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Abstract—This paper considers the relationship between code- insights about the design of delay-sensitive systems, many
rate selection and queueing performance for communication such articles make idealized assumptions about the behavio
systems with time-varying parameters. While error-correcting  ~oded transmissions. In particular, various authors atigt

codes offer protection against channel unreliability, there is a fi f instant itv: individual data blocke
tradeoff between the enhanced protection of low-rate codes an notion of Instantaneous capacity: Individual data blocks a

the increased information transfer of high-rate codes. Hence, assumed, implicitly or explicitly, to possess enough degef
there exists a natural compromise between packet-level errorp-  freedom to support sophisticated coding schemes and thereb
tection and information rate. In the limiting regime where code- approach Shannon capacity within every time-slot. While
words are asymptotlcally long, this tradepff is well-understood reasonable for long codewords, such assumptions become
and characterized by the Shannon capacity. However, for delay- L .
sensitive communication systems and finite code-lengths, a com-SOMewhat of a concern for short data blocks. This is espgcial
plete characterization of this tradeoff is still not fully developed. Problematic for channels with memory, where correlatioarov
This paper offers a new perspective on the queueing performaec time promotes deviations from typical behavior.
of communication systems with finite block-lengths operating  For delay-constrained communication systems that utilize
over correlated erasure channels. A rigorous framework that short codewords, two opposite considerations underlie the
links code rate to overall system performance for random codes . . .
is presented. Guidelines for code rate selection in delay-sensitive,Selec’[Ion of an error-correcting COd?_' A Iow-rate. COde_ will
systems are identified. in general, result in a small probability of decoding fadur
whereas the same system with a high-rate code is more prone
. INTRODUCTION to errors. Still, the successful decoding of a codeword@sso
The transmission of digital information over noisy chasnelated with a high-rate code leads to the transmission of &targ
has become commonplace in modern communication systemigmber of information bits. In the limit of asymptoticallgrig
The high reliability of contemporary data links is due, part codewords, it is clear that code rate should only be slightly
to the many successes of information theory and error-abntbelow Shannon capacity. However, the optimal operatingtpoi
coding [1]. In particular, the reliable transmission of ithy for systems with short block lengths is not so obvious. It may
information is possible at rates approaching Shannon eapdepend on the physical resources available and the service
ity using asymptotically long codewords [2]. Indeed, mangonstraints imposed on the system.
notable communication systems employ long codewords toPrevious work in this area has either taken a higher-
provide high throughput and low probabilities of error [3]. layer perspective, using a simplistic model of the physical
One context where the insights offered by classical infolayer; or adopted a channel-coding perspective, intealipn
mation theory do not necessarily apply directly is the broateglecting queueing considerations. Herein, we attempt to
area of delay-constrained communications and networks []idge the gap between these extremes in order to address
Real-time traffic and live interactive sessions are vengitige two important questions. What is the optimal code rate for a
to latency. Long codewords are therefore not particulagjla particular implementation? What arrival rates can a system
suited for real-time communication because they entagtlen support under specific service requirements? Our approach
encoding/decoding delays. Alternative engineering naghoin obtaining partial answers to these questions differ from
including power control, automatic repeat-request, scliegl previous work in that we strive to provide exact solutions. T
and feedback, can be leveraged to establish rapid endfcilitate the type of queueing analysis we wish to carry, we
end connections [5], [6]. Moreover, delay consideratioftero make the following assumptions. The packet arrival process
force a system to operate below its maximum throughput [At the transmitter is Bernoulli, with packet length having a
Several recent articles in information theory focus on ttgeometric distribution at the bit level. The communication
tradeoff between throughput and delay. Popular approacleé@nnel is a bit erasure channel with memory. Random codes,
include effective capacity [8], outage capacity [9], [18}er- With maximum likelihood decoding, are employed to protect
age delay characterizations [11], fluid analysis [12] aralizge the sent information against erasures. Collectively, éhas-
traffic limits [13]. While these contributions provide vahla sumptions are sufficient to conduct a rigorous analysis ef th
probability of block decoding failure at the receiver as veal
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Il. SYSTEM MODEL we wish to carry below. In particular, the memoryless proper

We initiate our study of the system we wish to consideyf the geometric distribution and the independence ovee tim
with a description of the underlying communication channe®f the Bernoulli process are crucial properties that makeafo
Bits are sent from the transmitter to the destination over &@ctable characterization of queueing behavior.
erasure channel with memory. The channel can be in one ofonce a code rate is specified, the number of successfully
two states, ajood stateg in which bits arrive unaltered at thedecoded codewords needed to complete a packet transmission
destination, and fad statee under which information is lost. is equal tol = [L/rT'[. We note thaf being geometric with
The transitions of the channel over time follow a discréteet Parametep implies that) is also geometric with parameter
Markov model, where the probability of transitioning fram T
togis represgntgd by and the tra'nsmon' probab|I'|ty in the op = Z(l )l =1—(1—p)7T.
reverse direction is denoted Iy Using lexicographical state

ordering, we can express the probability transition maasx
] Thus, the probability that a data packet requires the safides
P — { —a o« }

3 -5 transmission of exactlyn codewords is equal to

This bit erasure channel is illustrated in Fig. 1. Correlati Pr(M=m)=1-p)" "p, m=12,...

over time is captured through the probability transitiontnma ) o

of the channel. We denote the state of the erasure chanf{@y t© our mathematical analysis is that the number of coded
at timet by ¢,. The evolution of the channel over time therP!OCks per data packed/, retains the memoryless property.

becomes a discrete random process, which we rit. Whgn_ discussing the ;ize of the queue at .the tra}nsmitter,
two distinct characterizations are possible. A first opi®to

. 1] —» 1 keep track of the number of packets present in the queue. The
e s second choice is to count the number of data blocks of length
0 <=3 0 rT remaining in the queue. Although the latter alternatives
provides a more accurate representation of actual quegthlen
1 <<=-
e 0 =

{=1

in bits, the former option is much simpler to analyze and is
> e more closely related to the concept of packet delay. Forethes
d reasons, we elect to define the state of the queue as the number
of data packets awaiting transmission, as is customaryen th
Fig. 1. A discrete-time Markov erasure channel is employed tdehthe classical queueing literature [14], [15].
operation of a communication link with memory. The final building block of our system model is a coding
strategy employed to correct transmission errors due toreta

In this study, we assume that the communication Systéllﬁcertainty. As men'Fioned aboye, our_system utilizes rm_1do
employs an error correcting code with block length That binary codes to provide protection against erasures. Maoim
is, every codeword is sent ovéf consecutive realizations lIkelihood decoding is used at the destination to decode the
of the erasure channel. Parametgris determined by the received_infc_)rmation. This completes the description @& th
requirements and specifications of the system. UltimatefPmmunication system under study. We are now ready to
block length affects decoding delay and the amount of paysiconduct the performance analysis of this system, a task we
resources needed for feedback. In our analy&isemains Initiate in the following section.
fixed throughout. The code ratg however, is a parameter that
can be optimized. For a particular code rate, the correspgnd Ill. PROBABILITY OF DECODING FAILURE

number of information bits per codeword is given 4. A first step in analyzing the performance of our system is to
Having specified the channel structure, we tum 10 the e expressions for the probabilities of decoding failat
definition of the arrival process. Data packets enter thel€U&pe receiver. To compute these probabilities, we need @imbt
according to a discrete-time process synchronized with g, gistribution of the number of erasures within a codeword
codeword transmission cycle. During every codeword trangsg; ¢, € {e, g} be the state of the erasure channel at time
mission event, a data packet arrives at the queue with pilebal,q gefine an aggregate state for blacky
ity -, else the queue remains unchanged. Arrivals are taken to
be independent over time, hence forming a standard Beinoull
process. The length of a data packet is also random, folgpwin
a geometric distribution. The probability that a packettaors where ¢, is the state of the channel at the beginning of
exactly ¢ bits is given by block s and c(,;1)r is the channel state at the very end
_ of the same block. We us#&/, to represent the number of
PrL=0=(1-p""p t=12,... erasures during blociB,. Note that, Ita)ecause of the Markov
wherep € (0,1). The arrival process and the packet lengthroperty, random variabl&/; is conditionally independent of
distribution have been selected, partly, to facilitatedhalysis Bj, given B, whenevers # s. Finding the joint distribution

Bs - (CST+11 c(s+1)T>



of (N, cs4+1yr) conditioned on the value of,r.; is a will induce time-dependencies from block to block. This is
straightforward problem of combinatorics. FoK n < T, detailed below, where queueing aspects of the communitatio

systems are investigated.
Pr (Ns =N, Cs+1)T = e|CsT-|-1 = 6) = y 9

ji‘f‘ (n - 1) <T —n- 1>aj(1 _ a)ritlgi(1 — gyTn— IV. QUEUEING BEHAVIOR

J g1 Recall that a packet of length is divided into M data
segments, each of which is encoded separately into a code-
word of lengthT and subsequently sent over the channel.
A feedback mechanism informs the transmitter of reception
Pr (N = n,c(spnyr = glesti1 = g) = status. When successful, the corresponding data segment is
Jmax /0 N /T —n—1\ o . marked as delivered and transmission of the next data segmen

n— T—n—j5—1 . . . ..

Z ( ) < >0ﬂ(1 —a)" B (1 - ) J begins. In case of a decoding failure, the original data segm

Jj=1

where jax = min{n — 1,7 —n} andj denotes the number
of transitions frome to g in block s; for 0 <n < T — 2,

=1 J

j=1 remains in-line for immediate retransmission. Data packet
wherejmax = min{n, T—n—1} and; represents the numberStored in the queue upon arrival at the transmitter, and they
of transitions fromg to e in block s; for 0 < n < T, remain in the queue until the corresponding data segments
are successfully decoded at the destination. In other words
Pr (Ny = n,c(srnr = glest41 =€) = a packet composed of. bits will require the successful
Jmax g0 AN (T —n— 1 ; i it Tnej transmission of\/ codewords before it is removed from the
> (j 3 1> < i1 >a (1-—a)"7p " (1-p) queue. We use, to symbolize the length of the queue at the
j=1 onset of blocks. We also define an aggregate state
wherej,.x = min{n,T —n} and; stands for the number of
transitions frome to ¢ in block s; finally, for 0 < n < T, Qs = (Csm+1,4s)
Pr (NS =n,C(s+1)T = €|CsTr1 = g) = composed of the first channel state and queue length. We stres

- that Qs € {e, g} x N, a countable space.
Z (n - 1> <T e 1) M1 =) (1 - )T We begin our analysis of queueing behavior by noticing

g-1 j-1 that the sequencéQ,} forms a Markov chain. Furthermore,
we can obtain the invariant distribution of the queue by
determining the equilibrium distribution of the augmented
process{Q.}. We can write the transition probability from
Qs 10 Q441 as follows,

j=1
wherej,.x = min{n,T —n} and;j designates the number of
transitions fromg to e in block s. From these equations, we
can easily compute the distribution &f, conditioned on the
value of the aggregate stafg,, Pr (IV;|Bs).

Suppose that a random binary code of len@tiprovides

Pr(Qs+11Qs) = Pr (c(s41)141 Gs+1lcs7+1,4
forward error correction to each transmitted block. Theecisd ++1Qs) ( (DT B s S)

chosen by generating a random parity-check maifixf size = Z Pr (C(s1)T+15 C(s )T Gs+1/CsT 41, G )
(T —k)x T, where each entry is independent and equiprobable ~ ¢+n7€{e.g}
{0,1}. Given N, it is possible to find the probability of = Z Pr (C(s 1) @s+1]CsT+1, G5 )

decoding failure at the destination in closed form; decgdin
will succeed if and only if the submatrix off formed by
choosing then erased columns has ramk[16].

The prob.ability that a random.x P matrix over]FQ_, where Recall thatPr (C(S+1)T+1|C(S+1)T) can be obtained directly
p =T — k is the number of parity bits, has rankis given from the definition of the erasure channel. More specifically

cs+nr€fe,g}

x Pr (C(s+1)T+1|C(s+1)T) .

by the product » finding this probability amounts to locating an entry .
H (1- Qi_p) Similarly, Pr(c;y]c;) is given by the corresponding entry in
bl ' P!, where thejth power of P, can be computed as

We can then conclude that, givenerasures, the probability , Bta(l-a=p)  a—a(l—a—p)!

. . Pl = a+p3 ] a+p3 )
of decoding failure becomes t B—B(l—a—B)  at+B(l—a—B)’
n—1 oth otf
P(n)=1- [ (1-27). We note that channel memory is a functionlof a — 3. Find-
=0 ing an expression foPr (c(s41yr, ¢s+1|cs74+1,¢s) remains.

The average probability of decoding failure at the receiger First, we assume that > 0; admissible values faof,,; are
given by E [P; (N;)], where the expectation is over possibl¢hus contained iqg¢s — 1, ¢s,¢s + 1}. Recall that two factors
channel realizations within a block. We emphasize that thian affect the length of the queue, the arrival of a new data
guantity alone is not sufficient to describe the queueingacket and the completion of a packet transmission. Therlatt
behavior of the system, as memory in the erasure chanmgl only occur if a codeword is successfully decoded at the



destination and the head packet has no additional data se¢gnWée represent the probabilities of the different states with
left to send. Keeping these factors in mind, we get a letter for the channel state and a number subscript for
the queue occupancy. Accordingly, we can write the balance
equations governing our Markov chain fbr> 2 as

T
= Z 'Y(Pf(n) + (1= P(n))(1 - PT)) (tgg + Hge + Kge + Age + Agg) G
= x Pr(Ns =n,c rlesT+1) = Agggk—1 + Aegh—1 + Kegll + fleg€hi1 + HggGh+1
. ( s v| (s+1) s) +1)5 (,Uee ¥ fleg + Feg + )\eg + )\ee)ek
T Y = C C
ds+1 Qs; C(s+1)T|CsT+15Gs = /\eeek—l —+ )‘gegk’—l —+ KgeJk + HgeGk+1 + lecClt1-

Pr(QS+1 = (s + 17 C(s+1)T|csT+17 qs)

T
=Y ((1=)(P(n) + (1 = P(n))(1 - p,)) For k = 1, these equations become
n=0
+ (1= P(n)) pr) Pr(Ny = n, csq1yrlcsrin), (kgg + Hge + Kge + Age + Agg) gk
0 0
Pr(gs+1 = qs — 1, c(sq1)7l, Cs741, Gs) = AggOk—1+ Acgrh1 + Keglr + feglhi1 + HggGr+1
T (Hee + Heg + Feg T Aeg + Aece)€l
- Z(l =) (1= Px(n)) pr Pr(Ns = n, ¢snyrlesria), = A0elh—1 + AgeGh—1 + KgeGk + flgeGit1 + fecChit,
n=0

When the queue is empty, only two possibilities can occur,and' at zero, they reduce to

(Koo + A0 + A0y)g0 = KQy€0 + fteger + Hgggr

Pr(gs11 = 17C(s+1)T|CsT+1, qs = 0) 0 0 A 0
(’ieg + )\eg + Ace)eo = Kgedo + fged1 + Heel-

=7 PT(C(5+1)T|CST+1)
Pr(gsi1 =0, c(sy1y7|csm41), 45 = 0) The invariant distribution of'the Mquov chain can be dedive
= 1=y Pr(ciernyrlesrin). from these recurrence relations using transform methosls [1
B ? In particular, if we define the generating functions
Collecting these results together, we get the probabilégdi-

tion matrix of the Markov procesg?; }. A compact graphical B(z) = i enz G(z) = igkzk
representation of the state transitions appears in Fig. 2. por pord ’

then finding the stationary distribution of our Markov syste
is equivalent to solving a matrix equation of the form

E(z) €o

A =B
CIEAR-CI

where the entries inl(z) and B(z) are quadratic polynomials.
The coefficients, go can be determined by requiring that the
gueue is stable (e.g., by canceling an unstable pole) and usi

Fig. 2. State space and transition diagram for the aggrepsgaed process the fact that
{Qs}; self-transitions are intentionally omitted. 6 o

EQ1)=—""—, G(1) = .
S a+p (1) a+p
The transition probabilities being identified, we next gmal Although a closed-form solution exists and can be obtained
queueing behavior. For convenient, we define the followingsing symbolic equation solvers, its form is too convoluied

mathematical notation. Fdr € N andc,d € {e, g}, let be included in this publication. Still, we emphasize thas th
. . o solution can be calculated efficiently using numerical radth
fea = Pr(Qu1 = (d, K)|Qs = (e, k) We include below an example to show how the methodology
Aed = Pr(Qsy1 = (d, k +1)|Qs = (¢, k) developed above can be applied to real-world systems.

pea = Pr(Qs41 = (d, k = 1)[Qs = (¢, k));
and, similarly, when the queue is empty, define

V. NUMERICAL RESULTS

We present numerical results for a system with the following
k2 = Pr(Q.y1 = (d,0)|Qs = (¢,0)) paratmeters_.ttcdodewordj 6ele;_’ch s;ié_rrhh 114bc%q|(_at bi:]s,tand
A = Pr(Qury = (d.1)]Q. = (c.0)). are transmitted every 4. ms. The probability that a new
cd = Pr(Qst1 = (d,1)|Qs = (c,0)) packet arrives at the source during a codeword transmission
Together, these equations define the 12 transition pratiabil cycle is v = 0.25. The expected size of a packet is 175
associated with a non-empty queue, and the 8 transitibits, which implies thap = 1/175. This leads to an average
probabilities subject to the non-negativity constrainzato.  arrival rate of roughly 9.48 Kbps. Recall that, for every ket
For stable systems, performance is assessed using the etipgi- number of successfully decoded codewords needed to
librium distribution of the queuelim;_,., Pr(Qs = (¢, k)). complete transmission is equal {d./rT], whererT is the



. . . . . TABLE |
number of information bits contained in a codeword. The oprimaL NUMBER OF INFORMATION BITS AND TAIL PROBABILITY

erasure parameters are given by= 0.08 and 8 = 0.02.  Pr(Q > 5) AS A FUNCTION OF CHANNEL MEMORY FACTORL — a — f3.

This implies that the expected bit-erasure probability ., O T—a—73 | OptmalrT | mnPr(Q > 5)
and the memory of the channel decays exponentially at rate 0 80 0.049
(1 —a—fF) = 0.9. A situation where these values offer 8-3 ;i g-ggg
a realistic assessment of system operation is the scenario 0.98 87 0.598
where a pico-cell aggregator collects data from a sensor 0.99 114 0.246

network and relays this information to a fusion center tigiou
a wireless GSM connection. Collectively, these parametérgormation bits as possible when the channel is good. At thi
define the evolution of the Markov process governing theoint, the bit erasure channel essentially becomes a packet
gueue. System performance as a function”®f appears in erasure channel. This is summarized in Table I.
Fig. 3. Each curve represents the tail probabilities in the

VI. DiscussiON ANDCONCLUDING REMARKS

This article presents a new framework to analyze the rediatio
between code rate and queueing behavior. The simplicity of
the erasure channel and its closed-form characterization o
error events are instrumental in conducting this analy=is.
short block lengths and correlated channels, the optimaé co
rate appears to be linked to the relative size of a codeword
compared to the coherence time. In some circumstances, it is

[y
o
=)

(1]

Tail Probabilitles,Pr(Q >7)
o
L

|
N

65 70 75 80
Information Bits per BlockyT

=
o

(o2}
o

85 2]

Fig. 3. This figure shows tail probabilities in the equililom packet distribu- 3]

tion of the queuePr(Q > 7), for threshold values € {5, 10, 15, 20, 25}.
These probabilities are plotted as a function of the numbenformation
bits per codewordyT". The minimum on each curves represents an optimal
operating point, and they are achieved uniformly-at= 71.

(

[5]
equilibrium packet distribution of the queuBr(Q > 7), for
a specific threshold levetf, € {5,10,...,25}. Low threshold
values are selected to reflect delay-sensitive applicaitiom
this figure, the optimal code rate & 71/114) appears robust
to the choice of threshold value This observation remains
true for all the system parameters tested.

The optimal number of information bits per codeword, on
the other hand, depends heavily on the channel memory factd]
In our numerical study, we fixed the ratie : 5 at one
quarter, and varied the memory factor. When the channej,
is memoryless, the optimall' is 80. For comparison, the
capacity is0.8 and gives an'T’ of roughly 91. As correlation
increases, the optimal value ¢ initially decreases, thereby
improving protection against erasures. Still, at some tptire
coherence time of the channel starts to approach the lefigth 621
codeword, T’ = 114. Under such condition, the code becomes
ineffective at correcting long sequence of successiveuezas
The optimal strategy progressively changes to includingemd?3]
information bits in every packet, and hoping that the channe
remains in its good state. In the limit where the channel 4]
very correlated(1 — o« — 3) — 1, the optimal strategy is to [15]
transmit uncoded data bits]" = T'. Indeed, strong correlation
is characterized by long strings of erasures followed bgéon [16]
strings of reliable bits, and the best strategy is to sendas/m

(6]
(7]

(8]

(11]

better to adopt a rate beyond Shannon capacity.
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