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Abstract—We consider the problem of transmitting correlated over a large set of channel parameters. Therefore, by the

data after independent encoding to a central receiver t_hrough symmetry of the problem, we assume that both the encoders
orthogonal channels. We assume that the channel state informa ,ca identical codes of ratg (ie., R = k/n,ni = ny = n).

tion is not known at the transmitter. The receiver has access to . . . . .
both the source correlation and the channel state information. Reliable transmISSIQH over a char?r?el p@if , az) is posgble
We provide a generic framework for analyzing the performance as long as the Slepian-Wolf conditions (1) are satisfied.
of joint iterative decoding, using density evolution. Using dif-
ferential evolution, we design punctured systematic LDPC codes
to maximize the region of achievable channel conditions, with
joint iterative decoding. The main contribution of this paper is
to demonstrate that properly designed LDPC can perform well Co(a2)

01551) > H(UA|Us)

simultaneously over a wide range of channel parameters. > H(Us|Uh) @
Index Terms—LDPC codes, density evolution, correlated Cy(ay) +02(0‘2) > H(U,, Us)

sources, non-systematic encoders, joint decoding, differentia R R — b=z

evolution.

For a given pair of encoding functions of rafeand a joint
decoding algorithm, a pair of channel parameters, as) is
achievable if the encoder/decoder combination can achieve

Consider the problem of transmitting the outputs of twan arbitrarily low probability of error for limiting block-
discrete memoryless correlated sourcgs;, Uz), to a cen- |engths ¢ — oo). We define the achievable channel parameter
tral receiver through two independent discrete memorylegsgion (ACPR) as the set of all channel parameters which
channels with capacitieS; andC5, respectively. The systemgre achievable. Note that the ACPR is the set of all channel
model is shown in Figure 1. We will assume that the channgigrameters for which successful recovery of the sources is
belong to the same channel fam"y, and that each channel %S|b|e for a fixed encoding rate p@f& R) We also define
be parametrized by a single parameter(e.g., the erasure the Slepian-Wolf region as the set of all channel parameters
probability for erasure channels). The two encoders are net, o) for which (1) is satisfied. The Slepian-Wolf region for
allowed to communicate. Hence they must use independgfé erasure channel family is shown in Figure 2. We wish to
encoding functions, which mapinput symbolsU; andUs)  find LDPC codes which result in large ACPRs, preferably the
to n; andny output symbolgX; and X.), respectively. The entire Slepian-Wolf region. Coding schemes which haveelarg
rates of the encoders are given By = k/n; andRz = k/n2.  ACPRs are desirable because, for example, such a scheme can

The decoder receive§Y,Y2) and makes an estimate ofminimize the outage probability for non-ergodic channels.
(U1, Uy). This joint source-channel coding problem can be

seen to be an instance of Slepian-Wolf coding [1] in the
presence of a noisy channel. 2

|. PROBLEM SETUP

R Cq
| 18) X
: ’ Sourcel }—;—1>{Encoderl}—l>{Channell N
| <

1-H(Ug|UDR

symmsgric channel condition

! |
|
Correlated !
: Sources : N Decoder
| 'y R X c 4
, Uz 2 1-H(U)R
: Source2 }:—ﬁEncoderQ}—ﬁChanneD

Figure 1. System Model

€

The problem we consider is to design a graph based code, I-HUDR | -HU U R

for which a joint iterative decoder can successfully decode
Figure 2. The Slepian-Wolf region for erasure channelsaféired rate pair
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In this paper, we consider the following scenarios: Hence, there exists an encoder for which the probability of
1) The channels are additive white Gaussian noise (AWGHIror
channels and the source correlation is modeled through

' . ' P < 2—nr(a1,a2).
a virtual correlation channel analogous to a binary ©a1a2 =
symmetric channel (BSC). Proof: The proof follows from standard random coding
2) The channels are erasure channels and the source cagfguments. It is omitted here due to space constraints.|m
lation is modeled through erasures. Remark 1: A simple application of Fano’s inequality shows
Il. BACKGROUND that any pair of channel parameters for whigh;, as) < 0
A. Prior Work are not achievable (the probability of error is strictly hded

Recently this problem has attracted attention in the ar@¥@y from zero). For binary memoryless symmetric (BMS)
of wireless sensor networks. It is a specific case of tffannels, the conditionay, az) > 0 translates to the condi-
sensor reachback problem [2]. Although separation betweds in (1). So, the conditions in (1) are both necessary and
source and channel coding is known to be optimal for AwGRufficient for transmission over BMS channels.
channels [2], it is desirable to take a joint source-channelCorollary 1: For BMS channels, the achievable channel
coding approach (via direct channel coding and joint dmdipargmeter region for a random c_qde is a dense subset of the
at the receiver) [3]. When the channel parameters are kno@firé Slepian-Wolf region for limiting block-lengths.

a priori at the transmitter, graph based coding schemes have Proof: LetS denote the Slepian-Wolf region and fore
been proposed [4], [5], which provide near optimal perme' let

mance under joint iterative decoding. [3], [6] discuss th(ﬂT An = {(gi75) | (go7i) €S, g5 €Qui=1,--- ,n}.
performance of concatenated LDGM codes under symmetric

channel conditions. In [7], the authors study the perforveanii P{™) denotes the random variable representing the prob-
of Turbo codes over varying channel conditions. Even wheibility of error of a randomly chosen encoding map with

the channel parameters are known at the transmitter, it eangock-lengthn. Given § > 0, there existsn € N such that

hard to design codes that perform well for symmetric channgto—nr(ei,a2) 5 Then,

conditions [8]. For the case of erasure correlated soumes, )

previous work gives a provable capacity achieving sequenBeFs™ <6 | ai,az) > 1 —P(PM™ > n®277(0002) | ay ay)

of codes for the erasure channel under symmetric channel >1_ 1

conditions [9]. - n3
However, in several practical situations, it is unreatigtir by the Markov inequality. We define the dominant exponent

the transmitters to have a priori knowledge of the channgl — Min(,, a,)ea, (a1, az). Then we can upper bound the

parameters. A single code now needs to perform well over thgobability that a random code bd for at-least one channel

entire Slepian-Wolf region, making the problem of desigrén pair in A,, by a simple union bound, which gives us

good code even harder. In [7], [8], this problem is considgre 1 1
however, the authors choose a code that performs well at one P(P™ > §) <P(PM™ >nd27mn) < |A|, — ==
point on the Slepian-Wolf region and evaluate its perforogan n n

. ; (n) _
for different channel parameters. As a result, the perfocea = ,}1_,”;0 PP > 6) = 0.

of the code is far from the optimal performance for somgo, for limiting block-lengths, a single randomly chosen&o

channgl parameters.. In this paper, we will show that an achieve a vanishing probability of error for a dense estubs
choosing an appropriate low density parity check (LDPC)co f the entire Slepian-Wolf region =

enstehmblsel and OVF\J/“?'Z'”Q It to_pe_;formtlwebll ftlt seve][al POINS pemark 2: Corollary 1 also holds for random linear codes.
on the Siepian-Wolt region, significantly better perioroan e conclude that, for a given rate pdiR, R), a single

can be obtained. encoder/decoder pair suffices to communicate the sourezs ov
. . all pairs of BMS channels in the Slepian-Wolf region. Thus,
B. The Sepian-Wolf Region ) one can obtain optimal performance even without knowledge
Let I, (X1; Y1) (Lo, (X2;Y2)) denote the mutual informa- of (., , o,) at the transmitter. We refer to such encoder/decoder
tion betweenX, andY; (X, andY;) when the underlying joint pairs as beinginiversal. This means that random codes with
shows the existence of codes which have large ACPRs.  Random coding with typical-set decoding is also universal
Theorem 1: For a fixed pair of channel conditiorie, a2),  with respect to channel types, since the performance obrand
which is not known at the transmitter, random coding WitRoding depends only on channel capacity. In this paper, e ar
typical-set decoding at the receiver can achieve an avergggrested in universality with respect to channel paranset
probability of errorP, ,, ., (over all encoders with a ratR) oy g particular channel type.
bounded above bg~""(*122), where While random codes with typical-set decoding are uni-
r(a1, as) = min (I, (X1; Y1) — RH(U; | Us), versally good,_ this _scheme is clearly impractical due_ to its
. large complexity. This motivates the search for low comiiyex
I()L2(X27}/2) 7RH(U2 | U1)7 . . : :
encoding/decoding schemes which are universal. It wasshow
Loy (X15Y1) + Lo, (X2;Y2) — RH(UlvUZ))~ in [9] that codes that are good for the single user scenario

)



need not be universal for the JSCC problem considered (mver the code ensemble)

this paper. It was conjectured in [8] that LDPC codes do not I(X1: X) = 0
perform well for this problerh To the contrary, we show that b2 '
properly designed LDPC codes can have a large ACPR. This condition is clearly not satisfied when we use a systemat
LDPC ensemble. This also explains the loss in performance

IIl. SOURCECORRELATION i
: . . , ) f systematic LDPC codes when compared to Turbo codes, as
In this section, we describe two possible correlation mdeihown in [8]. So, to ensure the independence of the trareitt

betwe_en th? SOUrces. Th_es_e m(_)dels might_ appear resr’riCtB’&dewords, we use LDPC ensembles which can be represented
but will provide sufficient insight into the design of codésit by a punctured systematic encoder

perform well for arbitrary correlated sources. Our analysi
Section IV admits general correlation models. B. LDPC Codes
A. BSC Correlation Assume that the sequenckl and U, are encoded using

LDPC codes with a degree distribution pdik, p), with a

Consider a symmetric correlation model which can B&nctyred systematic encoder. Let the fraction of pundture
defined in terms of a single parameter. For binary SOUrCE§stematic) bits be,. Based on standard notation [11], we
Up and U, this parameter is given bPr(Uy = Us). It | Az) = 3, Niz’~! be the degree distribution (from an
is useful to visualize this correlation by the presence of Wige perspective) corresponding to the variable nodes and
auxiliary binary symmetric channel (BSC) yvith parameteﬁ(m) = 3. pizi~! be the degree distribution (from an edge
1 — p between the sources. In other words, is the output e rgpective) of the parity-check nodes in the decodinglgrap
of a BSC with inputUy i.e., Uz = Ui + Z. Here Z is @ pge coefficient); (resp. p:) gives the fraction of edges that
Bernoulli-(1 — p) random variable and can be thought of a§,nnect to the variable nodes (resp. parity-check nodedgof
anerror. Let ,(-) denote the binary entropy function. Thengee; | ikewise, L; (resp.R;) is the fraction of variable (resp.
H(U1|Uz) = H(U2|Us) = ha(p) andH(Us, Uz) = 1+ha(p).  parity-check) nodes with degreeAlso, letV = {i | \; # 0}

This correlation model can be incorporated into the Tanngpqp — {i| p; # 0} be the support sets of the variable and

graph at the decoder (described in Section IV-B) as chegkiry check degree distributions respectively. The pte of
nodes between the source bits, with a hidden node repregen

™ - | - he two codes after puncturing (®2, R), where
the auxiliary random variabl& (which carries a constant log- L
likelihood ratiolog +-2) attached to the check node. For this _ R(\p) ~Jo pla)de
scenario, the decoder does not require any side information 1—-R(\,p)’ fOl Az)dz

i.e., it does not need to know the realization of the auxiliar . ) ,
- The Tanner graph [11] for the joint decoder is shown in
random variableZ. .
Figure 3. Codéd corresponds to the bottom half of the graph,

R\, p) = )

B. Erasure Correlation

Another common way to model the source correlation is p(x)rlﬂjﬂu_‘
through erasures. Lef be a Bernoullip random variable. permutationrms Tbe

The correlation betweet'; and U, is defined by A(x) c. \i/ \y \V ...... \i/
i.i.d. Bernoulli 1 rv.sif Z =0 * bemsc
(U17U2) = L — > f . J aBmsc
same Bernoulli} rv. U |if Z =1 e X
We haveH (U:|Uz) = H(Uz|Uy) =1 —p and H(U1,U2) = Me) errﬁuﬁ\atiﬂé)m A a
2 — p. This correlation model can be incorporated into the (x)\—v—v—vf%v—v—vl—v—‘ ¢
Tanner graph at the decoder with the presence or absence p LR BB EEEEE =

of a..CheCk node between the source bits dependlng (.)n Hi‘&re 3. Tanner Graph of an LDPC Code with source correlatio
auxiliary random variableZ. Note that the decoder requires

the realization of the random variablg (for each of the .,qe o corresponds to the top half and both the codes are
source bits) as side information. This model can also Rgnnected by correlation nodes at the punctured bits.aket
thought of as having two types of BSC correlation betweeg,qp,, genote the densifyof the messages emanating from the
the source bits, one with parameteand one with parameter4riaple nodes at iteratiofy corresponding to codelsand 2.

1. The corre[ation parameter determines how many bits aret,o density evolution equations [11] can be written as faiio
correlated with parametdr.

_ IV. ANALYSIS agy1 = [Wf(L (P(be))) +(1- ’Y)aBMSC} ® A(p(a))
A. Puncturing

It is shown in [10] that correlated codes are suboptimal bes1 = {7f<L (p(az))) +(1- V)bBMSC} ® Alp(br),
when transmitting correlated sources over independem-chyhere \(a) = S, Ma®i ) La) = 37,,a®07D) p(a) =
nels. The conditions in (1) implicitly assume the use of UACOS™~ ,aB(~1), agysc and bgusc are the densities of the
related codes i.e., we require the average mutual infoomati

©)

2Assuming that the transmission alphabet {i&-1}, the densities are
1The authors consider only systematic LDPC codes conditioned on the transmission of4al.



likelihood ratios received from the channel. The functipn a samplez uniformly from A"~!, we generate uniform
at the correlation nodes depends on the equivalent chanreldom variables:; ~ U[0,1],4 = 1,2,--- ,n — 1. Define
corresponding to the correlation model, as described if [12, = 0,u,, = 1 and letw, be the permutation that sorts;)
Although one cannot assume that the all-zero codewordiisascending order i.e., if < j, thenu, @y < ur, ;. For
sent simultaneously by both users, one can show that this DE 1,--- ,n, definex; = ux, ) — Un, 1), andz = (z;).
recursion suffices for typical message pairs. For example, Thenx has a uniform distribution ovef™ 1.

the case of a BSC correlation with probabilitywe introduce  Let C be a finite subset of channel parametérs, oz)

a parity-check at the correlation nodes which evaluates tatet correspond to the sum rate constraint of the Slepiali-Wo
Bernoullip random variable i.e.f(a) = apsc(y) E a. For a conditions for a design ratg,. LetT : S’ xC — [0, 1] x [0, 1],
BEC correlation with probability, there is a parity-check at (x, a1, ) + (e1,e2) be the function that gives the residual
the correlation node with probability and with probability error probability (using joint density evolution as described

1 — p there is no parity-check, sf(a) = (1 — p) + pa. in Section IV-B) for each decoder, for a pair of codes with
Using the error functional [11] degree distributior: (i.e., (xzx,x,)), when transmitted over
o- Lo channels with parametefs;, ). We use discretized density
¢(a) = / a(z)dx + 7/ a(z)da, evolution [15] (with9 bit linear quantization over a likelihood
—oo 2 Jo- ratio range[—20, 20]).
the residual error probability at iteratiofy (ef,e4), is com- For our design, we want the code to achieve an arbitrarily
puted as low probability of error onC and we want the rate of the code

, (R(z)) to be as close to the design rate;j as possible. So,
er=¢€ ([Wf (L (,O(be))) +(1 - W)aBMsc} ® L(P(ae))) we define the cost function,

¢ = € (|27 (L (p(ae))) + (1 = 7beusc|  L(p(bi)) -

Flxr)=a- 1-1 ay,o T,01,0 T, T
For two residual error probabilitie&;, e;) and (&, é,), we (@) Z ( (@nelr@ a0 3}

- error p . N (avy,2)€C
define < iff e; <é; andey < és.
(e1,€2) 2 (é1,€2) iff ex <€ andex < é +0b- (Rqg — R(x)),

C. Differential Evolution ) )
Th h hi . q | if z €S andF(z) = oo, if z € S’\S. The rate of the code
roughout this section, we use to denote an eementR(x) — R(zx,,) is computed as in (2). The constantand

of R" and i :P ddenot(jz ﬁsﬂh Corfnpor_1ekr;|t. Ths cor_relatrllon%)are chosen through trial and error. The parameters chosen
parameter Is fixed and the set of variable and parity-Check, . yq qesigns considered in this paper are 10, a = 10

degrees¥ andP) over which we need to optimize the degre%ndb — 30. The optimization is then setup as
profiles A and p are assumed to be known. We design LDPC '

codes for this scenario using differential evolution [1R]y min F(z).

a design rateR,. Differential evolution has been shown to zeS’

provide good results for designing LDPC codes over singlge yse a variant of differential evolution, with the followg
user channels [14]. mutation and recombination scheme [14]. Parameter vectors

In ann-dimensional search space, a fixed number of vectof$ ., ;. and z, are selected at random from the current
are randomly initialized and then evolved over time, eXp'%opulation. Letz, denote the best member of the current
ing the search space, to locate the minima of the objectiﬁgpmation_ A trial vectorr is generated as

function. Let

n
wmi=1la;>0/i=1,-,n

x=xp+0.5 (x1 — 22 + 23 — 4).
AT ={zeR"?
i=1

denote the unit simplex and, = |V|, n, = |P|. Then, the V. RESULTS AND CONCLUDING REMARKS

search space for all variable (check) degree profiles’is™* We showed that the Slepian-Wolf conditions are necessary

(Am»~1). The optimization is performed over the search spaegd sufficient for communication of correlated sourcesttgro

S = Am™~1 x A~ with parameter vectors = [zx,z,]3, independent BMS channels, without channel state infoonati

wherezy € A"~ g, € A=l at the transmitter. This implies that a single random code is
In our optimization procedure, we expand the search spagficient to communicate with vanishing probability of arr

to " = {z € R 3 (xx); = 1,> ;(z,)i = 1}, for for the entire Slepian-Wolf region.

simplicity in the crossover stage. We designed punctured systematic LDPC codes for the
For the optimization to work well, differential evolutionscenarios described in Section Ill. The design was perfdrme

requires an initial population of trial vectors which areesd  to maximize the ACPR, in contrast to previous work. The
out uniformly across the search space. We generate anl initigsults are given below.

population of trial degree distributions by uniformly sdimp
the degree distributions from the unit simplex. To obtain 4ye set the maximum number of iterations 160 for all the designs

considered in this paper. Density evolution is stopped wthenmaximum
3(xy,V) and (zp,P) correspond to the variable and parity node degresumber of iterations is reached or the difference in the wdicerror
profiles respectively. probability between successive iterations is less thans.



B. Erasure Correlation

We designed LDPC codes for the erasure channel, when the
sources are correlated with an erasure probability ef0.5.
The optimization was performed for a design rate )f =
0.57 after puncturing, resulting in the following degree profile

& 4l X .
= ' A(z) = 0.3633z + 0.283422 + 0.23152° 4 0.12172'9,
& p(x) = 0.5317762> + 0.4682242°,
-3 which has a raté).3308. The ACPR for this code is shown
—af in Figure 5 along with the Slepian-Wolf region for the rate
Ll | pair (0.3308,0.3308), which gives a transmission rate pair
‘ (0.4962,0.4962) after puncturing. This shows optimized en-
e 3 2 1 ¢ 1 2 3 sembles can achieve a large portion of the Slepian-Wolbregi
SNR, (dB)
Figure 4. ACPR (Density Evolution threshold) of an optimizgdVGN C. Future \_/\brk o )
channel) LDPC Code of rat@.323 The main motivation for this research was to answer the
) following question: Do code ensembles exist which can si-
A. BC Correlation multaneously achieve the entire Slepian-Wolf region under

We optimized the degree profiles for BSC correlated sourc@ssage passing decoding? This question still remains-unan
using the procedure described in Section IV-C, for transwered. Although optimized irregular LDPC codes have a
mission over the AWGN channel. The source correlatidarge ACPR with iterative decoding, it is still not clear ffety
parameter wap = 0.9 and the optimization was performedcan be universal or if they are strictly sub-universal. Enalso
for a design rateR,; = 0.5 after puncturing, resulting in the Seems to be a complexity-universality trade-off at the deco

following degree profile [9], which needs to be addressed.
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