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Abstract— In this paper, we present two simple Monte Carlo SIR in [6]. Computing the capacity of this channel is more dif-
methods for estimating the achievable information rates of general ficult, however, because it requires maximizing the achievable
finite state channels. Both methods require only the ability to sim- information rate over all input distributions.

ulate the channel with an a posteriori probability (APP) detector In thi d lop t thods of estimating th
matched to the channel. The first method estimates the mutual in- n IS pgper, W? EVEIOP WO INEtoas ot estimating .e
formation rate between the input random process and the Output aCh|eVab|e |nformat|0n rates Of FSISI Channels. The Comp|EXIty
random process, provided that both processes are stationary and of each method is equivalent to the complexity of simulating an
ergodic. When the inputs are i.i.d. equiprobable, this rate is known g posterioriprobability (APP) detector matched to the channel
as the Symmetric Information Rate (SIR). The second method esti- for very long input sequences. The first method estimates the
mates the achievable information rate of an explicit coding system tual inf fi te betw the i ¢ d d
which interleavesm independent codes onto the channel and em- nUiuatiniormationrate be een € INpUE ranciom process an
ploys multistage decoding. For practical values ofn, numerical the outputrandom process, provided that both processes are sta-
results show that this system nearly achieves the SIR. Both meth- tionary and ergodic. It is general enough to allow the mutual
ods are applied to the class of partial response channels commonlyinformation to be maximized over Markov input distributions of
used in magnetic recording. increasing length, and thus can be used to estimate a sequence of
non-decreasing lower bounds on capacity. Although it was de-
o ) o . _rived independently, it is identical to a method proposed in both
Determining the achievable transmission rates of informatigsy and [4]. The second method estimates the achievable infor-
across noisy channels has been one of the central pursuitghition rate of a particular coding system, where the encoder
information theory since Shannon invented the subject in 194gerieavesn independent codes onto the channel and the de-
In particular, Gallager derived a general formula for the capacityder employs multistage decoding. On a more practical note,

of a finite state (FS) channelin [1, p.100]. This formula is nQfymerical results show the second method nearly achieves the
always easily evaluated, especially in cases where the receygs for moderate values of.

uses imperfect channel state estimates derived from previously
received symbols. Goldsmith and Varaiya give some interesting Il. ACHIEVABLE RATES
results _for the case Whgre these estimates are independent OoAth&eneral Ergodic Channels
transmitted sequence in [2]. We focus on the FS intersymbol ) o )
interference (FSISI) channel, where the imperfect channel staidVe can define any communication channel using the con-
estimates are dependent on the transmitted sequence. Recéfitignal density function of the channel output vector given
this topic has become very popular and results similar to odf§” channel input vector. In general, the input vector=
were obtained independently and reported in [3] by Arold ard1: - - »») With eachz; < X, is a realization of the ran-
Loeliger and in [4] by Sharma and Singh. dom procesX = (_Xl, ceo s Xn). L|l_<eW|se, thg output vector,

A very common subclass of the FSISI channelis the linear fi-= (U1, - - yn) With eachy; € Y, is the realization of a ran-

ter channel with additive white Gaussian noise (AWGN), whic#om proces&’ = (Y1,...,Y,). We denote subvectors using
is described by the notationx! = (;,...,z;) andX] = (X;,...,X;). The
channel is completely defined B, Y, and the conditional den-

I. INTRODUCTION

v sity functionfy (y|x). The mutual information rate between the
Yk = Z hixk—; + Nk, 1) input random proces¥, and the output random proce35, is
=0
1
. . . I(x;Y) = lim —I(X}; YD), 2
where{x} is the channel input (taken from a discrete alpha- n—oo n

bet), {yx} is the channel output, anfh } is i.i.d., zero mean and it is the maximum achievable information rate for this chan-
Gaussian noise. For this channel, the Symmetric Informatigg| and input distribution. Unfortunately, this quantity is not
Rate (SIR), which is the maximum information rate achievablge|| defined for all channels and input processes, so we limit
with i.i.d. equiprobable inputs, has been considered by magyy discussion to stationary ergodic channels with stationary er-
authors. Shamait al. derived a number of analytical bounds irbodic inputs. Entropy rates are well defined for stationary er-
[5], and Hirt developed a Monte Carlo method for estimating thgydic random processes (SERPs), and we define a stationary er-
This work was supported in part by the National Science Foundation und@®dic channel as any channel whose outputis a SERP whenever
grant NCR-9612802, the National Storage Industry Consortium, by UC Mts input is a SERP.
Sﬁsefsrig/”g?g;#&'n”ig%’fﬁi;ag?{‘h:"&e'\gggﬂ Semiconductor, Inc., and by the The sample entropy rate of a SERP is the random variable,
H,(Y) = —(1/n)log Pr(Y7), which converges almost surely



TABLE |
1 THE TRANSFERFUNCTION (TF) AND NORMALIZED RESPONSENR) OF
lim ——log Pr(YY)=H(Y), as VARIOUS PARTIAL RESPONSECHANNELS

n—oo N

to the true entropy rate. Mathematically speaking, we have

which is known as the Shannon-McMillan-Breiman theorem for [ Chamnel] TRG(D) | NR |
discrete SERPs [7, p. 474]. For continuous SERPS, this result Dicode (1-D) [1-1v2
was extended to the density functigfiy ) and the differential EPR4 | (1-D)(1+D)? [11-1-1)2
entropy ratéi()’) by Barron [8]. In either case, these results can E°PRL || 1 -D)(1+D)* | [120-2-1]A/10

be used to estimate the entropy of any SERP, and thus estimate ‘
the mutual information ratd(X; V) = H(Y)—H (Y|X), ofany This uses the identityPr(Qi11|Qi, Y1) = Pr(Qi+1|Qi, Y:),
stationary ergodic channel. Consequently, the complexity of #aich is implied by the conditional independence¥sf " and
timating the mutual information rate is essentially equal to th@;;1 givenQ;. The sample entropy{;()), is defined by the
complexity of generating a long realizatiopy, and comput- recursionH; (V) = 75 Hi(Y) + 77 AH;(Y), where
ing log Pr(y?). This complexity can usually be minimized by N
using the relationshippg Pr(y?)=3""_, log Pr(yilyi ™). AH(V)=-log » _ ait1(q) Pr(yis1|Qis1=0).
Finally, all values of (2) calculated for stationary ergodic 9€Q
channels are achievable rates since these theorems extend-ghe; ; ; n
Asymptotic Equipartition Property (AEP) to SERPs. Once theitﬁl?ls a natural extension of the recursion far(y)
?s establisheq, thg ideas of joint typicality and typical set Qecoq- Pr(yit!)= Z Pr(y)air1 (q)Pr(yiv1|Qit1 =4q).
ing, as described in [7, p. 194], can be used to prove achievabil- <0
ity of the ratel (X’; V).
. A similar recursion can be derived foH, (V|X) =
B. Finite State Channels —(1/n) log Pr(y?|x?). For channels whose state transitions are
A FS channel is defined by its discrete input alphaket determined only by the current state and input, we instead evalu-
its discrete (or continuous) output alphabgtits finite set of ate the limiting valueH (Y|X) = lim,, . ~H(Y?|X?). This
statesQ, and its transition probability (or density) functioncan be written analytically as
Pr(Y;, Qiv1]X;,Q;). If we assume that the input vect} , , ,
is <’:(1|SO gene|:rated Z)y a finite state machine, then we can vidhY1¥) = - > m@p(d]a) /Yp(qu »q)logp(yld's a)dy,
the channel output as coming from a finite state Hidden Markov 27'€Q
Model (HMM) with observed outputY?} and hidden state se-wherern(q) = lim; .., Pr(Q; = Q), pyld',q) = Pr(Y; =
quenceQ} . Using the finite state property of the input Proy|Qir1 = ¢', Qi = q), andp(¢'|q) = Pr(Qis1 = ¢'|Q: = q).
cess, we can choose the state space to be large enough so that thee final step in this process is computing the estimate of the
input distribution satisfief’r(XAlel, Q1)=Pr(X;|Q:). We mutual information rate,
note that the distributionBr(Y;, Q;+1|X;, Q) and Pr(X;|Q;) . .
are assumed to be stationary and are simply indexed fby 1,(X;Y) = Ho (V) — H(Y|X). 3)
clarity.
Consider any channel with i.i.d. noise whose ISI is due
a finite impulse response (FIR) linear filter (e.g., the chan

defined by (1)). In this case, the channel state is defined by ) . .
previousr inputs. We also assume that the state of the inp%?d'c Markov chain (with state sequenf@;, X;, i, ai(q)}),

process is defined by its previousoutputs; this allows us to and then applying an appropriate central limit theorem [9]. We
choose = max(v. ). and et the state variabig, = {X{-}} ~ 28 P SE IR im0 oL o orthe.
without loss of generality. 1, g p y

We restrict our attention to stationary ergodic FSISI channel'}gp detector W'tml(Ql).:. .1' This gives the APP detector
erfect knowledge of the initial state. For large enoughow-

and apply the Shannon-McMillan-Breiman theorem (or Baf: I o -
ron’s extension) to these channels in an efficient manner. \RYer the effect of the initial conditions should be negligible.

can generate realizationg?, of the output random process an(i Computing the channel capacity involves maximizing the mu-

apply an APP detector matched to the channel to compute %%;S'nfféga“gg trr?(teeg:t(’o%; ;IF\I\//Ie;rE(I)I p.?]ss'?lgs';pbmt%'sts”byt'h
sample entropy raté{,, () =—(1/n) log Pr(y?). 1ons. 7 V. INpUt dIStNou w

. . . xi—1y xi—1
Recall that the forward pass of the APP algorithm coml_mheemscgyzgr’]\':mh Imv?/r]?:ht?sa(iﬁi(rf:fél ) = PrXifXiZ,).

putesPr(Qq;]y}‘l) recursively. Using the definitiony;(q) = q €Ch}, y

Pr(Q:;=qlyi™"), we have the forward recursion C, = lim 1 max I(X%: YD),

n—oo N Pr(X)es,
air1(q) = E ;i (¢ )Pr(Qit1=4|Qi=d",vi)-
q'€Q

E)or many channels, we can show tkfa,()(;y) is asymptot-
n' Ia\lly Gaussian with asymptotic meal{X'; V) and variance
égn—w) by first showing that,,(X’; ) is a function of an er-

is a sequence of non-decreasing lower bounds on the true capac-
ity of the channel and can be estimated with (3).
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Fig. 1. The SIR for various channels, estimated wite= 107. Fig. 2. Achievable rates on the dicode channel with optimiZedX).
C. Simulation Results this implies that the low rate Shannon limit is -4.59 dB. Simu-

. . . . lation results in Fig. 2 seem to agree with this result, as one can
In these simulations, we restrict our attention to power ng

. ; . X . ) éktrapolate the low rate Shannon limit to be somewhere around
malized binary-input channels listed in Table | which are somey

times used to model magnetic recording channels. The results
of estimating the SIR for each channel, using the method of Sec-

tion 1I-B, are shown in Fig. 1. Notice that the SIR of each ISA. Interleaving Binary Codes
channel is worse than that of the binary-input AWGN channel. We now consider a realizaBlenethod for achieving the SIR

The results of using standard gradient based methods to 89"|nterleavingm independent random codes, and usingran
timize Markov input dist'ributions for the dicode channgl ar@tage decoder. At thh stage, we first decode the channel,
shown in Fig. 2. Our estimates 6h andC; show a clear_ IM" sing symbol estimates from all previo(is- 1) stages aa pri-
provement over the SIR, and even surpass the capacity of Finformation, and then decode thth code using a maximum
b'”ary"”P“t AWGN channgl a,t normalized SNRS less than “OiRelihood decoder (MLD) designed for memoryless channels.
dB. We discuss this behavior in the next section. The MLD feeds its estimates of the information and channel
D. The Low Rate Shannon Limit bits tp subsequent decoding stages. We deter'm.ine the achiev-

o o . ) able information rates for each stage by examining the output

The Shannon limit is the minimum SNR per bit required fogtatistics of the channel APP detector at each stage ahe
reliable communication over an AWGN channel at a particlyj information from previous stages allows subsequent stages
lar code rate. At low rates, this quantity approaches a limi achieve higher rates, and the overall code rate is given by
ing value which we call the low rate Shannon limit. It is well- m
known that the low rate Shannon limit is achieved, for Gaussian- Ryy = 1 Z R;,
input ISl channels, by concentrating the input signal power m =

sharply around a maximum of the channel’s frequency respons%. I Wi hat thi hod for d
We constructively upper bound this limit, for discrete-input 1SY/ erefl; < Ry < --- < Ry. We note that this method for de-

channels, by converting the problem into a coding problem sfgrmining rates is significantly different from method in Section

a memoryless binary-input channel. More precisely, we enco'éﬁ%b?uglg;ﬁyre;u;tiijsam?sgéielg'igagort:]irg:aigog??Wo .

the information with a binary code and map each code bit to | 4 cod . _ 5 d . ith |
a p-symbol sequence before transmission. We use a singlegeé-eave codes (i.eqn = 2), and continue with a closer

quence and its complement for the mapping and tail off ezﬁ%ﬁammztp” Igf th; Sysé;flekaTISY;UCtlon_- Att).tht? etr)lcokder, il-
sequence to prevent ISI. Demodulating theymbol sequences,ustrate in Fig. 3, a block ot information bits is broken

with a matched filter results in a binary-input (Bl) AWGN chanlto two smaller information blocksa and b, each contain-

nel with an improved SNR ing nR 4 andnRp bits, respectively. These information blocks

Clearly, one should choose thesymbol sequence which are then e'f‘COdefj Into a pair efbit 9odewords,A and B, .
maximizes the ratio of output power to input power. Given th\ghlch are finally interleaved into a single quck .of coded bits
channel frequency respongg(f), the theoretical maximum of X = (A1, By, A3, Bo, ’A”’B").for transm|§S|on through
this ratio iST),ee = max, IG(f)|. For the binary-input dicode the channel. Clearly, this can be viewed as a single encoder for
channel, the periodic sequeride—1,1, —1,...) gives a power a(2n, nRa +nkp) binary block code.

ratio of 2 ag goes to infinity. Sincd’,,,,, = 2 for this channel, IThis method is realizable in the sense that good coding systems developed
for memoryless channels in [10] can be used to approach the SIR.

IIl. CODING TO ACHIEVE THE SIR



a A (D) ooy | A @
—| Encoder A . (ilgqu A Cl\(jldl_e 6A
U——= MUX MUX |7/~ A A
| Encoder B Y — l T I
b — B m=2 Channel CodeB [~
Fig. 3. Encoder for interleaved codes. (3) APP2 L MLD b 4) m=2
B

The multistage decoder used to recowés depicted in Fig. 4.
First, (Step 1) an APP detector matched to the channel is ap-
plied to the received block to obtain soft estimated, 4, of Instead, we focus only on the marginal density function of the
the channel inputd.. Since bit values are marginally equiprobeetector outputs,
able at any position in a random binary code, the first APP de- def
tector assumes that channel input bit values are equiprobable fla)=f(Lax=1|Ax = a),

at every time index. This is equivalent to the detector receighd use this to calculate the raty — I(Lax: Ay). For
- ko .

Irr(]a%onZ?ssrll?(;:r:ntfrfzngztfltogét;h:te%)deg '\glr‘;rfsfg .? tgelr:j channels described by (1) with Bernoulli one-half inputs, the
v i 4, Operating as It wou rginal density will have the symmetric properfif/|1) =

o memaness el 1n thr o, assumes SR ciing o cauatonto e il
Let us definel 4 as the largest code rate such that the prob- oo

ability of a CodeA decoding error goes to zero asgoes to Iy=1- / f(1]1)log(1 4 e~ Yydl. 4)

infinity (determiningZ4 will be discussed in Section IlI-B). . L —o° . .

Now, if we choose Codel to be a long random binary code Since it is not easy to solve fpr the d§n§ft§,{ | ), we esti-

of rate R4 < I, we can safely assume that — A. Thus, mate it from empirical observations. This is done by first gen-

(Step 3) we can run the APP decoder on the received ch§f@ling & long realization oY, and applying an APP Detector
nel block'Y again, using the estimates to obtain new soft (with no a priori information) to this sequenge We then use

estimated. 5. Finally, (Step 4) Codeé3 MLD usesLj to re- & h'istogram of the'LA,i'vaIues,' at all times whereA; =1, to
cover the remaining information bits. Just as with the previ- €Stimatef(l| 1) . Likewise, a histogram of all othefr, ; values
ous code, Codé is chosen to be a long random binary code &% Used to estimatg(l | —1). _ . . .
rate Ry < I3 (determiningl; will be discussed in Section I1I- ~ Finally, we note that’4 is achievable with a single binary
C), and the Codé8 MLD also operates under the assumptiof°de and memoryless MLD, if in fad@tr(La,;, La,j|AiA;) =
Pr(Lp., Lp;|Bi, Bj)=Pr(Lp.i|B:)Pr(Lp,|B;). Pr(LA,i|/.1i)Pr(LA,j|Aj); for this to hold, we must deS|'gn a
Since the second APP decoding uses peregtiori infor- SyStém withm>>v. However, for smallern, we can achieve
mation for half of the channel symbols, tlig; lead to more 14 by introducing a second step of |'nterlea\./|ng. In our 2-level
reliable decisions than thi,. Therefore, we have the benefi€Xample, we would let Codd consist ofp interleaved ran-
of designing codes whose overall raté 4 + Ry)/2, may be dom codes, and have the CodeMLD correspond tg inter-
larger thanR 4, sinceRp > R.. In the next two sections, we leaved memoryless MLDs; each of thecodes and decoders
discuss our method for determiniiig and 1. operate independently of each other. For large engugtach
MLD can safely assume thad®r(La i, LA ivkp|AiAirkp) =
B. The First Code Pr(La;|A;))Pr(La+kp|Aitkp). Note in this case that, al-
though we are usingnp codes, the APP detector is employed

Fig. 4. Decoding structure for Fig. 3 encoder.

In this section we determine achievable rates for Cad@/e i
begin by assuming that we are using a windowed-APP detecifY 77 imes.
(with window size2w + 1) which returns log-likelihood ratios ¢ The Second Code

Pr(Ay=1]Y;1") We proceed in a similar manner to determing the achiev-

Pr(A, = —1| Yy able rate of Code3, except in this case the APP detector has
perfect information about the channel inputs from Cddg.e.,

When the channel inputs are i.i.d. and Bernoulli one-half, wee assumeA = A). So the windowed-APP detector returns

find that the random variables, ;. are identically distributed log-likelihood ratios,

for kinthe rangaw < k < n — w.

Ly =log

)

To determine the maximum achievable rate for Celdeve Pr(B, =1]YH" A)
would need to calculate Lp = log . :
) ’ Pr(By = —1|YF® A)
lim —I(A;Ly,). o ) o .
n—oo N Derived from the general formula for mutual information in [7, p. 231] using

. . e the fact that is a log-likelihood.
However, this rate is much too difficult to calculate, and may NOb, 4iq edge effects, we only examine samples at a distanse v away

be achievable using a MLD designed for a memoryless chanme the edges of the sequence.
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Fig. 5. Achievable rates of various-level systems on EPR4. Fig. 6. Achievable rates for a 2-level system on the dicode channel.
Once again, we have random variabls, ., which are identi- IV. CONCLUSION

cally distributed for in the ranges < k < n—w, forachannel  we present two simple Monte Carlo methods for estimating
which receives i.i.d. Bernoulli one-half inputs. Moreover, thehe achievable information rates of indecomposable FS chan-

symmetric property holds also for this case, allowing us to ugels, and provide simulation results for linear filter channels

(4) in calculatingls (and achieve it, by earlier arguments). Thevith AWGN. We use the first method to estimate the SIR of
density, each channel and optimize the input distribution to obtain tighter
def bounds on capacity for the dicode channel. The second method

11B)=f(Lpx =1|Bx = p) ' ici ' isti '
I ; ’ gives an explicit code construction, consisting of interleaved

is estimated by aenerating a second lona realizatioli obut random binary codes and multistage decoding. For a practical
T Y9 9 19 re ¥ 0 number of interleaves, simulation results indicate a negligible
this time the APP Detector has perfecpriori information for : .
loss in performance relative to the SIR.

all of the CodeA channel input bits and no information for the In the future, we plan to optimize the input distributions for all

{feﬂiw;g%rfe?tiefozgﬁgn:rll ::E[)eljrtleb;tlsé-m ;2};2?595?3?;_ of the channels, thus providing tighter bounds on capacity. We
9 re also optimizing low-density parity-check codes, to be used

forward', since we can show that the symmetry and stannathg components codes in the second method, using the empirical
properties hold for each stage.

log-likelihood densities from our rate calculations.
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