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Abstract— The paper introduces ensembles of accumulate- outstanding performance, as exemplified in [8], [9], and a
repeat-accumulate (ARA) codes which asymptotically achieve simple linear-time encoding. After defining an appropriate
capacity on the binary erasure channel (BEC) withbounded — onsemple of irregular ARA codes, we construct a number of
complexity (per information bit). It also introduces symmetry d distributi Simul t" how that axdh
properties which play a central role in the construction of various ¢.a. degree distribu |on§. imuiatons show that some
capacity-achieving ensembles for the BEC. The results improve €nsembles perform quite well on the BEC at moderate block
on the tradeoff between performance and complexity provided lengths.
by the first capacity-achieving ensembles of irregular repeat-  Along the way, we study the symmetry of c.a. degree
accumulate (IRA) codes with bounded complexity (constructed yigirib tions and discover a new code structure which we
by Pfister, Sason and Urbanke). The superiority of ARA codes “ "
with moderate to large block lengths is exemplified by computer call Accgmglatg-LDPC (_ALDPC) codes. We show thaf[ c.a.
simulations comparing their performance with those of previously degree distributions for this structure can be construetesily
reported capacity-achieving ensembles of LDPC and IRA codes. based on the results of [7, Theorems 1 and 2]. This fact
ARA codes also have the advantage of being systematic. and structure was also proposed independently by Hsu and
Anastasopoulos in [10]. The interested reader is referoed t

. INTRODUCTION .
) o the full paper version of our work [11].
The study of capacity-achieving (c.a.) sequences of LDPC

ensembles for the binary erasure channel (BEC) was irdtiate  |I. ACCUMULATE-REPEATACCUMULATE CODES
by Luby et al. [1] and Shokrollahi [2]. They show that it is

possible to closely approach the capacity of an erasurmelharb
with a simple iterative procedure whose complexity is liniea
the block length of the code [1], [2], [3]. Jin et al. introcat

In this section, we present our ensemble of ARA codes.

ensity evolution (DE) analysis of this ensemble is preseént

in the second part of this section using two different ap-

. roaches which lead to the same equation for the fixed points
irregular repeat-accumulate (IRA) codes and presenteeh.ac;%f the iterative message-passing decoder (this equatitbibevi

sequence of systemauc IRA (SIRA) ensgmbles [4]. Al alled the “DE fixed point equation”). The connection betwee
the aforementioned codes have one major drawback; thfﬁ'([;\se WO

) . . . approaches is used later in this paper to state some
decoding complexity scales like the log of the inverse of t bp pap

mmetry properties which serve as an analytical tool for

gap (in rate)_to capacity, which becomes unbounded as (.?signing various c.a. ensembles for the BEC (e.g., ARA, IRA
gap to capacity vanishes (see [5], [6]). and ALDPC codes).
In a previous paper [7], Pfister, Sason and Urbanke pre-

sented for the first time two sequences of ensembles of ngQ- Description of ARA Codes
systematic IRA (NSIRA) codes which asymptotically (as thei ARA codes can be viewed either as interleaved serially

block length goes t_o |nf|n|t)_/) ach|ev_e cap_amty on the BEmW't%oncatenated codes (i.e., turbo-like codes) or as spaagig
bounded complexity per information bit. The new bounde . : : ; h

: . . ) . . odes (i.e., LDPC-like codes). From an encoding point ofryvie
complexity result in [7] is achieved by puncturing bits an% . . .
A - . 1t is more natural to treat them as interleaved serially con-
allowing in this way a sufficient number of state nodes in the . . : . X

: catenated codes (see Fig. 1). Since their decoding algorith
Tanner graph representing the codes.
In this paper, we are interested in constructing c.a. codes

for the BEC with bounded complexity per information bit k
which aI;o perfor_m well at moderate block lengths and are| - k o kL(l)’F‘kL(l)‘ ———— R'(l)\Accummat# Rd)
systematic. To this end, we make use of a new channel cod-"_Encoder Encoder || | | 77| Encoder [ 7] Encoder
ing scheme, called “Accumulate-Repeat-Accumulate” (ARA)
codes, which was recently introduced by Abbasfar, Divsalaig. 1. Block diagram for the systematic ARA ensemble (“IrritaSPC”
and Yao [8]. These codes are systematic and have betnd for “irregular” and “single-parity check”).




DE systemati

pt bits the ensemble and a random codeword is transmitted over a
parity BEC with erasure probability. While the concept of the first
« M checks : . . . . .
‘ s puncture approach is standard, the second one is helpful in estaigish
bits symmetry properties of c.a. ensembles for the BEC; these
xl‘ ’n [ Fandom permutation \ symmetries are discussed later in Section IlI.
\5/ g %/ g g %/ parity 1) Density Evolution via Message Passirithe asymptotic
le ’x3 checks performance of the iterative message-passing decodehégas t
e block length of the code tends to infinity) is analyzed bykrac
ing the average fraction of erasure messages which aredpasse
Fig. 2. Tanner graph for the ARA ensemble. in the graph of Fig. 2 during thé" iteration. The technique

was introduced in [12] and is known as density evolution (DE)
The main assumption of DE is that the messages passed on
is simply belief propagation on the appropriate Tanner lgraghe edges of the Tanner graph are statistically independent
(see Fig. 2), one can also view them as sparse-graph codeshis assumption is justified by the fact that, for randomly
In this work, we consider the ensemble of irregular ARAhosen codes, the fraction of bits involved in finite-length
codes which is the natural generalization of irregular IRfycles vanishes as the block length tends to infinity.
codes [4], [6], [7]. This ensemble differs slightly from 8® A single decoding iteration consists of six smaller steps
proposed in [8]. For this ensemble, we find that DE for thghich are performed on the Tanner graph of Fig. 2. Let
BEC can be computed in closed form and that algebrajgsignate the iteration number. Referring to Fig. 2, gt
methods can be used to construct c.a. sequences. _and 2" designate the probabilities of an erasure message
An irregular ensemble of ARA codes is defined by it§om the “parity-check 1" nodes to the “punctured bit” nodes
degree distribution (d.d.). Nodes in the decoding graph Wgnd vice-versa, Ierngl) and fﬂz(;l) be the probabilities of an

beooreferr?dbto by the names gri]ven ig Fig. 2. h"@c?) = erasure message from the “punctured bit’ nodes to the $parit
2_i=1 Liz" be a power series wherg; denotes the fraction check 2" nodes and vice versa, and finally, ié@ and xsl)

of ;E)unctL;red bit” nodes Wi_th degree Similarly, let i(x) —__be the probabilities of an erasure message from the “parity-
2=y Rz be a power series wher; denotes the fraction oo\ »n noes to “code bit” nodes and vice versa.

of "parity-check 2" nodes with degree !n both cases, the . From the graph in Fig. 2, we obtain the following DE
degree refers only to the edges connecting the “punctuted béquations of the iterative message-passing decoder (foe mo

nodes and the “parity-check 2" nodes. Similarly, Mt:) = tails. th is ref o 111 tion 2.3.17):
S A1 andp(x) = 52, psai~! form the d.d. pair from details, the reader is referred to [11, Section 2.3.1]):

the edge perspective wheke andp; designate the fraction of z{ = 1—(1—z{"V)(1-p)

the edges which are connected to “punctured bit” nodes andi) ()\2 (1—1)

- p . . - = (330 ) /\(ac4 )

parity-check 2" nodes with degreg respectively. We also o o (1-1)

assume that the permutation in Fig. 1 is chosen uniformly at;’ = 1—R(1—=z") (1—a235 ) I=12,...

random from the set of all permutations. The pair of degreg.() _ O]
o o 3 y25)

distributions of an ARA ensemble is given ¥, p). ) (N2 W)
It is easy to show the following connections between thé's = 1- (1—23")" p(1 —27")

d.d. pairs w.r.t. the nodes and the edges in the graph: 2P = 20 L))
(z) = @ , (z) = Rl/(@ (1) Convergence to a fixed point is implied biyn; . . IEZ) £,
L(1) Rr(1) fori=0,1,...,5. Eliminating all the variables except =
or equivalently, sinc (0) = R(0) = 0, then gives the equation:
CA(t) dt " p(t) dt - 2
L(z) = foli , R(z) = I%L ) ) P2 A (1 — (#&I)) p(1— m)>
Jo At) dt Jo p(t) dt 5 =z. (4)

2
The design raté? of the ensemble of ARA codes (see Fig. 1) {1 —(1-p) L (1 — (1_1%) p(l — x))}
. . pR(1—x)

is computed by expressing the block lengtlas the sum of:

systematic bits anflZ’(1)/R’(1) parity bits which then yields This equation provides the fixed points of the iterative

1 message-passing decoder.
R=—7my- (3 2) Density Evolution via Graph ReductioThe DE fixed
1+ R/(1) point equation (4) can be also derived usingraph reduction
. ] ) approach for the BEC. This approach introduces two new
B. Density Evolution of Systematic ARA Ensembles operations on the Tanner graph in Fig. 2 which remove nodes

In the following, we present two different approaches fa thand edges while preserving the information in the graph.
DE analysis of ARA codes for the BEC which, as expected, We start by noting that any “code bit" node whose value
provide equivalent results. A random code is chosen froi not erased by the BEC can be removed from the graph by



After the aforementioned graph reduction, all the “system-
— }R atic bit” nodes and “code bit” nodes are removed. Therefore
the residual LDPC code effectively sees a BEC whose erasure

probability is 1, and the DE fixed point equation is given by
Fig. 3. Graph reduction operation applied to parity-cheoklas (left plot) g ~
and bit nodes (right plot). /\(1 —p(1— 33)) = . )

Based on (7) and (8), the last equation is equivalent to (4).

absorbing its value into its two “parity-check 2" nodes. On Remark 1:The tilted degree distributions and p, which

; ) iven in (7) an nd on the erasure pr li
the other hand, when the value of a “code bit" node is erasea ? give (7) al d (8) depend ° the erasu ep obabi ty
. i . of'the BEC. For simplicity of notation, we do not include this
one can merge the two “parity-check 2" nodes which ar S . .
; . . ependency explicitly in our notation. In Section I, howee
connected to it (by summing the equations) and then remoye

the “code bit’ node from the graph. This merging of twg € erasure probability is explicitly noted when discugsin

“parity-check 2" nodes causes their degrees to be summséﬁ“metry properties to distinguish betweemnd 1 — p.

and is shown on the left in Figure 3. Now, we consider the|||. SYMMETRY PROPERTIES OFCAPACITY-ACHIEVING
degree distribution (d.d.) of a single “parity-check 2" eoid CODES
the reduced graph. This can be visualized as working frotn lef

to riaht in the araph. and assuming the value of the previou In this section, we discuss the symmetry between the bit and
. gnt1 . grapn, 9 » P cﬁeck degree distributions of c.a. ensembles for the BEG,Fi
code bit” node was known. The probability that there aré

i erasures before the next observed “code bit” is qiven NWE describe this relationship for LDPC codes, and then we
9 tend it to ARA codes. The extension is based on analyzing

iy . : : ;
Zé asjlses pt)h.eTgee rgergshmrid? cfloar;i a_scs;:(lzaktezqy \;,Vggetsh'{c’o ek:/ee?he decoding of ARA codes in terms of graph reduction and
9 parity the DE analysis of LDPC codes.

summed. The generating function for this sunkeafl random

variables, each chosen independently from the &@:), is A. Symmetry Properties of Capacity-Achieving LDPC Codes
given by R(x)**!. Therefore, the new d.d. of the “parity- Starting with the DE fixed point equation
check 2" nodes after the graph reduction is given by

pAM1—p(l-z)) ==z (20)

~ = 1—-p)R(z
R(z) = Zpk(l —p)R@)"H = (1_1)33((55))' ®) wherep designates the erasure probability of the BEC, we see
k=0 that picking either the d.d\ or p determines the other d.d.

A similar graph reduction can be also performed on thexactly. In this section, we make this notion precise and use
“systematic bit” nodes in Fig. 2. Since degree-1 bit nodeg (e it to expose some of the symmetries of c.a. LDPC codes.
the “systematic bit” nodes in Fig. 2) only provide channel Following the notation in [3], letP be the set of d.d.
information, erasures make them worthless. So they can foections, i.e.,
removed along with their parity-checks (i.e., the “parity- o
check 1” nodes in Fig. 2) without affecting the decoder. Op 2 {f : fla) = kaxk, fe>0, f(0)=0, f(1) = 1} .
the other hand, whenever the value of a “systematic bit” =1
node is observed (assume the value is zero w.o.l.o.g.), it .. . . - . .
can be removed leaving a degree-2 parity-check. Of cour'?:éndmg a d.d. paii(3, p) which satisfies (10) is typically the

i o h . Irst step towards proving that the pair is capacity-achigvi
degree-2 parity-checks imply equality and allow the cotexéc Truncation and normalization issues which depend on the

“punctured bit” nodes to be merged (effectively summingrthe . .
dpegrees) This operation is shovg\]/n o$1 the righ%/in Figuregs grasure probability of the BEC must also be considered. When
' “..p = 1, many of these issues disappear, so we denote the set

ing the symmetry between graph reduction on the informatié} : . .
bits and the parity checks, we see that the new d.d. of tﬂ?ad'd' pairs which satisfy (10) by

“punctured bit” nodes after graph reduction is given by Clopc 2 { AP EPXP| Al-pl—2z)) ==z }
7 c- ; pL(x) Th mmetry propertyof c.a. LDPC codes (with rate 0)
L(z) = 1—p)pL(x)it! = — 2 6 € sy y propertyor c.a.
(@) kZ:O( )'pLiz) 1—(1-p)L(z) (©) asserts that
After the graph reduction, we are left with a standard LDPC (A, p) € CLopc < symmetry (p,A) € Clope. (11)

code with new edge-perspective degree distributions giyen _ )
One can prove this result by transforming (10) whee= 1.

Nz) = ?’(x) _ A=) @ Fi_rlst, we lete = 1 — p~}(1 - y), which givesA(y) = 1 -
I (1-(1-pL) p~*(1—y), then we rewrite this expression agl — A(y)) =
. ) 1 —y and finally, lety = 1 — z to getp(1 — A(1 — z)) = =.
plz) = JE (z) _ (1-p) P(x)T (8) Comparing this with the DE fixed point equation (10) when
R(1)  (1-pR(z)) p = 1 shows the symmetry betweenand p.



B. Symmetry Properties of ARA Codes decoding graph can be constructed from the ARA decoding
graph (see Fig. 2) by removing bottom accumulate structure.

The decoding of an ARA code can be broken into twg' <
Since an NSIRA code has no accumulate structure attached

stages. The first stage transforms the ARA code into an f - .
equivalent LDPC code via graph reduction, and the second dRetN® ‘Punctured bit" nodes, the graph reduction process
decodes the LDPC code. This allows to describe the symme@£Cts only the d.d. of the “parity-check 2” nodes. Therefo

property of c.a. ARA codes in terms of the symmetry properf§f@Ph reduction acts as a mappiggsira from the NSIRA
of c.a. LDPC codes. Fof € P, let us define .d. pair(), p) to the LDPC d.d. paif), p,,). This yields that
for ensembles of NSIRA codes, the set of d.d. pairs which

(1-p)* f(2) (12) satisfy the DE fixed point equation is given by

Jg f@dt\* N
(1 - pj'ol f(t)dt ) CNSIRA(p) é { (/\,p) € 7) X P | )\(1 — p;,,(l — 1’)) =T }

One can Write the dd pai(r}\"ﬁ) after graph reduction by An ALDPC Code haS no aCCUmUlate structure attached to
combining (2), (7) and (8) which gives = lep andj = . the “parity-check 2" nodes, and therefore the graph reduocti
This allows graph reduction to be interpreted as a mappiR§ecess only affects the d.d. of the “punctured bit" nodes.

Gara from an ARA d.d. pair to an LDPC d.d. pair which carfence, graph reduction acts as a mappihgppc from the
be expressed as ALDPC d.d. pair(X, p) to the LDPC d.d. paifA;_,, p). For

ALDPC ensembles, the set of d.d. pairs which satisfy the DE
fixed point equation is therefore given by

folz) 2

A\p) === (lepaﬁp)-

The inverse of the graph reduction mapping is represented %@*DPC@) = { (A p) €PXP [ Mp(l=p(l—x)) = }

a dashed arrow because this inverse mapping, while alwayghe symmetry between NSIRA and ALDPC ensembles fol-

well-defined, does not necessarily preserve the non-migati lows from the symmetry relationship in (11), the equivakenc

of d.d. functions. between a d.d. paif\, p) for NSIRA codes and the d.d. pair
Referring to ensembles of ARA codes, the set of d.d. paifs, p,) for LDPC codes, and the relationship between a d.d.

which satisfy the DE fixed point equation (4) is given by pair (\,p) for ALDPC codes and the d.d. pait\i_,, p).

. ~ _ The symmetry relationship is therefore given in the follogyi
Cara(p) = { Ap) €PXP| Mp(l=pp(l—2)) =z } diagram.

where the equivalence to (4) follows from (7), (8) and (12). A

The symmetry between the bit and check degree distring R N
tions of a c.a. ARA ensemble follows from the symmetry : :
relationship in (11), and the equivalence between a d.d. pagnsira | '| GaLbpc
(A, p) for ARA codes and the d.d. pait\; _,, 5,) for LDPC 1 LopC 1
codes. The complete symmetry relationship is thereforergiv (A7) € Clopc = symmetry (s \) € Crope

in the following diagram:
IV. CAPACITY-ACHIEVING ENSEMBLES WITH BOUNDED
(A, p) € Cara(p) = - (p,\) € Cara(1 — p) COMPLEXITY: CONSTRUCTIONSBASED ONLDPC CoDES

4 4 In this section, we introduce a way of constructing c.a.
| | ensembles of ARA codes for the BEC. To this end, we
nra |, ' GArA start by choosing a candidate d.d. pék; ) which satisfies

! ! equation (9). Then, it is examined if it can be used to comstru

(Xl,p, Pp) € CLopc = LDPC symmetry (ﬁpjlfp) € Cppc a@n ensemble of c.a. ARA codes. The testing process starts by
This symmetry relationship is very useful in order to getesra

mapping the tilted paif), 5) back to (), p) via (7) and (8),
and testing the non-negativity of the power series\@&nd p.
new d.d. pairs which satisfy the DE equality in (9). We assume that the tilted d.d. and 7 have non-negative
power series expansions. Unfortunately, this propertys chmt
ensure that the original (i.e., non-tilted) dXandp also have
Now, we consider the graph reduction process and symmn-negative power series expansions. Calculatioh afd p
try properties of non-systematic irregular repeat-acdateu from the tilted d.d.\ and 7 is not straightforward since both
(NSIRA) codes (for preliminary material on NSIRA codesequations involve the d.d. and R which are the normalized
the reader is referred to [7, Section 2]). In this respectjiwe integrals of the unknowmn and p. In order to overcome this
troduce a new ensemble of codes which we call “Accumulatgifficulty in solving the two integral equations, we caldgla
LDPC” (ALDPC) codes. These codes are the natural imagge tilted d.d. pair w.r.t. the nodes of the graph using
of NSIRA codes under the symmetry transformation. In fact, o~ o
this ensemble was discovered by applying the symmetry (z) = Jo At) dt Bla) — Jo P(t) dt (13)

transformation to previously known c.a. code ensemblesirTh fol X(t) dt’ fol o(t) dt

symmetry

,p) € Cnsira(p) = > (p,A) € Caropc(l —p)

ARA symmetry

C. Symmetry Properties of NSIRA Codes



The original d.d. pair w.r.t. the nodes (i.e., before graph W ARA Self-atched Rate 0.7
reduction) is calculated from Egs. (5) and (6), and
~ ~ 107
L R
Lay=— 20 py= RO gy
p+ (1 —p)L(z) 1 —p+pR(x) :
Then, we use equation (1) to firid, p). The critical issue here % 107
is to verify whether the functiong and R have non-negative % 0
power series expansions. 3
Capacity-Achieving ARA Ensembl#isis easy to verify that % 10°°L[—e—WER N=1024
. —+— BER N=1024
for 0 < b < 1, the function f(z) = (1 bz helongs to the . +WERN580192
set A and alsof(z) = 1 — f~1(1 — x), in this case, the 10 o WeR Nepss3s| :
function f is said to be self-matched. Therefore, based on (9), 10318_'_8?2“:655360 e s S )
we examine whether the choicgz) = p(x) = % can ' ' " Erasure Probabilty (p) ' '
be transformed into an ensemble of ARA codes whose degree ) ARA Self-Matched Rate 0.5 Punctured to Rate 0.7
distributions have non-negative power series expansknosn
(13) and (14), we get el
bx + In(1 — bx)
L(z) = 15 g
() pb+1In(l —b)] + (1 —p) bz + In(1 — bx)] (15) ol
bx +In(1 — b :
R(z) = 2+ In(1 - ba) . (16) e
(1—p)[b+In(1 —b)] + p bz + In(1 — bx)] S0t
Since the functionf we started with is self-matched, the : —o—WER N=1024 —
resulting functions and R in this approach are the same, 10 H S WeR Negio2 .
except thatp and 1 — p are switched. In [11, Appendix C], gt
we find a necessary and sufficient condition so that the degree Lo o BER 0536 ) ‘ ‘ ‘
distributionsZ and R in (15) and (16), respectively, have both M0 O eraatiy )
non-negative power series expansions. Based on this preof, 'Fig. 4. Simulations for the ensemble of self-matched ARA codesse rate

state the following theorem (for a proof, the reader is ref@r is 0.7, having high-rate outer codes (the rate of the outde t91537, S172

to [11]). We rely here on the Lambert W-functi®¥ (=) which andg 85529 for N' = 1024, 8192 and 65536 bits, respectively). The upper plot

. " _ . . w o efers to directly deS|gn|ng the rate to 0.7 (without punic). The lower
is defined to be thev-solution of the equatiome® = . plot refers to the design of the ensemble for a rate of 0.5, aagasing its

Theorem 1 (Ensembles of Self-Matched ARA CodBS&  rate to 0.7 by randomly puncturing code bits.
ensemble of self-matched ARA codes, defined by the pair
of degree distributiongZ, R) in (15) and (16), achieves the
capacity of the BEC for any erasure probabiltye (0,1).  [4] H. Jin and R. J. McEliece, “Irregular repeat-accumlateles)’ Pro-

This result is achieved under iterative message-passing ceedings Second International Conference on Turbo CodésRatated
Topics pp. 1-8, Brest, France, September 2000.

deCOdmg_W|thbounded cc_)mplexuy _ - [5] A.Khandekar and R. J. McEliece, “On the complexity of aélie com-
The tails of the d.d. (i.e., the partial sums,”, L; and munication on the erasure chann¢£EE 2001 International Symposium
> R.) decay exponentiallike O(b*) where the parameter on Information Theoryp. 1, Washington, D.C., USA, June 2001.
bZ.Z*k. 1) in t Y €xp fthe L Ukb t(W)f fi P [6] I. Sason and R. Urbanke, “Complexity versus performanceap@city-
IS given In terms o € Lamber -lunction as achieving irregular repeat-accumulate codes on the bimasuee chan-
_134ET 141-2p| nel,” IEEE Trans. on Information Theoryol. 50, pp. 1247-1256, June
b=W/| —e 27 1-[1-2p] + 1. 2004.
[7] H. D. Pfister, I. Sason and R. Urbanke, “Capacity-actmgwnsembles
for the binary erasure channel with bounded complexity,” BEEEans.
The complexity, per information bit, of encoding and deoadi on Information Theory, vol. 51, no. 7, pp. 2352-2379, July®00
is g|ven beE = Xp = 3 p W [8] A. Abbasfar, D. Divsalar, and Y. Kung, “Accumulate-repeacumulate
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