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Compressed Sensing

> Linear measurements of natural signals
allow reconstruction from few samples.

» Multiple landmark papers in 2006
m Donoho ~36K citations
m Candes, Romberg, and Tao ~20K

m Too many to list with ~9K citations

» Important connections to earlier work
m Harmonic analysis and Kolmogorov widths
m L1 regularization for geophysics in 1973

m Spectrum blind sensing

Compressed Sensing

David L. Donoho, Member, IEEE

Robust Uncertainty Principles: Exact Signal
Reconstruction From Highly Incomplete
Frequency Information

1), Candes

ber, IEEE, and

ROBUST MODELING WITH ERRATIC DATA{

JON F. CLAERBOUT* AND FRANCIS MUIRY
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Compressed Sensing: Figure 1

» measurement matrix: ® € RMxN measurement matrix signal measurement

> signal: x € RV 0] X y

> measurement: y = ®x

> decoding: X = argmin ||x|1
xeERM":Ox=y

» matched to sparse signals LASSO
aka basis pursuit [CDS98]

> e.g., with iid random @

X0
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Error Correction: Background

Dy

Encoder Channel Decoder
Message Codeword Observation Message?
u e {0,1}% x € {0,1}" y € {o,1}" Codeword?

» The encoder inputs K= RN bits and outputs a length-N codeword

m Communication efficiency given by the code rate, R = K/N

» The BSC(p) channel flips bits independently with probability p
m Example: 011001010 — 010011011

» The decoder returns most the likely codeword / message sent

» Random codes succeed w.h.p. if R< C for capacity C = 1—h(p)
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Error Correction: Figure 1

linear code: K=RN, M=(1-R)N
check matrix: H € {0, 1}M*N
codeword: x € {0,1}N st. Hx =0
low-weight error: e € {0, 1}"

received: y = x + e mod 2

vV V. v v Vv Y

syndrome: s = H(x + e) = He
——"
y
» Hamming weight ||e||y = # of ones

» decoding: é = argmin |le|ly
ec{0,1}N:He=s

P error e is compressed to syndrome s

parity-check matrix

H

received

y

syndrome

S



Compressed Sensing and Linear Error Correction

» Similarities and Differences: Part 1

m Connection first noted in “Decoding via Linear Programming” [CandesTao05]

m My first foray: “Compressed Sensing and Linear Codes over Real Numbers” [P.Zhang08]

» Similarities
m Sparsity!!!
m Decoding formulation
m Random matrices nearly optimal

m Sharp thresholds for decoding

» Differences
m Real/complex fields vs finite!!!
m Decoding random codes much harder
m E.g., O(\/n) errors gives cryptography

m Measurement noise typical in sensing




Agenda
> Many connections between compressed sensing and error correction

P> Recent results motivate us to revisit and explore these connections
m Symmetric linear codes achieve capacity on erasure channels [KKMT16]
m Eigenvalue distribution for random subsets of ETF Gramians [MMP21, Kun23]
m Analysis of AMP for semirandom matrices [DLS23]

m Proof Reed—Muller codes achieve capacity on memoryless channels [RP23, AS23]

» Goals

m Present an information-theoretic perspective on these connections
m Discuss natural open questions about deterministic measurement matrices

m Get feedback from the SampTA community on these questions



Outline

© Error Correction: From LDPC to Message Passing and Beyond
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Low-Density Parity-Check (LDPC) Codes

ARARAARAARAR o™

! permutation
parity
IR R'E'ET

> Linear code defined by Hx = 0 for all codewords x € C C {0, 1}V
m His an M x N sparse parity-check matrix for the code

m The j-th parity-check is connected to the j-th code bit iff H;; =1
m A code is (d,, dc)-regular if bits/checks have degree d,/d.

1962 IRE TRANSACTIONS ON INFORMATION THEORY 21

Low-Density Parity-Check Codes”

R. G. GALLAGER}

Summary —A low-density parity-check code s a code specificd
by ok i v B i colu

xod 351 1 and each row contine
The

equations. We eall the set of digits contained in a parity-
check equation a parity-check set. For examplo, the

T firet parity-check set in Fig. 1 is the set of digits (1,2, 3, 5).
hese cods ncrense Hiearly with lock tenh for  faed rae and _ The use of parity-check codes makes coding (as dis-
0 . Wi s with s tslibod decoding an sl tinguid from deonding) relutively splo o plement:

iently guiet binary-input symmetric channel, the typical prob-  Aleo, as Tlias [3] has shown, if a typical parity-cheok
iy of Gecoding wror dereaes expnencily TS o o o Mok o s o & vvars e

A simple but monoptiam dscoding scheme operating directty  chanvel, and if the codo rate is between erifical rate aud
from the channel » posteriors probabitces is described. Both the channel capacity, then the probubility of decoding error
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CS "Sudocode” Reconstruction [SBB06] ~ LDPC Erasure Decoding
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Message-Passing Decoding and Analysis: 1997-2007

» Computation graph for a (3,4)-regular LDPC code

m lllustrates decoding from the perspective of a single bit-node

m For long random LDPC codes, the graph is typically a tree

m Belief propagation (BP) is optimal if only given observations on the tree
» Connection to statistical physics

m Density evolution (DE) can be used predict expected performance
m Cavity/replica method maximizes free entropy over DE fixed points
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Density Evolution for Erasure Channels [LMSSS97]

0.6

0.5

0

0.1

0.2

0.3

Xe

0.4

0.5

0.6

Density evolution for a
(3,4)-regular LDPC code:

Xpt1 =€ (1 -(1- Xﬁ,)3)2

Decoding Thresholds:

PP ~ 0.647
MAP ~ 0.746

Sh = 0.750

» Binary erasure channel (BEC) with erasure rate e = 0.6

» DE tracks bit-to-check msg erasure rate x; after £ iterations

» Defines noise threshold ¢®F in the large system limit
m Easily computed numerically for a given code ensemble
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EXtrinsic Information Transfer (EXIT) Curves [tB99]

1
» (3,4)-regular LDPC code on BEC(¢)
m Codeword (Xi,...,Xy) € {0, 1}V
08l | m Received (Yi,..., Yn) € {0,1,2}N
» BP EXIT curve (via DE)
06| - m hBP(e) = lim_y o0 H(X1| Yrvee(o)\ {1})
X m 0 below BP threshold ¢BY ~ 0.647
[a
M
< 04l - » MAP EXIT curve ([MMRUQ9])
] hMAP(€) = H(X,|YN,)
: m 0 below MAP threshold ¢MAP = 0.746
0.2 ] m Blue area equals code rate [AtBK04]
» Extend to unstable fixed-point curve
O | |

0.5 0.6 0.7 0.8 0.9 1 m Green area matches (extended) purple!
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© Symmetric Codes on Erasure Channels
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Coding for the Binary Erasure Channel (BEC): Problem Setup

» Length-N linear code C = {x € {0,1}"N | Hx = 0} defined by H € {0, 1}M*N

Message— Encoder —— X—— BEC(p) —Y

Uniform random codeword: X =(Xo,...,Xn-1) €C

Xi ifZ;=0
?oifzZi=1
iid erasures P(Z; = 1) = p: Z=(2,...,2Zn-1) € {0, 1}N

BEC output: Ye{o,1,2}" v = {

Decoding via linear algebra: Hexs = —Hgeyee, €={j€[N]|Z =1}
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Decoding via Linear Algebra

» Decoding conditions derived from Hx =0
Let £={j€{0,...,N—1}|Z =1} be the set of erased indices

Let Ha/xa be the submatrix/subvector with columns/rows indexed by A

Let the partial sum known at receiver from non-erased bits be

u = chygc
m Block recovery: if Hg is full rank, one can solve for erased bits xg using
Hng = —u

m Bit recovery: if j € £, one can recover x; iff rank(Hg\ ;) < rank(Heg)
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Capacity via Symmetry for Erasure Channels [KKMPSU16]

Symmetry alone is sufficient to achieve capacity on erasure channels!!!

Definition: The permutation group of code C defined by parity-check matrix H is
G = {m € Sy | QHP; = H for some invertible Q € [E“Q”X’V’},

where Sy is the symmetric group and P; is the permutation matrix for m € Sy.

Theorem: Let {Cx} be a sequence of Fg-linear codes such that

> Cy defined by H() € {0, 1}MxNe with Nj, — co and My/Ny — 6 € (0, 1),
P the permutation group of each code is doubly transitive.

Then, {Cx} achieves capacity on the g-ary erasure channel w.r.t. symbol error.
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A Connection to Compressed Sensing

» What does capacity on erasure channels imply about compressed sensing?
m Let p=qg—1 (or (9 —1)/2) be prime and « be a primitive element of F,

m One can map H € FM*"N into a measurement matrix ® = ¢(H) € C"*N using

0 if x=0

P:Fq— C, P(x) = {:l:(e27ri/p)j if x = +aod

m For any column subset A, if ®4 is singular over C, then Hp is singular over [F,
(follows from fact that powers of €>™//P are linearly independent over Q)

» Sequences of doubly-transitive codes over [F; achieve capacity. Thus,
m they imply M x N measurement matrices whose entries are 0 or powers of e2™//P

m for any € > 0 and large enough N, almost all M x (1 — €)M column submatrices can
be solved to recover almost all signal values associated with the (1 — €)M columns

» But, no lower bound on minimum eigenvalue or spectrum of submatrices
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A Few More Words About the Proof

1 T
» Decoding function f: {0,1}¥ — {0,1} 5 W
of erasure indicator vector z E W
= | .
0 if erasure pattern z recoverable & % —N=2
f(z) = | —N=22]
. o —N=2
1 otherwise E M ez
0 Il T
» f is a monotone symmetric boolean function 0 Erasure Por-:babilityp '
®m monotone: adding erasures makes worse Figure: Rate-1/2 Reed—Muller codes h(p)

m transitive symmetry inherited from code

EVERY MONOTONE GRAPH PROPERTY
HAS A SHARP THRESHOLD

» Sharp threshold phenomenon

EHUD FRIEDGUT AND GIL KALAI

L g(p) = E[f(Z)] for Z ~ iid B(p) Let V(p) = {0,1}™ denote the Hamming space endowed with the prob-

ability measure p, defined by ppler,ez,...,en) = pF- (1 — p)*~k, where

. . k =¢ +e+ -+ en. Let A be a monotone subset of V,,. We say that

m As p increases, g(p) jumps from 0 to 1 i L A - e e O e
. ) such that A is invariant under T

over interval of width O( 1/ |Og( N) ) Theorem. For every symmetric monotone A, if jip(A) > e then j1g (4) > 1—e

Jor g=p+e1log(1/2¢)/ logn. (e1 is an absolute constant.)
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@ Compressed Sensing: From AMP to Replica Predictions
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Compressed Sensing with Statistical Signal Models

measurement matrix € RM*N 5 — %
Bayesian Compressive Sensing

. . N ~
”d ra ndom SIgnal X e R fX (X) Shihao Ji, Member, IEEE, Ya Xue, and Lawrence Carin, Fellow, IEEE
» two-Gaussian model with og < o7
1 Bayesian Compressive Sensing Via
—P X P X — 1 Belief Propagation
f X (X ) - ¢ — |+ — (b Dror Baron, Member, IEEE, Shriram Sarvotham, Member, IEEE, and Richard G. Baraniuk, Fellow, IEEE
o) oo o1 o1

Message-passing algorithms for compressed sensing

David L. Donoho®", Arian Maleki®, and Andrea Montanari®®!

> iid noise Z € RM ~ N(0,02)
» random observation Y = X + Z

Probabilistic reconstruction in
compressed sensing: algorithms, phase

» optimal estimates hard to compute: diagrams, and threshold achieving
$MAP — argmaxP (X = x| Y = y) matrices
g Florent Krzakala'®, Marc Mézard?, Francois Sausset?,

Yifan Sun'® and Lenka Zdeborova®

x€R"
$MMSE — | [X] Y]
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Approximate Message-Passing (AMP) Decoding [DMMO09]

> lterative denoiser = sequence of signal X(©) and residual r(©) estimates
» Generalizes belief propagation to dense factor graphs
» Denoiser n(x;0) :=E {X | X+ V0 Z} for X ~ fx and Z ~ N(0,1)
Initialize: %(©) =0, r(© = 0, and precomputed variance sequence 6,
D = (0T r0 4 29 9,) (matched filter and denoise)
1
Br = NIT <77’(¢Tr(g) + %, 94)) (correction term)

1) — % (y — £ 4+, r(g)) (update residual)
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Phase Diagram for Support Recovery in Compressed Sensing [RG12]

linear estimation + thresholding

» Gaussian measurements

o) o)

» Bernoulli-Gaussian: o¢ = 0, © ©

p=0,01=102=1/snr 1= =

Q 42 o

£ £

» Very sparse: p =10"* g g

2 2

. 0 D 107 )

» Recovery if 95% of support = €
identified correctly Not Achievable ML upper bound

signal-to-noise ratio (dB)
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Replica Prediction is Exact for Gaussian Matrices [RP16]

> Key ideas from statistical physics M x N Gaussian matrix ¢ (6 = M/N)

m Interpolation: analyze small changes in
system parameter asymptotically

In(d) = %I(X’V; YM | oMNY s 7(5)

m Cavity method: fix one variable and MN(5) — lmmse(XN| yM cDM,N) N /\/l(5)
approximate its dependence on others N ’

m Self-consistency: distributional

fixed-points relative to a local update Replica prediction for 1-(5) and ./\/l((5)
N . PR

Single-letter functions W(8:s) = Ix(s) + 5 [In g g _ 1}
s

Ix(s) =I(X; X +/s2)
mmsex(s) ;= mmse(X|X + /s2)

d 1
glx(s) = Emmsex(s)

Irs(9) = m>i61 V(d;s) (minimizer = s™)
MRgs(0) = mmsex(s™)

(derivative for min = fixed-point eqn)
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Achievable MMSE versus Measurement Rate

» Gaussian measurements
» Bernoulli-Gaussian:

o0 =0, up =0,

o1 =1, 020

» Sparse: p=10.2

» Y-axis function chosen
to give area result

log(1+M(5))

replica
symmetric
MMSE

fixed-point information curve

Y {(%1Ug<1+M)‘5);M=mm5eX<ﬁ>}

fixed-point constraint

0
4 MRS((S) = mmsex <1+TR;3‘@)

integral constraint
5
Tus(9) = [ 5loa(1 + Mus(@) 4y

| ——— MMSE jumps when
areas are equal

\——*7

0
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© Good Deterministic Measurement Matrices
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Reed-Solomon (RS) codes, Partial Fourier Matrices, and Paley ETFs

» Consider the N =7 cyclic RS code over g 1 a a2 o3 o* o of
m let « be a primitive element of Fg H=11 a2 o* a® a o3 o
m parity-check matrix H is partial Fourier 1 o o a2 &8 a o

m recovers all patterns of at most 3 erasures

» Paley equiangular tight frame (ETF) N =7
m similar except ¢ = e2™/7 and frequencies ® = |1 ¢ ¢* ¢° ¢ ¢ &

m prime DFT = square submatrices invertible 1 ¢* ¢ ¢ ¢* ¢° ¢

» What do erasure results say about ETFs?

®m symmetry conditions = almost all
M x (1 — €)M submatrices invertible?

See earlier compressed sensing work on erasures and symmetry [FM12, JMF13, FIMP15, JK25].
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Equiangular Tight Frames and the Kesten-MacKay Law

> Recovery with partlal knOW|edge Of Support Random subsets of structured deterministic frames

m Standard CS setup: Y =X+ Z haVEMANZ.OVAsEema

m Given random set A containing true support

m Noise amplification of linear reconstruction Kesten-McKay Law for Random Subensembles of Paley
. Equi lar Tight F
depends on eigenvalues of P ®Hd P, quiangular TIght Hames

Mark Magsino' - Dustin G. Mixon - Hans Parshall?

» What is its eigenvalue distribution?
m For Haar random ¢, it is MANOVA. Generic MANOVA limit theorems for products of
m Conjecture: ETF = MANOVA [HZG17] projections
m Shown for real ETFs (N = 2M) [MMP21]
m Established for general ETFs [Kun23]

UNIVERSALITY OF APPROXIMATE MESSAGE PASSING WITH
SEMIRANDOM MATRICES

S Where COUId thls be usefu|? [DLS23] BY RISHABH DUDEJA"®, YUE M. LU AND SUBHABRATA SEN'"
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Interesting Open Questions

» Does the spectrum converge under even weaker conditions?

m If unitaries acting on the left of ® generate a doubly transitive symmetry, then
® defines an ETF. But, weaker symmetry might also be sufficient

» Can we prove AMP state evolution for sequences of ETF sensing matrices?

m Conjectured for some deterministic families based on empirical evidence

» Can one show optimal recovery performance matches replica prediction?
m Due to change in spectrum, the replica prediction differs from before

m Optimal decoding is intractable = empirical evidence is hard to get
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Summary

Reviewed connections between compressed sensing and error correction in
light of recent advances in both areas

Connections between capacity via symmetry on erasure channels and
compressed sensing

Links between AMP, state evolution, and optimal performance

Idea behind replica predictions. Could they be provable for ETFs?
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Thank You!
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