). The vector A7v is the cross
correlation vector ¢.

When the vectors wy, ..., w, are linearly independent, the Grammian matrix
is positive definite and hence invertible. The optimal solution for the least-squares

problem is therefore given by

s=(ATA) ATy =Gt

The matrix (A" A) ~" A" is often called the pseudoinverse.

The best approximation of v € V' by vectors in W is equal to
b= As = A(ATA) " ATy,

The matrix P = A (A% A) ~' A s called the projection matrix for the range of A.
It defines an orthogonal projection onto the range of A (i.e., the subspace spanned

by the columns of A).

4.3.3 Generalized Inner Products

We can also consider the case of a general inner product. Recall that an inner

product on V' is completely determined by the values
hji = <§z’|§j> )
and that this inner product can be expressed as
(vJw) = w" Ho.

Minimizing ||e||*> = ||v — As||® and using the orthogonality principle lead to the

matrix equation

ATHAs = ATHo.

When the vectors w,, . .., w,, are linearly independent, the optimal solution is given
by
s=(ATHA) " A" Huy.
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4.3.4 Minimum Error
Let © € W be the best approximation of v by vectors in W. Again, we can write
v=>0+e

where e € W+ is the minimum achievable error. The squared norm of the minimum

error is given implicitly by
2 ~ 2 A ~ NP ~112 2
2] = l2 +ell” = (@ + el + ) = (2]D) + {ele) = 12]]" + [l ™
We can then find an explicit expression for the approximation error,
2 2 ~ 112 ~ ~
lell® = lll* = ll2l* = o Hv - 8" Ho
=v"Hy — s"A"H As
= vl Ho—v"HA (AHHA)f1 ATy
— o (H = HA(A"HA) " A" H ) v.

4.4 Applications and Examples in Signal Processing

4.4.1 Linear Regression

Let (x1,%1), - - -, (Tn, Yn) be a collection of points in R%. A linear regression prob-

lem consists in finding scalars a and b such that

yi ~axr; +0b
for+ =1, ..., n. Definite the error component e; by e; = y; — ax; — b, then
Y1 T 1 €1 T 1 €1
a
Un T 1 en T, 1 €n

In vector form, we can rewrite this equation as
y=As+e,

where y = (y1, ... ) s = (a,0)T, e = (er,...,e,)", and

A:
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This equation has a form analog to the matrix representation of a least-squares
problems. Consider the goal of minimizing ||e||>. The line that minimizes the sums
of the squares of the vertical distances between the data abscissas and the line is

then given by
5= (ATA) ATy,

4.4.2 Linear Minimum Mean-Squared Estimation

Let Y, X;,...,X, be a set of zero-mean random variables. The goal of the lin-
ear minimum mean-squared estimation (LMMSE) problem is to find coefficients

S1,...,8p such that

A

Y281X1+"'+San.

minimizes the MSE E[|Y — Y'|?]. Using the inner product defined by
(X|Y)=E[XY], (4.7)

we can compute the linear minimum mean-squared estimate Y using

Gs =t,
where
E[X:X:] E[XoX] E [X,X]
a_ | E [X1X,] E[XoX,] E [X,X3]
E[X:X,] E[X2X,] E[X,X,]
and
E[YX,]
_ | E [VX,]
E[YX,]

If the matrix G is invertible, the minimum mean-squared error is given by

v - YH2 —E[YY] -t"G't.
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4.4.3 The Wiener Filter

Suppose that the sequence of zero-mean random variables { X [¢]} is wide-sense
stationary, and consider the FIR filter

YM:KAhWXﬁ—M
7 A0
—| Xl ... X[t-K+1 : = (X[)" b
HK — 1]

The goal is to design this filter in such a way that its output is as close as possible
to a desired sequence { Z[t]}. In particular, we want to minimize the mean-squared
error

121t = YHIIF = B | 2[4 - Y] -

By the orthogonality principle, the mean-squared error is minimized when the

error is orthogonal to the data; that is, for y = 0,1,..., K — 1, we have
K-1
<Zm— mmxu—mpﬁ—ﬂ>za
k=0
or, equivalently, we can write
K-1
(Z[t| X[t = 1) = ) bk (X[t — k]| X[t = j]) -
k=0
Using (4.7)), we obtain
K-1
E[Z[t]X[t—j]] =) h[KE [X[t — kX[t —j]]. (4.8)
k=0

where j =1,..., K — 1.

For this specific case where the normal equations are defined in terms of the
expectation operator, these equations are called the Wiener-Hopf equations. The
Grammian of the Wiener-Hopf equations can be expressed in a more familiar form
using the autocorrelation matrix. Recall that { X'[t]} is a wide-sense stationary pro-

cess. As such, we have

Ruw(j — k) = Rea(j, k) = E [ X[t — kX[t — j]] = (X[t — k]| X[t — j]) -
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Also define
R..(j) = E [Z[t) X[t — j]] = (Z[t]| X[t — j]) .

Using this notation, we can rewrite (4.8) as

R..(0) hl0]
R — Rzaf(l) _ R hl1]
R..(K —1) h[K — 1]

where the K’ x K autocorrelation matrix is given by

Note that the matrix R, is Toeplitz, i.e., all the elements on a diagonal are equal.

Assuming that R, is invertible, the optimal filter taps are then given by
h=RR.,.
The minimum mean-squared error is given by
1Z-YI*=2I* - IY]*
=E[ZZ] - E [h"XX"h]

where ¢ can be ignored because the processes are WSS.

4.44 LMMSE Filtering in Practice

While theoretical treatments of optimal filtering often assume one has well-defined
random variables with known statistics, this is rarely the case in practice. Yet, there
is a very close connection between Wiener filtering and natural data driven ap-
proaches. Consider the problem from the previous section and let z[1], z[2], .. .1 , [ N]

and z[1], z[2], ..., z[IV] be realizations of the random processes.
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As an application, one can think of the x[t] sequence as the received samples
in a wireless communication system and the z[t] sequence as a pilot sequence
(i.e., known to both the transmitter and receiver). It is assumed the transmitted
sequence has been convolved with an unknown LTI system. This type of degra-

dation is known as intersymbol interference (ISI) and the goal is to find a linear

filter h[0], h[1], ..., h[K — 1] that removes as much ISI as possible. A suitable cost
function for this goal is
N K—1 2
J(h) = AVTHt] = Y h[k]alt — k]|
=K k=0

where the exponential weighting factor A emphasizes the most recently received

symbols because, in reality, the channel conditions are changing with time.

Using the vector z = [ z[K| z[K +1] --- 2[N] | and the matrix
z[K]  z[K-1] .- x[1]
A x[K'—I— 1] :U[K] x[Q] |
x[N] x[N.— 1] | [N .K + 1]

we can rewrite this cost function as
J(h) = (Ah — 2)"A(Ah — z),

where A is a diagonal matrix whose diagonal contains [ \N=K  \N-K+1 ... A1 )0 ],
Using the orthogonality principle, one finds that the optimal solution is given by the
normal equation

AFNAR = AP Az

To see the connection with Wiener filtering, the key observation is that the ma-
trix AAA and the vector A¥ Az are sample-average estimates of the correlation

matrix and cross-correlation vector. This is because, for large /N and A close to 1,

we have
- Ruali — )
i = Nt - Rzl 7 J)
[AFAA] = AN alt -+ 1aft — i+ 1] = =
t=K
and

AHAZ Z)\N ATt — i+ 1] = R”T(Z).
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Another benefit of this approach is that, as each new sample arrives, the solution
h can be updated with low complexity. Consider the matrix Gy = AYAA and
vector by = AH Az as a function of N. Then, Gny1 = AGy + uffu and tyer =

by + 2z[N + 1]uf, where

u=[2[N+1] 2[N] - 2N-K+2].

The updated solution vector Ay, ; = GJ_VI+1 by 1 can be computed efficiently using

the Sherman-Morrison matrix inversion formula.

4.5 Dual Approximation

4.5.1 Minimum-Norm Solutions

In many cases, one is interested in finding the minimum-norm vector that satisfies
some feasibility constraints. For example, an underdetermined system of linear
equations has an infinite number of solutions. But, in practice, it often makes sense
to prefer the minimum-norm solution over other solutions. Finding this solution is

very similar to finding the best approximation.

Let V' be a Hilbert space and w,, w,, ..., w, be a set of linearly independent
vectors in WW. For any v € V, consider finding the scalars sy, s, . . ., s, that mini-
mize

n

v — § SW;

=1

The answer is clearly given by the best approximation of v by vectors in the span of

Wy, W, . .., w,. The orthogonality principle tells us that sy, s9, . . ., 5, must satisfy
(wylwy) (wylwy) -+ {w,|wy) $1 (v]wy)
wq|w Wo | W w,, |w S viw
1 I N I ™
(wilw,) (wslw,) - (w,|w,) Sn (v]w,)

The same problem can also be posed in a different manner.

Theorem 4.5.1. Let V' be a Hilbert space and w,,w,, ...,w, be a set of linearly

independent vectors in V. The dual approximation problem is to find the vector
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w € V of minimum-norm that satisfes (w|w,) = ¢; fori = 1,... n. This vector is

given by
w=">suw,
i=1
where the coefficients s1, Sa, . . ., S, can be found by solving [&.9) with (v|w,) = ¢;.
Proof. Let W = span(w;, w,, ..., w,) and notice that the subset
A={ueV|[{uw)=c¢Vi=1,...,n}

is simply the orthogonal complement W+ translated by any vector v € A. There-
fore, the vector achieving min,e 4 ||u/| is the error vector in the best approximation
of some v € A by vectors in W+, Using the unique decomposition v = 9 + w
implied by the orthogonal decomposition V' = W+ & W, one finds that the error
vector w must lie in 1. Moreover, the normal equations, given by modifying (4.9),
show that the error vector w is the unique vector in W that satisfies (w|w,) = ¢; for
i=1,...,n. L]

4.5.2 Underdetermined Linear Systems

Let A € C™*" with m < n be the matrix representation of an underdetermined
system of linear equations and v € C™ be any column vector. Then, the dual
approximation theorem can be applied to solve the problem
Join {|s].

To see this as a dual approximation, we can rewrite the constraint as (A7)fs =
v. Then, the theorem concludes that the minimum norm solution lies in R (A7)
(i.e., the column space of A”). Using this, one can define 3§ = At and see that
A(AHt) = v. If the rows of A are linearly independent, then the columns of A¥
are linearly independent and (AA™)~! exists. In this case, the solution 3 can be

obtained in closed form and is given by

1

5= A (A4,
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Chapter 5

Linear Transformations and

Operators

5.1 The Algebra of Linear Transformations

Theorem 5.1.1. Let V' and W be vector spaces over the field F. Let T and U be
two linear transformations from V' into W. The function (T + U) defined pointwise
by
(T+U)(v)=Tv+Uv
is a linear transformation from V' into W. Furthermore, if s € F, the function (sT)
defined by
(sT) (1) = s (Tw)

is also a linear transformation from V' into W. The set of all linear transformation
from V into W, together with the addition and scalar multiplication defined above,

is a vector space over the field F'.

Proof. Suppose that 7" and U are linear transformation from V" into W. For (T'+U)

defined above, we have
(T+U)(sv+w) =T (sv+w)+U(sv+w)
=5 (Tv) +Tw+ s (Uv) + Uw
=s(Tv+Uv)+ (Tw + Uw)
=s(T'+U)v+ (T +U)w,

83
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which shows that (7" + U) is a linear transformation. Similarly, we have

(rT) (s +w) = r (T (sv + w))
=7r(s(Tv) + (Tw))

which shows that (77" is a linear transformation.

To verify that the set of linear transformations from V" into W together with the
operations defined above is a vector space, one must directly check the conditions
of Definition [3.3.1] These are straightforward to verify, and we leave this exercise
to the reader. [

We denote the space of linear transformations from V" into W by L(V, W). Note
that L(V, W) is defined only when V' and W are vector spaces over the same field.

Fact 5.1.2. Let V' be an n-dimensional vector space over the field F, and let W
be an m-dimensional vector space over F. Then the space L(V,W) is finite-

dimensional and has dimension mn.

Theorem 5.1.3. Let V, W, and Z be vector spaces over a field F. Let T € L(V, W)
and U € L(W,Z). Then the composed function UT defined by (UT) (v) =

U (T (v)) is a linear transformation from V into Z.
Proof. Letv,,v, € V and s € F'. Then, we have

(UT) (svy + vy) = U (T (sv; + v,))
= U (sTw, + Tus,)
= sU (Tvy) + U (Tv,)
=s(UT) (v;) + (UT) (vy),

as desired. O]

Definition 5.1.4. If V is a vector space over the field F, a linear operator on 'V is

a linear transformation from V into V.
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Definition 5.1.5. A linear transformation T' from V' into W is called invertible if
there exists a function U from W to V' such that UT is the identity function on V'
and TU is the identity function on W. If T' is invertible, the function U is unique
and is denoted by T~'. Furthermore, T is invertible if and only if

1. T is one-to-one: Tv, = Tvy, = v; = U,
2. T is onto: the range of T'is W.

Example 5.1.6. Consider the vector space V of semi-infinite real sequences R*
where v = (v1,v9,v3,...) € V withv, € Rforn € N. Let L : V — V be the
left-shift linear transformation defined by

LQ - (U27 V3, U4, . - )
and R : V' — V be the right-shift linear transformation defined by
RQ = (O,Ul,’UQ, .. )

Notice that L is onto but not one-to-one and R is one-to-one but not onto. Therefore,

neither transformation is invertible.

Example 5.1.7. Consider the normed vector space V' of semi-infinite real sequences
RY with the standard Schauder basis {¢,,¢€,,...}. Let T : V. — V be the linear
transformation that satisfies Te, = i~ ‘e, fori = 1,2,.... Let the linear transfor-
mation U : V. — V satisfy Ue;, = ie,; for i = 1,2,.... It is easy to verify that
U=T"'andUT =TU = I.

This example should actually bother you somewhat. Since 7' reduces vector
components arbitrarily, its inverse must enlarge them arbitrarily. Clearly, this is not
a desirable property. Later, we will introduce a norm for linear transforms which

quantifies this problem.

Theorem 5.1.8. Let V' and W be vector spaces over the field F' and let T' be a
linear transformation from V into W. If T is invertible, then the inverse function

T~Y is a linear transformation from W onto V.

Proof. Let w; and w, be vectors in W and let s € F. Define v; = Tflgj, for

7 = 1,2. Since T'is a linear transformation, we have

T (svy +vy) = sT (vy) + T (vy) = sW; + W,
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That is, sv; + v, is the unique vector in V' that maps to sw; +w, under 7. It follows
that
T (swy +wy) = svy +vy =5 (T wy) + T w,

and 7! is a linear transformation. L]

A homomorphism is a mapping between algebraic structures which preserves
all relevant structure. An isomorphism is a homomorphism which is also invert-
ible. For vector spaces, the relevant structure is given by vector addition and scalar
multiplication. Since a linear transformation preserves both of these operation, it is
also a vector space homomorphism. Likewise, an invertible linear transformation is

a vector space isomorphism.

5.2 Linear Functionals on Vector Spaces

Definition 5.2.1. Let V' be a vector space over a field F'. A linear transformation f

from V into the scalar field F is called a linear functional on V.

That is, f is a functional on V' such that

fsvr+wy) = sf (v) + f (v2)
forall v;,v, € V and s € F.

Example 5.2.2. Let F' be a field and let sy, . .., s, be scalars in F. Then the func-
tional f on F" defined by

f(vlu"'7vn> = 51V1 + -+ SpUy,
is a linear functional. It is the linear functional which is represented by the matrix

|:81 52 .. Sn]

relative to the standard ordered basis for F". Every linear functional on F"™ is of

this form, for some scalars si, . .., Sy.

Definition 5.2.3. Let n be a positive integer and F' a field. If A is an n X n matrix

with entries in F, the trace of A is the scalar

tI‘(A) = All + AQQ + 4 Ann
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Example 5.2.4. The trace function is a linear functional on the matrix space F™*™
since

n

tr(sA+ B) = (sA; + Byj)

i=1

=5 Z Ay + Z Bii
i=1 i=1

= s tr(A) + tr(B).

Example 5.2.5. Let [a, b] be a closed interval on the real line and let C([a,b]) be

the space of continuous real-valued functions on |a,b|. Then

defines a linear functional L on C([a,b]).

Definition 5.2.6. Let V' be a vector space. The collection of all linear functionals
onV, denoted L(V, F), forms a vector space. We also denote this space by V* and
call it the dual space of V.

The following theorem shows that, if V' is finite dimensional, then
dimV* =dim V.

In this case, one actually finds that V' is isomorphic to V' *. Therefore, the two spaces

can be identified with each other so that V' = V* for finite dimensional V.

Theorem 5.2.7. Let V be a finite-dimensional vector space over the field F', and
let B=v,,...,v, be abasis for V. There is a unique dual basis B* = f1,..., f,

for V* such that f; (v;) = 0;;. For each linear functional on'V, we have

and for each vector v in V, we have

V= Zf (v) v;.
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Proof. LetB =wvy,...,v, be abasis for V. According to Theorem 3.8.6 there is a

unique linear functional f; on V' such that
fi (Qj) = 0jj.

Thus, we obtain from B a set of n distinct linear functionals fi, ..., f, on V. These

functionals are linearly independent; suppose that

f= Z Sifi,
=1

then . .
f (?_)j) = Z si fi (Qj) = Z $i0ij = Sj.
i=1 i=1
In particular, if f is the zero functional, f (yj) = 0forj =1,...,n and hence the
scalars {s; } must all equal 0. It follows that the functionals fi, ..., f, are linearly
independent. Since dim V* = n, we conclude that B* = f,,..., f,, forms a basis

for V*, the dual basis of B.

Next, we want to show that there is a unique basis which is dual to B. If f is a

linear functional on V, then f is some linear combination of fi, ..., f, with
n
f= Z Si fi.
i=1
Furthermore, by construction, we must have s; = f (yj) forj =1,...,n. Simi-
larly, if

n
v = E tiv;.
i=1

is a vector in V/, then
fi(w) = Ztifj (v;) = ZE%’ =t;.
i=1 i=1

That is, the unique expression for v as a linear combination of vy, ..., v, is

v= Zf (v) v,
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One important use of the dual space is to define the transpose of a linear trans-
form in a way that generalizes to infinite dimensional vector spaces. Let V. W
be vector spaces over F'and 7' : V — W be a linear transform. If ¢ € W~
is a linear functional on W (i.e., g : W — F), then g(Tv) € V* is a linear
functional on V. The transpose of 7' is the mapping U : W* — V* defined by
f(v) = g(Tv) € V* forall g € W*. If V, W are finite-dimensional, then one can
identify V' = V* and W = W* via isomorphism and recover the standard transpose
mapping U : W — V implied by the matrix transpose.

The details of this definition are not used in the remainder of these notes, but can
be useful in understanding the subtleties of infinite dimensional spaces. For infinite
dimensional Hilbert spaces, we will see later that the definition again simplifies
because one identify V' = V'* via isomorphism. The interesting case that does not

simplify is that of linear transforms between infinite dimensional Banach spaces.

5.3 Operator Norms

Intuitively, the operator norm is the largest factor by which a linear transform can
increase the length of a vector. This provides a simple “worst-case” characterization

of any linear transform.

Definition 5.3.1. Let V and W be two normed vector spaces and let'T' : V — W

be a linear transformation. The induced operator norm of T’ is defined to

Tv
T = s T .
veV—{0} ||Q|| veV,|lv|l=1

Previously, we have seen that the set L(V, W) of linear transformations from V'
into W, with the standard addition and scalar multiplication, satisfies the conditions
required to be a vector space. Now, we have a norm for that vector space. Inter-
ested readers should verify that the above definition satisfies the standard conditions
required by a norm.

This norm also has a new property that follows easily from the definition. The
induced operator norm is called submultiplicative because || 7'v|| < ||T||||v||. From
this, it is easy to see that it also provides a submultiplicative norm for the algebra

of linear operators in that

|UTw[| < (U Tl < [TIIT] ]
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A common question about the operator norm is, “How do I know the two ex-

pressions give the same result?”. To see this, we can write

|Tv]|

_ 7L
veV—{0} 2 veV—{0}

2]

’: sup || Ty .
u€V,||lul|=1

5.3.1 Bounded Transformations

Definition 5.3.2. If the norm of a linear transformation is finite, then the transfor-

mation is said to be bounded.

Theorem 5.3.3. A linear transformationl" : V' — W is bounded if and only if it is

continuous.

Proof. Suppose that T" is bounded; that is, there exists M such that ||Tv|| < M ||v||

forallv € V. Let v,, v, . . . be a convergent sequence in V/, then
[ Tw; = Toyl| = |7 (v — v5) | < Mo — -

This implies that T'v,, T'v,, . . . is a convergent sequence in W, and 7" is continuous.
Conversely, assume 7' is continuous and notice that 7’0 = 0. Therefore, for any

€ > 0, there is a > 0 such that ||T'v|| < € for all ||v|| < ¢. Since the norm of
ov

u = g7 is equal to 5/2, we get
v || 2]v] | 2e
Tv|| = (|T = — < — :
iul = 75 | 2 < 5
The value M = 2 serves as an upper bound on || T’ O

Then, by showing that linear transformations over finite-dimensional spaces are
continuous, one concludes that they are also bounded. This is accomplished in the

following theorem.

Theorem 5.3.4. Let V and W be normed vector spaces and let T : V' — W be a

linear transformation. If V is finite dimensional, then T is continuous and bounded.

Lemma 5.3.5. Let V be a finite-dimensional normed vector space, and let



5.3. OPERATOR NORMS 91
be a basis for V. Then, for v € V, each coefficient s; in the expansion

U=s10;+ - F sy,

is a continuous linear function of v. Being continuous, it is also bounded, so there

exists a constant M such that |s;| < M |||

Proof of Lemma. The linearity property is straightforward, its proof is omitted. It

will suffice to show that there is an m > 0 such that
mlsi| <m([si|+ -+ [sa]) < |ull, (5.1)

since (5.1]) implies that |s;| < m ™! ||u||. We first show that this holds for coefficients
{s1,...,s,} satisfying the condition |s;| + - - - + |s,| = 1. Let

S:{(sl,...,sn) 213421}.

This set is closed and bounded; it is therefore compact. Define the function f :
S — R by

f<817"'787’b) = ||81Q1 ++S7’byn|| .

It can be shown that f is continuous, and it is clear that f > 0 over S. Let

m = min S1,...,5,).
(51,...,5n)65f< b ’ n)

Since f is continuous and S is compact, this minimum exists and is attained by

some point (s}, ..., s)) € S. Note that m > 0 for otherwise v,, . .., v,, are linearly

dependent, contradicting the fact that 3 is a basis. Thus m so defined satisfies (5.1).
For general sets of coefficients {s;}, letc = |s;|+-- -+ |s,|. If ¢ = 0, the result

1s trivial. If ¢ > 0, then write

S S
“51y1++5nyn" :C“zlyl++?nv

“n
S1 Sn

e (22)
C C

>cm=m(|s1|+ -+ |sn])-

This is the desired result. O]

We are now ready to prove the theorem.
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Proof of Theorem. Let B =v,,...,v, be abasis for V. Let v € V be expressed in
terms of this basis as

U= 5105+ + SpU,.
Let C = maxXi<i<n HTQZH Then,
[Tv]| = [T (s101 + - + snv,,) |

< sl ITwll + -+ [sal | T, |
< C(lsal+ -+ lsal) -

By the previous lemma, this implies that there exists an M such that |s1| + -+ +

|sn] < M ||v||, so that
[Tl < CM o] -
0
5.3.2 The Neumann Expansion
Theorem 5.3.6. Let || - || be a submultiplicative operator normand T : V' — V be

a linear operator with |T|| < 1. Then, (I —T)~" exists and

I-T)" = iT

Proof. First, we observe that the sequence

n—1
A, = Z;T

is Cauchy. This follows from the fact that, for m < n, we have
n—1
2.7

Since this goes to zero as m — oo, we see that the limit lim,, ., A,, exists.

[An — Amll = < :
L[] 17|

n—1
A el Y A
<> Il = <

Next, we observe that

I-T)(I+T+T*+---+T" ) =1-T"
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Since ||T'|| < 1, we have limj,_,., T% = 0 because ||T*|| < ||T|* — 0. Taking the
limit n — oo of both sides gives

(I — TZT’ lim (I —T") = I.

TL‘)OO

Likewise, reversing the order multiplication results in the same result. This shows
that Y7 7" must be the inverse of I — T, O

If one only needs to show that / — 7' is non-singular, then proof by contradiction
is somewhat simpler. Suppose I — 7' is singular, then there exists a non-zero vector
v such that (I — T)v = 0. But, this implies that |[v|| = ||Tv|| < ||T| ||l. Since
|lv|l # 0, this gives the contradiction ||7’|| > 1 and implies that I —T" is non-singular.

5.3.3 Matrix Norms

4l = mas 4], = mx S |
J

41l = mas v, = max 3 oy
i

The 2-norm of a matrix can be found by solving
max [ Au]; = 0" A" Av.
Using the Lagrange multiplier technique, one seeks to minimize
J = v A" Ay — 2o,
Taking the gradient with respect to v and equating the result to zero, we get
AT Ay = M.

The corresponding v must be an eigenvector of the matrix A7 A. Left multiplying

this equation by v and using the fact that v v = 1, we obtain
v AH Ay = \oflo = .

Since we are maximizing the left hand side of this equation, A must be the largest
eigenvalue of A A. For an nxn matrix B with eigenvalues A1, . . ., \,,, the spectral
radius p(B) is defined by

p(B) = max |\l
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The spectral radius of B is the smallest radius of a circle centered at the origin that

contains all the eigenvalues of B. It follows that

[A]l2 = /p(ATA).

When A is Hermitian, ||A||; = p(A). The 2-norm is also called the spectral norm.

The Frobenius norm is given by
1
n n 2
Al = <Z ’%’\2> -
i=1 j=1

This norm is also called the Euclidean norm. Note that || A||% = tr(A7 A).

5.4 Linear Functionals on Hilbert Spaces

Let V be an inner-product space, and let v be some fixed vector in V. Define the

function f, from V into F' by

Clearly, f, is a linear functional on V. If V' is a Hilbert space, then every continuous
linear functional on V' arises in this way from some vector v. This result is known

as the Riesz representation theorem.
Lemma 5.4.1. If (v|w) = (u|w) forallw € V, then v = w.

Proof. Then, (v — u|lw) = 0 for all w € V. Therefore, (v — u|lv — u) = 0 and this

implies v — u = 0. L]

Theorem 5.4.2 (Riesz). Let V be a Hilbert space and f be a continuous linear
functional on V. Then, there exists a unique vector v € V such that f (w) = (w|v)

forallw e V.

Proof. While the result holds in any Hilbert space, this proof assumes V' is separa-
ble for simplicity. Therefore, we let v,, v,, . . . be a countable orthonormal basis for

V. We wish to find a candidate vector v for the inner product.
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First, we note that f is bounded and, as such, there exists M such that | f (z) | <
M|\z| forallz € V. Letz,, = > | f (v;)v;. For any n, we have

Zf Zi\f@i)\z:if(yi)f(yi)
= ;<f(y v > 22< ’ _Z)gl>
<if Y;)Y; Zf Y; 1> = (T, |z,) = ||$n||

This implies that ||z,,|| < M for all n. Hence, lim, .o >.i, |f (v;)]” is bounded

and the vector

M|z, [l = [f ()] =

o

is in V' because it is the limit point of a Cauchy sequence. Let f, be the functional
defined by

fo (w) = (wfv) .
By the Cauchy-Schwarz, we can verify that
fo(w)
Ifull = sup ===s =],
uev—{oy |l

Since f is continuous, it follows that || f|| < oo and ||v|| < co. Then,

fo (Qj) = <Qj : f(Qz)Qz> =f (Qj) .

Since this is true for each v o it follows that f = f,. Now, consider any v' € V such
that (w|v) = (w|v’) for all w € W. Applying Lemma shows that v = v and

we conclude that v is unique. 0

An important consequence of this theorem is that the continuous dual space
V* of a Hilbert space V' is isometrically isomorphic to the original space V. Let
R : V* — V be the implied Riesz mapping from continuous linear functionals
on V (i.e., V*) to elements of V. Then, f(v) = (v|R(f)) for all f € V*. The
isomorphism can be shown by verifying that R(sf; + f2) = SR(f1) + R(f2) and
one finds that the mapping R is conjugate linear. The mapping is isometric because
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|fIl = ||R(f)||- Based on this isomorphism, one can treat a Hilbert space as self-
dual and assume without confusion that V' = V*.

Now, we can take a closer look at the proof of this theorem for the finite dimen-
sional case. If we choose an orthonormal basis B = v,,...,v, for V, the inner

product of w = tyv; + - - - + t,v,, and v = s30; + - - - + S,v,, will be
(wlv) =151 + -+ + t,5n.

If f is a linear functional on V/, then f has the form
fw) =cti+-+ ety

for some fixed scalars cy, ..., c, determined by the basis. Clearly, f (Qj) = ¢j,

which implies that 5; = f (v,). That is, the vector v such that f (w) = (w|v) is

v=fu)o + -+ f (1,)u,.

Note that the vector v lies in the orthogonal complement of the nullspace of f.
Let W be the nullspace of f,then V =W & W+, and f is completely determined
by its value on W=, In fact, if P is the orthogonal projection of V on W, then

f(u) = f(Pu)

for all u € V. Suppose that f # 0, then f is of rank one and dim (W+) = 1. If v

1s any non-zero vector in W, it follows that

Pu— <u|y2)y
]
for all w € V. Thus,
() = {uf) LY
]|

forallu € V.

Theorem 5.4.3. Let V and W be Hilbert spaces, and assume T’ : V' — W is a con-
tinuous linear transformation. Then, the adjoint is the unique linear transformation
T* on W such that

(To|lw) = (u[T"w)

for all vectorsv € V, w € W.
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Proof. Let w be any vector in W. Then f(v) = (T'w|w) is a continuous linear
functional on V. It follows from the Riesz representation theorem (Theorem [5.4.2))
that there exists a unique vector v/ € V such that f(v) = (Twjw) = (v[v/). Of
course, the vector v’ depends on the choice of w. So, we define the adjoint mapping

T* : W — V to give the required v’ for each w. In other words,

v =T"w

Next, we must verify that 7™ is a linear transformation. Let w,, w, be in W and s
be a scalar. Forallv € V,
(@I T" (sw; +w,)) = (To| (sw; + w,))
Tolw,) + (Tu|w,)
o[T"wy) + (v T"w,)
= (u|sT"w;) + (v[T"w,)
= (v[sT"w; + T w,) .
Since this holds for all v € V, we gather from Lemma that 7™ (sv; +v,) =
sT*v, + T™"v,. Therefore, T™ is linear. The uniqueness of 7™ is inherited from

Theorem[5.4.2|because, for each w € W, the vector T*w is determined uniquely as
the vector v’ such that (T'v|w) = (v|v’) forallv € V. O]

Theorem 5.4.4. Let V be a finite-dimensional inner-product space and let

BZQla"'?Qn

be an orthonormal basis for V. Let T be a linear operator on 'V and let A be the

matrix representation of T' in the ordered basis B. Then Ay; = <Tyj|yk>.

Proof. Since B is an orthonormal basis, we have

The matrix A is defined by

n
Tv; = E Arjvy,
k=1

and since
n

Tﬂj = Z <TQj|2k> oy

k=1
we conclude that Ay; = (T'v,|v,,). O
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Corollary 5.4.5. Let V' be a finite-dimensional inner-product space, and let T' be
a linear operator on V. In any orthonormal basis for V, the matrix for T is the

conjugate transpose of the matrix of T'.

Proof. Let B = v,,...,v, be an orthonormal basis for V, let A = [T]z and B =

[T*]5. According to the previous theorem,

Ay = (Tu )
Byj = <T*Qj o)

By the definition of 7™, we then have

By = (T"v;lvy,) = (uelTr;) = (Tugly;) = A
[

We note here that every linear operator on a finite-dimensional inner-product
space V' has an adjoint on V. However, in the infinite-dimensional case this is not

necessarily true. In any case, there exists at most one such operator 7.

5.5 Fundamental Subspaces

There are four fundamental subspaces of a linear transformation 7" : V' — W. We
have already encountered two such spaces: The range of 7" and the nullspace of 7.
Recall that the range of a linear transformation 7" is the set of all vectors w € W
such that w = T'v for some v € V. The nullspace of 7" consists of all vectorsv € V'
such that T'v = 0.

The other two fundamental subspaces of 7" are the range of the adjoint 7™,
denoted Ry~ and the nullspace of the adjoint 7™, denoted Np-. The various sub-

spaces of the transformation 7" : V' — W can be summarized as follows,

Rp CW
Ny CV
Rp-CV
Np. CW.
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Theorem 5.5.1. LetT' : V' — W be a bounded linear transformation between two
Hilbert spaces V and W, and let Rt and Ry« be closed. Then,

1. the range Rr is the orthogonal complement of N+, i.e., [RT]L = Nrp=;
2. the nullspace Nt is the orthogonal complement of Rr-, i.e., [RT*]L = Nr.

Complementing these equalities, we get

Rr = Ry = [Np]*
Ry« = Ry« = [Nq]".

Proof. Let w € Rp, then there exists v € V such that Tv = w. Assume that
n € Np«, then
(wln) = (Tvn) = (v|T"n) = 0.

That is, w and n are orthogonal vectors. It follows that Ny C [RT]L. Now, let

w e [RT]L. Then, for every v € V, we have
(Tv|w) = 0.

This implies that (v|7T*w) = 0, by the definition of the adjoint. Since this is true for
everyv € V, we get T*w = 0, so w € Np«. Then [RT]L C Ny, which combined
with our previous result yields [RT]l = Np-. Using a similar argument, one can
show that [Ry-]" = Nr. O

5.6 Pseudoinverses

Theorem 5.6.1. Let T' be a bounded linear transformation from V to W. The
equation Tv = w has a solution if and only if (w|u) = 0 for every vector u € Np-,
ie.,

In matrix notation, Av = w has a solution if and only if U w = 0 for every vector
w such that Ay = 0.

Proof. Assume that T'v = w, and let u € Np«. Then

(wlu) = (Tv|u) = (v|T"u) = (v[0) = 0.
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To prove the reverse implication, suppose that (w|u) = 0 when u € Np« and
Tv = w has no solution. Since w ¢ Ry, then

But

(wlw,) = (w, +w,|w,) = (w,|lw,) >0,

which contradict the assumption that (w|u) = 0 when v € Np.. We must conclude
that 7'v = w has a solution. ]

Fact 5.6.2. The solution to Tv = w (if it exists) is unique if and only if the only
solution to Tv = 0 is v = 0. That is, if Ny = {0}.
5.6.1 Least Squares

Let T": V — W be a bounded linear transformation. If the equation T'v = w has

no solution, then we can find a vector v that minimizes
I Tv — wlf.
Theorem 5.6.3. The vector v € V minimizes |Tv — w|| if and only if
T"Tv =T w.

Proof. Minimizing ||w — T|| is equivalent to minimizing |w — w||, where w =

T'v € Ry. By the projection theorem, we must have
w—we [RT}L .
But this is equivalent to

That is, T* (w — w) = 0, or equivalently T*w = T*w

w. Conversely, if T*Tv =
T*w, then

T (Tv—w) =0,

so that T'v — w € Np«. Hence, the error is orthogonal to the subspace Ry and has

minimal length by the projection theorem. [
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Corollary 5.6.4. If A is a matrix such that A A is invertible, then the least-squares
solution to Av = w is
v=(ATA) T AT,

The matrix (A% A) ~" A s the left inverse of A and is an example of a Moore-

Penrose pseudoinverse.

Theorem 5.6.5. Suppose the vector v € V minimizes ||v|| over all v € V satisfying
Tv = w. Then, © € [N7|* and, if R+ is closed, © = T*u for some u € W.

Proof. Suppose © ¢ [Nr]*, then the orthogonal decomposition V' = [Nz|*t + Ny
shows that the projection of © onto [N7]* has smaller norm but still satisfies 70 =

w. This gives a contradiction and shows that v € [NT]L. If Ry~ is closed, then
Ry« = [N7]* and © = T*u for some u € W. O

Corollary 5.6.6. If A is a matrix such that AA™ is invertible, then the minimum-

norm solution to Av = w is
-1
v=A" (AAH ) w.

Proof. The theorem shows that v = Ay and Av = AA"y = w. Since AAY is

invertible, this gives u = (AA®)~1w and computing v gives the desired result. [

The matrix A% (AAH ) s the right inverse of A and is another example of a

Moore-Penrose pseudoinverse.

Definition 5.6.7. Let T' : V. — W be a bounded linear transformation, where
V and W are Hilbert spaces, and Rr is closed. For each w € W, there is a
unique vector v of minimum norm in the set of vectors that minimize ||Tv — wl|.

The pseudoinverse T is the transformation mapping each w € W to its unique 9.



102 CHAPTER 5. LINEAR TRANSFORMATIONS AND OPERATORS



Chapter 6
Matrix Factorization and Analysis

Matrix factorizations are an important part of the practice and analysis of signal
processing. They are at the heart of many signal-processing algorithms. Their ap-
plications include solving linear equations (LU), decorrelating random variables
(LDLT,Cholesky), orthogonalizing sets of vectors (QR), and finding low-rank ma-
trix approximations (SVD). Their usefulness is often two-fold: they allow effi-
cient computation of important quantities and they are (often) designed to min-
imize round-off error due to finite-precision calculation. An algorithm is called
numerically stable, for a particular set of inputs, if the error in the final solution is

proportional to the round-off error in the elementary field operations.

6.1 Triangular Systems

A square matrix [ € F™*" is called lower triangular (or upper triangular) if
all elements above (or below) the main diagonal are zero. Likewise, a triangular
matrix (lower or upper) is a unit triangular if it has all ones on the main diagonal.
A system of linear equations is called triangular if it can be represented by the

matrix equation Az = b where A is either upper or lower triangular.

6.1.1 Solution by Substitution

Let L € F™*" be a lower triangular matrix with entries /;; = [L];;. The matrix

equation Ly = b can be solved efficiently using forward substitution, which is

103
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defined by the recursion

1 — .
7] i=1

Example 6.1.1. Consider the system

1 00 U1
1 10 Y2 =
1 21 Ys
Applying the above recursion gives
1
yl = I = 1
1
y221(2—1-1):1
1
y3:I(9—1~1—2-1):6.
Let U € F™ " be an upper triangular matrix with entries u;; = [U];;. The

matrix equation Uz = y can be solved efficiently using backward substitution,

which is defined by the recursion
1 . .
T;=— yj—Zujixi , J=nn—1... 1.
jj i=j+1

Example 6.1.2. Consider the system

1 11 1 1
01 3 ) -
00 2 T3 6

Applying the above recursion gives

6
ZE3:—:3

— DN

ry=-(1-3-3)=-8

—

m=-(1-1-6-1-(-8))=3.

—_

The computational complexity of each substitution is roughly %n2 operations.
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P 6.1.3. Show that set of upper triangular matrices is a subalgebra of the set of all
matrices. Since it is clearly a subspace, only two properties must be verified:

1. that the product of two upper triangular matrices is upper triangular

2. that the inverse of an upper triangular matrix is upper triangular

6.1.2 The Determinant

The determinant det(A) of a square matrix A € F™*" is a scalar which captures
a number of important properties of that matrix. For example, A is invertible iff
det(A) # 0 and the determinant satisfies det(AB) = det(A) det(B) for square ma-
trices A, B. Mathematically, it is the unique function mapping matrices to scalars
that is (1) linear in each column, (ii) negated by column transposition, and (iii) sat-
isfies det(/) = 1.

The determinant of a square matrix can be defined recursively using the fact that
det ([a]) = a. Let A € F™*" be an arbitrary square matrix with entries a;; = [A];;.
The (7, j)-minor of A is the determinant of the (n — 1) x (n — 1) matrix formed by
deleting the i-th row and j-th column of A.

Fact 6.1.4 (Laplace’s Formula). The determinant of A is given by
det(A) =Y ay(=1) My =Y ay (1) My,
j=1 i=1

where M;; is the (i, j)-minor of A.

Theorem 6.1.5. The determinant of a triangular matrix is the product of its diago-

nal elements.

Proof. For upper (lower) triangular matrices, this can be shown by expanding the

determinant along the first column (row) to compute each minor. 0

6.2 LU Decomposition

6.2.1 Introduction

LU decomposition is a generalization of Gaussian elimination which allows one to

efficiently solve a system of linear equations Ax = b multiple times with different
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right-hand sides. In its basic form, it is numerically stable only if the matrix is
positive definite or diagonally dominant. A slight modification, known as partial
pivoting, makes it stable for a very large class of matrices.

Any square matrix A € F™*" can be factored as A = LU, where L is a unit
lower-triangular matrix and U is an upper-triangular matrix. The following exam-
ple uses elementary row operations to cancel, in each column, all elements below
the main diagonal. These elementary row operations are represented using left mul-

tiplication by a unit lower-triangular matrix.

11 1] [11 1]
1 2 4 1 2 4
139] [13 9]
1 0011 1] [11 1]
-1 10 1 2 4 01 3
| -1 01][139] [0 2 8]
1 0 o]l 1 o001 111l [11 1]
0 1 0 110 1 2 4 01 3
0 -21][-101][139] [002)]
This allows one to write
— — . 71 71
111 1 00 0 0 111
1 24|=|-110 1 0 01 3
1.3 9 -1 0 1 -2 1 00 2
(1 1 1] 100][1o00]1[1 11
1 24|l=]110 0 1 01 3
13 9 101][021]]00 2
(1 1 1] 1 00][1 1 1]
1 24|l=]110 0 1
13 9] 1 21][00 2]

LU decomposition can also be used to efficiently compute the determinant of A.
Since det(A) = det(LU) = det(L) det(U), the problem is reduced to computing
the determinant of triangular matrices. Using Theorem [6.1.5] it is easy to see that
det(L) = 1 and det(U) =[]}, wis.
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6.2.2 Formal Approach

To describe LU decomposition formally, we first need to describe the individual

operations that are used to zero out matrix elements.

Definition 6.2.1. Let A € F™*" be an arbitrary matrix, « € F be a scalar, and
i,7 € {1,2,...,n}. Then, adding « times the j-th row to the i-th row an elementary
row-addition operation. Moreover, I + oF;;, where Ej; = gig;‘r and ey, is the k-
th standard basis vector, is the elementary row-addition matrix which effects this

operation via left multiplication.

Example 6.2.2. For example, elementary row operations are used to cancel the
(2,1) matrix entry in
1
([ — EQ,l)A — —]. 1
0

—_ = =
w N =
© B~ =
I
=
W = =
©O© W =

Lemma 6.2.3. The following identities capture the important properties of elemen-

tary row-operation matrices:
(i) EiyjEw = 0;1Eq
(i) (I +aBEy)(I+BEw)=1+aE;+BEu ifj#k
(i4i) (I +aBy) ' = —abBy) ifi#j.
Proof. This proof is left as an exercise. O

Now, consider the process for computing the LU decomposition of A. To ini-

1) —

tialize the process, we let A A. In each round, we let

-1 — ﬁ ([ az(,jj)E )
T i=j+1 agja) h
be the product of elementary row operation matrices which cancel the subdiagonal
elements of the j-th column. The process proceeds by defining AU+ = L1 AW

so that AU*1) has all zeros below the diagonal in the first j columns. After n — 1

rounds, the process terminates with
U -1 -1 -1

where L = Ly Lo - - - L, is unit lower triangular.
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Lemma 6.2.4. From the structure of elementary row operation matrices, we see

HH (I + a;E; ) I+ZZ% -

j=1i=j+1 j=1i=j+1

Proof. First, we notice that

n

H(I+alj ij) ["‘ZO‘U irj

i=j+1 i=j+1
for j = 1,2,...,n — 1. Expanding the product shows that any term with two £
matrices must contain a product E; ;£ ; with [ >4 > j. By Lemma [6.2.3], we see
that this term must be zero because j # .

Now, we can prove the main result via induction. First, we assume that

k n k n
ITII C+esE)=1+> > ayE,
j=li=j+1 j=11=75+1
Next, we find that if £ < n — 2, then
k+1 n k n n
H H (I+ Oém'E@j) = (H H (I + OéijEij)> ( H (I+ al,k+1El,k+1>>
j=1i=j+1 j=1i=j+1 I=k+2
k n
= (I—FZ Z Qi m) <I+ Z al,k+1El,k+1>
j=1 i=j+1 I=k+2
k+1 n
—I+Z Z Qi ”+Z Z Z ijou k1 B j B
j=1i=j5+1 7=1 i1=754+11=k+2
k+1 n
—I+Z Z Qij ”+Z Z Z Qijou k41 105,
j=1i=j5+1 =1 i1=754+11=k+2
k+1 n
=17 + Z Z aijEi,j-
J=li=j+1

Finally, we point out that the base case £ = 1 is given by the initial observation. []

Theorem 6.2.5. This process generates one column of L per round because
(J)
(J)
J J

[Lli; = Lifi = j

ifl<i<y

0 otherwise.
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Proof. First, we note that

L=1LiLy-- Ly

i=1 i=j+1 a

®) n—1 n (])

A4 2y

=11 11 <I+ a(j)E”>
=1 i=j+1 JJ

:I+Z Z %Ei,j7

i=1 i=j+1 4
where (a) follows from Lemma |6.2.3ji (i.e., all matrices in the inside product com-
mute) and (b) follows from Lemma [6.2.3fii. Picking off the (i, j) entry of L (e.g.,

with e[ Le;) gives the stated result. N

Finally, we note that the LU decomposition can be computed in roughly %n?’

field operations.

6.2.3 Partial Pivoting

()
J5J
rithm will either fail (e.g., divide by zero) or return a very unreliable result. The

Sometimes the pivot element a’; can be very small or zero. In this case, the algo-
algorithm can be easily modified to avoid this problem by swapping rows of A"
to increase the magnitude of the pivot element before each cancellation phase. This
results in a decomposition of the form PA = LU, where P is a permutation matrix.

In this section, we will describe LU decomposition with partial pivoting using
the notation from the previous section. The main difference is that, in each round,
we will define AU = M P; AU) where P; is a permutation matrix. In particular,

left multiplication by P; swaps row j with row p;, where

()
j — ar max a; ;.
b & iigtin, n| bl

The matrix M j’l is now chosen to cancel the subdiagonal elements in j-th column

of PjAU ). After n — 1 rounds, the resulting decomposition has the form

AM = Mr?_11pn71Mr:—12Pn—2 e MflplA =U.
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To show this can also be written in the desired form, we need to understand
some properties of the permutations. First, we point that swapping two rows is a
transposition and therefore sz = [. Next, we will show that the permutations can

be moved to the right.

Lemma 6.2.6. Let M = [ + 25:1 > iejn @ijEij and Q be a permutation matrix
which swaps row | > k + 1 and row m > . Then, QM = ]\7@ where

k n

j=1 i=j+1
Therefore, we can write

—~ —~

A — ]\7{51]\/[{32 M P,y --PPLA=U

N A

-

e P
and PA = LU.

Proof. The proof is left as an exercise. [

6.3 LDLT and Cholesky Decomposition

If the matrix A € C™*" is Hermitian, then the LU decomposition allows the factor-
ization A = LDL", where L is unit lower triangular and D is diagonal. Since this
factorization is typically applied to real matrices, it is referred to as LDLT decom-
position. If A is also positive definite, then the diagonal elements of D are positive
and we can write A = (LD'/?) (LDI/Q)H. The form A = LLH, where L is lower
triangular, is known as Cholesky factorization.

To see this, we will describe the LDLT decomposition using the notation from
LU decomposition starting from A) = A. In the j-th round, define Lj_1 to be
the product of elementary row-operation matrices which cancel the subdiagonal
elements of the j-th column AY). Then, define AV = L' AWL* and notice
that AU+ is Hermitian because A is Hermitian. Next, notice that AUtY has
zeros below the diagonal in the first j columns and zeros to the right of diagonal
in the first j rows. This follows from the fact that the first j rows of AU) are not

affected by applying Lj’1 on left. Therefore, applying L;H on the right also cancels
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the elements to the right of the diagonal in the j-th row. After n — 1 rounds, we find
that D = A™ is a diagonal matrix.

There are a number of redundancies in the computation described above. First
off, the L matrix computed by LU decomposition is identical to the L matrix com-
puted by LDLT decomposition. Therefore, one can save operations by defining
AGTD = [ 71 AU). Moreover, the elements to the right of the diagonal in AY) do
not affect the computation at all. So, one can roughly half the number of additions
and multiplies by only updating the lower triangular part of AY). The resulting

computational complexity is roughly %ng field operations.

6.3.1 Cholesky Decomposition

For a positive-definite matrix A, we can first apply the LDLT decomposition and
then define L = LD'/2. This gives the Cholesky decomposition LL¥ = LDL? =
A.

The Cholesky decomposition is typically used to compute whitening filters for
random variables. For example, one can apply it to the correlation matrix R =
E[XX A | of a random vector X. Then, one can define Y = L} X and see that

Elyy" = BIL'XX"L ") = [7'RL7Y = I.

From this, one sees that Y is a vector of uncorrelated (or white) random variables.

6.3.2 QR decomposition

A complex matrix Q € C"*" is called unitary if Q7 Q = QQ" = I. If all elements
of the matrix are real, then it is called orthogonal and Q7Q = QQT = I.

Theorem 6.3.1. Any matrix A € C™*™ can be factored as
A=QR,

where (Q is an m xm unitary matrix, QQ" = I, and R is an m xn upper-triangular

matrix.

Proof. To show this decomposition, we start by applying Gram-Schmidt Orthog-

onalization to the columns a,,...,a, of A. This results in orthonormal vectors
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{q,:---.q,}, where I = min(m, n), such that
min(j,l)
a; = Z T4, forj=1,2,...,n.
i=1

This gives an m x [ matrix @ = [q, ...

with entries [R); ; = r;;, such that A = QR. If m < n, then [ = m, () is unitary,

gl] and an [ x n upper-triangular matrix R,

and the decomposition is complete. Otherwise, we must extend the orthonormal

set {¢,,.-.,q,} to an orthonormal basis {q,, ..., ¢ _} of C™. This gives anm x m
unitary matrix Q" = [gq ;e gm]. Adding m — n rows of zeros to the previous I?
matrix gives an m X n matrix R’ such that A = Q'R’. O

6.4 Hermitian Matrices and Complex Numbers

Definition 6.4.1. A square matrix ) € R™" is orthogonal if Q7Q = QQ" = I.
Definition 6.4.2. A square matrix U € C"" is unitary if UU = UUH = I.

It is worth noting that, for unitary (resp. orthogonal) matrices, it suffices to
check only that U2U = I (resp. QT(Q = I) because U is invertible (e.g., it has
linearly independent columns) and

ViU =1 = I1=U0U"'=UU0"U) U =UU".
A useful analogy between matrices and complex numbers is as follows.

e Hermitian matrices satisfying A" = A are analogous to real numbers, whose

complex conjugates are equal to themselves.

e Unitary matrices satisfying U U = I are analogous to complex numbers on

the unit circle, satisfying zz = 1.

e Orthogonal matrices satisfying Q7'() = I are analogous to the real numbers
z = 41, such that 22 = 1.

The transformation
 L4gr
11— gr

z
maps real number r into the unit circle |z| = 1. Analogously, by Cayley’s formula,
U=({I+jR)I~-jR),

a Hermitian matrix R is mapped to a unitary matrix.
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Canonical Forms

7.1 Eigenvalues and Eigenvectors

Definition 7.1.1. Let V' be a vector space over the field F' and let T' be a linear
operator on V. An eigenvalue of 'T' is a scalar \ € F' such that there exists a non-
zero vector v € V with Tv = \v. Any vector v such that Tv = v is called an

eigenvector of T associated with the eigenvalue value .

Definition 7.1.2. The spectrum o(T) of a linear operator T : V' — V is the set of

all scalars such that the operator (T — A1) is not invertible.

Example 7.1.3. Let V = {5 be the Hilbert space of infinite square-summable se-
quences and T’ : V. — V be the right-shift operator defined by

T(Ul,vg, .. ) = (0,’01,’027 .. )

Since T' is not invertible, it follows that the scalar O is in the spectrum of T'. But, it
is not an eigenvalue because T'v = 0 implies v = 0 and an eigenvector must be a

non-zero vector. In fact, this operator does not have any eigenvalues.
For finite-dimensional spaces, things are quite a bit simpler.

Theorem 7.1.4. Let A be the matrix representation of a linear operator on a finite-

dimensional vector space V', and let \ be a scalar. The following are equivalent:
1. \is an eigenvalue of A

2. the operator (A — \I) is singular

113
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3. det(A — \I) = 0.

Proof. First, we show the first and third are equivalent. If A is an eigenvalue of A,
then there exists a vector v € V such that Av = Av. Therefore, (A — Al )v = 0 and
(A — M) is singular. Likewise, if (A — A)v = 0 for some v € V and A € F, then
Av = Av. To show the second and third are equivalent, we note that the determinant

of a matrix is zero iff it is singular. 0

The last criterion is important. It implies that every eigenvalue A is a root of the

polynomial
xa(A) = det(A — A)

called the characteristic polynomial of A. The equation det(A— AI) = 0 is called
the characteristic equation of A. The spectrum o(A) is given by the roots of the
characteristic polynomial x 4(\).

Let A be a matrix over the field of real or complex numbers. A nonzero vector
v is called a right eigenvector for the eigenvalue A if Av = Aw. It is called a left

eigenvector if v/ A = \vfl.

Definition 7.1.5. Let \ be an eigenvalue of the matrix A. The eigenspace associated
with X is the set E\ = {v € V|Av = \v}. The algebraic multiplicity of \ is
the multiplicity of the zero at t = X in the characteristic polynomial x 4(t). The
geometric multiplicity of an eigenvalue )\ is equal to dimension of the eigenspace
E, or nullity(A — tI).

Theorem 7.1.6. If the eigenvalues of an n X n matrix are all distinct, then the

eigenvectors of A are linearly independent.

Proof. We will prove the slightly stronger statement: if A\, Ao, ..., \; are distinct
eigenvalues with eigenvectors v, v,, ..., v;, then the eigenvectors are linearly in-

dependent. Suppose that
k

Z civ; =0

i=1
for scalars ¢y, ¢z, ..., ¢, Notice that one can annihilate v; from this equation by

multiplying both sides by (A — A;7). So, multiplying both sides by a product of
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these matrices gives

k k k
[T A-NDD e = ( IT - Ajf)) Uy,
j=17m i=1 j=Li#m

k

= Cm H (/\m—)\j):Q
j=1j#m
Since all eigenvalues are distinct, we must conclude that ¢,,, = 0. Since the choice
of m was arbitrary, it follows that ¢y, co, . . ., ¢ are all zero. Therefore, the vectors

Uy, Vs, ..., v, are linearly independent. [

Definition 7.1.7. Let T’ be a linear operator on a finite-dimensional vector space
V. The operator T is diagonalizable if there exists a basis B for V such that each

basis vector is an eigenvector of T,

A O 0

0 X 0
[T]B = .

0 0 An

Similarly, a matrix A is diagonalizable if there exists an invertible matrix S such
that
A= SAS™!

where A is a diagonal matrix.

Theorem 7.1.8. If an n X n matrix has n linearly independent eigenvectors, then it

is diagonalizable.

Proof. Suppose that the n x n matrix A has n linearly independent eigenvectors,

which we denote by vy, ..., v,,. Let the eigenvalue of v, be denoted by A; so that

Av. =Xwv.,, j=1,...,n.

j 3250
In matrix form, we have

Alo o w]=]an ]
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We can rewrite the last matrix on the right as

(N, - 0]
ey A | = e e || | =
_0 An_
where _ _
A1 0
52[21 yn] and A= | : . |,
0 A

Combining these two equations, we obtain the equality
AS = SA.

Since the eigenvectors are linearly independent, the matrix S is full rank and hence

invertible. We can therefore write

A=S8AS7!
A=S"1AS.
That is, the matrix A is diagonalizable. O]

The type of the transformation from A to A arises in a variety of contexts.

Definition 7.1.9. If there exists an invertible matrix T such that
A=TBT™ !,
then matrices A and B are said to be similar.

If A and B are similar, then they have the same eigenvalues. Similar matrices

can be considered representations of the same linear operator using different bases.

Lemma 7.1.10. Let A be an n x n Hermitian matrix (i.e., A" = A). Then, the
eigenvalues of A are real and the eigenvectors association with distinct eigenvalues

are orthogonal.

Proof. First, we notice that A = A implies v Av is real because

5= (QHAQ)H = v ATy = v Ay = s.
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If Av = Ao, left multiplication by v’ shows that
v Av = Mu'v = Ao
Therefore, \; is real. Next, assume that Aw = \ow and Ay # \;. Then, we have
Mdow™v = w" AT Av = wA*v = XNjw"v.

We also assume, without loss of generality, that A; # 0. Therefore, if Ay # A1, then

w!vy = 0 and the eigenvectors are orthogonal. [

7.2 Applications of Eigenvalues

7.2.1 Differential Equations

It is well known that the solution of the 1st-order linear differential equation

d

Em(t) = ax(t)
is given by

x(t) = e™x(0).

It turns out that this formula can be extended to coupled differential equations.
Let A be a diagonalizable matrix and consider the the set of 1st order linear differ-

ential equations defined by

d
El(t) = Ax(t).

Using the decomposition A = SAS™" and the substitution z(t) = Sy(t), we find
that

d d
ﬁi(t) = Esg(t)
= S%g(t).
and
d
() = Az(?)
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This implies that
d _
%g(t) =9 1ASg(t) = Ag(t).

Solving each individual equation gives
yi(t) = eV'y;(0)
and we can group them together in matrix form with
y(t) = eVy(0).
In terms of z(t), this gives
z(t) = SeMS™x(0).

In the next section, we will see this is equal to z(t) = e4z(0).

7.2.2 Functions of a Matrix

The diagonal form of a diagonalizable matrix can be used in a number of ap-
plications. One such application is the computation of matrix exponentials. If
A = SAS~! then
A? = SASTISAS™!H = SA2STH
and, more generally,
A" = SA"STL.

Note that A™ is obtained in a straightforward manner as

AP0
A= oo
0 - A»
This observation drastically simplifies the computation of the matrix exponential
ed,
A_ a4 A ) o1 g Ag-1
e _Zi! = <Zi!)s = Setrs 1,
=0 =0
where
€>\1 e O
et =
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Theorem 7.2.1. Let p(-) be a given polynomial. If X is an eigenvalue of A, while v
is an associated eigenvector, then p(\) is an eigenvalue of the matrix p(A) and v is

an eigenvector of p(A) associated with p(\).

Proof. Consider p(A)v. Then,

l l

p(Ap =Y pAfo = pdu = p(\o.

k=0 k=0

That is p(A)v = p(\)v. O

A matrix A is singular if and only if 0 is an eigenvalue of A.

7.3 The Jordan Form

Not all matrices are diagonalizable. In particular, if A has an eigenvalue whose
algebraic multiplicity is larger than its geometric multiplicity, then that eigenvalue

is called defective. A matrix with a defective eigenvalue is not diagonalizable.

Theorem 7.3.1. Let A be an n x n matrix. Then A is diagonalizable if and only if

there is a set of n linearly independent vectors, each of which is an eigenvector of

A.

Proof. If A has n linearly independent eigenvectors v,,...,v,, then let S be an

y Yno

invertible matrix whose columns are there n vectors. Consider

STAS =57 Ay o Au, |
=91 [ MUy oo A, }
— S71SA = A.

Conversely, suppose that there is a similarity matrix S such that S7'AS = Ais a
diagonal matrix. Then AS = SA. This implies that A times the ith column of S
is the ith diagonal entry of A times the ith column of S. That is, the ith column
of S is an eigenvector of A associated with the sth diagonal entry of A. Since S is

nonsingular, there are exactly n linearly independent eigenvectors. [
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Definition 7.3.2. The Jordan normal form of any matrix A € C"" with | < n

linearly independent eigenvectors can be written as
A=TJT™,
where T' is an invertible matrix and J is the block-diagonal matrix

T (A1) - 0
J = : - :
0 o T (V)

The J,,(\) are m x m matrices called Jordan blocks, and they have the form

A1 0 -+ 0
O x1 -0
Im(A) =
000 -+ A
It is important to note that the eigenvalues \1, ..., \; are not necessarily distinct

(i.e., multiple Jordan blocks may have the same eigenvalue). The Jordan matrix
J associated with any matrix A is unique up to the order of the Jordan blocks.
Moreover, two matrices are similar iff they are both similar to the same Jordan

matrix J.

Since every matrix is similar to a Jordan block matrix, one can gain some in-
sight by studying Jordan blocks. In fact, Jordan blocks exemplify the way that
matrices can be degenerate. For example, .J,,,(\) has the single eigenvector e, (i.e.,

the standard basis vector) and satisfies
Jn(0)ej i =¢; for j=1,2,....m—1.

So, the reason this matrix has only one eigenvector is that left-multiplication by this
matrix shifts all elements in a vector up element.
Computing the Jordan normal form of a matrix can be broken into two parts.

First, one can identify, for each distinct eigenvalue )\, the generalized eigenspace
Gy = {y € C"\(A— )\I)”Q:Q}.

Let A\q, ..., \; be the distinct eigenvalues of A ordered by decreasing magnitude.

Let d; be the dimension of G Ajo which is equal to the sum of the sizes of the Jordan
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blocks associated with )\, then Zle d; = n. Let T be a matrix whose first d;
columns for a basis for GG, next dy columns form a basis for GG,, and so on. In
this case, the matrix 7' AT is block diagonal and the j-th block B; is associated
with the eigenvalue \;.

To put A in Jordan normal form, we now need to transform each block matrix
B into Jordan normal form. One can do this by identifying the subspace V; that is
not mapped to 0 by (B — AI)?~! (i.e., N ((B — AI)=)"). This gives the sequence
Vi, ..., V; of non-empty subspaces (e.g., V; is empty for ;7 > J). Now, we can

form a sequence of bases W, W;_1, ..., Wi recursively starting from W; with
Wi = Wi U{(B = M)w|w € Wji1} Ubasis(V; — V;_1),

where basis(V; — V;_;) is some set basis vectors that extends V;_; to V;. Each
vector in W gives rise to a length j Jordan chain of vectors v, ; = (B — Ay, €
W,_1 starting from any v; € W;. Each vector v, defined in this way is called a
generalized eigenvector of order j. By correctly ordering the basis WW; as columns
of T, one finds that 7' BT is a Jordan matrix.

Example 7.3.3. Consider the matrix
4

—1

1
3
2
4 1

S O NN O
N O O O

First, we find the characteristic polynomial
xa(t) = det(t] — A) = t* — 10t + 37¢* — 60t + 36 = (t — 2)*(t — 3)*.

Next, we find the eigenvectors associated with the eigenvalues \; = 3 and Ay = 2.

This is done by finding a basis ygi),yg), ... for the nullspace of A — \;I and gives

o =11 —1 13"
o =[0100]"
o =10001].

Since the eigenvalue \1 has algebraic multiplicity 2 and geometric multiplicity 1, we

still need to find another generalized eigenvector associated with this eigenspace.
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In particular, we need a vector w which satisfies (A — M I)w = ygl). This gives

1 0 1 0 w; 1
2 -1 3 0 wy || —1
-1 0 -1 0 wy || —1
4 0 1 -1 m 3

Using the pseudoinverse of (A — A1), one finds that w = [% % % 1%} Using this,

we construct the Jordan normal form by noting that

4 010
22350 1 2 2 1 1 2 2
1020 o w o o | =[5 o +sw 2 2 |
4 0 1 2
31 00
0300
1 2 2
= [ w W]
0 00 2
This implies that A = T JT " with
11
1490
-1 3 1 0
T = [le) w 252) 252)}: 12
1 L1 00
3 301

7.4 Applications of Jordan Normal Form

Jordan normal form often allows one to extend to all matrices results that are easy

to prove for diagonalizable matrices.

7.4.1 Convergent Matrices
Definition 7.4.1. An n x n matrix A is convergent if | A¥|| — 0 for any norm.

Of course, this is equivalent to the statement “A* converges to the all zero ma-
trix”. Since all finite-dimensional vector norms are equivalent, it also follows that

this condition does not depend on the norm chosen.
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Recall that the spectral radius p(A) of a matrix A is the magnitude of the largest

eigenvalue. If A is diagonalizable, then A*¥ = TA*T~! and it is easy to see that
LA < ITIIASHIT =)

Since all finite-dimensional vector norms are equivalent, we know that ||[A*]| <
M]||A*||; = Mp(A)%. Therefore, A is convergent if p(A) < 1. If p(A) > 1, then it
is easy to show that ||A*|| > 0 and therefore that || A*|| > 0. For general matrices,

we can instead use the Jordan normal form and the following lemma.
Lemma 7.4.2. The Jordan block J,,(\) is convergent iff |\| < 1.

Proof. This follows from the fact that J,,,(A\) = Al + N, where [N];; = d;41;.

Using the Binomial formula, we write

1A+ N)¥|| =

"k
i=0

m—1

< (E>|Af‘ﬂ
- 7
=0

where the second step follows from the fact that ||N?|| is 1 fori = 1,...,m — 1
and zero for i > m. Notice that \(';) M=t < gt 2\t for 0 < i < mo— 1.

Since k™ HAFTmHL — 0 as k — oo iff [A| < 1, we see that each term in the sum

converges to zero under the same condition. On the other hand, if |A\| > 1, then
| [(AL+ N)¥], || > Lforallk > 0. O

Theorem 7.4.3. A matrix A € C"*" is convergent iff p(A) < 1.

Proof. Using the Jordan normal form, we can write A = T'JT ~1 where J is a
block diagonal with £ Jordan blocks J1, . .., Ji. Since J is block diagonal, we also
have that || J*|| < 2%, [|JF||. If p(A) < 1, then the eigenvalue A associated with
each Jordan block satisfies ||\|| < 1. In this case, the lemma shows that ||.J¥|| — 0
which implies that ||J*|| — 0. Therefore, ||A*|| — 0 and A is convergent. On
the other hand, if p(A) > 1, then there is a Jordan block J; with |A\| > 1 and
[JF]11] > 1forall k > 0. O

In some cases, one can make stronger statements about large powers of a matrix.



124 CHAPTER 7. CANONICAL FORMS

Definition 7.4.4. A matrix A has a unique eigenvalue of maximum modulus if the
Jordan block associated with that eigenvalue is 1 X 1 and all other Jordan blocks

are associated with eigenvalues of smaller magnitude.

The following theorem shows that a properly normalized matrix of this type

converges to a non-zero limit.

Theorem 7.4.5. If A has a unique eigenvalue )\, of maximum modulus, then

o1
lim —kAk =’
k—o0 1

where Au = \u, v A = M\, and vu = 1.

Proof. Let B = /\ilA so that maximum modulus eigenvalue is now 1. Next, choose
the Jordan normal form B = T'.JT ! so that the Jordan block associated with the
eigenvalue 1 is in the top left corner of J. In this case, it follows from the lemma
that J™ converges to e¢,;el’ as n — oo. This implies that B® = T'J"T~! converges
to Te,e'T~! = wv! where w is the first column of 7" and v* is the first row of
Tt

By construction, the first column of 7' is the right eigenvector u and satisfies
Au = M\u. Likewise, the first row of 7! is the left eigenvector v associated
with the eigenvalue 1 because B = T~ JHTH and the first column of T~ (i.e.,
Hermitian conjugate of first row of 7!) is the right eigenvector of A¥ associated
with \;. Therefore, v/’ A = \;v. Finally, the fact that u = B"u — uv™u implies
that v7u = 1. O
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Singular Value Decomposition

8.1 Diagonalization of Hermitian Matrices

Lemma 8.1.1 (Schur Decomposition). For any square matrix A, there exists a uni-
tary matrix U such that
UTAU =T

where T' is upper triangular. That is, every square matrix is similar to an upper-

triangular matrix.

Proof. We prove this lemma by induction on the size n of the matrix. Since it is
clearly true for scalars (i.e., matrices of size n = 1), the base case is trivial. Now,
suppose that the result holds for all k = 1,2,...,n — 1 and let A € C"*". Since
every matrix has at least one eigenvector, we let u be an eigenvector of A normalized
so that ||u||, = 1. Using the Gram-Schmidt procedure, it is possible to construct an
orthonormal basis B = z,, ..., z, for C", with z; = u. Define the matrix U,, by

Un: £1 PR x

£n

Since B is a basis for C”, every column of the matrix AU,, can be expressed as a

linear combination of vectors in B, say,
n
Az, = E sjix; 1=1,...,n.
Jj=1

Note that Az, = Az, for some \; since z; = u, an eigenvector of A. We can then

125
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write
A 51,2 Sin
0 529 Son A sT
, 1S
AUn — A£1 Ain — Un ) = Un ,
. 0 Anfl
0 Sn,2 Sn.n
where we have used the convenient notation
52,2 “ e §2,7’l
An—l =
Sn,2 Snon
and s = (s12,...,51,). By the inductive hypothesis, we can write A, ; =

U111 Uf_ , Where T,,_; is upper triangular and U,,_; is unitary. It follows that

A T A T
AU, = U, 1 S —U, 1 S
L Q An—l Q Un—lTn—lUil_l
T I N R e N
L0 U [ [0 T 0 U,
Let U be the matrix given by
I
U="U, - )
Q Un—l
and note that U is unitary. It follows that
N sTU,
UH AU — 1 S 1
Q Tn—l
That is, U is a unitary matrix such that U AU is upper-triangular. [

We use this lemma to prove the following theorem.

Theorem 8.1.2. Every Hermitian n X n matrix A can be diagonalized by a unitary

matrix,

UHAU = A,

where U is unitary and A is a diagonal matrix.
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Proof. Note that A” = Aand T = U AU. Consider the matrix T given by
™ = (UHAUY? = U A"U = UPAU =T.

That is, T" is also Hermitian. Since 7' is upper triangular, this implies that 7" is a
diagonal matrix. We must conclude that every Hermitian matrix is diagonalized by

a unitary matrix. 0

This proves every Hermitian matrix has a complete set of orthonormal eigen-

vectors.

8.2 Singular Value Decomposition

The singular value decomposition (SVD) provides a matrix factorization related to
the eigenvalue decomposition that works for all matrices. In general, any matrix
A € C™*™ can be factored into a product of unitary matrices and a diagonal matrix,

as explained below.

Theorem 8.2.1. Let A be a matrix in C"™*". Then A can be factored as
A=UxvH
where U € C™*™ is unitary, V € C"*" is unitary, and 3 € R™*" has the form
¥ = diag(oy, 09,...,0,),
where p = min(m, n).

The diagonal elements of 3 are called the singular values of A and are typically
ordered so that

op>09>--2>0,>0.
Proof. Let
AHAV = leag(/\l, /\27 ceey )\n)

be the spectral decomposition of A” A, where the columns of V' are orthonormal

eigenvectors
V e [ Ql QZ PP Qn ] s
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with A\j; Ag, - -+ J A, >0and A\, =--- =\, =0, where r < p. For: < r, let

Av,

1

Vv

and observe that
o AR Av, oo\

Q1|H]> \/r)\j \/m J

Also note that {u,} are eigenvectors of AA since

AAT Y, = AAT A = /N Av, = N,
W, \/)\—Z 41U iy

The set {u; : i = 1,...,r} can be extended using the Gram-Schmidt procedure to
form an orthonormal basis for C™. Let

v=lw o]

For the zero eigenvalues, the eigenvectors must come from the nullspace of AA
since the eigenvectors with zero eigenvalues are, by construction, orthogonal to the
eigenvectors with nonzero eigenvalues that are in the range of AAH .

For u; where ¢ < r, we get

1
VA

On the other hand, if ¢ > r then ng AV = 0. Hence,

UM AV = diag <\/)\_1\/>\_n> _

as desired. O]

ult AV = ——o AT AV = /nel!

This proof gives a recipe for computing the SVD of an arbitrary matrix. Con-

sider the matrix

The eigenvalue decomposition of A7 A is given by
27 -9 1 |1 1 18 0 1 |1 1

A A = = VAV = | — —=
V2 |1 -1 0 36 201 -1
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This implies that >, = AY% and V; = V. Therefore, we can compute U1 =
A%Zfl with

Lo 1 |1 1 L 0
a=s (G0 L) F L
s 211 —1 0

Putting this all together, we have the compressed SVD
1|11 1
1 -1/

WIN W Wl
—
S e

18 0
A=UV = [ VI8

0 /36

S

WIN WIN W=
< S o

|~
[\

8.3 Properties of the SVD

Many of the important properties of the SVD can be understood better by separating
the non-zero singular values from the zero singular values. To do this, we note that

every rank r matrix A € C™*" has a singular value decomposition

¥ 0
0 0

‘/1H

a=vsvi=lu, U] v

- Ulzl‘/lH7

where U € C™ ™ and V' € C™ " are unitary and U; € C™*", Uy, € C™ ™77,
Vi e C"", and V, € C™" " have orthonormal columns. The diagonal matrix

Y1 € R™" contains the non-zero singular values
oy >092> >0, >0.

The factorization A = ULV is called the full SVD of the matrix A while the
factorization A = U;3,V/ is called the compact SVD of A. The compact SVD of a
rank-7 matrix retains only the r columns of U, V' associated with non-zero singular
values.

Let X,Y be inner product spaces and let A define a mapping from X to Y.
Then, the columns of 1/ form an orthonormal basis for the vectors in X that are
mapped to non-zero vectors (i.e., N'(A)*) while the columns of V5 form an or-
thonormal basis of A/(A). Likewise, the columns of U; form a orthonormal basis
for the vectors in Y that lie in the range of A while the vectors in U, form orthonor-
mal basis for R(A)*. It follows that the full SVD computes orthonormal bases for
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all of the four fundamental subspaces of the matrix A. For example, it is easy to

show that

To see this, notice that A > c;v; = S0, c;ioiu;.
From this, we can compute easily any projection onto a fundamental subspace.
First, we point out that the projection onto the column space of any matrix W &

C™*" with orthonormal columns (i.e., W W = I) is given by
Py = WWHW)'wH = ww#,

Therefore, the projection matrices for the fundamental subspaces are given by

Pray = U U/
Priany = ViV
Pyay = Vo Vy!

Pyany = UsUy'

This decomposition also provides a rank revealing decomposition of a rank-r

T
_ H
A= E o;U; v,
=1

where u, is the ith column of U and v is the 7th column of V. This shows A as the

matrix

sum of r rank-1 matrices. It also allows one to compute

T
IAlr =07

=1
HAH2 =01

The pseudoinverse of A is also very easy to compute from the SVD. In particu-
lar, one finds that
AT =VSiU® = vis v,
One can verify this by computing ATA and AAT. It also follows from the fact that

the pseudoinverse of a scalar o is 0! if o # 0 and zero otherwise.
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Optional Topics

A.1 Dealing with Infinity*

A.1.1 The Axiom of Choice

The axiom of choice, formulated by Zermelo in 1904, is innocent-looking. How-
ever, one can prove theorems with its aid that some mathematicians were originally

reluctant to accept in the past.

Definition A.1.1 (The Axiom of Choice). Given a collection X of disjoint nonempty
sets, there exists a set C' having exactly one element in common with each element
of X. That is, for each X € X the set C' N X contains a single element.

Most mathematicians today accept the axiom of choice as part of the set theory
on which they base their mathematics. A straightforward consequence of the axiom

of choice is the existence of a choice function.

Lemma A.1.2 (Existence of a Choice Function). Given a collection ) of non-empty
sets, there exists a function
c:Y — U Y
Yey

satisfying c(Y') € Y foreveryY € ).

Proof. The difference between the axiom of choice and the lemma is that in the
latter statement the sets of the collection ) need not be disjoint. Given an element
Y € ), define the set Y’/ by

YV ={Y,y)lyeY}.

131
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That is, Y’ is the collection of all ordered pairs where the first coordinate of the
ordered pair is the set Y, and the second coordinate is an element of Y. Because Y

contains at least one element, the set Y is nonempty. Furthermore, Y’ is a subset

Y x UY.

Yey

of the cartesian product

If Y} and Y5 are two different sets in ), then the sets Y and Y are disjoint; specif-
ically, the elements of Y] and Y7 differ at least in their first coordinates.

Consider the collection
Z={Y'ly e y}.

This is a collection of disjoint nonempty subsets of

Y x UY.

Yey

By the axiom of choice, there exists a set Z having exactly one element in common

with each element of Z. Define the function

c:Z—=YXx UY

Yey

by ¢ (Y') = Y'N Z. This function ¢ implicitly provides the rule for a function from
Y to the set Jycy, Y such that y belongs to Y whenever (Y, y) € Z. This rule is the

desired choice function. O]

A.1.2 Well-Ordered Sets

A simple order < on a set X is a relation such that, for all x,y, z € X,
1. if x # y theneitherz < yory < x
2. ifx <ythenx #y
3.ifr<yandy < zthenz < z.

Definition A.1.3. A set X with an order relation < is said to be well-ordered if

every nonempty subset of X has a smallest element.

The set of natural numbers, for example, is well-ordered. On the other hand, the

set of integers is not well-ordered.
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Fact A.1.4 (Well-ordering theorem). If X is a set, there exists an order relation on

X that is a well-ordering.

This theorem was proved by Zermelo using the axiom of choice. It startled the
mathematical community in 1904 and spurred much controversy about the axiom

of choice. It is given here without a proof.
Corollary A.1.5. There exists an uncountable well-ordered set.

Definition A.1.6. Let X be an ordered set. Given x € X, the set
V,={yeYly <z}
is called the section of X by x.

Corollary A.1.7. There exists an uncountable well-ordered set, every section of

which is countable.

The well-ordering principle is a necessary tool in proofs by induction when
the set over which the induction process is applied is not a segment of the natural

numbers; this is the so-called transfinite induction.

A.1.3 The Maximum Principle

A strict partial order < on a set X is a relation such that for all z,y,z € X
l. ifx <ythenx #y
2. ifr <yandy < zthenx < z.

A strict partial order is similar to a simple order, except that it need not be true

that for every distinct z,y € X, eitherx < y ory < .

Fact A.1.8 (The maximum principle). Let X be a set and suppose that < is a strict
partial order on X. If Y is a subset of X that is simply ordered by <, then there

exists a maximal simply ordered subset Z of X containing Y .

The maximum principle is given here without a proof. It is interesting to note

that the well-ordering theorem and the maximum principle are equivalent; either of
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them implies the other. Furthermore, each of them is equivalent to the axiom of
choice.

Let < be a strict partial order on X. For z,y € X, the relation x <X y holds if
x < yorx = y. The relation < so defined is called a partial order on X. For
example, the inclusion relation C on a collection of sets is a partial order, whereas

proper inclusion is a strict partial order.
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metric topology, [24]
metrizable, 24|
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open set, 23]
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totally bounded, [30]

vector space,

Banach space, 7]
convex set,
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direct sum, 39|

dual basis, [88]

dual space,
finite-dimensional, 40|
functional, 48|

Hamel basis, 40|
homomorphism, 36]
isomorphism, [86]
linear combination, [38]
linear functional, [36]
linear transform, [59|
linearly dependent,
linearly independent, [40]
norm, 453]

normalized, [46]
ordered basis, [43]
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standard basis,
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unit vector, 46|
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