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Signal Recovery from Erasures

> Problem Setup:
m Signal: x ¢ RV
m Matrix: ® € RMXN M = 6N

m Measurement: y = dx

» Challenge: subset S C [N] of x erased

m Erasures: We don't know subvector xs
but we do know all the rest xsc

X
y=[¢s os] {XSS] = ®5 x5+ Psc xse

m Recovery: If submatrix ®s is invertible,
then we can compute

Xs = Cbgl (y — Cbsc XSC)

*First N naturals denoted by [N] := {1,2,..., N}.

S ={2,5,6,10,13,15}



Motivating Questions

» How can one design good ¢ matrices?

m Random: For iid Gaussian, all submatrices full rank w/prob 1

m Theory: Vandermonde matrices and combinatorial designs

» What if entries restricted to small set (e.g., £1)?

m Random matrices quite good but harder to analyze

m Deterministic matrices much harder to find and analyze

» Can we replace randomness with something else?



Why Am | Here?

> A long time ago in a ...

In 2015, while analyzing a deterministic
sequence of error-correcting codes, we
realized that symmetry was the key.

In a sense, code symmetry and random
erasures replaces randomness in the code.

This led Galen and | to work on the much
harder open problem of general noise.

Lately, I've been considering recovery of real
signals in noise and wondering what follows
from symmetry alone.
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Linear Regression

» Goal: explain the response vector y € R”
using the covariate matrix X € R"*P and

parameter vector B € RP
yi=xB+ei, e ~N(0,0%
» Solve for [ using least squares?

» Modern datasets can have p > n
But ordinary least squares fails when p > n

© F N W AU O Y o
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Linear Regression

» Goal: explain the response vector y € R”
using the covariate matrix X € R"*P and
parameter vector 8 € RP

yi=x; B+ei, e ~N(0,05?)
» Solve for § using least squares?

» Modern datasets can have p > n
But ordinary least squares fails when p > n

» There's an Xked for that ;-)

CURVE-FITTING METHODS
PND THE MESSAGES THEY SEND

“HEY, I DDA “L UJANTED A CURVED
REGRESSION” LUINE, 50 T MADE ONE
UITH MATH®

“LOOK, ITS GROUING “"IM SOPHISTICATED, NOT

UNCONTROLLABLY* LKE THOSE BUMBLNG
(OMAL PEOPLE”

"I NEED TO CONNECT THESE  “LISTEN, SCIENCE IS HARD.
Tuo UNES, BUT MY FIRST IDEA BUT IM A SERIOUS
DIDNT HAVE ENOUGH MATH! ~ PERSON DOING MY BEST."

“T CLICKED ‘SMOOTH “T HAD AN IDER FOR HOU
LINES IN EXCELY To CLEAN UP THE DATA.
\WHAT DO YOU THINK?"

AN

“LOOK, IT'S
TAPERING OFF!"

“IM MAKING A

SCATTER PLOT BUT
I DONT WANT TO°

"L HAVE A THEORY,
AND THIS 15 THE ONLY
DATA I COULD FIND.

“AS YOU CAN SEE, THIS
MODEL SMOOTHLY FiTS
THE- WAIT NOND DoNT
EXTEND IT APARAAY"
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What About Regularization?

» Add penalty to encourage “structure”

B=arg min o5 [y — XBIz + A 2(8)

» Choices of penalty Q(3):
m Ridge: ||8]|3 (shrinkage)
m LASSO: ||B]|1 (sparsity)
m Spike/slab: >°%  Infx(3;) (SPARSITY!)

» Spike/slab prior: Subset of k < p
important features = assume all others zero




What if the Set of Important Features Is Known?

X Xs
oracle
gives S

» Oracle: suppose the important feature set
S C [p] is known (e.g., all others zero)

» Oracle OLS: noiseless model gives

Bse=0 = y=XsBs full design matrix submatrix

» Properties: Submatrix invertibility of Xs
is necessary for unique recovery of Bs but
we really want XJ X well-conditioned. Invertibility criterion

. . k(Xs) =S| < XJ Xs invertible
» General estimators: Theoretical results rank(Xs) = |5] s /s Invert

often require all S with [S| < kIn N give a Stability depends on XJ Xs conditioning
well-conditioned Xs
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Analysis via Symmetry

» Model: Consider the erasure recovery problem
for i.i.d. erasures with probability p. Let h(p)

be the prob a random erasure is unrecoverable.

> To each &, we assign a number
t € N that quantifies symmetry (see Slide 16).

» Theorem: For & € RM*N with t-symmetry,
let p* = M/N. Then, there is a 6 = (t,¢€)
with lim¢—o (¢, €) = 0 for all € > 0 such that

h(p* —9) <e
h(p*+9d) >1—ce.

Natural limit: If |S| > M, then at
least |S|—M coordinates cannot be

M
recovered. For p = (1 +0)%., the
expected number of erasures not
recovered is > M.

i{(p) (p*,8) = (0.5,0.1)

0.75 |-
0.5
0.25 -
0

T

| | p
0 025 05 0.7 1
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A Loss Function for Random Erasures

» Loss: For the matrix ® € RV*N and the
subset S C [N], we define the loss for S as

F(S) = |S| — rank(®s)

» Erasure model: Choose S, by erasing i-th
coordinate independently with probability p;

> Average expected loss:

H(p) = L EIF(S,)

(i.e., normalized entropy dimension)

F(S) = solution space dim for

¢5X5 = y—<D5c Xgc¢

P = (pla"'va) € [071]N

E[F(Sp)] with F: 2IM — R

= > (Il»)(Ha-e)Fe)

SC[N] j€ES j2S
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Area Theorem for Average Expected Loss

» (a) Partial derivative: for each i € [N],

OH(p) _ 1
101 sl o)
> for pi=...=pn=p,
dH OH(p)
h(p) = Z 2

opi

» (c) Area theorem: integrating gives

/Olh(p)dpz

full rank = N%

Proof of (a): For set functions

a%E[F(Sp)] =E[F(S,U{i})=F(Sp\{i})]

1{¢[€range(¢$p\{i})}

<
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Signed Permutation Symmetry of ¢

» Signed Permutation: For matrix Py, Idea: For signed permutation P,
lumns of ® can be reverted by in-

OP, = [+ e, co Y
=1 Pr1) d)ﬂ(N)] vertible change of basis on the left.

> Symmetry group:
G={meSn|IQr, Qr® =P}

P, permutes & Q- basis

I signs columns I change I

original ® OP,. columns matrix Q, PP,
permuted & signed looks the same
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Signed Permutation Symmetry of ¢

» Signed Permutation: For matrix Pr,
OPr = [£dr1), - T Pr(w)]
» Symmetry group:
G={reSn|3IQxr, Qrd =P}

» Transitivity: G is transitive if, for i,j € [M],
there is a m € G with 7(i) =

» Implication: If p = (p,...,p), then

o) = 5 (p) = = 5 (p).

Idea: For signed permutation P,
columns of ® can be reverted by in-
vertible change of basis on the left.

Follows from combining symmetry
of ® and erasure rates. Similarly,
one can show that

h(p) = E[f(Sp)]

is the average of the set function

f(S) = 1{¢n € range(®s\(ny) }
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Sharp Threshold Under Weak Symmetry

» Stabilizer subgroup: (acting on [N — 1])
Gg'={reg:m(N)= N}

» Symmetry: ® has t-weak symmetry if G is
transitive and no orbit of G* on [N — 1] has
size smaller than t.

» Sharp Threshold*: If  has t-weak symmetry
then h(p) increases from h(p*—3J) ~ 0 to
h(p*+0) ~ 1 for some p* with

5=o<1> 0 (as £ — 50)
log t

*Sharp thresholds for boolean functions [Tal94, KCP16].

Weak symmetry: After fixing co-
ordinate N, every other coordinate
is identical to at least t — 1 others

Jump Location: Area theorem

1
M
h(p)dp=1— —
J Horeo =1y

forces the transition p* to satisfy

. M 1
P = N+O(Iogt>
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Sharp Threshold Under Weak Symmetry

ht(P)

A ] p
0 p* 1

» Sharp Threshold*: If ® has t-weak symmetry
then h(p) increases from h(p*—0) ~ 0 to
h(p*+6) ~ 1 for some p* with

1

5:O<> —0 (ast — o0)
log t

*Sharp thresholds for boolean functions [Tal94, KCP16].

Weak symmetry: After fixing co-
ordinate N, every other coordinate
is identical to at least t — 1 others

Jump Location: Area theorem

1
M

h(p)dp=1—- —
J, oo =1y

forces the transition p* to satisfy

.M 1
P N+O(Iogt)
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Application: Erasure Correction

ALY

Encoder Channel Decoder
Message Codeword Observation Message?
u e {0,1}% xe {0, 1}V ye {017}V Codeword?

» The encoder inputs K bits and outputs a length-N codeword

m Communication efficiency given by the code rate, R = K/N

» The BEC(p) channel erases bits independently with probability p
m Example: 011001010 — 017071017

» The decoder returns most the likely codeword / message sent

» Symmetric codes succeed w.h.p. if R< C for capacity C =1—p
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Application: Compressed Sensing

> Linear measurements of natural signals
allow reconstruction from few samples.

» Multiple landmark papers in 2006
m Donoho ~36K citations
m Candes, Romberg, and Tao ~20K

m Too many to list with ~9K citations

» Important connections to earlier work
m Harmonic analysis and Kolmogorov widths
m L1 regularization for geophysics in 1973
m Basis pursuit and LASSO in the 1990s

Compressed Sensing

David L. Donoho, Member, IEEE

Robust Uncertainty Principles: Exact Signal
Reconstruction From Highly Incomplete
Frequency Information

Emmanuel J. Cands, Justin Romberg, Member, [EEE, and Terence Tao

ROBUST MODELING WITH ERRATIC DATA{

JON F. CLAERBOUT* AND FRANCIS MUIRY
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Compressed Sensing: Figure 1

» measurement matrix: ® € RMxN

. measurement matrix signal measurement
> signal: x € RV &

O X y

> measurement: y = ®x

» decoding: x = argmin ||x|1
xERM":Ox=y

P> matched to sparse signals

> e.g., with ® iid random or
designed [FM12, JMF13, FIMP15, JK25]
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Analysis of Compressed Sensing: Coherence and Spark

> Setup: ¢ € CM*N has unit-norm columns. )\ A \]/

» Coherence: max distinct inner product

u(®) = max (&), Dr)|-

spark(®) cols N — spark(®) cols

» Spark: smallest # dependent columns
spark(®) = min{|S] : rank(®s) < |S|}.

[] dependent set [ other columns
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Coherence Upper Bound via Symmetry

» Setup: ® € CM*N s full rank with unit-norm
columns, N > M, and Gram matrix G = o*.

» Welch lower bound: The coherence satisfies

N—M

w(®) > MN—=1)'

with equality iff equiangular tight frame (ETF)
(i.e., Gij = p(®) for all i # j).

» Coherence upper bound: If ® has orthogonal
rows and is t-weakly symmetric, then

N—-—M

n(®) < T

Proof idea: Since tr(G) = N, sum
of squared off-diagonal entries can
be bounded in terms of eigenvalues.

Proof idea: Orthogonality fixes
eigenvalues and symmetry guaran-
tees largest off-diagonal occurs > t
times. (shows p(¢)—0 as t—00).
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What Does Coherence Imply About Spark? [Tro08]

» Prop: For any K-column submatrix X of ¢

”XTX — [H2 < (m — 1) M((D). ON THE CONDITIONING OF RANDOM SUBDICTIONARIES

JOEL A. TROPP

Every K-subset independent if (m —1)u <1

> COherence = Spark: Iower bound Spark Lower Bound vs Coherence
100 spark = 1+ 1/
1
spark(dD) Z 1 + —. 80
(®)

60

40

spark lower bound

> Welch: ETF spark lower bound O(v/N).

20

o

» Random Subsets: ETF &5 well-conditioned

| N
if || = o <IogN>

0.0 0.1 0.2 0.3 0.4 0.5
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Equiangular Tight Frames and the Kesten-MacKay Law

» Recovery with partial knowledge of support
m Standard CS setup: y = ¢ox+ z
m Given random set S containing true support

m Noise amplification of linear reconstruction
depends on eigenvalues of P T ®Pg

» What is its eigenvalue distribution?
m For Haar random @, it is MANOVA.
m Conjecture: ETF = MANOVA [HZG17]
m Shown for real ETFs (N = 2M) [MMP21]
m Established for general ETFs [Kun23]

» Where could this be useful? [DSL24]

Random subsets of structured deterministic frames
have MANOVA spectra

Marina Haikin', Ram Zamir’, and Matan Gavish®

Kesten-McKay Law for Random Subensembles of Paley
Equiangular Tight Frames

Mark Magsino' - Dustin G. Mixon' - Hans Parshall?

Generic MANOVA limit theorems for products of
projections

Dmitriy Kunisky*

Spectral Universality in Regularized Linear
Regression With Nearly Deterministic
Sensing Matrices

Rishabh Dudeja”, Subhabrata Sen”, and Yue M. Lu®, Fellow, IEEE
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Natural Open Questions

» Does the spectrum converge under weaker conditions on &7

m For t-weak symmetry, what rate of increase t(N) suffices? If t = N — 1, then
this is known via ETF. Current methods imply that t = a/N suffices

» Can one prove AMP state evolution under sufficient t-weak symmetry?

m Already shown by [DSL24] for ETFs and perhaps slightly wider class

» Can one prove optimal recovery performance matches replica prediction?

m Symmetry is likely sufficient for optimal recovery to match the statistical
physics replica prediction but this has not been shown even for ETFs
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Summary

» Connection between symmetry and invertibility of submatrices
» Presented formal sharp threshold result
» Discussed applications to coding theory and compressed sensing

» Mentioned connection random matrix theory and open problems
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Reed-Solomon (RS) codes, Partial Fourier Matrices, and Paley ETFs

» Consider the N =7 cyclic RS code over g 1 a a2 o3 o* o of
m let o be a primitive element of Fg H=11 a2 o* of o 3 5
m parity-check matrix H is partial Fourier 1 a3 o o2 & a ot

m recovers all patterns of at most 3 erasures

» Paley equiangular tight frame (ETF) N =7 1 ¢ ¢ ¢ ¢* ¢ ¢°
m similar except ¢ = e2™/7 and complex ¢ = |1 ¢2 ¢4 ¢6 ¢ ¢3 ¢5
m prime DFT = square submatrices invertible 1 ¢* ¢ @ ¢ ¢° ¢

» What do erasure results say about ETFs?

® symmetry conditions = almost all
M x (1 — €)M submatrices invertible?
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A Connection to Compressed Sensing

» What does capacity on I, erasure channels imply about compressed sensing?
m Let p=qg—1 (or (9 —1)/2) be prime and « be a primitive element of F,

m One can map H € FM*"N into a measurement matrix ® = ¢(H) € C"*N using

0 if x=0

P:Fq— C, P(x) = {:l:(e27ri/p)j if x = +aof

m For any column subset A, if ®4 is singular over C, then Hp is singular over [,
(follows from fact that powers of €>™/P are linearly independent over Q)

» Sequences of doubly-transitive codes over [F; achieve capacity. Thus,
m they imply M x N measurement matrices whose entries are 0 or powers of e2™//P

m for any € > 0 and large enough N, almost all M x (1 — €)M column submatrices can
be solved to recover almost all signal values associated with the (1 — €)M columns

» But, no lower bound on minimum eigenvalue or spectrum of submatrices
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