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What is Quantum?

▶ A physical quantum system is defined by
distinct states (e.g., energy levels)

▶ In math, a qubit (or quantum bit) is:
a quantum system with two states
(|0⟩ and |1⟩ in "bra-ket" notation)

Unlike bits, qubits can be in superposition

|ψ⟩ = α0 |0⟩ + α1 |1⟩ ∈ C2

▶ In physics, qubits are often stored
in atoms (see [LJL+10, MK13])

Classical 0 Classical 1

|0⟩

|1⟩

|ψ⟩
α0

α1

|0⟩

|1⟩

|ψ⟩

α0

α1

Quantum Superposition

|0⟩

|1⟩

|ψ⟩

α0

α1



5 / 35

Why Study Quantum?

▶ Quantum Computing!
The potential of large speedups for hard
computational tasks (e.g., factoring,
unstructured search, hidden subgroup)

▶ Quantum Information
For optical comm with low photon rates,
quantum receivers achieve significant gains

Similar to real vs. complex numbers, quantum
can illuminate and enable new classical results

Credit: Google Quantum AI
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Quantum Theory = Advanced Linear Algebra

▶ One qubit ∈ C2 (basis |0⟩ , |1⟩)

▶ Two qubit ∈ C4

▶ Red qubit, Blue qubit?

▶ n qubits: αx ∈ C for x ∈ {0, 1}n

|ψ⟩ =
∑

x∈{0,1}n

αx |x⟩ ∈ C2n

,

= α0
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︷︸︸︷
|0⟩ +α1
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]
︷︸︸︷
|1⟩ =

[
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]

= α00 |00⟩︸︷︷︸
1
0
0
0



+α01 |01⟩︸︷︷︸
0
1
0
0



+ · · ·+α11 |11⟩︸︷︷︸
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0
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

|x1x2 · · ·xn⟩ := |x1⟩⊗|x2⟩⊗· · ·⊗|xn⟩
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Quantum Operations

▶ Only two types of quantum operations

▶ Unitary evolution of |ψ⟩ under U ∈ C2n×2n

|ψ⟩ 7→ U |ψ⟩

▶ Projective measurement of |ψ⟩
Orthogonal projectors {Πi} s.t.

∑
i Πi = I

Random outcome J with pj =
∥∥Πj |ψ⟩

∥∥2

Post-measurement state given J = j

|ψ′⟩ = 1
√
pj

Πj |ψ⟩

Bit-flip X and Phase-flip Z

X :=
[
0 1
1 0

]
Z :=

[
1 0
0 −1

]

X |0⟩ =
[
0 1
1 0

] [
1
0

]
=

[
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1

]
= |1⟩

X |1⟩ =
[
0 1
1 0

] [
0
1

]
=

[
1
0

]
= |0⟩

Z |0⟩ =
[
1 0
0 −1

] [
1
0

]
=

[
1
0

]
= |0⟩

Z |1⟩ =
[
1 0
0 −1

] [
0
1

]
= −

[
0
1
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= − |1⟩
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Measurement basis {|0⟩ , |1⟩}

∣∣ψ′〉=
{

|0⟩ w/prob |α0|2 = 0.25
|1⟩ w/prob |α1|2 = 0.75

Measurement basis {|ϕ0⟩ , |ϕ1⟩}

∣∣ψ′〉=
{

|ϕ0⟩ w/prob |β0|2 ≈ 0.93
|ϕ1⟩ w/prob |β1|2 ≈ 0.07
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Grand Challenges of Quantum

▶ Hardware Limitations: Experimental physics is hard!

▶ Algorithm Development: Utility beyond physics?

▶ Sensitivity to Disturbance: Quantum error correction...
“But, error correction of continuous states is impossible...”

“But, copying is impossible due to no cloning theorem...”
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A Few Bits of Classical Coding

[n, k] binary linear code: C ⊆ {0, 1}n is a k-dimensional subspace over F2

x, z ∈ C =⇒ x+ z mod 2 ∈ C

parity-check matrix: H ∈ {0, 1}(n−k)×n where C =
{
x∈{0, 1}n

∣∣ Hx=0
}

Example: For the [3, 1] repeat code, H =
[
1 1 0
0 1 1

]

received vector: y = x+e mod 2 for x ∈ C and error e ∈ {0, 1}n

syndrome: s = Hy = H(x+e) = He enables one to “diagnose” the error

syndrome decoder: function that maps syndrome s to estimated error ê
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Quantum Error Correction (1)
▶ Classical binary code C ⊆ {0, 1}n

k info bits give |C| = 2k codewords

Ex: Repeat code with n = 3 corrects 1 error

Linear [n, k] code def’d by n−k parity checks

▶ Quantum code
Any 2k-dim subspace Q ⊆ C2n represents
a quantum system with k qubits

Stabilizer [[n, k]] code defined by n−k
stabilizers [CRSS98, Got97]

Define bit-flip and phase-flip for i-th bit:

Xi |x1x2 · · ·xn⟩ = |x1 · · ·xi · · ·xn⟩
Zj |x1x2 · · ·xn⟩ = (−1)xj |x1x2 · · ·xn⟩

(these commute except XiZi= −ZiXi)

C = {(0, 0, 0), (1, 1, 1)}

All c ∈ C satisfy
c1 + c2 = 0, c2 + c3 = 0

Q = span(|000⟩ , |111⟩)

All |ψ⟩ ∈ Q satisfy:

Z1Z2 |ψ⟩ = |ψ⟩
Z2Z3 |ψ⟩ = |ψ⟩
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Quantum Error Correction (2)

▶ Quantum repeat code
Q = span(|000⟩ , |111⟩)
Can we correct errors and keep superposition?

▶ Projective measurement
Defined by pairwise orthogonal projectors {Πi}
Outcome j preserves superposition in range(Πj)

▶ Correction
Measurement outcome identifies a set of errors
Correction chosen to maximize success
If outcome j occurs, then apply Xj

(works because X2
j = I)

|ψ0⟩ = α0 |000⟩ + α1 |111⟩ ∈ Q

After an error in i-th position:
|ψ1⟩ = X1 |ψ0⟩ = α0 |100⟩ + α1 |011⟩
|ψ2⟩ = X2 |ψ0⟩ = α0 |010⟩ + α1 |101⟩
|ψ3⟩ = X3 |ψ0⟩ = α0 |001⟩ + α1 |110⟩

Decoding Projectors
range(Π0) = span(|000⟩ , |111⟩)
range(Π1) = span(|100⟩ , |011⟩)
range(Π2) = span(|010⟩ , |101⟩)
range(Π3) = span(|001⟩ , |110⟩)
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Visualizing the Quantum [[3,1,1]] Repeat Code (1)
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Visualizing the Quantum [[3,1,1]] Repeat Code (2)
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Orthogonal Geometry of Quantum Stabilizer Codes

▶ Center is quantum code subspace Q ⊆ C2n

▶ A unitary error E maps |ψ⟩ 7→ E |ψ⟩

▶ Pauli group P =⟨ιI, X1, . . . , Xn, Z1, . . . , Zn⟩
▶ Stabilizer subgroup S of Pauli group:

elements map each |ψ⟩ ∈ Q to itself
▶ Pauli error maps code cube to orthogonal

copy labeled by syndrome of error

▶ Measurement quantizes unitary error E to
Pauli error Eq and returns its syndrome s

▶ Given s, correction Êq ∈ P is chosen to
maximize the probability that Ê†

q Eq = I



16 / 35

With Stabilizer Codes, Quantum Error Correction Almost Classical!
▶ Stabilizer Framework

All Paulis commute or anticommute w/each other

For stabilizer S, can test if stabilizer commutes
with unitary error via syndrome measurement{

Π0 = 1
2 (I + S),Π1 = 1

2 (I − S)
}

QECC design ⇒ classical coding w/constraints

▶ CSS Code Design and Decoding
Separates into X-only and Z-only stabilizers

Defined by parity-check matrices HX and HZ

S is a valid stabilizer if and only if HXH
T
Z = 0

Measurement reveals syndromes of X/Z errors
Shor, Calderbank, Gottesman, Steane
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Examples of Current QECC Research

▶ Experiments: Focus is on small hardware-friendly codes

▶ Design: Code considerations for future hardware
Quantum Low-Density Parity-Check (QLDPC) Stabilizer Codes

Iterative decoding of QLDPC codes

▶ Theory: Asymptotically Good QLDPC Codes [PK22, DEL+22]

2024 IEEE Information Theory Society Paper Award!
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LDPC Codes and Syndrome Belief Propagation (BP)

LDPC code: rows/cols of H have bounded weight as n → ∞ (sparse Tanner graph)

Syndrome BP: decoder passes LLR messages for errors on Tanner graph

e1 e2 e3 e4 e5 e6 e7

c1 c2 c3

s1 s2 s3

BP message and initialization:
- LLR = log-likelihood-ratio
- Bit node LLR init given by ln(P[E = 0]/P[E = 1])

BP result: convergence if H ê = s, success if ê = e
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Product Constructions
▶ Classical component codes C1 and C2

PC matrices: H1 (m1×n1) and H2 (m2×n2)

Product code: G = G1 ⊗G2 and

H =
[
H1 ⊗ In2

In1 ⊗H2

]
Quantum hypergraph product (HGP) code: [TZ14]

HX =
[
H1 ⊗ In2 Im1 ⊗HT

2
]

HZ =
[
In1 ⊗H2 HT

1 ⊗ Im2

]
4 cycles in XZ graph 8 cycles in X graph

Quantum lifted product code: [PK21]
Construction based on QC-LDPC codes
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Stabilizer Code Degeneracy

▶ For a CSS code, its binary X stabilizers and Z stabilizers commute

HZH
T
X = 0

▶ Code degeneracy: Binary representation m of any X stabilizer gives

HZx = s ⇔ HZ(x+m) = s

⇒ x+m is an error pattern with the same correction operator as x

▶ Quantum LDPC (QLDPC) codes desirable because low-weight
stabilizers to reduce syndrome errors [PK21]

▶ Multiple syndrome-matching errors with significant posterior probability
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BP Convergence Issues

▶ Degeneracy:
Stabilizer codes are blind to Pauli errors that match a stabilizer

Multiple correct answers because code invariant under these errors
Should help decoding but instead causes convergence issues for BP

- CSS orthogonality implies X-stabilizers force short cycles in HZ

▶ Belief Propagation:
BP has known convergence issues if multiple answers satisfy all constraints:

Constraint satisfaction problem such as K-SAT [MPZ02, MRTS07, CO11]

Lossy compression problem [FF07, AMV15]

However, BP still “approximates” the marginal probabilities:

µ̃i ≈ P(Xi = 0 |S = s), 1 − µ̃i ≈ P(Xi = 1 |S = s)
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Belief Propagation Messages During Decoding
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Prior Work and BP Guided Decimation

▶ Many proposals to improve BP performance for QLDPC codes
[Poulin,Chuang,08], [Wang,Sanders,Bai,Wan,12], [Babar,Botsinis,Alanis,Ng,Hanzo,15],
[Rigby,Olivier,Jarvis,19], [Liu,Poulin,19], [Xiao,Raveendran,Vasic,19], [Kuo,Lai,22], [Du
Crest,Mhalla,Savin,22], [Miao,Schnerring,Li,Schmalen,23], [Old,Rispler,23],...

▶ To improve BP, post-process with ordered statistics decoding (OSD)
[Panteleev,Kalechev,19]

▶ We also consider a different approach:
Sample an error pattern from the posterior distribution

In contrast, most work targets the most probable error pattern



26 / 35

Approximate Sampling with BPGD

Algorithm:
▶ run BP for T iterations (e.g., to get an approximate posterior)
▶ pick the most reliable bit xi with largest LLR
▶ update the channel llr of xi to +25 or −25 according to its bias

repeat until BP converges, or R bits have been fixed

BPGD naturally extends to mixtures of erasures and errors
- erasure: initialize LLRu = +25 and LLRe = 0
- error: initialize LLR= log 1−p

p for error rate p

BPGD complexity: O(nTR)
▶ n: block length, T : BP iterations, R: max # decimation rounds
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BPGD Performance

▶ [[882, 24, 18≤d≤24]] B1 code
[PanteleevKalachev19]

▶ HZ is (3,6)-regular:
many weight-6 stabilizers

▶ R: an upper bound on the
decimation rounds

▶ remark:
Pauli-σx errors only
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Randomized BPGD: An Experiment

Q: What does decimation do?

randomized BPGD: in each round, randomly fix one of the most reliable error bits,
potentially converging to different error patterns

experiment: for B1 code, BPGD decode same weight-73 error 10000 times

results:
▶ 9568 of them converge (i.e. have correct syndrome)
▶ among them, there are 111 distinct errors with weights from 73 to 87
▶ all decode successfully due to degeneracy but none return true error
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BPGD Messages During Decoding
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Summary

▶ Introduction to Quantum Error Correction

▶ Quantum LDPC Codes

▶ Degeneracy and decoding for QECCs

▶ BPGD Decoding of quantum LDPC codes
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Thank You!
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