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Hypothesis Testing and Information Theory

RICHARD E. BLAHUT, MEMBER, IEEE

Abstract—The testing of binary hypotheses is developed from an
information-theoretic point of view, and the asymptotic performance of
optimum hypothesis testers is developed in exact analogy to the asymp-
totic performance of optimum channel codes. The discrimination,
introduced by Kullback, is developed in a role analogous to that of mutual
information in channel coding theory. Based on the discrimination, an
error-exponent function e(r) is defined. This function is found to describe
the behavior of optimum hypothesis testers asymptotically with block-
length. Next, mutual information is introduced as a minimum of a set of
discriminations. This approach has later coding significance. The channel
reliability-rate function E (R) is defined in terms of discrimination, and a
number of its mathematical properties developed. Sphere-packing-like
bounds are developed in a relatively straightforward and intuitive manner
by relating e(r) and E (R ). This ties together the aforementioned develop-
ments and gives a lower bound in terms of a hypothesis testing model. The
result is valid for discrete or continuous probability distributions. The dis-
crimination function is also used to define a source code reliability-rate
function. This function allows a simpler proof of the source coding
theorem and also bounds the code performance as a function of block
length, thereby providing the source coding analog of E(R).

I. INTRODUCTION

N OPTIMAL channel block code of rate R and
block length »n has a probability of error, which is
asymptotically exponential as a function of », provided that
R is less than the channel capacity C. This was established
by Feinstein [1]. Fano [2] explicitly found an exponentially
decreasing function as an upper bound to this probability
of error. The exponential decay coefficient E(R) is nonzero
only for rates below the channel capacity. By means of this
latter observation, Fano provides a satisfying proof of the
channel coding theorem of Shannon [3]. Fano further
showed that E(R) also provides a lower bound to code
performance for high rates, and hence describes the
performance of optimum high-rate codes.

The development of these results later was considerably
refined and simplified by Gallager [4] and by Shannon
et al. [5].

The function E(R) usually appears during the proof of
the coding theorem as the outcome of a series of manipula-
tions, and so attains little intuitive appeal. One purpose of
the present paper is to provide a stronger geometrical
interpretation for the role of E(R).

A second purpose of the paper is to establish stronger
ties between the subjects of decision theory and information
theory. The Neyman-Pearson theorem provides the
structure for the optimum testing of binary hypotheses.
This has been used by Forney [6] to study the behavior of
optimum list decoders of channel block codes. Csiszar and
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Longo [7] showed that the probability of error of optimum
hypothesis testers based on blocks of measurements is
exponentially decreasing with block length. The exponential
decay coefficient is related to the discrimination, a function
first introduced by Kullback [8]. Using a similar develop-
ment, we present various performance exponents in new
forms and discuss the close relationships between them.

Our starting point in this paper is the discrimination, and
its application to the behavior of hypothesis testers. This
treatment is in part tutorial, and serves to develop in accord
with our style and purpose a structure that underlies the
remainder of the paper. The approach taken emphasizes
the fundamental role played by the discrimination in the
performance bounds of information theory.

The study of hypothesis testing is found to be a miniature
version of the study of channel block codes and the
discrimination an embryonic form of the mutual informa-
tion. A function e(r) is defined that describes achievable
hypothesis testers and their associated performance. The
reliability-rate function E(R) is then defined by direct
analogy with e(r), and a number of properties are developed.

The sphere-packing bound is developed in terms of a
lower bound to the hypothesis testing problem. This
provides a simpler and more powerful version of the
sphere-packing bound. The result is valid for discrete or for
continuous probability distributions,

Finally, we turn to the subject of source coding, develop-
ing an exponential upper bound to the performance of
optimum compressors of source output data in terms of a
reliability-rate function F(R,D). This function is defined in
terms of the discrimination. The resulting bound is used to
provide a stronger statement of the source compression
coding theorem.

II. TuE ERROR-EXPONENT FUNCTION

The concept of discrimination was introduced by
Kullback and plays a fundamental role in the behavior of
optimum hypothesis testers. The basic structure consists of
two hypotheses H, and H, and their associated probability
distributions ¢,,9, on a discrete measurement space. The
log likelihood ratio, log (g/924), is a random variable, and
its mean is called the discrimination (in favor of H, against
H,).

Definition 1: Let 2% be the space of discrete probability
distributions on a set of K elements. The discrimination is a
function J: 22X x #X - % defined by

J(q:; 9;) = Z 1k Iqu—u‘c-
k 2k

We will assume for later convenience that ¢, and ¢, have
strictly positive components.
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The discrimination has the usual properties expected of
an information measure. It is nonnegative and strictly
positive if and only if its arguments are unequal. The
discrimination is convex in each of its arguments.

Further, the discrimination is additive for independent
measurements as a consequence of its logarithmic nature.
Therefore, the discrimination for » independent identically
distributed (i.i.d.) measurements is # times the discrimination
for an individual measurement. If we have n nonidentical
measurements drawn from a set of J measurement types
indexed by j (j = 0,--:,J — 1), and »; is the number of
measurements of type j, we define the average discrimination
by '

J(Q15 Q) = Z p; Z Q15 log glk

2k1j
where Q; = {Q1y;}, @2 = {Qax;} give the probabilities of
measurement outcome k given measurement type j under
hypotheses H, and H,, respectively, and pj=mn ;/n. The
total discrimination for the » measurements is then n tlmes
this average dlscrlmmatlon

This form is related to the mutual information, which can
be defined as

I(p; Q) = min Y. ¥ p,Qy; log&u
q ik qdi

The minimum is achieved when ¢, = ¥;p;Qy;. This
version of the mutual information will be used later to pass
from hypothesis testing to channel encoding.

An hypothesis-testing procedure is a partition of the
measurement space into two disjoint sets % and %°. If the
measurement k is an element of %, we decide that H, is
true; if &k is an element of %°, we decide H, is true.

The probability of accepting hypothesis H, when H,
actually is true is called the type 1 error probability «. The
probability of accepting hypothesis H, when H, actually is
true is called the type 2 error probability 8. Obviously

a4 = Z d2x B = Z 1k
ke

keuc
The problem is to specify (%,%°) so that « and B are as
small as possible. This is not yet a well-defined problem,
since o generally can be made smaller by reducing %,
although f thereby increases. The Neyman-Pearson point
of view assumes that a maximum value of § is specified, say
B and (%,%¢) must be determined so as to minimize o
subject to this constraint on (B < B,).
A method for finding thése decision regions is given by
the following well-known theorem.

Theorem 1: (Neyman-Pearson) For any real number T,
let

UT) = {k| g < que™ "}
%(T)c = {k| g2 > que™"}
and let o*, f* be the type 1 and type 2 error probabilities

corresponding to this choice of decision regions. Suppose
a,f are the type 1 and type 2 error probabilities correspond-
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ing to some other choice of decision regions and suppose
B < p*. Then o > o*.

In the next section we study the behavior of type 1 and
type 2 error probabilities for these optimum decision
regions. This will be facilitated by introducing the error-
exponent function. '

Definition 2: Let the distributions ¢, and ¢, be given.

Then the error-exponent function e(r) is given by

e(r) = min J(§; q)

jePr

={qe2"|J@;q) <1}

If J(qy; q,) is finite, then e(r) is finite since g, € #,. Since
we assume g, and g, have strictly positive components,
J(g1; q,) is always finite for finite sample spaces.

The definition is given an intuitive interpretation as
follows. We introduce a dummy distribution § and then
select 4 so that J(4; g,) is smallest given that J(4; ¢,) < r.
That is, in some sense, select § “between” ¢, and ¢, and at
a distance r from ¢;.

The ensuing theory also holds virtually unchanged if
instead we use the average discrimination. In this case we
minimize over a set of transition matrices 0 = {Qk, j} as
follows:

where

min J(Q; Q,)

fe2,

e(r) =
where
={0|J(Q; 0y) <r}.

Since e(r) is defined as the minimum of a convex function
subject to a convex constraint, it possesses a number of
important properties.

Theorem 2: e(r) is a nonincreasing function defined for
r=0.

Proof: If r > r’, then #, o 2,, hence e(r) < e(r). If
r < 0, then 2, is empty and e(r) is undefined.

Theorem 3: e(r) is a convex function. That is, given
r',r" and A € [0,1], then

e(ir’ + Ar")
where 4 = (1 — A).

< de(r’) + Ze(r”)

Proof: Let q',q" achieve e(r’),e(r”), respectively, and
let ¢* = ig" + Jg". Then J(g*%; q;) < M(q'; q2) +
2J@q"; q;) < A’ + Ar". Therefore, q* € 2,, .- and
E(r() )s J@*; g0 < M5 90 + AJ(@G"; q1) = Ae(r’) +
e(r’).

Since e(r) is convex, it is continuous on (0,c0) and is
strictly decreasing prior to any interval on which it is
constant.

Theorem 4: e(r) can be expressed in terms of a parameter
s as

1+s
e(rs) = —sr, — log (Z q1/1+s s/1+s)

Authorized licensed use limited to: Texas A M University. Downloaded on August 09,2010 at 01:21:06 UTC from IEEE Xplore. Restrictions apply.



BLAHUT: HYPOTHESIS TESTING AND INFORMATION THEORY

where

= Z q,* log L
k 91k
and

1/1+s,s/1+s
%« _ Do Yk

9 = _1ji+s, siies’
;qzé K HA

Proof: Temporarily ignore the constraints g, > 0, and
introduce the Lagrange multipliers s and A so that

e(r) = —sr + min [2 4y log 2 9 + s Z 4, log 2& L

2k 91k
g

Equating the derivative to zero gives

1/1+s,5s/1+s

* 9o 9k
qr E q1/1+s s/1+s

as the optimizing distribution, where 4 has been evaluated
so that the ¢,* sum to one. Notice that ¢,* has nonnegative
components and so is a probability distribution. Now s
should be selected so that J(g*; g,) = r. Since we cannot
solve for s as a function of r, we leave the result in para-
metric form, giving r and e(r) as functions of s.

Theorem 5:

a) Ass > 0, e(r) » Oand r - J(q,; q,).
b) As s — 0, e(r) = J(gy; ¢2) and r — 0.

Proof: By writing

2 _ ()"t

d2x ; ‘hk(‘hk/%k)sllﬂ
and

ﬁf _ (42u/qu)'

1k % 41k(‘12k/41k)1/1+s

we see that g, * goes to ¢,; and g,,, respectively, as s goes to
zero and infinity. Evaluating the discriminations for these
values of g* proves the theorem.

The Lagrange multiplier s can be given an interpretation
as a derivative.
Theorem 6: The parameter s satisfies
de(r)
dr

Proof: Explicitly write s(r) for the value of s achieving
e(r). Then

e(r) = —rs(r) — (1 + 5) logz qitregptts,
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Therefore
de(r) _ _ _ . ds
ar s(r) rdr
_ ?i [(1 -+ S) long””‘ s/1+s] .
rd

Evaluating the last derivative gives

[(1 +5) ]ogz gii*sg s/1+s] — '—Z a.* loggL
k

dix
= —r
Therefore
de(r) _
— =

We use Theorem 6 to find another representation of e(r).
Whereas Theorem 4 expresses e(r) parametrically with r
depending on s, the following theorem expresses e(r) with r
fixed and s depending on r.

—s(r).

Theorem 7: A representation of e(r) is

1+s
e(r) = max [—sr — log (Z g s/1+s 1/1+s) ] )

s5=0

Proof: For each value of s, the bracketed term provides a
linear function of r. This linear function is tangent to e(r)
at some point and is otherwise below e(r) since e(r) is
convex. Take
_ de(r)

dr =

This s clearly achieves the maximum of the theorem and the
right side equals e(r) for this value of s.

The error-exponent function has been defined in terms of
a single measurement. Its later usefulness in studying the
testing of hypotheses by means of blocks of measurements
is a consequence of the fact that the error exponent for a
block of measurements has a simple relationship to the
error exponent for single measurements. These measure-
ments need not be identical provided the average dis-
crimination is used in constructing the error-exponent
function.

Theorem 8: Suppose a block of independent measure-
ments is made. Let Qy; and Q,;; be the probabilities of
the kth outcome for a type j experiment under H; and H,,
respectively, and let ¢,(r) be the error-exponent function
defined on the block experiment. Then

e, (nr) = ne(r).

Proof: Suppose that y is the sequence of » measurements
and ¢,(),9,(») are the probability of measurement y under
hypothesis H, and H,. Then since the measurements are
independent, these are product distributions

2:0) = I Quna
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and
g2(y) =

n
H Qlkllil‘
=1

The probability distribution 4(y) achieving e(r) is given by
the tilted distribution of Theorem 4. Therefore

n
IT¢
i=1
n
I1
=1 Kk

which is a product distribution. The theorem then follows.

1/1 +s s/l +s
1kl i ZklIJl

q(y) =

Z 1/1+s s/1+s
1k1|11 2kiljx

III. HypoTHESIS-TESTING BOUNDS

Although the Neyman-Pearson theorem specifies opti-
mum decision regions, it does not directly specify the
performance in terms of type 1 and type 2 error probabilities.
The type 1 and type 2 error probabilities are given as sums
possibly involving a large number of terms. It is generally
not possible to reduce these sums into more useful expres-
sions. However, approximations exist that are simple and
often useful in interpreting the performance.

These approximations can be motivated by reference to
the Neyman-Pearson theorem, which states that it is
necessary to consider only threshold decision regions of the
form

& = {k|1og@z T}
ok

U = {k|1ogﬂ< T}
g2k

The major purpose of this section is to develop an explicit
relationship between «, f, and T in the form of asymp-
totically tight upper and lower bounds. The upper bound is
given by the following theorem.

Theorem 9: Let e(r) be the error-exponent function for a
hypothesis testing problem. Then, for any r > 0, decision
regions defined by

U = {k|que® < g€}
= {k | gue® > g€’}
are such that the following are satisfied simultaneously:
o< e en
B<e™.

Proof: Let s parametrize the point (r,e(r)). The charac-
teristic functions of the decision regions satisfy

dail) < (L2t emer)
92k

1/1+s
bucll) 5 (222 0)
q1x

which are verified by examining the case where the char-
acteristic function equals zero and the case where it equals
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one. Therefore, for all positive s

B = Z dix = Z q1xPae(k)

keuc

q /1+s
Z qlk (ﬂ) e(e(r)—r)/1+s

91k

A

=e 7

Similarly

= Z d2k = Z 4 2xPau(k)

o ()"

= ¢¢"),

s(r— e(r))/1+s

Corollary 1: Given a set of n independent measurements,
then, for any r > 0, decision regions can be defined such
that the following are satisfied.

o < e e

ﬁ S e—nr.
Proof: Follows from Theorem 7.

Theorem 9 and Corollary 1 give upper bounds on the
probability of error and give a rapid means of specifying
decision regions based upon a given error probability
specification.

The error-exponent function, therefore, is important as a
tool for describing simply the performance of hypothesis
testers and studying the possible compromises between
type 1 and type 2 error probabilities.

The error-exponent function will be even more useful if
we can show that the bounds in Theorem 9 are in some
sense tight. We next show that this tightness exists when the
number of measurements is large by providing a lower
bound in terms of the error-exponent function. This
theorem is similar to a theorem of Shannon, Gallager, and
Berlekamp. Our proof maintains closer contact with the
discrimination and is easier to follow. The result also is
algebraically tighter with block length. The variances
appearing in the theorem are defined as follows:

qk* * 2
=Y qF (Iog —«) (2 g log I )
k 91k qir
*
=Y ¢ (log g"—) (Z q.* log I )
k 'py” qax

where g* achieves e(r) for the value of r under consideration.

Theorem 10: Let & > 0 be given, and let y € (0,1) be
arbitrary. Suppose
B < ye~ o,
Then

2
— -y) e (e(Nte)
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Proof: The Neyman-Pearson theorem states that only
decision regions of the form described in terms of a
threshold T need be considered. Let T = r — e(r) and let
q* achieve e(r). (Notice that this implies the restriction
Te[—J4qs; 91), J(qy; g2)]- We will later see in Theorem
11 that other values of the threshold are of little interest.)
Thus we can write

U = {k D2k getry o gi’fe’}
4 4

%c = {k .q_% ee(') > @ er}
4u k

where §, achieves e(r) and is included in the denominator
for later convenience. The errors are bounded as follows.
Define

Uy(e) = {k |e™® < 2k petr) < 1k e’}

4 /[t
Uye) = {k Pems < Lk o o T2 ee<'>}
x /]

so that %,(e) = %, ¥,(e) = %°, and

a= Y gu= Y dx
ke

ke ()

> ¥ gt
keU(e)

A similar estimate applies to f. Thus

- +
o> et Y g
kedi(e)

ﬁ > e—(r+s) Z

kedU,(e)
We now estimate the summations. Let

U, = :k le™ < %ee@}

k

Uy = {k|e-2<ﬂe'}.
4

Then % (e) U U,(e) = U4 n Uy and
fezl— Y &%- Y b

ke@WUsnUp ke 4° k e Up°

These can now be estimated by Chebyshev’s inequality. Let

Uy = {k: logﬁe”r > e}
d1k
= {k: log—q—"- - qulog-q—" > s}.
91k k 91
Then % ,° = %4 and
6,2
Y < Y =<5
ke 4° ke¥Ur &
Similarly
Z 4, < 6_22
keUpc k= 82 )
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Therefore
2 2
o c
g >1— _1_";_2_
keWUanUp £
and if
4, <y
kedt(c)
then
2 2
c o
Gzt -t
ke¥U2(c) &

So the proof is complete.

If the measurements are now replaced by blocks of
independent measurements, we have the following corollary.

Corollary 2: Let ¢ > 0 be given and let y € (0,1) be
arbitrary. Suppose

ﬁ < ,ye—n(r+e)
Then

2 2
[ g -
o> (1 P | +2 2 _ ')’) e n(e(r)+s).

ne

Proof: Replace ¢ by ne in the theorem, and use Theorem 8

together with the fact that variances add for independent
random variables.

We now show that stronger than exp [—nJ(q,; 4,)]
dependence of the type 2 error probability on block length
results in a type 1 error probability which approaches 1
with blocklength. This is a direct analog of a theorem of
Wolfowitz [16] and is proven in the same way. (See, for
example, Gallager [9].)

Theorem 11: Let ¢ = J(q,; g,). Suppose f < e™™ where
r > ¢. Then

4g?

€>1 - — _ — gTmrma2
n(r — c)*
where
I\ do\?
o’ =Y qun (log ﬂ) - (Z g2 log ﬂ) .
k qix k ik

Proof: Let U,%° be the decision regions, and let
U* = {y| q:(y) = g2(»)e™ ™"}

A% = {y| q,(y) < g2(y)e”"*9}

where ¢ > 0 is arbitrary and y denotes a sequence of »
measurements. We now have

2 q:(»)

yeuc

Y @+ ¥ 4y

YEUS AU YEUS AU

Y q(yeert? + Y

Y eUT U y €U n Uk

1 —a

q2(y)-

A
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This is further bounded by summing the first term over all
of %° and the second over all of #*¢

t—as< ¥ (0 + Y qx(»)
yeuc y e

E q2(y)-

y eU*e

< e—nren(c+£) +

The second term can be written

qu‘,l 4(y) = P [{y | log ngy; > n(c + 8)}]

qi\y
where
ne = Z 42(y) log 22
9.(y)
and this can be bounded by Chebyshev’s inequality
PIOE —"—2
Therefore

1 — q < en(c—r+e) + 12_.
ne?
This holds for any & > 0. Hence, pick ¢ = (r — ¢)/2,
thereby proving the theorem.

IV. THE RELIABILITY-RATE FUNCTION

The error-exponent function e(r) was found to be a
useful measure of the performance of optimum hypothesis
testers. In this section the analogous function for the
channel coding problem is defined as a discrimination; it is
called the reliability-rate function E(R). Fano [2] notes
that E(R) can be put in the form of a discrimination. We,
on the other hand, define E(R) as an extremization problem
over all such discriminations. Starting from this definition,
the known properties of E(R) are more simply developed
and new such properties are found.

Definition 3: Let the conditional probability matrix O be
given. Then the reliability-rate function E(R) is given by

E(R) = max min Y. Y p;0u; log g—'—

P Qe€2r j k k|j
where
~ ~ Qk
¥ ; T Z PJQkIJ

Theorem 12: E(R) is a decreasing, convex, and hence a
continuous function defined for R > 0. It is strictly
decreasing in some interval 0 < R < R_,,,, and in this
interval the solution satisfies the constraint with equality.

Proof: Consider the inner minimum, letting E(p,R)
denote this minimum. Suppose R > R’; then £y > Py,
hence E(p,R) < E(p,R’) and the constraint is satisfied with
equality in the region where E(p,R) is strictly decreasing.
For each p, convexity follows since E(p,R) is the minimum
of a convex function subject to a convex constraint. Finally,
E(R) is convex since it is the pointwise maximum of a set
of convex functions.
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Theorem 13: E(R) is positive for R < C and zero for
R > C, where C is the channel capacity.

Proof: E(R) is zero if and only if § = Q, which occurs
if and only if
0 € 2(p).

Hence E(R) is zero if and only if

log ~2Hi < R
ZZPJQ'C]J ogz ijlJ

for every value of p. This is true if and only if R > C.

We now obtain the properties of E(R) by reference to the
properties of e(r). Consider the minimization problem

min min J(Q; Q)
qa Qe2g
where

2 ={01J(0;9) < R}

and ¢ is a dummy argument of a minimization operator.
The inner minimum is of the form of the definition of e(r)
and so defines a function e(R). Therefore, it can be solved
in terms of a Lagrange multiplier s, which is the negative
of the slope of e(R). The Lagrange multiplier is, therefore,
positive and

min min [J(Q; Q) + sJ(@; ¢)]
q Q
= min [J(0; Q) + sl(p; Q)]

Q

since g, = 3 ;p;0y; minimizes

J(Q§ q) = Z ; PijU log Q—qku
i k

as a simple consequence of the positiveness of discrimina-
tion. Therefore, we have proved the following.

Theorem 14: E(R) can be expressed parametrically as
follows:

E(R,) = max [~ sR, + min min [J(0; Q) + sJ(0; 9)]]

r q Q

where
R, = I(p; 0)
for the values of p,0, which achieve the solution.

Theorem 3 immediately gives the following corollary.
Corollary 3: E(R) can be expressed as follows:

E(R,) = max min [—sRs

)4 g
1+5
- X pylog (T 0ifi 0 +) |

J

where R, is given by

R, = J(Q*; q%)
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Pj,4,* achieve the solution, and

Q1/1+s %s/1+s
1/1 1+s°
; Q /J +sq*s/ +5

Now let E(R,p) be the argument of the maximum over p
in Theorem 14, and let 0*(s) and ¢ *(s) achieve the minima.
Except for the fact that g* depends on s, Theorem 6
provides the derivative with respect to R. However, we have
for the missing term in the derivative

d ) _k|_]_ qu(s)/ds
s ; Ek: PjQu; log ) Z Z Pl — 25)

which is evaluated at the point g,(s) = X ;p;Qy ;- But then
the derivative becomes

Q;‘kl.l -

dqi(s) _
; ds
Therefore, the dependence of g, on s does not affect the
derivative. We have then for each p
dE(R,p) _ _
dR

d
a ; qi(s) = 0.

and since E(R, p) is convex, this proves the following
theorem.

Theorem 15

E(R) = max max min [—SR

p s>0 3§
1+s
- Z P, log (Z Qé/1+sqsll+s) ] .

The two maximizations can be interchanged. Comparing
the result with Corollary 3 and noting that E(R) is convex,
we find that
dE(R) _ _
dR

provided the derivative exists, since the maximum s is over
all straight lines lying below E(R).

The Kuhn-Tucker theorem (9) can be applied to provide
useful conditions on the distribution p* achieving E(R).
This is formally the same as the Kuhn-Tucker condition on
the distribution achieving capacity of a constrained channel
[10] if an expense schedule

v ot 1og 2l
e; = Y Ok, log
¥ Qi
is defined. The Kuhn-Tucker conditions for a constrained
channel then gives
Z Q:U 10g

le] 4+ = Z Q;cklj IOg Qk]} < y

Z *Qk[j S k Qk]]

where y is a constant and the inequality is satisfied with
equality if p;* # O.

Theorem 16: Suppose p* achieves E(R) and g* =
ijj*Q;cklj'

411
Then
*® * 1 %
max [J(Q 14 + 1@ ;Q)]

= m;lx [I(p; 0" + %J(Q*; Q)] .

Proof: Multiplying the Kuhn-Tucker condition by p;*
and summing over j gives '

y = I(s*; Q") + 2 7(0*; Q)
S
= max [I(p; 0" + lJ(Q*; Q)] .
» s

Multiplying the Kuhn-Tucker conditions by p; and
summing over j gives
1

J(O*; q%) + ;J(Q*; Q) <
for all p. Since equality is achieved by choosing p = p*, the
theorem follows.

Theorem 17: Suppose p* achieves E(R); then
Z Q1/1+s (Z pJ*Q’h/Jl+s) = /L if pj* £ 0

Z Q1/1+s (Z pJ*Qil/Jl+s) l, if pj* =0

where

) = Z »; Z o1+ (Z pJ*Q1/1+s)
-yl

Proof: The Kuhn-Tucker condition can be rewritten

1+s 0

Z Q:IJ 1°g *s/1+sQl/1+s =7
or
1+ s 1
Z leJ IOg Z QI:I/HS *s/1+s =7
J

since from Corollary 3

Ql/l +s *s/1+s

Z Q1/1+s #*s/1+s”

Carrying out the outer sum, this reduces to

Z Q;[/Jl+s *s/1+s > A

Q:U -

with equality for all j with p; # 0, where 4 is a constant.
Now ¢, * also satisfies

= ;Pj*Qiklf = Z pi*

Ql/l +s *s/1+s
2 Q}:/jl +sqk%s/1 +s

1 S, s s
g T p ol
A J
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This gives

S, s 1 s y
greItts = (ZZ Pj*Qi(jH ) )
J

Using this in the preceeding inequality completes the proof.

Corollary 4: Suppose p*,0* achieve E(R), and let g* be
given by

= ; PO
Then the following are satisfied:
1+s
(2 P_,*QI/I +s)
1+s
3 (3 roi)
/1+s (Z pJ*Ql/l +s)
A D)
Proof: The proof of Theorem 17 shows that
1+s
( Z p,*Ql/l +s)

Selecting A4 so that Y ,q,* = 1 gives the first condition. The
second condition is obtained by substituting the first
condition into

1)) g =

~\ Nn¥
<) Yrij =

Ql%(]l -qu':ks/l +s
; QI%(J}+SQI:FS/1+S

We now represent E(R) as a maximization problem. This
is done in terms of three similar expressions, inciuding the
simple form most frequently used.

Ok =

Theorem 18: E(R) can be expressed by either of the
following three expressions:

D B = max max [—sR —(+59)
- S oyoe (Lo (S reti+))
oy (i)
2 E(R) = max max [—-sR P

1o (3 04 (3 )]

3) E(R) = max max [—sR logz (2 pJQ,t{}“) s] .

s20 14

Proof: Write

E(R) = max [—SR + max min min

s=0 P é 4
‘ lzzijklj 10g&u + SZZpJ.QkU log QJJ:H
J ok TR 7 E 9
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and take the optimizing values of Q,q given by Corollary 4.
Substitution gives

E(R) = max max
s20 P

—SR + Epj
J

(; (Z PjQ,}l/jlh)“s)s
(Z 1145 (Z P,Q,ﬁ(j“s)s)“’

which is just the first of the preceeding expressions. It
remains to prove the equivalence of the three expressions.
Denote these temporarily by E(R), E,(R), and E;(R).
Since the log is concave, we can use Jensen’s inequality to
write

- log

ER) = E,(R) = Ey(R) > E5(R).

J:quanty wiil hoid if we can aiso show that F3(R) = E
Let p* achieve E(R). Then

E3;(R) = max [—sR — log Z (Z pJ*Q’%I/JHS)HS]

s=0

E\(R).

1+s
= max [—SR — (1 + s)log Z (Z pJ*Q’%(Jl+s)

s20

1+s
+ slog ) (2 pj*Q,ifj”s) ] .
kK \Jj
However, p* achieves E(R), so by Theorem 15 this becomes

E;(R) > max [—sR -1 +59)

% p/" o (L aitr (= proil))
+ slog 2 (Z p,*Ql“”)HS]

and the right side is E;(R). Therefore, we have
E(R) = E\(R) = Ex(R) = E3(R) = E(R)
and the theorem is proved.

V. LoweR BounDps To BLock CoDE PERFORMANCE

The application of E(R) to the upper bounds for channel
block codes is well known [4]. Similarly, the application to
lower bounds is provided by the sphere-packing bound
developed in Shannon, Gallager, and Berlekamp [5]. The
present section provides a simplified approach to the
sphere-packing bound by posing the channel decoding
problem in terms of a simple binary hypothesis testing
problem. The present treatment also results in the minor
improvement of an algebraically tighter bound.

The probability of error is to be bounded over the set of
all block codes of a given rate and block length. A codeword
is a sequence of symbols from the source alphabet. The
hypothesis that a given codeword was transmitted, therefore,
can be restated as the hypothesis that a particular sequence
of symbols was transmitted, which is of the form of
hypothesis testing with measurements of different type as
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has been discussed. Accordingly, we shall lowerbound the
performance of block codes via considerations which allow
us to appeal to Theorem 10.

An important feature of the lower bound, which will be
derived, is that no assumption of constant-composition
codewords is made, not even as an intermediate step. This
is an improvement to previous proofs of the sphere-packing
bound since it permits us to generalize the lower bound to
continuous channels with no change in technique.

Under the preceding restrictions, the most general coding
scheme considered here is a set of M n-tuples each used with
probability 1/M, together with a partition of the space of
output words into M decode regions {#,, | m = 1,--- ,M}.
Reception of an output in %,, causes a decode of the mth
codeword. Therefore, a lower bound must underestimate
the probability of error under the assumption that the M
codewords and the decode regions have been selected
optimally.

The performance of the code can be characterized by
either 1) maximum probability over the set of codewords,
or 2) average probability over the set of codewords. We
will bound the first of these by identifying a suitable
hypothesis testing problem so that the theory of Section III
can be applied.

We first prove a simple lemma.

Lemma 1: Suppose {#,, | m = 1,-+,M} is a partition of
a set and § is a probability distribution on this same set.
Then for some %,,

1
yezm‘?()’) ]\—4

Proof:
M

Y Y 4= Z q(y) =

m=1 ye¥U,

The lower bound theorem is then as follows.

Theorem 19: Let (p)ma.x be the maximum probability of
error over all codewords of a block code having M = "}
codewords. Let ¢ > 0 and y € (0,1) be arbitrary, and
suppose R* satisfies

1
- S e—n(R*+ e)‘
M b
Then

(pe)max = (1 - £2- — .y) e—n(E(R*)+£)
ne

where A is an appropriate constant.

Proof: Let ¢ be any arbitrary distribution on the output
letters and 4 (y) the associated product distribution on the
output sequence y. Select m so that %, is the decode region
satisfying Lemma 1. Then

1
< — < e—n(R‘+e).
, ;um 1 < - <

We are now in a position to use the theory of Section III.
The hypotheses are now characterized by Q(y | x,,) and
4(»), and these replace Q,(y | x)and @,(y | x), respectively.
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The probability of error, p,,.., replaces « and 1/M replaces
B. Since the dummy alternate hypothesis characterized by §
has probability of resulting in %,, of less than 1/M, we can
lowerbound p,,, using Theorem 10. This theorem holds for
any pair of sets, and we can use the theorem directly
without the necessity of developing additional structure.
Thus we consider the pair of sets {#,,,%,°} and note that

pelm = Z Q(y | xm)-
VEeUm®
Hence by Corollary 2
g 2 + o 2 —n(e(R¥) +¢
pelmz(l_ ! 22""')7)6 (R +e)
ne
and
(pe)max 2 pe]m

where ¢,,0, are appropriate variances, and by definition

e(R*) = min Y p; Z Qk“ log %‘—

Qec2re j klj

where

Dpe = Q‘ZP;ZQkUIOgQ—;L < R*
k
and p; is the relative frequency of the composition of the
mth codeword, and the constraint is satisfied with equality
unless e(R*) = 0.
Since the composition of the mth word is unknown, we
bound e(R*) by

e(R*) < max min Y p; Z 0, log =kl Qu;
p Qe2gs j k|J
Now since 2z. depends on 4, the right side depends on 4,
and bounds e(R¥) for every 4.

We now wish to choose 4, = 3; Pij| ;- However, the
set %, depends on ¢, and if § depends in turn on the
composition of the mth codeword, the maximization over p
has no apparent meaning. Instead, let p* achieve E(R) and
choose § = g*, where ¢,* = %; pj*Q,‘:‘I ; and Q* achieves
E(R). This choice does not depend on the composition of
the mth codeword, so there is no possibility of circularity in
the argument. Next attach the constraint J(Q; ¢*) < R* by
means of a Lagrange multiplier. Then

e(R*) < max min [J(0; Q) + sJ(0; ¢™)].
p @
Without violating the inequality, we set Q = Q% and drop
the minimum on (. Then

e(R*) < max [J(Q*,Q) + sJ(Q; ¢9)].
14
Now use Theorem 16 to replace J(Q*; ¢*) by I(p; O%).
That is,

ZZ%QM%Z T

Qk“ = Z Z pJQkIJ log Z le
Pkl

*
Qk lJ J
and

e(R*) < max [J(Q*; Q) + sI(p; 0%)].
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Now recall the definition of E(R). Since E(R*) occurs at a
saddle point in (p,0), the right side of the preceding
equation can be replaced to give

e(R*) < max min [J(Q; Q) + sI(p; Q)]

P Q
so that
e(R*) < E(R*).
Hence
6,2 + 0,2
o> (1 - T2 ~n(E(R")+)
(Pomax = ( e v) e

Since 0,2 + ¢, is constant, the theorem is proved.

The constant A4 is only of slight interest. It can be
evaluated by evaluating ¢,% + 0,2, Since

2 2 Oy iy
02 + 0,2 =Y p; [Var <log —‘l) + var (log —"‘-f)]
7 a klj
and since the composition p; has not been determined, we
take 4 as

* y *
A = max [var (Iog %‘l) + var (Iog Qﬂl)] .
J d klj
We have now a bound on the maximum probability of
error. This can be used to obtain a bound on the average
probability of error. The standard technique is used in the
following theorem.

Theorem 20: Let p, be the average probability of error of
a block code having M = "™® codewords. Let ¢ > 0 and
y € (0,1) be arbitrary. Suppose R* satisfies
— < e—-n(R‘+s)'
I, Y
Then

P > % (1 - _/_15 - y) ¢~ "LE(R*~ (log 2)/n) +¢]
ne

Proof: Remove the M /2 codewords whose probability of
error is largest. This results in a code having M/2 =
"1 2 codewords which must satisfy Theorem 19. But we

are given that

< ,ye—n(R‘+£)

1
M=
Hence

3 < ye—n(R‘—(log 2)/n+a).

M

Let %, denote the set of codewords in the purged code and
(po)h . denote the maximum error of this purged code. Then
the average error of the original code is bounded as follows:

1 1
P = — ; pelm 2 M mezfﬁpc pelm

1
= — e&ax=1 e%x'
Mm;,gpc(p) H P

Invoking Theorem 19 completes the proof.
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VI. THE SOURCE CODE RELIABILITY-RATE FUNCTION

The optimum performance of distortionless source codes
of block length n and rate R has been studied by Jelinek
[11]. He bounds the probability that the source will
generate a block which cannot be encoded. For fixed rate
R, this probability decreases exponentially with block
length, the rate of decay being given by a function of rate.

This section develops a similar bound for the case of
source compression codes, which reduces to Jelinek’s
bound when the distortion is zero. We first develop the
distortionless bound in terms of the discrimination.

Definition 4: Let a memoryless discrete source be
characterized by a distribution p. The distortionless
reliability-rate function is

F(R) = min Y p, log £
pe®r 1]
e = (92 =T plog 5, > R
J

This is similar to the form of Definition 3. Similar
arguments show that F(R) is a convex increasing function.
It is strictly increasing in the interval H(p) < R < logJ
and is zero for R < H(p), where H(p) is the entropy and
J is the size of the source alphabet.

By introducing a Lagrange multiplier s, we can solve the
minimization problem defining F(R). This multiplier is
found to be the slope of F(R), and by the convexity of
F(R), the solution can be written

1+5
F(R) = max [SR — log (Z p}“”) } .
5>0 J

This form shows that F(R) is identical to the exponent of
Jelinek.

We now introduce the reliability-rate function for source
compression codes and develop some of its major properties.
Later, a source coding theorem is proved that states that
every source word can be encoded with distortion at most
nD except for a set of source words of probability p, <
e~ MFR.Dy*om] Thjs is a stronger form of the source coding
theorem, which usuvally is concerned only with average
distortion. Knowledge of where F(R,D) is positive provides
a sufficient condition for the existence of good codes for
large n. Therefore, the present section also investigates the
region of positive F(R,D) and shows that it occurs for R
greater than the rate-distortion function, thereby providing
the basis for an alternate proof of the source compression
coding theorem.

Definition 5: Let pj, be a single-letter distortion function
associated with a memoryless source. The reliability-rate
function for associated source compression codes is given by

F(R,D) = max min Y p,log L

Q jpePrp J P;
where
Prp = {ﬁi x ; PjQu; log T = R,
J

;ﬁijlj
Z;ﬁijlejk = D} .
J
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Notice that the set %y ; involves constraints that are
related to the usual definition of the rate-distortion function®

B(D) = min } Z D0 log _Qui
] Z PQu;
2p = {Q3 Z;Pijtuk = D}

so that F(R,D) should have an intimate relationship with
B(D).

Theorem 21: F(R,D) is convex in both variables. It is
increasing in R and in D.

Proof: The inner minimization is the minimum of a
convex function subject to convex constraints and is
convex in {R,D). The outer maximum is then over a set of
convex functions and hence yields a convex function.
Similarly, the inner minimum on p is increasing in R and
in D and hence F(R,D) also behaves in this way.

Theorem 22: F(R,D) is positive if R > B(D) and is zero
if R < B(D).

Proof: F(R,D) is zero if and only if § = p, and it is
otherwise positive. Thus, the minimization problem
defining F(R,D) will achieve its minimum at p = p and so
equals zero if and only if p e Py p for every value of 0. In
particular, p € P4 D(Q) for the value of Q achieving B(D),
which implies that B(D) = I(p,0) > R. Thus F(R,D) =
implies R < B(D). Conversely, if R > B(D), then a Q
achieving B(D) is such that I(p,0) < R, and hence
ré Q’R,D(Q)‘ Therefore F(R,D) > 0.

In the range of interest, F(R,D) is strictly increasing in
both variables; hence, the constraints involving R and D
are satisfled with equality. Therefore, we can evaluate
F(R,D) by means of Lagrange multipliers. This gives the
parametric representation

F(R,D) = sR — stD + max min [Z Pi log&
Q 5 i p;
Qu;
%‘. 5;Qn;

S ﬁiju log

-s(z2
- (2L 100

where R,D are given in terms of the optimizing distributions.

Theorem 23: If p*,0* achieve F(R,D) and g* is given by

= ¥ p* Qs
J
then the following are satisfied
Mi = waen pt = :
[ J
; qx

Z p; (; qk*etpjk)

J

! We use the notation B(D) rather than the usual R(D) to avoid
confusion with the code rate R appearing in F(R,D).

415

Proof: The maximin occurs at a true saddle point and
hence equals the minimax. The first relation is obtained in
the same way as is the similar expression for rate-distortion
functions. The second relation is obtained by first finding
the result analogous to Theorem 17 and then simplifying by
using the expression for Oy ;.

We now make use of Theorem 23 in order to obtain a
convenient representation of F(R,D).

Theorem 24: F(R,D) can be expressed as follows.

F(R,D) = sR — stD + max [—log Y p; (Z qke!!’jk) ]
1 J k

where s € [0,00], 7 € [—0,0] are arbitrary, and R,D are
given in terms of the optimizing gq.

This theorem evaluates F(R,D) parametrically at fixed s
and ¢. A representation, which evaluates F(R,D) at fixed R
and D and is analogous to the most common representation
of E(R), is given next.

Theorem 25: F(R,D) can be expressed as follows:

F(R,D) = max min max [SR — stD

s=0 <0 q _
— log ¥ p; (Ekl qke"”"‘) ] :
J

Proof: In the parametric representation following
Theorem 22, the bracketed term is convex in p and concave
in Q. Therefore, the solution is at a saddle point and the
maximin equals the minimax. Taking the maximum first is
equivalent to solving the parenthesized rate-distortion
function, and we can write the equivalent form [10]

F(R,D) = sR, + min [2 p; log b;
P j Dj

-5 [max min [tD + 2 p;log (Z aq. e"’}")”] .

t<0 q

Now substitute the optimizing p* from Theorem 23. This
results in

F(R,D) = sR; + min max [—stD

t<0 q
j .(k ) ].
J

Finally, the value of s that must be used to achieve F(R,D)
at a given R is that positive value of s that maximizes the
entire right side, since F is convex in R and

oF _
JR

The channel code reliability-rate function provides an
upper bound to the performance of channel codes only when
the Lagrange multiplier s is smaller than one. A similar
limitation occurs in the following. We define a restricted
version of F(R,D) which will be used.
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Definition 6: The restricted reliability-rate function for
source codes Fy(R,D) is given by

Fy(R,D) = max min max [sR — stD
se[0,1] t<0 q

— log ¥ p; (; qke"’f") ] :
J

Notice that this differs from F(R,D) only in the restriction
of the range of s, and that Fy(R,D) is zero if and only if
F(R,D) is zero. This representation of Fy(R,D) will be
useful in proving the upper bound of Theorem 26. The
output probability distribution g will arise as a distribution
on an ensemble of codes. Anticipating this result, we point
out that the distribution ¢ achieving Fy(R,D) is a good
distribution with which to randomly select codewords for a
code of rate R and distortion D. As we shall see, such a
random selection of codewords will usually give a good
code. Roughly speaking, some good codes of rate R and
distortion D will have a composition approximated by ¢g. A
lower bound is required before we can assert that all good
codes have this distribution.

We now are ready to prove a source compression
theorem. For a given block length » and distortion D, we
are interested in the probability of occurrence of a source
word that cannot be encoded with distortion less than or
equal to nD. We shall see that, for appropriate codes, an
upper bound on this probability goes to zero exponentially
with block length, with decay coefficient given by Fo(R,D).
The source coding theorem then follows by using Theorem
22 to note where F,(R,D) is positive.

Theorem 26: 1t is possible to select M = ¢"® codewords
so that the probability that a source word occurs, which
cannot be encoded with distortion #D (or less), satisfies

P, < e "FoR.D)+om)]
e <
where o(n) » 0 as n — oo.

Proof: We shall employ a random coding argument.
First let

T = {{x,) | ps(x,¥) < nD}
T(x) = {y | pu(x,y) < nD}

and let 5,¢ be Lagrange multipliers associated with Fy(R,D)
at R,D. Then

M
pe = gp(x) mI=]l (1 = ¢(x,ym)

where {y,,} is the set of codewords and ¢ is the charac-
teristic function of the set T. Now select the codewords at
random with an independently identically distributed
(i.i.d.) distribution g(y). Then the expected value of p, is

M
5o = ¥ p(x) (1 - ;q(yw(x,y))
M

-3 (1= 3 o)
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Now let

U = {x: Y g(y)etenN D) > e"‘R}
¥y

so that

M
Pe < 300 + T ) (1 -3 q(y))

(x)

< qzl;p(x)(

e—nR s
Z q (y)et(p(x,y) —nD))
y

+ gp(x) exp [—M > q(J’)] .

T(x)

Replacing the first term by a sum ov.r all x, noting the form
of Theorem 24, and naming the seccond term p,, gives the
following

5 —nFo(R,D) N

p. <e Pe2

where

P = T o) exp [—M z q(y)].

The summation in the exponent is a cumulative distribution
function and can be upperbounded by means of Chernoff
bounds [15]. Using Jelinek [11], Theorem 5.7, we have the
following

Jn

Y 4(3) > bexpn [vx(t) _ ) 4t

T(x)

where

78 = n7t Fon(j | %) log ¥ gue”
J

n~'log ¥ q(y)e?t,
¥y

Pick ¢+ < 0 so that y,/(t) = D. This gives
D2 < 2 p(x) exp {-—exp [nR + log Z q(y)et(p(x,y)—np)
u* y

g

where
¢ = 3fexp tv/2ny,"(1)].
But, by the definition of %

nR + log ¥ q(y)e®=»=mD) > ¢,
y

Therefore, for s € [0,1]
Pez < X, P(¥) exp {—eXP [s [nR + log ¥ q(y)
y

. et(ﬂ(x,y)—nD)] + Iog 5]} .
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TABLE I

Channel (Qy; ) Source (py)

Entropy
H = min I(p,Q)
Q

Capacity
C = max I(p,Q)
p

Expense Schedule (¢)) Distortion Measure (o)

Rate-Distortion Function
B(D) = min I(p,Q)
Qe2p

Capacity-Expense Function
C(S) = max I(p,Q)
pPePs
Ps = {p|elp) < S}
Reliability-Rate Function

E(R) = max min J(é,Q)
p QOe2g

2 = {Q]1(p,0) < R}

2p, ={Q|4(0) < D}
Reliability-Rate Function

F(R) = max min J(B,p)
Q0 pe?r
Pr={p11(p,Q) = R}

Note: max achieved when Q is
the identity

Constrained Reliability-Rate Constrained Reliability-Rate

Function Function
E(R,S) = max min J(é,Q) F(R,D) = max min J(3,p)
pe®sQeln Q Fe?Prp
2. = {011(p,0) < R} Prp = (P 1(5,0) = R,
Ps = {p|elp) < S} d(Q) = D}

Now use the inequality e* > 1 + x

Pez < € 1871 Y p(x)e ™ (Z q(y)e""("’”’"”)) :
u y

Hence, replacing the sum over % by a sum over all x gives
Doz < e lé_ le—nFo(R,D).
Finally, we have

l_’e < e—nFo(R,D) + e—lé‘—le—nFo(R,D)

(1 + 2e” 1e—:~/ﬂ a)e—nFo(R,D)

IA

where
o = v,"(t).

Moving the parenthesized term into the exponent completes
the proof of the theorem.

Since F(R,D) is positive for R > B(D), we can find good
codes in this region. We next state the source compression
coding theorem as usual in terms of an average distortion
rather than in terms of a maximum distortion.

Theorem 27 (Source compression coding theorem): Given
a finite-alphabet memoryless source with bounded fidelity
criterion, any ¢ > 0, and any positive D it is possible to
choose M codewords such that the average distortion is
less than D, provided that

M > en[B(D)+s]
and » is sufficiently large.

Proof: Follows immediately from Theorem 22 and
Theorem 26.
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VII. SUMMARY

The various performance bounds of information theory
have been organized in a common setting. This was done in
part by emphasizing the fundamental role played by the
discrimination. These bounds are discriminations evaluated
for probability distributions having certain desirable
properties and the parameters s,p etc., which appear in
tilted probability distributions are nothing more than
Lagrange multipliers.

This point of view is partly a matter of taste. Most of
information theory can be developed without reference to
the discrimination. This latter approach, however, fails to
recognize the common mathematical structure that underlies
many of the traditional results.

A summary of the various bounds is given in Table I. In
order to strengthen the analogies, entropy is shown as the
minimum of a mutual information although the minimum
can be trivially evaluated. Similarly, F(R) is expressed in
terms of a maximum although the maximum can be
trivially evaluated.

The channel reliability rate function E(R,S) in the
presence of an input constraint (expense schedule) is also
shown although it has not been discussed. It is a straight-
forward generalization of E(R).
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