Chapter 3

Linear Algebra

3.1

Fields

Consider a set F' of objects and two operations on the elements of £, addition and

multiplication. For every pair of elements s,¢ € F then (s +t¢) € F. For every pair

of elements s,¢ € F' then st € F'. Suppose that these two operations satisfy

1.

2.

7.

8.

addition is commutative: s +t =t + s Vs, t € F

addition is associative: r + (s +t) = (r+s) +t Vr,s,t € F

. toeach s € F there exists a unique element (—s) € F such that s+ (—s) =0

multiplication is commutative: st = ts Vs, t € F'

. multiplication is associative: r(st) = (rs)t Vr,s,t € F

there is a unique non-zero element 1 € F such that s1 = s Vs € F
to each s € F — 0 there exists a unique element s~! € F such that ss™! = 1

multiplication distributes over addition: (s + t) = rs + rt Vr,s,t € F.

Then, the set F' together with these two operations is a field.

Example 3.1.1. The real numbers with the usual operations of addition and multi-

plication form a field. The complex numbers with these two operations also form a

field.

35
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Example 3.1.2. The set of integers with addition and multiplication is not a field.
P 3.1.3. Is the set of rational numbers a subfield of the real numbers?

Example 3.1.4. Is the set of all real numbers of the form s + t\/2, where s and t
are rational, a subfield of the complex numbers?

The set F' = {S +tV2: st € Q} together with the standard addition and
multiplication is a field. Let s,t,u,v € Q,

s+tV2+ut+ovv2=(s4+u)+(t+v)V2€F
<s+t\/§> (u+vx/§> = (su+2tv) + (sv + tu)V/2 € F

(s+t\/§)_lzs_t\/§= i — ! V2eF

s2+2t2  s2 4212 52 4 2¢2

Again, the remaining properties are straightforward to prove. The field s + t\/2,

where s and t are rational, is a subfield of the complex numbers.

3.2 Matrices

Let F' be a field and consider the problem of finding n scalars x4, ..., x, which

satisfy the conditions

a;nry + apprs + -+ ATy = N1
211 + ATy + -+ Gy = Yo

(3.1
Am1T1 + Amal2 + -+ AQppy, = Ym

where {y; : 1 < i <n} C Fand {a;; : 1 <i < m,1 < j <n} C F.
These conditions form a system of m linear equations in n unknowns. A shorthand

notation for (3.1) is the matrix equation
Azx =y,
where A is the matrix representation given by

@11 Q2 -+ Qin

Q21 Q22 - Q2p

Am1 Q2 * Qmn
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and x, y denote
T
= (T1,...,%y)

(yla s 7ym)T'

y

Definition 3.2.1. Let A be an m x n matrix over F' and let B be an n x p matrix

over F. The matrix product AB is the m x p matrix C whose 1, j entry is

n
Cij = E airij.
r=1

Definition 3.2.2. Let A be an n X n matrix over F. Ann x n matrix B is called the
inverse of A if
AB = BA=1.

If A is invertible then its inverse will be denoted by A™".

Lemma 3.2.3. Let A be an m X n matrix over F with m < n. Then, there exists a

length-n column vector x # 0 (over F') such that Az = 0.

Proof. This result follows easily from row reduction and the proof is left as an

exercise for the reader. L]

3.3 Vector Spaces

Definition 3.3.1. A vector space consists of the following,
1. a field F of scalars
2. a set'V of objects, called vectors

3. an operation called vector addition, which associates with each pair of vec-
tors v,w € V avectorv+ w € V such that
(a) addition is commutative: v +w = w + v
(b) addition is associative: u + (v + w) = (u+v) + w
(c) there is a unique vector 0 € V such thatv+0=uv, Yv € V

(d) to each v € V there is a unique vector —v € V such that v + (—v) =0
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4. an operation called scalar multiplication, which associates with each s € F

andv € V avector sv € V such that

(a) lv=v,Yv eV
(b) (s152)v = s1(520)
(c) S(Q—I—w) = sv + sw

(d) (51 + s2)v = 510 + s90.

Example 3.3.2. Let F' be a field, and let V' be the set of all n-tuples v = (vy, ..., v,)
of scalar v; € F. If w = (wy, ..., w,) with w; € F, the sum of v and w is defined
by

v+ w=(v1+w,..., 0+ wy).

The product of a scalar s € F' and vector v is defined by
sv = (svy,...,S0,).

The set of n-tuples, denoted by F™, together with the vector addition and scalar

product defined above forms a vector space.

Example 3.3.3. Let X be a non-empty set and let F' be a field. Consider the set
V' of all functions from X into F. The sum of two vectors f,g € V is the function
from X into I defined by

(f+9)(x) = f(z) +g(z) VreX.

The product of scalar s € F and the function f € V is the function s defined by

(sf)(x) =sf(x) Vo € X.

Definition 3.3.4. A vector w € V is said to be a linear combination of the vectors
Vy,...,v, €V provided that there exist scalars s1, ..., s, € F such that

n

w = E 8-

i=1
Definition 3.3.5. Consider a complex n x n matrix A with elements a;;. The Her-
mitian transpose B = A" of A has elements defined by b;; = a;; where a denotes

the complex conjugate of a.
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3.3.1 Subspaces

Definition 3.3.6. Let V' be a vector space over F. A subspace of V is a subset
W C V which is itself a vector space over F'.

Fact 3.3.7. A non-empty subset W C V' is a subspace of V' if and only if for every

pair of vector w,,w, € W and every scalar s € F' the vector sw, + w, is again in

w.

If V' is a vector space then the intersection of any collection of subspaces of V'

is a subspace of V.

Example 3.3.8. Let A be an m x n matrix over F. The set of all n x 1 column

vectors V such that

veV —= Av=0

is a subspace of F™ 1.

Definition 3.3.9. Let U be a set of vectors in a vector space V. The span of U,
denoted span(U), is defined to be the set of all finite linear combinations of vectors
inU.

The subspace spanned by U can also be defined equivalently as the intersection
of all subspaces of V' which contain U. It is easy to see that all finite linear com-
binations of vectors in U must be in all subspaces containing UU. One can show
the converse by considering its contrapositive: There exists a finite linear combina-
tion of vectors in U and a subspace containing U such that the vector is not in the

subspace. Of course, this contradicts the definition of a vector space.

Definition 3.3.10. Let V' be a vector space and U, W be subspaces. If U, W are
disjoint (i.e., U N W = {0}), their direct sum U & W is defined by

UsW 2 {u+wluecUwecW}

An important property of a direct sum is that any vector v € U@ W has a unique

decomposition v = v + w where w € U and w € W.
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3.3.2 Bases and Dimension

The dimension of a vector space is defined using the concept of a basis for the

space.

Definition 3.3.11. Let V be a vector space over F. A subset U C V is linearly
dependent if there exist distinct vectors u,, . . .,u, € U and scalars sy, ...,s, € F,

not all of which are 0, such that

n
E s;u; = 0.
i=1

A set which is not linearly dependent is called linearly independent.

A few important consequences follow immediately from this definition. Any
subset of a linearly independent set is also linearly independent. Any set which
contains the 0 vector is linearly dependent. A set U C V is linearly independent if

and only if each finite subset of U is linearly independent.

Definition 3.3.12. Let V' be a vector space over F. Let B = {v,|a € A} be a
subset of linearly independent vectors from V, such that every v € V' has a unique
decomposition as a finite linear combination of vectors from B. Then, the set B is a

Hamel basis for V. The space V is finite-dimensional if it has a finite basis.
Theorem 3.3.13. Every vector space has a Hamel basis.

Proof. Let X be the set of linearly independent subsets of V. Furthermore, for
x,y € X consider the strict partial order defined by proper inclusion. By the maxi-
mum principle, if x is an element of X, then there exists a maximal simply ordered

subset Z of X containing x. This element is a Hamel basis for V. [

Example 3.3.14. Let F' be a field and let U C F™ be the subset consisting of the

vectors ey, . .., e, defined by
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Foranyv = (vy,...,v,) € F", we have
v=7 v (32)
i=1
Thus, the collection U = {e,, ..., e,} spans F". Since v = 0 in (3.2)) if and only if
vy = -+ = v, =0, U is linearly independent. Accordingly, the set U is a basis for

F™*L This basis is termed the standard basis of "

Example 3.3.15. Let A be an invertible matrix over F'. The columns of A, denoted
by Ay, ..., A,, form a basis for the space of column vectors F™*'. This can be seen
)T

as follows. If v = (v, ...,v,)" is a column vector, then

n

=1

Since A is invertible,

Av=0 = [v=A"10 = v=0.

Thatis, { Ay, ..., A} is a linearly independent set. For any column vectorw € F™,
let v = A~ w. It follows that w = Av and, as a consequence, {Ay, ..., A,} is a
basis for F™.

Theorem 3.3.16. Let V' be a vector space which is spanned by a finite set of vectors
W =A{w,,...,w,}. Then, any linearly independent set of vectors in V' is finite and

contains no more than n elements.

Proof. Assume that U = {u,,...,u,,} C V with m > n. Since W spans V, there

exists scalars a;; such that
n

U; = E QiW;.
i=1
For any m scalars sy, . .., s, we have

m n

m
Sjgj: E Sj E Q50
=1

j=1 j=1

n n
E , (aijs;)w; = E :aws]

=1 =1

zms

Collecting the a;; coefficients into an n by m matrix A shows that
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Since n < m, Lemma [3.2.3] implies that there exist scalars sy, ..., s,, not all 0,
such that t; = t, = --- = t,,, = 0. For these scalars, E;”Zl sju; = 0. That is, the
set U 1is linearly dependent. [

If V is a finite-dimensional vector space, then any two bases of V' have the same
number of elements. Therefore, the dimension of a finite-dimensional vector space
is uniquely defined. While this may seem intuitively obvious to many readers, the
previous theorem shows that this intuition from R" does not break down for other

fields and vector spaces.

Definition 3.3.17. The dimension of a finite-dimensional vector space is defined as
the number of elements in any basis for V. We denote the dimension of a finite-

dimensional vector space V' by dim(V).

The zero subspace of a vector space V' is the subspace spanned by the vector
0. Since the set {0} is linearly dependent and not a basis, we assign a dimension
0 to the zero subspace. Alternatively, it can be argue that the empty set () spans
{0} because the intersection of all the subspaces containing the empty set is {0}.

Though this is only a minor point.

Theorem 3.3.18. Let A be an n x n matrix over F and suppose that the columns
of A, denoted by Ay, ..., A,, form a linearly independent set of vectors in F"*",
Then A is invertible.

Proof. Suppose that W is the subspace of F"*! spanned by Ay,..., A,. Since
Ay, ..., A, are linearly independent, dim(W) = n = dim(F™*!). It follows that

W =V and, as a consequence, there exist scalars b;; € I’ such that

€ = Z%‘Ai, I1<j<n
i=1
where {e,,...,e,} is the standard basis for F™*!. Then, for the matrix B with
entries b;;, we have
AB = 1.

Note also that if the rows of A form a linearly independent set of vectors in F1*"
then A is invertible. O]
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3.3.3 Coordinate System

Let {v,,...,v,} be a basis for the n-dimensional vector space V. Every vector

w € V can be expressed uniquely as

n
w= E Si;.
=1

While standard vector and matrix notation requires that the basis elements be or-
dered, a set is an unordered collection of objects. Ordering this set (e.g., vy, ..., v,,)
allows the first element in the coordinate vector to be associated with the first vector

in our basis and so on.

Definition 3.3.19. If'V is a finite-dimensional vector space, an ordered basis for VV

is a finite sequence of vectors which is linearly independent and spans V.

In particular, if the sequence v, ..., v, is an ordered basis for 1/, then the set
{vy,...,v,} is a basis for V. The ordered basis B is the set {v,,...,v,}, together
with the specific ordering of the vectors. Based on this ordered basis, a vector

w € V can be unambiguously represented as an n-tuple,

n

W= (s s) = 3 s
i=1
Equivalently, vector w can be described using the coordinate matrix of w relative

to the ordered basis B:
S1

The dependence of this coordinate matrix on B can be specified explicitly using
the notation [w],. This will be particularly important when multiple coordinates

systems are involved.

Example 3.3.20. The canonical example of an ordered basis is the standard basis
for F'™ introduced in Section|[3.3.2] Note that the standard basis contains a natural
ordering: ¢e,,...,e,. Vectors in F" can therefore be unambiguously expressed as

n-tuples.
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P 3.3.21. Suppose that A = vy, . .., v, is an ordered basis for V. Let P be ann X n
invertible matrix. Show that there exists an ordered basis B = wy,...,w, for V
such that

[M]A =P [Q]B
uls =P~ [u] 4

foreveryu € V.

S3.3.21} Consider the ordered basis A = v,,...,v, and let Q = P~'. For all

ueV,wehaveu =3 " | s;v;, where

S1
[Q]A =
Sn
If we define .
w, = prity,
k=1
and

ti = Z ij S
i=1

then we find that

Z tiw, = Z Z QijSjw; = Z Z QijSj Zplm;yk
i—1 k=1

i=1 j=1 i=1 j=1

n n n n n
= g S E Uy, g Pridij = E S E Uy0jk
k=1 =1 k=1

j=1 j=1
n
- Z SV = U
j=1
This shows that B = w,, ..., w,, is an ordered basis for V and
th
lug = |
tn

The definition of ¢; also shows that [u]; = P! [u] , and therefore [u] , = P [u].
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3.4 Norms

Let V' be a vector space over the real numbers or the complex numbers.
A norm on vector space V' is a real-valued function ||-|| : V' — R that satisfies

the following properties.
1. o]l >0 Vv € V;equality holds if and only if v = 0
2. |lsvll =lslllul| VveV,seF
3. [lo 4wl <o) + llw] - Vv,we V.

The concept of a norm is closely related to the concept of a metric. For instance,
a metric can be defined in terms of a norm. Let ||v|| be a norm on vector space V/,
then

is the metric induced by the norm.
Normed vector spaces are very useful because they have all the properties of a
vector space and all the benefits of a topology generated by the norm. Therefore,

one can discuss limits and convergence in a meaningful way.

Example 3.4.1. Consider vectors in R™ with the euclidean metric

d(v,w) = \/(Ul —wi)?2 4+ (v, —wy)?

Recall that the standard bounded metric introduced in Problem is given by

d (v, w) = min{d (v,w),1}.
Define the function f : R" — R by
f () =d(v0).

Is the function f a norm?

By the properties of a metric, we have
1. d(v,0) >0 Yo € V; equality holds if and only if v = 0

2. d(v,0)+d(w,0) =d(v,0)+d(0,w) >d(v,w) Yo,welV.
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However;, d (sv,0) is not necessarily equal to sd (v,0). For instance, d (2e,,0) =
1 < 2d (e, 0). Thus, the function f : R™ — R defined by

f(v) =d(v0).
is not a norm.
Example 3.4.2. The following functions are examples of norms for F",

1. the ly norm: ||v||, = >0, |vil

AL

2. the l, norm: ||v||, = (3 i, [vilP)?,  p € (1,00)
3. the lo norm: ||v|| = maxy__,{|vi|}.

Example 3.4.3. Similarly, norms can be defined for the vector space of functions
from [a,b] to R (or C) with

1. the Ly norm: ||f(t)||, = f |f(t)|dt

1

2. the L, norm: || f(t) (f |f(t) |pdt);, p € (1,00)

3. the Loo norm: || f(t)||, = esssupy, y{|f ()|}

In this example, the integral notation refers to the Lebesgue integral (rather
than the Riemann integral). The reason for this is that many important spaces
include functions that are not Riemann integrable. The Lebesgue integral is defined
using measure theory and is often used in advanced probability courses. Since
there are many non-zero Lebesgue-integrable functions whose integral is zero, this
definition has a subtlety. The norm of a function is zero if and only if it is zero
almost everywhere (abbreviated a.e.). Therefore, two functions are equal almost
everywhere if the norm of their difference is zero. Strictly speaking, a vector space
of “functions” with the L, norm actually has elements that are equivalence classes

of functions defined by equality almost everywhere.

Definition 3.4.4. A vector v € V is said to be normalized if ||v|| = 1. Any vector

can be normalized, except the zero vector:

‘I@

(3.3)

g:

=

has norm ||u|| = 1. A normalized vector is also referred to as a unit vector.
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Definition 3.4.5. A complete normed vector space is called a Banach space.

Banach spaces are the standard setting for many problems because completeness

is a powerful tool for solving problems.

Example 3.4.6. The vector spaces R" (or C™) with any well-defined norm are Ba-

nach spaces.

Example 3.4.7. The vector space of all continuous functions from |a,b] to R is a

Banach space under the supremum norm

IF (@B = sup f(t).

te[a,b]

Definition 3.4.8. A Banach space V' has a Schauder basis, v, v,, ..., if every v €

V=) s,

1€N

V' can be written uniquely as

Example 3.4.9. Let V = RY be the vector space of semi-infinite real sequences.
The standard Schauder basis is the countably infinite extension {e,, e,, ...} of the

standard basis.

Definition 3.4.10. A closed subspace of a Banach space is a subspace that is a

closed set in the topology generated by the norm.
Theorem 3.4.11. All finite dimensional subspaces of a Banach space are closed.

Proof. This proof requires material from later in the notes, but is given here for
completeness. Let w,,w,,...,w, be a basis for a finite dimensional subspace W
of a Banach space V over F'. Let U = F™ be the standard Banach space, which is
closed by definition, and consider the mapping f : U — W defined by

f(s) = Z S;W;.

It is easy to verify that this linear mapping is non-singular and onto. Therefore,
it has a linear inverse mapping ¢ = f~! that must be continuous (i.e., bounded)
because U, W are finite dimensional. Since ¢ is continuous, we find that W =
g 1 (U) = f(U) is closed because U is closed. O
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Example 3.4.12. Let V = L,([a, b)), for 1 < p < oo, be the set of real Lebesgue-
integrable functions on [a,b]. We say that [ € V is continuous if the equivalence
class generated by equality almost everywhere contains a continuous function. It is
easy to verify that the subset W C V' of continuous functions is a subspace. It is not
closed, however, because sequences in W may converge to discontinuous functions.
More generally, the span of any infinite set of linearly independent vectors only

includes finite linear combinations and is therefore not closed.

3.5 Functionals and Optimization

Functions mapping elements of a vector space (over F') down to the scalar field /'

play a very special role in the analysis of vector spaces.

Definition 3.5.1. Let V' be a vector space over F. Then, a functional on V is a
function f : V' — F that maps V to F.

Later, we will see that linear functionals (i.e., functionals that are linear) are
used to define many important concepts. For unconstrained optimization, however,
linear functionals are not interesting because they are either zero or achieve all
values in ['. Instead, this section focuses on a class of functionals (called convex)

which have well-defined minimum values.

Definition 3.5.2. Let (X, || - ||) be a normed vector space. Then, a functional f :
X — R achieves a local minimum value at x, € X if there is an € > 0 such that,
forall z € X satisfying ||x — z,|| < € we have f(z) > f(x,). If the bound holds

for all x € X instead, then the local minimum is also a global minimum value.

Definition 3.5.3. Let V' be a vector space over the real numbers. The subset A CV
is called a convex set if, for all a;,a, € A and \ € [0,1], we have \a; + (1 —
Na, € A. The set is strictly convex if. for all a,,a, € A and \ € (0, 1), we have
Aa; + (1= N)a, € A°.

Definition 3.5.4. A Banach space X is called strictly convex if the unit ball, given

by {x € X|||z| < 1}, is a strictly convex set. An equivalent condition is that

equality in the triangle inequality (i.e., ||z + y|| = ||z[| + ||ly||) for non-zero vectors

implies that x = sy for some s € F.
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Definition 3.5.5. Let V be a vector space, A C V' be a convex set, and f : V — R

be a functional. Then, the functional f is called convex on A if, for all a,,a, € A
and \ € (0,1), we have

fay + (1= A)ay) < Af(a)) + (1= A)f(ay).
The functional is strictly convex if equality occurs only when a, = a,.

Example 3.5.6. Let (X, || - ||) be a normed vector space. Then, the norm || - || :
X — Ris a convex functional on X. Try proving this.

Theorem 3.5.7. Let (X, | - ||) be a normed vector space, A C X be a convex set,
and f : X — R be a convex functional on A. Then, any local minimum value of
f on Ais a global minimum value on A. If the functional is strictly convex on A
and achieves a local minimum value on A, then there is a unique point v, € A that

achieves the global minimum value on A.

Proof. Let z, € A a point where the functional achieves a local minimum value.
Proving by contradiction, we suppose that there is another point ; € A such that
f(zy) < f(z,). From the definition of a local minimum value, we find an € > 0
such that f(z) > f(z,) for all z € A satisfying ||z — z,|| < €. Choosing A <
oz I (0,1) and z = (1 — Nz, + Az, implies that ||z — z,|| < € while the

convexity of f implies that

fl) = f((1=Nzg+ Azy) < (1= A)f(zo) + Af(zy) < f(o)-

This contradicts the definition of a local minimum value and implies that f(z,) is
a global minimum value on A. If f is strictly convex and f(z,) = f(z,), then we

suppose that z, # x,. In this case, strict convexity implies that

f ((1 - /\)Io + /\£1> < (1 - A)f@o) + /\f@l) = f@o)-

This contradicts the fact that f(x,) is a global minimum value on A and implies
that x, = z; is unique. OJ
3.6 Inner Products

Definition 3.6.1. Let F’ be the field of real numbers or the field of complex numbers,

and assume V' is a vector space over F'. An inner product on 'V is a function which
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assigns to each ordered pair of vectors v,w € V a scalar (v|w) € F in such a way

that for all w,v,w € V and any scalar s € F

~

(u+ v|w) = (ulw) + (v|w)

2. (sulw) = s (vlw)

3. (v|w) = (w|v), where the overbar denotes complex conjugation;
4. (v|v) > 0 with equality iff v = 0.
Note that the conditions of Definition [3.6.1]imply that

(ufsv +w) =3 (ulv) + (u|w) .

Definition 3.6.2. A real or complex vector space equipped with an inner product is

called an inner-product space.

Example 3.6.3. Consider the inner product on F"™ defined by

n

(wlw) = ((vr, ..., v)| (w1, ..., wy)) = Zujmj.

j=1
This inner product is called the standard inner product. When F' = R, the standard

inner product can also be written as

n
(vlw) = " vjw;.
j=1

In this context it is often called the dot product, denoted by v - w. In either case, it
can also be written in terms of the Hermitian transpose as (v|w) = w"v.
P 3.6.4. Forv = (vy,vs) and w = (wy,ws) in R?, show that

(V|w) = viwy — vawy — Vywy + 4vaw,
is an inner product.
SB.6.4, For all u,v,w € V and all scalars s

(u+ vjw) = (ug + v1)wy — (ug + vo)wy — (ug + v1)we + 4(ug + vo)ws
= UIW1 — UpWy — U W3 + dUuswy + V1w — Vawy — VW3 + 4vws

= (ulw) + (v|w) .
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Also, we have
(sv|w) = svjw; — svawy — sViwy + 4svaws = s (v|w) .
Since V = R2, we have (v|w) = (w|v). Furthermore,
(v|v) = v — 20109 + 4v3 = (v] — v2)® 4+ 3v; >0 with equality iff v = 0.
That is, (v|v) is an inner product.

Example 3.6.5. Let V' be the vector space of all continuous complex-valued func-

tions on the unit interval [0, 1|. Then
1
(o) = [ gt
0

Example 3.6.6. Let V and W be two vector spaces over F and suppose that (-|-)

is an inner product.

is an inner product on W. If 'T' is a non-singular linear transformation from V' into

W, then the equation
pr (V1,09) = (T [T'w,)

defines an inner product pp on'V'.

Theorem 3.6.7. Let V' be a finite-dimensional space, and suppose that

B:wla"wwn

is an ordered basis for V. Any inner product on V' is completely determined by the

values
hji = <wi|wj>

it assumes on pairs of vectors in B.

Proof. Ifu =73 s;w;and v = Zj tjw;, then

- (i) 5

= Z Si <w¢ thwj> = Z Z sity (w;|w;)
= Z ijhjisi = [v]g H [u]s
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where [u]; and [v]; are the coordinate matrices of u, v in the ordered basis 3. The

matrix H is called the matrix of the inner product in the ordered basis B. [

It is easily verified that [ is a Hermitian matrix, i.e., H = H H - Furthermore,

H must satisfy the additional condition
w"Hw >0, Vw#0. (3.4)

In particular, / must be invertible.
Conversely if H is an n x n Hermitian matrix over F which satisfies (3.4)), then
H is the matrix in the ordered basis B of an inner product on V. This inner product
is given by
(ulv) = [v]5 H [ug-

P 3.6.8. Let V be a vector space over F. Show that the sum of two inner products
on V' is an inner product on V. Show that a positive multiple of an inner product is

also an inner product.

Example 3.6.9. Consider any set W of real-valued random variables, defined on
a common probability space, that have finite 2nd moments. It turns out that V' =

span(W) is a vector space over R. In fact, one can define the inner product
(X[Y) = E[XY],

forany X,Y € V. Using the induced norm, this inner product provides the topol-
0gy of mean-square convergence and two random variables XY € V are consid-
ered equal if | X — Y||> = E[|X — Y|?] = 0 (or equivalently Pr(X #Y) = 0).

3.6.1 Induced Norms

A finite-dimensional real inner-product space is often referred to as a Euclidean

space. A complex inner-product space is sometimes called a unitary space.

Definition 3.6.10. Let V' be an inner-product space with inner product (-|-). This

inner product can be used to define a norm, called the induced norm,

for everyv € V.
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Theorem 3.6.11. If V is an inner-product space and || - || is its associated induced

norm, then for any v,w € V and any scalar s
1. ||su]| = [s| [lz]
2. o]l > 0forv £0
3. [(wlw)| < ol [Jw]] with equality iff v =0, w = 0, or v = sw
4. o+ wll < o]l + ]| with equality iff v = 0, w = 0, or v = su.

Proof. The first two items follow immediately from the definitions involved. The
third inequality, |(v|w)| < ||v|| ||w]|, is called the Cauchy-Schwarz inequality.
When v = 0, then clearly |(v|w)| = ||v|| [|w]|| = 0. Assume v # 0 and let

Then (u|v) = 0 and

v ]|
ey ) (ow) 2 |(vlw)
A L

Hence | (v|w)|* < |Jv||* ||lw||*. Notice that equality occurs iff u = 0, or equivalently
iff w=0orv=sw.

Using this result, we get

2 2 2
v+ w||” = [|o)|” + (vlw) + (w|v) + ||w]|
= |lv[|* + 2Re (v|w) + [|w]?
2 2
< lll” + 2ol lwl + Jw]”,

with equality iff Cauchy-Schwarz holds with equality. Thus, ||v + w|| < |Ju]|+||w]|

with equality iff v = 0, w = 0, orv = sw (i.e., v and w are linearly dependent). [

Theorem 3.6.12. Consider the vector space R™ with the standard inner product of
Example The function f : V — F defined by f (w) = (w|v) is continuous.

Proof. Let w,,w,,...be asequence in V' converging to w. Then,
[{(w,[v) — (wlv)| = [{w, — w|v)] < flw, —w] ]l

Since ||w,, — w|| — 0, the convergence of (w,,, v) is established. O
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3.7 Orthogonal Vectors and Subspaces

Definition 3.7.1. Let v and w be vectors in an inner-product space V. Then v is
orthogonal to w (denoted v w) if (v|w) = 0. Since this relation is reflexive and w

is also orthogonal to v, we simply say that v and w are orthogonal.

Definition 3.7.2. Let V' be an inner-product space and U, W be subspaces. Then,
the subspace U is an orthogonal to the subspace W (denoted U LW ) if ulw for
allu e Uandw € W.

Definition 3.7.3. A collection W of vectors in V is an orthogonal set if all pairs of

distinct vectors in W are orthogonal.

Example 3.7.4. The standard basis of R" is an orthonormal set with respect to the

standard inner product.

Example 3.7.5. Let V be the vector space (over C) of continuous complex-valued

functions on the interval O < x < 1 with the inner product
1
(o) = [ S(@)stads.
0

Let f,(z) = v/2cos 2mnx and g, (x) = \/2sin 2mna. Then {1, f1, g1, f2, G2, . . .} is
a countably infinite orthonormal set that is a Schauder basis for this vector space.

Theorem 3.7.6. An orthogonal set of non-zero vectors is linearly independent.

Proof. Let W be an orthogonal set of non-zero vectors in a given inner-product

space V. Suppose wy, . .., w,, are distinct vectors in ¥ and consider
U= S1w; F o+ S,
The inner product (v|w,) is given by

lw;) = <Z Sjwj|wi> = Z S <wj|wi> = 5; (w;|w;) -

J J

{

[S

Since (w,|w;) # 0, it follows that

In particular, if v = 0 then s; = 0 for 1 < j < n and the vectors in W are linearly

independent. O
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Corollary 3.7.7. If v € V is a linear combination of an orthogonal sequence of

distinct, non-zero vectors wy, . . ., w,,, then v is the particular linear combination
Z Qw
wlP
Theorem 3.7.8. Let V' be an inner-product space and assume v, ...,v, are lin-

early independent vectors in V. Then it is possible to construct an orthogonal

sequence of vectors wy, ..., w, €V such that for each k =1, ... n the set
{wla s 7wk}
is a basis for the subspace spanned by v, . .., v;.

Proof. First let w; = wv,;. Define the remaining vectors inductively as follows.
Suppose the vectors
(1<m<n)

Wy ooy Wy

have been chosen so that for every &

{wlw"vwk} 1§k§m

is an orthogonal basis for the subspace spanned by v, ..., v,. Let
m
_ <Um+1 |wz>
W1 = Umgr — 7 W
i llwll
Then w,, , # 0, for otherwise v, is a linear combination of w,,...,w,, and
hence a linear combination of v, ..., v,,. Furthermore, for j € 1,...,m
<vm+1 |U)
<wm+1|wj> = <Qm+1‘ Z _i‘wj>
= il
_ <Qm+1 ‘MJ>
= <Qm+1‘wj> wjle>
I
=0.
Clearly, {w,,...,w,,,} is an orthogonal set consisting of m + 1 non-zero vectors
in the subspace spanned by v,, ... ,v,, . Since the dimension of the latter subspace

is m + 1, this set is a basis for the subspace. [
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The inductive construction of the vectors w,, ..., w, is known as the Gram-

Schmidt orthogonalization process.

Corollary 3.7.9. Every finite-dimensional inner-product space has a basis of or-

thonormal vectors.

Proof. Let V be a finite-dimensional inner-product space. Suppose that v, ..., v

) =n

is a basis for V. Apply the Gram-Schmidt process to obtain a basis of orthogonal

vectors wy, . .., w,,. Then, a basis of orthonormal vectors is given by
Wy w,
U, = B :
ol

Example 3.7.10. Consider the vectors

Uy = (27 2, 1)
Uy = (37 6, O)
23 = (67 37 9)

in R? equipped with the standard inner product. Apply the Gram-Schmidt process
to vy, Vy, U5 to obtain an orthogonal basis.

Applying the Gram-Schmidt process to vy, vy, Vs, we get

w; = (2a 2, 1)

(3,6,0)[(2,2,1))
9

wy = (3,6,0) — (2,2,1)

= (3,6,0) — 2(2,2,1) = (—1,2, —2)
((6,3,9)[(2,2,1))
9
= (6,3,9) — 3(2,2,1) + 2(—1,2, —2) = (=2, 1,2).

<(67 37 9)’(_17 27 _2>>
9

wy = (6,3,9) — (2,2,1) — (—=1,2,-2)

It is easily verified that w,, w4, w5 is an orthogonal set of vectors.

Definition 3.7.11. Let V' be an inner-product space and W be any set of vectors in
V. The orthogonal complement of W denoted by W+ is the set of all vectors in V

that are orthogonal to every vector in W or

WL:{QGV‘<Q|Q>:OVMEW}.
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P 3.7.12. Let W be any subset of vector space V. Show that W+ is a closed
subspace of V' and that any vector in the subspace spanned by W is orthogonal to

any vector in W+.

SB3.7.12, Let m,, m, € W+ and s € F'. For any vector w € W, we have
(my |w) = (my|w) =0.

This implies

(smy + mp|w) = s (my|w) + (my|w) = 0.
That is, sm, + m, € W+. Hence, W+ is a subspace of V.
To see that W+ is closed, we let m be any point in the closure of W+ and
my,m,,... € W= be a sequence that converges to m. The continuity of the inner
product, from Theorem [3.6.12] implies that, for all w € WV,

(mh) = ( lim myfuw) = lisn (m, i) = 0.

Therefore, m € W+ and the orthogonal complement contains all of its limit points.
Notice also that any vector w in the subspace spanned by W can be written as
w =) s;w; withw, € W and s; € F. Therefore, the inner product of w with any

w' € W+ is given by

i

w’> = Zsi (w;|w’y =0.

It follows that the subspace spanned by W is orthogonal to the subspace W=.

3.7.1 Hilbert Spaces

Definition 3.7.13. A complete inner-product space is called a Hilbert space.

Definition 3.7.14. Recall that a subset {v,|o € A} of a Hilbert space V' is said to
| = 1 for every a € A and <ya|yﬂ> =0forall o # B. If
the subspace spanned by the family {v,|o € A} is dense in V, we call this set an

be orthonormal if ||v,,|

orthonormal basis.

Note that, according to this definition, an orthonormal basis for a Hilbert space
V' is not necessarily a Hamel basis for V. However, it can be shown that any or-

thogonal basis is a subset of a Hamel basis. In practice it is the orthonormal basis,
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not the Hamel basis itself, which is of most use. None of these issues arise in
finite-dimensional spaces, where an orthogonal basis is always a Hamel basis.
Let B = {v,|a € A} be an orthonormal basis for Hilbert space V. Each element
v € V has the form
v = Z Salys

acA

where the sum converges in the (2)-norm. The Parseval identity

2
ol = Isal?

a€A

is obtained by computing (v|v).

Theorem 3.7.15. Every orthogonal set in a Hilbert space V' can be enlarged to an

orthonormal basis for V.

Proof. Let X be the set of orthonormal subsets of V. Furthermore, for z,y € X
consider the strict partial order defined by proper inclusion. If x = {v,|a € Ap} is
an element of X, then by the Hausdorff maximal principle there exists a maximal
simply ordered subset Z of X containing x. This shows the existence of a maximal
orthonormal set {v,,|a € A}, where Ay C A.

Let W be the closed subspace of V' generated by {v,|av € A}. If W # V, there
is a unit vector u € W+, contradicting the maximality of the system {v,|a € A}.

Thus, W = V and we have an orthonormal basis. O

Theorem 3.7.16. A Hilbert space V' has a countable orthonormal basis if and only
if V' is separable.

Sketch of proof. 1If V is separable, then it contains a countable dense subset. Us-
ing the well-ordering theorem, this subset can be ordered into a sequence v;, v, . . .
such that, for every vector v € V and any ¢ > 0, there exists an n such that

| < e. Therefore, applying Gram-Schmidt orthogonalization, to this or-

v — v,

dered sequence of vectors, generates a countable orthonormal basis. Conversely, if
V' has a countable orthonormal basis, then linear combinations with rational coeffi-

cients can be used to construct a countable dense subset. L]
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3.8 Linear Transformations

3.8.1 Definitions

Definition 3.8.1. Let V and W be vector spaces over a field F. A linear transform
from'V to W is a function T from V into W such that

T (svy + vy) = sTvy + T,
forall v, and v, in 'V and all scalars s in F'.

Example 3.8.2. Let A be a fixed m x n matrix over F. The function T defined by

T (v) = Av is a linear transformation from F"*! into F™*1,

Example 3.8.3. Let P € F"™*™ and Q € F"*" be fixed matrices. Define the func-
tion T from F™*" into itself by T(A) = PAQ. Then T is a linear transformation

Sfrom F™*™ into F"™*". In particular,

T(sA+B)=P(sA+B)Q
=sPAQ + PBQ
=sT(A)+T(B).
Example 3.8.4. Let V be the space of continuous functions from R to R, and define
T by
T = [ 1o
0

Then T is a linear transformation from V into V. The function T f is continuous
and differentiable.

It is important to note that if 7" is a linear transformation from V' to W, then

T (0) = 0. This is essential since
T =T0O+0)=T0)+T().

Definition 3.8.5. A linear transformation T' : V. — W is singular if there is a

non-zero vector v € V such that T'v = 0. Otherwise, it is called non-singular.
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3.8.2 Properties

Theorem 3.8.6. Let V., W be vector spaces over F and B = {v, |a € A} be a
Hamel basis for V. For each mapping G : B — W, there is a unique linear
transformation T : V' — W such that Tv, = G (v,).

Proof. Since B is a Hamel basis for I/, every vector v € V has a unique expansion
U= Sal,,
acA
where s, # 0 for only a finite subset of A. Using this expansion and the mapping
G for basis vectors, we define the mapping 7', for each v, as
Ty = Z 5aG (1) -
acA

Using the unique decomposition of vectors, it is easy to verify that this mapping is
linear.

To show that it is unique, we assume that there is another linear mapping U :
V' — W such that Uy, = G (v, ). In this case, the linearity guarantees that

Uv=U (Z saya> = ZsaU (v,) = ZsaG (v,) -

acA acA acA

This implies that Uv = T'v for all v € V' and therefore that U = T'. L]

This theorem illuminates a very important structural element of linear trans-
formations: they are uniquely defined by where they map basis vectors of their

domain.

Definition 3.8.7. If T’ is a linear transformation from V into W, the range of T' is
the set of all vectors w € W such that w = Tv for some v € V. We denote the
range of T' by

R(T) £ {w e W|Fv € Vst Tv=w}={Tvjv €V}

The set R(7) is a subspace of W. Let w,, w, € R(T’) and let s be a scalar. By
definition, there exist vectors v; and v, in V' such that v, = w; and T'v, = w,.

Since T’ is a linear transformation, we have
T (svy +vy) = sTvy + Tvy = sw; + w,,

which shows that sw, + w, is also in R(7T').
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Definition 3.8.8. IfT is a linear transformation from V' into W, the nullspace of T
is the set of all vectors v € V such that T'v = 0. We denote the nullspace of 'T' by

N(T) = {v € V|Tv=0}.
It can easily be verified that N'(T') is a subspace of V.
T(0) =0 = 0eN(T).
Furthermore, if T'v; = T'v, = 0 then
T (svy +vy) = sT (vy) + (vp) =50+ 0 =0,
so that sv; + vy, € N(T).

Definition 3.8.9. Let V and W be vector spaces over a field F and let T' be a linear
transformation from V' into W. If V is finite-dimensional, the rank of 'T' is the
dimension of the range of 'T' and the nullity of T is the dimension of the nullspace
of T.

Theorem 3.8.10. Let V' and W be vector spaces over the field I' and let T' be a

linear transformation from V into W. If V is finite-dimensional, then
rank(7") + nullity(7") = dim(V)

Proof. Let vy, ...,v, be a basis for N(T), the nullspace of 7. There are vectors
Upstr--->Y, € V such that v,... v, is a basis for V. We want to show that

TV, q,.-.,Tv, is a basis for the range of 7. The vectors Tv,,...,Tv, certainly

span R(T') and, since Tv; = 0 for j = 1,...,k, it follows that T'v , , .. .,v,, span

R(T). Suppose that there exist scalars sy1, . .., S, such that
n
Z sjTv; = 0.
j=k+1
This implies that
n
Jj=k+1
and accordingly the vector v = Z?:k 41550, 1s In the nullspace of T'. Since
vy, ..., v, form a basis for N(T), there must be a linear combination such that

k
v = E 1jv;.
j=1
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But then,
k n
tio; = D, s =0
j=1 j=k+1
Since the vectors v, .. ., v,, are linearly independent, this implies that
tlz"':tkzskJrl:...Sn:O.

That is, the set T'v; 4, ..., T'v, is linearly independent in 1/ and therefore forms a
basis for R(7"). In turn, this implies that n = rank(7") + nullity (7). O

Corollary 3.8.11. If A is an m X n matrix with entries in the field F, then
row rank(A) £ dim(R(A”)) = dim(R(A)) £ column rank(A).

Proof. First, we note that the range R(A) of A equals the column space of A and
therefore rank(A) = dim (R(A)). Next, we use the definition of the orthogonal
complement and R(A”) = {A"yly € F™} to see that

R(AH)L:{Q cF"|2fz2=0Vze R(AH}:{Q e F" |2HAHQZ 0Vy e Fm}
This implies that R(A7)* = {z € F" |2 A" = 0} = N(A) and therefore that

dim (R(A™)) = n — dim (R(A™))" = n — dim (N(A)) = dim (R(A)) .

3.8.3 Projections

Definition 3.8.12. A function F' : X — Y withY C X isidempotent if F(F(x)) =
F(x). When F is a linear transformation, this reduces to F> = F - F = F.

Definition 3.8.13. Ler V' be a vector space and T’ : V' — V be a linear transfor-

mation. Then, T is a projection if T' is idempotent.

Example 3.8.14. The idempotent matrix A is a projection onto the first two coor-

dinates.

I

I
o O =
o = O
e R S
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Theorem 3.8.15. Let V' be a vector space and T’ : V' — V be a projection operator.
Then, the range R(T) and the N (T') are disjoint subspaces of V.

Proof. For all v € V — {0}, we need to prove that v is not in both the range and
nullspace. Let v € V be in the range of 7' so that there is a w € V such that
Tw = v. Then, Tv = T?w = Tw = v and v is not in the null space unless v = 0.
Let v be in the null space of 7', then T'v = 0. But, T'v = v for all v in the range.
Therefore, v is not in the range unless v = 0. From this, we see that only 0 € V is

in both the range and nullspace. Therefore, they are disjoint subspaces. [

Example 3.8.16. Consider the linear transformT' : V. — V defined by T' = I — P,

where P is a projection. It is easy to verify that T’ is a projection operator because
™=(I-P(I-P)=1I-P-P+P*=]-P=T.

Notice also that P(I — P)v = 0 implies that R(T) C N(P) and Tv = v for
v € N(P) implies N(P) C R(T). Therefore, R(T) = N(P) and I — P is a
projection onto N (P).

Definition 3.8.17. Let V be an inner-product space and P : V' — V be a projection
operator. Then, P is an orthogonal projection if R(P) LN (P).

Example 3.8.18. Let V' be an inner-product space and P : V' — V' be an orthogo-
nal projection. Then, v = Pv + (I — P)v defines a natural orthogonal decomposi-
tion of v because Pv € R(P) and (I — P)v € N'(P). Therefore, N (P) = R(P)*
and Pv = v if and only if v € R(P).

Theorem 3.8.19. Any idempotent Hermitian matrix P defines an orthogonal pro-

jection operator.

Proof. We simply must verify that the range a null space are orthogonal. Since
Pu € R(P) and (I — P)v € N(P), we can simply point out that

(Pu|(I — P)v) = o™ (I — P)! Pu=v"(P — PP P)u=v"(P— P*)u=0.

]
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