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accumulate (IRA) code ensembles. We focus on a sequence of
bit-regular ensembles with degree 3 which was shown to achieve
capacity with bounded complexity [9]. To characterize how fast parity
the block length of the code must grow with respect to the checks
truncation point of the degree distribution (i.e., maximum check
degree), we compute an upper bound on the average weight
enumerator. Based on this analysis, we present a particular
truncation sequence that could achieve a minimum distance
which grows like n'/® even as the gap to capacity goes to
zero. We also consider the performance of these codes in the
waterfall region by extending the finite-length scaling law [1] could achieve a minimum distance which grows liké? even
ILOT t:;)""'de?sny parity'Chect"h Co.‘tjes tFO 'FSA cggJIes.thT hishsﬂjo‘{"s as the gap to capacity goes to zero. We also extend the finite-
at the performance near the iterative decoding threshold is . -
well characterized by a suitably scaled Q-function for large length scaling law of Amraoui et al. [1][2] f_or LDPC COde_S
enough block length. Numerical results are given for the scaling t0 IRA codes. The performance near the iterative decoding
parameters of this ensemble sequence and for a few other IRA threshold can therefore be characterized by a suitably scaled
codes. Unfortunately, the simulation results for the capacity- Q-function. Numerical results are given in Section IV for the
achieving sequence start to match the scaling law only for very scaling parameters of this ensemble sequence and for a few
large block lengths. other IRA codes. Unfortunately, the simulation results for the

capacity-achieving sequence start to match the scaling law
The last decade has seen enormous progress in in gy for very large block lengths.

construction of low-complexity error-correcting codes which

approach the capacity of many standard communication chan- ||. Cope ENSEMBLE AND I TERATIVE DECODING

nels. Indeed, there are now a number of code constructions

which provably achieve the capacity of the binary erasure Consider the ensemble of IRA codes described in [9]. The

channel (BEC) using iterative decoding. The first degregructure of the ensemble is defined by the degree distribution

distribution (d.d.) for low-density parity-check (LDPC) codesunctions,L(z) = .oy Liz* andR(z) = 3, Rix’, where

that was proven to achieve capacity on the BEC was given by is the fraction of information bits which are repeatdiines

Luby et al. [6], [5]. Shokrollahi introduced another in [12] anchnd R; is the fraction of parity checks with degrger 2. The

then an infinite family of them with Oswald [7]. For irregulardecoding graph is shown in Figure 1, and the code rate is

repeat-accumulate (IRA) codes, capacity-achieving ensembd@snputed by counting edges in this graph. Doing this kith

were introduced first by Jin et al. in [4] and then improved binformation bits shows that there are= k (v + L/(1)/R'(1))

Sason and Urbanke in [11]. The first capacity-achieving d.gode bits, wherd./(1) is the average bit degre®’ (1) + 2 is

with bounded complexitfi.e., whose decoding complexity perthe average check degree, apds the fraction of systematic

information bit is bounded as the gap to capacity vanishesits transmitted. Therefore, the code rate is givenrby=

was introduced by Pfister et al. [9] using non-systematic IRA + L’(l)/R’(l))’l.

codes. Suppose that a random code is chosen from this ensemble
In this paper, we consider the non-systematic IRA ensemislad used to communicate over a BEC with erasure probability

from [9] with a fixed bit degree of 3 and an irregular check- The kperfogmance of ifteratjve dfecoding can be analyzed g

. supported on the psitve integers. By defing a sequeri K10 e aversge factn o erasre mossages passe

ensembles whose truncation depth depends on the the bl

) L and is known as density evolution (DE). Leé” be
length, we can connect the notion of gap to capacity with blogk. message erasure rate from information bits to parity

length. Based on our analysis of the weight enumerator (WEfecks during theith step. Assuming that a fraction of
in Section lll, we consider a particular truncation sequence ththe systematic bits are transmitted, the update equation (see

Abstract—In this paper, we consider the finite-length per- information
formance of a capacity-achieving sequence of irregular repeat- K A A A A A bits
\

random permutatation |

code bits

Fig. 1. Gallager-Tanner-Wiberg decoding graph for an IRA code.
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[4]) for :vgl“) is given each code is given and then they are combined to get the final
answer. Letn be the block length code and also the number

(141 (1—-p)?p (1 - fré”) of parity check nodes. Connecting all edges implies that the
To L =poA |1 (1 R (1 B (l)))2 ’ (1) number of information bits is thereforeR’(1),/3.
p o The IOWE, A, », of a code equals the number of input

wherepy = 1 — (1 — p), A(z) = L'(z)/L'(1), andp(z) = Patterns of weightv which are mapped to output patterns of

R'(z)/R'(1). Successful decoding requires that the erasuf¢eight . Since the repeat code is bit-regular with degree 3,
probability vanishes as! — oo, and this is guaranteed if its IOWE is given by

xé”l) < xél) Whenever:cél) > 0. S\ nR/(1)/3

In this paper, we focus on the bit-regular ensemble of degreeAz(:gp) = [2"y"] (1 + 2y”) = (
three (i.e.,\(z) = 2?) whose check d.d. is defined by

1—(1—x)/?

nR'(1) /3)
55,3p7
p

whered; ; is the Kronecker delta function. The irregular (SPC)
() = ?) code is mixture of SPC codes where a fractip of the
P codes takek inputs and all codes output the modulo-2 sum

C(-p(-sz+2(1-(1—a)32)))" . : S
) ] ] o . _(i.e. parity) of their inputs. Its IOWE can be upper bounded
It was shown in [9] that this d.d. pair satisfies (1) with equallt}gy

and thatp(x) has a non-negative power series expansion for
p € (0, %]. Therefore, we can define a sequence of codes by
truncating of the power series pfx) which achieves capacity

nRk;
ar s i j i j
in the limit. Consider the sequence of truncated d.d. given Bi¢’s” = =y [ | {Z (2]-) DY <2j N 1) CCQJHI
i

i=1| j

M—-1

pm () = Z pir' ™t 4+ epa™ T, (n) (R'(1))? (%nR//(l))k

q A 63—2k,q7

wherep; = [z'~!]p(x) andey = 3777, pi- A small fraction  anqd the bound is asymptotically tight fer = o (y/n). The
yu Of the systematic bits must be sent to get decoding start@gimulative IOWE of the accumulate code can written and
Empirically, we find thatyy, ~ M~ and that the gap t0 ypper bounded with

capacity also decays likeé/—!. If the block length,n, goes w

to infinity for each fixedM, then the concentration theorem Alaco) _ Z (n — z) ( i—1 ) < ( n )wfq/ﬂ.
of [10] shows that the probability of decoding failure goes to =~ ¢=% P la/2]) \Iq/2]1 —1) — \lgq/2]) Tq/2]!

zero as well. If the block length is chosen instead as a function .

of M, then it is much more difficult to say how this ensemble COMPINing these, we can upper bound the average number
behaves. Understanding the relationship between block |eng{hcodewords of with information weighi and code weight
and gap to capacity requires this type of limit though. In [9]1°t More thanu by

the asymptotic decay of th&; coefficients was determined (par) 4 lacc)

to be O (k~>/2). This implies that ATEY > Afrer) f;,q(l) Aq;fw

) Q)
M 5,4 S q
R"(1) = Zk(k -1)0 (1(5/2) =0 <Ml/2) . (3) which can be upper bounded by
k=1

We | t '[h t th d t f th d d t.b t. (ani)l)/B) e n wBP/Q—k'\ R/(1)3p (nR"(l))k
e also note tha e decay rate o € daegree aistriou IOT%T)) Z |_3p/2 _ kj f3p/2 — /ﬂ! R’(l)% ok

IN

implies fractional check nodésunlessnR,; = (1) or
equivalentlyn = Q (M°/2). To get a better understanding how this behaves with large
[1l. W EIGHT ENUMERATOR ANALYSIS we assume thab = O (n*), R"(1) = O (n”), and compute

The stability of our ensemble sequence can be understood —(IRA)
by considering the weight enumerator (WE) as a function ofnhjrgo log,, Ap,<w’ =

M andn. While each ensemble in the sequence is uncondi- <p-3p+[3p/2] + [3p/2] @ — ka + kf3
tionally stable (since there are no degree 2 information bits) (a)

for finite M, there is no guarantee this remains true when = p— [3p/2] + [3p/2] @ + k(f — o)

n = f(M). We start by deriving an upper bound on the input @ p—[3p/21(1 - )

output weight enumerator IOWE of the ensemble. We do this (Z)

by viewing the bit regular non-systematic IRA codes as the < —[3p/2]e,

serial concatenation of a repeat code, an irregular single pamﬁere (a) uses—3p + [3p/2] = p — [3p/2], (b) assumes

check (SPC) code, and an accumulate code. First, the IOW aoS 3 and upper bounds with — [3p/2], and () assumes

1n practice, the number of parity checks must be integer so gaps of ze@s<—_ 1/3 —e. This shows that the pro_bability an input of fixed
will appear between non-zero elements. weightp generates a codeword of weight less thaf? goes to



\/ The decoding process of a randomly chosen IRA code with
- a fixed degree distribution can be broken into four stages. The
first two stages comprisgraph reduction while the last two
stages correspond to the LDPC decoding process from [6].
The whole process is as follows. Figure 2 shows step (1c).
Fig. 2. Graph reduction sums adjacent parity checks to remove erased bits]) For each code bit erasure

a) Pick a code bit randomly
b) Attach its two edges to distinct parity checks
¢) Sum the two parity checks to eliminate the bit

2) Since all remaining code bits are now known
a) Pass their values and remove their edges

zero asn — oco. The requirement is thak” (1) = O (n'/37%)
which, using (3), we see is equivalent to= Q (M3/2+2).
Finally, we believe the difficulty in extending this result to the
minimum distance (i.e., that it grows like'/?) is not related _ _ _ _
to the weakness of our bound but instead to the weakness op) For each information bit received correctly

our bound (not shown) on the sum overmnd p. a) Pick an information bit randomly
b) Attach its edges to random check edges

IV. FINITE LENGTH SCALING FOR IRA CODES c) Pass its bit value to the checks

There are two distinct approaches to the finite-length anal- d) Remove the information bit and its edges
ysis of graph based codes on the BEC. The first is based) \Wwhile there are still degree 1 checks left
on counting static erasure patterns, knownstspping sets a) Pick a random information bit edge
which cause the iterative decoder to fail. This approach was b) Attach it to the degree 1 check
taken by Di et al. in [3] to compute the average probability c) Attach its other edges to random check edges
of iterative decoding failure for the ensemble of LDPC codes. d) Pass the degree 1 check value to all these edges

The second is based on the dynamics of the residual graph ) Remove the degree 1 check, the bit node, all edges

process defined by Luby et al. in [6]. This involves trackinghis decoding approach naturally averages over all code

the number of bits and checks in residual graph as decodgj%phs_ For example, one might worry about the possibility

progresses. Decoding fails only if t_he .”“mbe’ of degree ge cancellation when the two parity checks are summed.
checks becomes zero before decoding is complete. Rece ¥t this possibility is accounted for implicitly by the fact that

this approach was taken by Amraoui et al. in [1] to characteriﬁeTe LDPC code ensemble allows multiple edges

probability of iterative decoding failure near the threshold as 2 Density and Covariance Evolution for Graph Reduction
function of the block length. Their result is that the probability

of block erasureP;; for a code of lengthy is given by Readers who are familiar with the results of [1][2] should

realize immediately that the graph reduction process satisfies
Vn(p* — pn=2/3 —p)) the conditions of the covariance evolution result. This type

of process converges to fluid limit which is characterized
. o ] completely by itsdrift and local covariance.The resulting

in the limit asn — oo with /n(p* —p) = O(1). The ifferential equations give the trajectory in the density and
parametera is related to variance of the number of degreggyariance evolution for the graph reduction process.

1 checks at the critical point and the parameteis related  Using notation similar to that of [1], we consider a system
to width of parabola at the critical point. With the additiorthat start Witlw check nodes and let our state vector be
of preprocessing step we cajfaph reductionwe find that Xn.: Where X;; is the number of check nodes of degrge

it is possible to reduce an IRA code to an LDPC code [8 fterggj decoding steps (i.e., check nodes removed). After
Since this preprocessing step is amenable to the same typ ggoding steps, the probability that a randomly chosen check

analysis used for scaling, and we can combine the two and &?%Q’gw&%ﬁig ?ﬁg‘? c!rs1egcl:\lierr1]oijyeXg:‘i é (e%r; Qa'n-cl;hgriﬁ)égk
the scaling result for IRA codes. In this section, we descri de of degree of degreewill be replaced by a check node

«

PB:Q(

that preprocessing step and give some results. of degreej + k is given by

The finite-length scaling analysis of [1] works by breaking —

. . x ) x (k)

the decoding into a large number of small steps. This allows ) ) Johaen ti#k
one to prove that the state converges weakly to Gaussian Pk —j+k)= X (x)-1) i k.
random vector as the system size goes to infinity. Therefore, (n=9)(n—i-1) 7=
one need only track the mean and covariance of the stal@e trajectory of the mean is given by the vectt) =
This can be done with a set of differential equations defing@d()(¢), ..., z(®(¢)) with
solely in terms of the small steps. We introduce a simple 1 .
preprocessing step which has this same property (i.e., it is 2 (t) m =X, g

composed of many small steps) which allows one to decc::ﬁiﬁe Markov kernel has a smooth limit because
an IRA code on the BEC by first reducing it to an LDP

code. The concentration and weak convergence to a Gaussian X9 x®)

. . n,i < n,i 1
follows immediately from [1]. Pl k= j+k) = m +O (n) 7



; ; ; [ Code | ~ JRate] p° [ o [ B |

and therefore we have the differential equation SRAGD) I - S
d i SIRA (4,4) 1 5 44511 5710 [ .7667

200 = e (z(”, 2, ,z(‘”) : (4) SIRA(3.9) | 1 | .75 | 2139 4788 | 6590

IRAM=20 | .0019[ .9126 | .0754 | .4122] 2.938

0 =y i ; ; [RA'M=30 | .0021| .9173| .0754 | .4842 | 4.079
where f,; (%) is the state dependent drift given by IRA M0 C07 0O To— O 7od— R 5 A

m( - {—210)) +Zz 1 g(i=F) (k) itfi<d IRA'M=50 | .0019| .9206 | .0753 | .6577 | 7.017

o D o [RAM=60 | .0017 | .9214 | .0753 | .7491| 8.737
(1;) Z Gt fi=d
Notice that we have introduced a maximum check degree of
d. This truncation implies thaXfo? really tracks the fraction
of check of degreé or larger.
This differential equation actually has an algebraic formu-
lation if there is no maximum degree. If we let the fraction of edges attached to a degiekit after graph
. reduction is given by
= Z 20 (1)

(i) _ izt (p) Vv — ij W(ij)(p)

(1-1)2
TABLE |

SCALING RESULTS FOR VARIOUSIRA CODES

y = =
then we can write (4) compactly as R(1) R(1)?
9 We note that both quantities are now implicitly scaled by the
0 —Z(t,x) = _2Z(tvx) (Z(tvx)) ’ number of edges in the graph rather than the number of parity
ot I—t 1—t checks. The initial condition of the covariance evolution for
where Z(0,2) = R(z) is the initial check node degreeirregular LDPC code decoding (see [2]) is now given by the
distribution. It is easy to verify that its solution is variablesy and V. L o
The scaling law also depends critically on the derivative of
(1—t)%R(x) the number of degree 1 checks with respect to the erasure
Z(t,z) = TR probability at the critical point. For IRA codes, the fraction of
degree 1 checks is given by
SO thatz(’) (t) = ["I}Z}Z(t, .’L') (1 _ p)Zp(l _ y)
Once you can track the evolution of the mean, the next stepri(y,p) =1 —v(1 — p)A(y) (y -1+ m) ,
—p -y

is tracking the evolution of the covariance

i) 1 @ ) @ o wherey is erasure probability at the output of the check nodes
w9 (t) = Jim -~ (E [Xn an’m] —-F [Xn nt:| E [Xn m]) (see [6]). The iterative decoding threshagid is defined to
be the largesp such thatmin,cp;71(y,p) > 0 and the

The differential equation folV (") (t) (see [1]) is given by  critical point y* is point wherer;(y,p*) just touches zero.
The expression for the derivative of (y, p)with respect top
at the critical point is given by

2poAy)(1—y) (1 — R(1 —poA(y))  A)*
(1—=p)(1=pR(1—poA(y))) N(y)

d ij i i ik) (—
EW( J)( t) = f( i) (= +ZW( k) )J(Jk)( )—I—W(kJ)( )']t( k)(m) )
k=0 T1

op |,

evaluated att = z( ) where f(”)( ) is the local covariance )
To get the correct scaling parameters, we must also normal-

(i) f —
and J;")(z) = 5l () s the Jacobian off;(z). The local ;¢ piock lengths between families. This will make it easier
covariance is given by (z) = ¢\ (@) — £ @) f’ () to produce fair comparisons. The easiest way to do this is to

where realize that differential system for decoding given in [2] is
PR o implicitly scaled by the number of edges in the grapbet
(M) Wy . v be the variance of the number of degree 1 checks at the
=33 = (4,4, k)Q(i, 4, 1), critical point. The scaling parameter for an LDPC code is
i=1 j=1 given by
and (87“1) V2 ( )
« = e — + p* 1 — p*).
Q,5,k) = —0ik — Ojk + 51+J k if k<d mere O ) opc || I'(1) P P
s ~0ik = Ok T Yo Oiajm k=0 The division byZ’(1) maps the number of edges to the block

B. Putting It All Togeth Iength This is the same formula used in [2], noting that
utting ogether fo Az )dx = 1/L'(1). For IRA codes, the block length is
The state of the differential system at tithgives the degree + times the number of edges, so we have
(1) R/( ) ’

distribution and covariance of the IRA code after exactly
nt code bits have been erased. Before one can start LDPC PN 2 3

. . T yv v
decoding on the reduced graph, one must change variables arra = (a—p) \/L,(l) + 6 +p*(1 —p*)
from the node perspective to the edge perspective. Fortunately,
this is linear tranSformatlo_n of the state, so it easy to CE_‘ICUIatQThe analysis starts with a edge degree distribution which sums to one and
the new mean and covariance. The mean and convariancev@hould multiply byn to get back to the original system.
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Fig. 3. Finite-length scalinge] versus simulation-{) for a regular (3,3) Fig. 4.  Finite-length scalinge] versus simulation ) for a capacity
SIRA code. The block lengths from left to right are 1024, 2048, 4096, 16384¢hieving ensemble witli/ = 40. The block lengths from left to right are
and 131072. 1024, 2048, 4096, 16384, and 131072.

The shift parameter must also be properly mapped from LDFRI@p to capacity goes to zero. Secondly, even though our WE
codes to IRA codes. Since the block length of our LDPC cod#alysis implied this sequence could have a minimum distance
after graph reduction is equal to the number of informatiogrowing like n'/3 as the gap to capacity vanishes, it appears

bits, we can simply use the derivation in [2] f6r,ppc and from the simulations that this capacity achieving sequence has
write B1ra = Brpopc (7 + L’(l)/R’(l))2/3. severe error flooring for short block lengths.
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