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Abstract—Applying the max-product (and belief-propagation)
algorithms to loopy graphs is now quite popular for constraint
satisfaction problems. This is largely due to their low computa-
tional complexity and impressive performance in practice. Still,
there is no general understanding of the conditions required for
convergence and/or the optimality of converged solutions. This
paper presents an analysis of weighted min-sum (a.k.a. attenuated
max-product) decoding for LDPC codes that guarantees conver-
gence to a fixed point when the weight β is sufficiently small.
It also shows that, if the fixed point satisfies all the constraints,
then it must be both the linear-programming (LP) and maximum-
likelihood (ML) solution. For (dv, dc)-regular LDPC codes, the
weight must satisfy 1/β > dv − 1 whereas the result of Koetter
and Frey requires instead that 1/β > (dv − 1)(dc − 1). A
counterexample is also given that shows a fixed point might not
be the ML solution if 1/β < dv − 1. Finally, connections are
explored with recent work by Arora et al. on the threshold of
LP decoding.

Index Terms—belief propagation, max product, min sum,
LDPC codes, linear programming decoding

I. INTRODUCTION

The introduction of turbo codes in 1993 started a revolution
in coding and inference that continued with rediscovery of
low-density parity-check (LDPC) codes and culminated in
optimized LDPC codes that essentially achieve the capacity of
practical channels [1], [2], [3], [4]. During this time, Wiberg
et al. advanced the analysis of iterative decoding by proving
a number of results for the min-sum (a.k.a. max-product)
decoding algorithm [5], [6], [7]. Richardson and Urbanke also
introduced the technique of density evolution (DE) to compute
the noise threshold of message-passing decoders for turbo and
LDPC codes [8].

For a particular noise realization, the optimality of iterative
decoding solution has also been considered by a number of
authors. Weiss and Freeman have shown that the max-product
(MP) assignment is locally optimal w.r.t. all single-loop and
tree perturbations [9]. Unfortunately, this result is typically
uninformative for LDPC codes with variables degrees larger
than 2. Koetter and Frey have also shown that, with the proper
weights and adjustments, the weighted min-sum (WMS) (a.k.a.
attenuated max-product) decoder for LDPC codes returns the
maximum-likelihood (ML) codeword if it converges to a code-
word [7]. For general graphs, Wainwright et al. proposed the
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tree-reweighted max-product message-passing algorithm for
computing the MAP assignment on the graph [10]. They have
shown that, under some conditions, the fixed point solution
gives an optimal configuration for the graph. Their algorithm,
though strictly different, has some similarity to the WMS
algorithm in [7]. More recently, Arora et al. have shown that
any codeword satisfying a local optimality condition must also
be the globally optimal solution to linear-programming (LP)
decoding problem [11].

The results in this paper can be seen as an extension of
the work by Koetter and Frey that provides new insight into
results of [11]. We view the WMS algorithm as computing
the dynamic-programming solution to the optimal discounted-
reward problem on a set of coupled trees. This allows us to
show that, for any received vector, the one-step update of the
WMS algorithm is a contraction on the space of message
values when weight parameter is sufficiently small. From
this, we deduce that the algorithm converges to unique fixed
point. If the resulting fixed point satisfies some consistency
conditions, then it must also be the LP optimum solution and,
hence, the ML solution.

II. CONVERGENCE OF MIN-SUM DECODING

A. Background

Consider a (dv, dc)-regular LDPC code over a bipartite
graph G = (VL ∪ VR, E) whose vertex set consists of variable
nodes VL and check nodes VR. Let n be the number of variable
nodes in G and N(i) be the set of nodes that are neighbors
of i ∈ G. Let T I

i be the computation tree of depth I rooted at
bit i ∈ VL (e.g., for I = 2T , this tree contains T + 1 variable
node levels) and N(i, `) be the set of vertices in the `th level
of T I

i for ` ≤ I .
For an LDPC code whose Tanner graph is a tree, the min-

sum algorithm is optimal and can be seen as the dynamic
programming (DP) solution to the optimal assignment of
binary values to edges in computation tree. When the number
of iterations is increased beyond half the girth of the Tan-
ner graph, the min-sum algorithm continues to compute the
optimal assignment on the coupled set of computation trees
(i.e., there is one computation tree for each directed edge). Let
µ
(`)
i→j(x) be the correlation between the received log-likelihood

ratios (LLRs) and the best valid computation tree, of height
2`, whose root node is assigned x. In this case, we find that
the min-sum message, µ(`)

i→j = µ
(`)
i→j(0)−µ(`)

i→j(1), simply the



difference between best 0-root correlation and the best 1-root
correlation.

For the ith received bit yi, let γi = ln
pY |X(yi|0)
pY |X(yi|1) be LLR and

βi be the weight factor. Let µ(`)
i→j be the min-sum message,

from variable i ∈ VL to check j ∈ VR, in the `th iteration. For
any WMS message vector µ ∈ R|E|, the one-iteration update
operator T : R|E| → R|E| is defined by ν = T [µ] with

νi→j = γi + βi
∑

k∈N(i)\j

( ∏
m∈N(k)\i

sgn (µm→k)

)
× min

m′∈N(k)\i
|µm′→k| .

The algorithm is initialized by setting µ(0)
i→j = γi and proceeds

iteratively by computing µ(`+1) = T
[
µ(`)

]
. When needed, the

message from check j ∈ VR to variable i ∈ VL, in the `th
iteration is denoted µ(`)

i←j and is defined by

µ
(`)
i←j =

( ∏
m∈N(j)\i

sgn
(
µ
(`)
m→j

))
min

m′∈N(j)\i

∣∣∣µ(`)
m′→j

∣∣∣ .
The following generalizes definitions from [5] and [11].
Definition 1: A bit assignment u on T 2T

i0
is a valid devia-

tion of depth T at i0 ∈ VL or, in short, a T -local deviation
at i0, if ui0 = 1 and u satisfies all parity checks in T 2T

i0
.

Moreover, u is a minimal T -local deviation if, for every check
node j ∈ T 2T

i0
, at most two neighboring bits are assigned the

value 1. Note that a minimal T -local deviation at i0 can be
seen as a subtree of T 2T

i0
of height 2T rooted at i0, where

every variable node has full degree and every check node
has degree 2. Such a tree is referred as a skinny tree. If
w = (w0, . . . , wT ) ∈ [0, 1]T is a weight vector and u is a
minimal T -local deviation at i0, then u(w) denotes the w-
weighted deviation

u
(w)
i =

{
wtui if i ∈ N (i0, 2t) and 0 ≤ t ≤ T,
0 otherwise.

We say that a bit i′ ∈ T 2T
i0

in the computation tree is associated
with the bit i ∈ VL in the original code (denoted i′ ∼ i) if i′ is
a copy of i. For any weighted minimal T -local deviation u(w)

on T 2T
i0

, let the projection of u(w) onto the code bit i ∈ VL
be

πi

(
u(w)

)
=

T∑
t=0

wt

∑
m∈N(i0,2t):m∼i

um.

Likewise, we let π
(
u(w)

)
represent the vector whose elements

are πi
(
u(w)

)
for i ∈ VL. Throughout this paper, the weights

are generally chosen to be wt = βt for some β ∈ [0, 1].
In this section, we show that, if the WMS algorithm with

β < 1
dv−1 converges to a set of consistent messages, then

the resulting codeword is the LP optimal and, hence, ML
codeword.

Definition 2: Consider the WMS algorithm for a (dv, dc)-
regular LDPC code. In the `th iteration, let µi→j be the
message passed from the ith bit to the jth check, and µi←j be

the message passed from jth check to ith bit. The messages
are called consistent if, for each bit i ∈ VL, we have

1. sgn (µi→j) = sgn (µi→j′) for j, j′ ∈ N(i)

2. sgn (µi←j) = sgn (µi→j) for j ∈ N(i)

3. sgn
(
γi + β

∑
j∈N(i)

µi←j

)
= sgn (µi→j′) for j′ ∈ N(i).

B. Impossibility of a General ML Certificate

In general, if the WMS algorithm converges to a codeword
for β > 1

dv−1 , it may not be the ML codeword. For (3, 4)
codes, we have found examples supporting this statement for
β = 0.6 via computer simulation of a short LDPC code. For
the general, case, the following example gives some intuition.

Example 1: Consider a (dv, dc)-regular LDPC code with
codeword length n, where dc is an odd number and dv > 3.
Assume an all-zeros codeword is transmitted. Let the channel
output LLR be γ = (−1, . . . ,−1). Consider the WMS
algorithm with β > 2

dv−1 .
At the beginning, all messages from variable nodes to their

neighbor check nodes are µ(0)
i→j = −1 for i = 1, . . . , n and

j ∈ N(i). Consider the message passed from the jth check
nodes to its neighbor variable nodes, µi←j , i ∈ N(j). Since
the incoming messages are all equal to −1, the update rule of
the WMS algorithm at the check node gives

µ
(0)
i←j =

( ∏
k∈N(j)\i

sgn(µk→j)

)
min

k′∈N(j)\i

∣∣∣µ(0)
k′→j

∣∣∣ = 1,

for all (i, j) ∈ E. In the first iteration, the outgoing message
from the ith variable node to jth check node is therefore

µ
(1)
i→j = γi + β

∑
k∈N(i)\j

µ
(0)
i←k > −1 + (dv − 1)

2

dv − 1
= 1.

Moreover, one can show that µ(`)
i→j →∞ as `→∞. Thus, the

hard decision output is an all-zero codeword. Unfortunately,
given this γ, we know that the ML output must be a nonzero
codeword with maximal Hamming weight. Therefore, the
WMS decoder cannot provide an ML certificate for β > 2

dv−1 .
One might worry that this effect may be related ties between
ML codewords, but these can be avoided, without affecting
the above result, by adding a very small amount of uniform
random noise to the received LLRs.

C. Convergence and Optimality

The main result is based on the following Lemma.
Lemma 1: If we define

di,k ,

∣∣∣∣∣
( ∏

m∈N(k)\i
sgn(µm→k)

)
min

m′∈N(k)\i
|µm′→k|

−

( ∏
m∈N(k)\i

sgn(νm→k)

)
min

m′∈N(k)\i
|νm′→k|

∣∣∣∣∣ ,
then we have

max
m∈N(k)\i

|µm→k − νm→k| ≥ di,k.

Proof: The proof is omitted due to space constraints.



Theorem 1: For all LLR vectors and message values, the
WMS operator T is an ‖·‖∞ contraction if

max
i

(βi (|N(i)| − 1)) < 1.

Proof: Using Lemma 1, one can upper bound
‖T [µ]− T [ν]‖∞ in a straightforward manner to get

‖T [µ]− T [ν]‖∞ ≤ max
(i,j)∈E

βi
∑

k∈N(i)\j
|di,k|

≤ max
i

(βi (|N(i)| − 1)) max
(i,j)∈E

|di,k|

≤ max
i

(βi (|N(i)| − 1))

× max
(i,j)∈E

max
m∈N(k)\i

|µm→k − νm→k|

= max
i

(βi (|N(i)| − 1)) ‖µ− ν‖∞ .

This implies that T is a ‖·‖∞ contraction.
Remark 1: Combining this with the contraction mapping

theorem shows that, for an arbitrary (dv, dc)-regular LDPC
code and any 0 ≤ β < 1

dv−1 , the WMS algorithm converges to
a unique fixed point as the number of iterations goes to infinity.
This idea is very similar to the existence proof for optimal
stationary policies of discounted Markov decision processes.

Theorem 2: For a (dv, dc)-regular LDPC code, if in the `th
iteration the WMS messages with weight β are consistent,
then the hard decisions

x̂i =
1

2

(
1− sgn

(
γi + β

∑
j∈N(i) µ

(`)
i←j

))
for i = 1, . . . , n give a codeword.

Proof: We prove this result by contrapositive. Assume
that x̂ is not a codeword. There exists at least one unsatisfied
parity check node. Let j ∈ VR be the unsatisfied parity check
node and N(j) be the neighbors of j. Since

⊕
i∈N(j) x̂i = 1,

we have∏
i∈N(j)

sgn

(
γi + β

∑
j∈N(i)

µ
(`)
i←j

)
=

∏
i∈N(j)

sgn
(
µ
(`)
i→j

)
= −1.

Consider the message passed from the jth check to the ith bit.
From the WMS update rule,

µ
(`)
i←j = β

( ∏
m∈N(j)\i

sgn
(
µ
(`)
m→j

))
× min

m∈N(j)\i

∣∣∣µ(`)
m→j

∣∣∣
= −β sgn

(
µ
(`)
i→j

)
× min

m∈N(j)\i

∣∣∣µ(`)
m→j

∣∣∣ .
This contradicts the consistency of the messages.

Consider the computation tree T 2I
i rooted at bit i ∈ VL.

For each i ∈ VL and root node value x̃i, the WMS algorithm
computes WMS-locally optimal assignments for the bits in
T 2I
i assuming the root value is x̃i. These assignments are not
I-locally optimal in the sense of [11], however, because the
optimal tree assignment may not be a codeword. To extend
the results of [11] to computation trees, we first observe that,
if β < 1

dv−1 , then the binary assignments to the leaf nodes
are asymptotically irrelevant for optimality as I →∞.

Lemma 2: Given the LLR vector γ ∈ Rn, let the assign-
ment x̃, computed by the WMS decoder, for the computation
tree T 2I

i0
be unique (i.e., there are no ties) after I → ∞

iterations with β < 1
dv−1 . For any minimal I-local deviation

ũ of depth I � T rooted at i0 ∈ VL, let the T -level weighted
correlation be

UT
i0(x̃, ũ) ,

n∑
i=1

T∑
t=0

βt
∑

m∈N(i0,2t):m∼i

(−1)x̃m ũmγi,

where N(i0, `) is the set of vertices in the `th level of T 2I
i0
.

Then, there exists a T0 < ∞ such that UT
i0

(x̃, ũ) > 0 for all
T ≥ T0.

Proof: The proof is omitted due to space constraints.
The following extends the key result [11, Lemma 4] to our

generalized minimal local deviations on the computation tree.
Lemma 3: Let z ∈ P(H) be a LP solution of a bit-regular

code and consider the set of depth-I computation trees rooted
at all non-zero variable nodes. For these trees, there exists
a distribution over minimal local deviations such that the
expected value, when projected onto the original Tanner graph,
is proportional the LP solution z.

Proof: This fact was first observed in [12, Remark 22].
It follows from straightforward modifications to the proof of
[11, Lemma 4].

The following theorem shows that if the WMS messages
converge to a consistent assignment, then the hard decision
bits of the WMS algorithm give a codeword that is both LP
optimal and ML. Following [11], we define u⊕ v with

[u⊕ v]i = |ui − vi| .

Theorem 3: For a given the LLR vector γ ∈ Rn and a
weight 0 ≤ β < 1

dv−1 , suppose the WMS algorithm converges
to a consistent message vector. If the hard decision bits x̂ are
unique (i.e., there are no ties), then they form a T -locally
optimal codeword for some T < ∞. Moreover, x̂ is the LP
optimal and, hence, ML codeword.

Proof: By Theorem 2, we know x̂ is a codeword. To prove
that x̂ is a T -locally optimal codeword, we have to show that
for the projection π

(
u(w)

)
of any minimal T -local deviation

u(w), the inequality〈
x̂⊕

(
1

dv−1 − β
)
π
(
u(w)

)
, γ
〉
> 〈x̂, γ〉

holds. Without loss of generality, we assume that u(w) is
rooted at i0 and consider the correlation of x̂⊕π

(
u(w)

)
and γ.

Let c =
(

1
dv−1 − β

)
, then this gives

〈
x̂⊕ cπ

(
u(w)

)
, γ
〉

=

n∑
i=1

∣∣∣x̂i − cπi (u(w)
)∣∣∣ γi

= 〈x̂, γ〉+ c

n∑
i=1

T∑
t=0

βt

×
∑

m∈N(i0,2t):m∼i

(−1)x̂mumγi

= 〈x̂, γ〉+ cUT
i0(x̂, u).



Note that the constant c is simply required to be small enough
so that cπi

(
u(w)

)
≤ 1.

To show UT
i0

(x̂, u) > 0, consider a tree T I
i0

with large I.
Since the WMS algorithm converges to a consistent message
vector, the assignment for the subtree T 2T

i0
is the same as

x̂ for some T < ∞. Here, Lemma 2 is required because
the leaf assignment may not match a codeword. Also, u can
be obtained from the minimal valid deviation ũ on T 2I

i0
by

truncating

um =

{
ũm if m ∈ N(i0, 2t) for some 0 ≤ t ≤ 2T

0 otherwise.

By Lemma 2, we can conclude that UT
i0

(x̂, u) > 0. Therefore,
x̂ is a T -locally optimal codeword.

According to Theorem 4 in [11] or Theorem 6 in [13], the
T -local optimality of x̂ implies that x̂ is the unique optimal
LP solution given the LLR γ. Since x̂ ∈ {0, 1}n is an integral
codeword, x̂ is also an ML codeword.

Remark 2: In [7], the condition β < 1
(dv−1)(dc−1) is defined

by the threshold where the WMS optimal assignments and the
resulting correlation is determined almost exactly by a finite
number of levels at the “top” of the infinite computation tree.
This paper allows relaxes the condition to β < 1

dv−1 by ana-
lyzing the difference between best 0-root assignment and the
best 1-root assignment. For this larger value, the WMS optimal
assignments are determined by the “top” of the computation
tree but the correlations may diverge. The difference messages
(i.e., LLRs) are guaranteed to converge though. If the fixed
point messages are consistent, then Theorem 3 shows that the
ML optimal assignment is also determined by the “top” of the
computation tree.

D. Connections with LP Thresholds

The LP decoder for LDPC codes, proposed by Feldman et
al., solves a relaxed version of the ML decoding problem [14].
Since its introduction, a number of authors have looked for
connections to the MP iterative decoding algorithm [15]. One
interesting open question is, “What is the noise threshold of
LP decoding?”. Several lower bounds for the noise threshold
have been proposed [16], [17], [18].

Arora et al. showed recently that, for a (3, 6)-regular
LDPC code, LP decoding can tolerate a crossover probability
p = 0.05 on the BSC(p) [11]. They investigated the primal
solution of the LP problem and proposed a local optimality
condition for codewords. Since their local optimality condi-
tions are amenable to analysis on tree-like neighborhoods, they
perform a DE analysis of the WMS algorithm to obtain BSC
noise thresholds for LP decoding. Using DE for memoryless
binary-input output symmetric (MBIOS) channels, Halabi et
al. showed that LP decoding can achieve a noise threshold
σ = 0.735 on the BIAWGN channel[13].

In this subsection, we connect the LP threshold estimation
with both converged WMS algorithm and the DE type analysis
in [11], [13] based on some of our observations. We have
shown that when the WMS algorithm with β < 1

dv−1 con-
verges to a set of consistent messages, the WMS algorithm

returns a codeword which is the same as the LP solution. If
the following three conjectures are true, we can conclude that
the threshold of the WMS algorithm with β = 1

dv−1 gives a
lower bound for the LP decoding.

Conjecture 1: Consider a (dv, dc)-regular LDPC code and
particular LLR vector γ ∈ Rn. If the WMS algorithm diverges
(i.e., the messages tend to ±∞) to consistent messages for
β = 1

dv−1 , then there is an ε > 0 such that it also converges
to consistent messages whose hard decisions give the same
codeword for β = 1

dv−1 − ε. In this case, the codeword is the
LP optimal and, hence, ML codeword.

Conjecture 2: Consider the WMS decoding of (dv, dc)-
regular LDPC codes with girth Ω (log n) over the BSC and
let p∗ be the bit-error rate threshold for WMS decoding with
β = 1

dv−1 . Then, the WMS decoder diverges to consistent
messages with high probability for all p < p∗.

Remark 3: Conjecture 1 essentially states that WMS de-
coding, when viewed as a dynamic program, always has a
Blackwell optimal policy. Though we are quite confident about
this, we have not completed the full proof. Conjecture 2 has
been tested via simulation and we are currently pursuing a
rigorous proof.

Example 2: Consider a (3, 6)-regular LDPC code over a
BSC(p). From a DE analysis of the WMS algorithm (i.e., not
the DE for local optimality proposed in [11]) with β = 1/2,
we found that the WMS algorithm will decode correctly when
p ≤ 0.055.

Remark 4: In the Example 2, the LP threshold lower bound
of 0.055 matches the best possible bound using techniques
from [11]. The main improvement over [11] is that our anal-
ysis (under the conjectures) holds pointwise for any received
sequence. It also exposes the fact that the best thresholds from
[11] are associated with computation trees where the leaves are
asymptotically irrelevant.

III. NUMERICAL RESULTS

The block error rate (BLER) for the WMS algorithms
and the probability of not converging to a set of consistent
messages are shown in Figure 1. The solid lines are the
BLER of the WMS algorithm, and the dashed lines are the
probability of non-consistency. The code for this simulation
is (3, 6)-regular LDPC code with n = 104. Two weight
factors, β = 0.49 and β = 0.5, are considered, and 500
iterations are performed in decoding one block. Both BSC(p)
and BIAWGNC(σ) are tested. As shown in Figure 1, when
β = 0.49, the WMS algorithm may converge to a set of not
consistent messages even though the codeword is successfully
decoded. However, when β = 0.5, the gap between those two
probabilities becomes smaller as predicted by Conjecture.

To get the lower bound of the LP decoding threshold, a
DE-type analysis is employed in [11], [13]. The lower bound
provided by the DE-type analysis depends on β though and
is plotted in Figure 2. It is worth noting that the best lower
bounds are obtained, in all cases, when β = 1

dv−1 and that
there is no threshold effect when β < 1

dv−1 . The threshold
effect does not occur because the density of the correlation
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Figure 1. The BLER of WMS algorithm for (3, 6)-regular LDPC code and
the probability of converging to inconsistent messages.
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Figure 2. The lower bound of the LP decoding threshold for (3, 6), (4, 8)
and (5, 10)-regular LDPC codes over BIAWGNC(σ) and BSC(p).

between the best skinny trees and the channel output in [11],
[13] converges to a fixed point instead of diverging to ±∞.

IV. CONCLUSIONS AND FUTURE WORK

For (dv, dc)-regular LDPC codes, we show that when the
weight factor β < 1

dv−1 , the WMS algorithm converges to
a unique fixed point. We also discuss a sufficient condition
for the hard decision output of the weighted min-sum (WMS)
algorithm to be a valid codeword. By generalizing the def-
inition of T -local optimality in [11], we also show that if
β < 1

dv−1 and the WMS algorithm converges to a consistent
codeword, then it is the ML solution as well as the LP
optimum. This result can be seen as the natural completion
of the work initiated by Koetter and Frey in [7]. For weight
factors β > 1

dv−1 , we also provide a counterexample which
shows that it is not always possible to provide ML certificates
for WMS decoding. Our results have interesting connections

with the results of [11] because their best LP thresholds also
occur when β = 1

dv−1 .
In regards to future work, the most interesting open question

is whether connections between LP and WMS decoding can
be extended beyond β = 1

dv−1 . In [19], Chen et al. studied
the optimal attenuation factor for the WMS algorithm. For
example, the best β for the (3, 6)-regular LDPC code on the
BSC is β = 0.8, and the corresponding threshold is p = 0.083.
DE also shows that any extension beyond β = 1

dv−1 will
provide an improved lower bound on the LP threshold.
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