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Compressed Sensing

▶ Linear measurements of natural signals
allow reconstruction from few samples.

▶ Multiple landmark papers in 2006
Donoho ∼36K citations
Candes, Romberg, and Tao ∼20K
Too many to list with ∼9K citations

▶ Important connections to earlier work
Harmonic analysis and Kolmogorov widths
L1 regularization for geophysics in 1973
Spectrum blind sensing
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Compressed Sensing
David L. Donoho, Member, IEEE

Abstract—Suppose is an unknown vector in (a digital
image or signal); we plan to measure general linear functionals
of and then reconstruct. If is known to be compressible
by transform coding with a known transform, and we recon-
struct via the nonlinear procedure defined here, the number of
measurements can be dramatically smaller than the size .
Thus, certain natural classes of images with pixels need only

nonadaptive nonpixel samples for
faithful recovery, as opposed to the usual pixel samples.

More specifically, suppose has a sparse representation in
some orthonormal basis (e.g., wavelet, Fourier) or tight frame
(e.g., curvelet, Gabor)—so the coefficients belong to an ball
for . The most important coefficients in that
expansion allow reconstruction with error . It is
possible to design nonadaptive measurements
allowing reconstruction with accuracy comparable to that attain-
able with direct knowledge of the most important coefficients.
Moreover, a good approximation to those important coeffi-
cients is extracted from the measurements by solving a linear
program—Basis Pursuit in signal processing. The nonadaptive
measurements have the character of “random” linear combi-
nations of basis/frame elements. Our results use the notions of
optimal recovery, of -widths, and information-based complexity.
We estimate the Gel’fand -widths of balls in high-dimensional
Euclidean space in the case , and give a criterion
identifying near-optimal subspaces for Gel’fand -widths. We
show that “most” subspaces are near-optimal, and show that
convex optimization (Basis Pursuit) is a near-optimal way to
extract information derived from these near-optimal subspaces.

Index Terms—Adaptive sampling, almost-spherical sections of
Banach spaces, Basis Pursuit, eigenvalues of random matrices,
Gel’fand -widths, information-based complexity, integrated
sensing and processing, minimum -norm decomposition, op-
timal recovery, Quotient-of-a-Subspace theorem, sparse solution
of linear equations.

I. INTRODUCTION

AS our modern technology-driven civilization acquires and
exploits ever-increasing amounts of data, “everyone” now

knows that most of the data we acquire “can be thrown away”
with almost no perceptual loss—witness the broad success of
lossy compression formats for sounds, images, and specialized
technical data. The phenomenon of ubiquitous compressibility
raises very natural questions: why go to so much effort to ac-
quire all the data when most of what we get will be thrown
away? Can we not just directly measure the part that will not
end up being thrown away?

In this paper, we design compressed data acquisition proto-
cols which perform as if it were possible to directly acquire just

Manuscript received September 18, 2004; revised December 15, 2005.
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the important information about the signals/images—in effect,
not acquiring that part of the data that would eventually just be
“thrown away” by lossy compression. Moreover, the protocols
are nonadaptive and parallelizable; they do not require knowl-
edge of the signal/image to be acquired in advance—other than
knowledge that the data will be compressible—and do not at-
tempt any “understanding” of the underlying object to guide
an active or adaptive sensing strategy. The measurements made
in the compressed sensing protocol are holographic—thus, not
simple pixel samples—and must be processed nonlinearly.

In specific applications, this principle might enable dra-
matically reduced measurement time, dramatically reduced
sampling rates, or reduced use of analog-to-digital converter
resources.

A. Transform Compression Background

Our treatment is abstract and general, but depends on one spe-
cific assumption which is known to hold in many settings of
signal and image processing: the principle of transform sparsity.
We suppose that the object of interest is a vector , which
can be a signal or image with samples or pixels, and that there
is an orthonormal basis for which can
be, for example, an orthonormal wavelet basis, a Fourier basis,
or a local Fourier basis, depending on the application. (As ex-
plained later, the extension to tight frames such as curvelet or
Gabor frames comes for free.) The object has transform coeffi-
cients , and these are assumed sparse in the sense
that, for some and for some

(I.1)

Such constraints are actually obeyed on natural classes of sig-
nals and images; this is the primary reason for the success of
standard compression tools based on transform coding [1]. To
fix ideas, we mention two simple examples of constraint.

• Bounded Variation model for images. Here image bright-
ness is viewed as an underlying function on the
unit square , which obeys (essentially)

The digital data of interest consist of pixel sam-
ples of produced by averaging over pixels.
We take a wavelet point of view; the data are seen as a su-
perposition of contributions from various scales. Let
denote the component of the data at scale , and let
denote the orthonormal basis of wavelets at scale , con-
taining elements. The corresponding coefficients
obey .
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Robust Uncertainty Principles: Exact Signal
Reconstruction From Highly Incomplete

Frequency Information
Emmanuel J. Candès, Justin Romberg, Member, IEEE, and Terence Tao

Abstract—This paper considers the model problem of recon-
structing an object from incomplete frequency samples. Consider
a discrete-time signal and a randomly chosen set of
frequencies . Is it possible to reconstruct from the partial
knowledge of its Fourier coefficients on the set ?

A typical result of this paper is as follows. Suppose that is a
superposition of spikes obeying

for some constant . We do not know the locations of the
spikes nor their amplitudes. Then with probability at least

, can be reconstructed exactly as the solution to the
minimization problem

s.t. for all

In short, exact recovery may be obtained by solving a convex op-
timization problem. We give numerical values for which de-
pend on the desired probability of success. Our result may be in-
terpreted as a novel kind of nonlinear sampling theorem. In effect,
it says that any signal made out of spikes may be recovered by
convex programming from almost every set of frequencies of size

. Moreover, this is nearly optimal in the sense that
any method succeeding with probability would in
general require a number of frequency samples at least propor-
tional to .

The methodology extends to a variety of other situations and
higher dimensions. For example, we show how one can reconstruct
a piecewise constant (one- or two-dimensional) object from in-
complete frequency samples—provided that the number of jumps
(discontinuities) obeys the condition above—by minimizing other
convex functionals such as the total variation of .

Index Terms—Convex optimization, duality in optimization, free
probability, image reconstruction, linear programming, random
matrices, sparsity, total-variation minimization, trigonometric ex-
pansions, uncertainty principle.
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I. INTRODUCTION

I N many applications of practical interest, we often wish to
reconstruct an object (a discrete signal, a discrete image,

etc.) from incomplete Fourier samples. In a discrete setting, we
may pose the problem as follows; let be the Fourier trans-
form of a discrete object ,

The problem is then to recover from partial frequency infor-
mation, namely, from , where belongs
to some set of cardinality less than —the size of the dis-
crete object.

In this paper, we show that we can recover exactly from
observations on small set of frequencies provided that
is sparse. The recovery consists of solving a straightforward
optimization problem that finds of minimal complexity with

, .

A. A Puzzling Numerical Experiment

This idea is best motivated by an experiment with surpris-
ingly positive results. Consider a simplified version of the clas-
sical tomography problem in medical imaging: we wish to re-
construct a two–dimensional image from samples
of its discrete Fourier transform on a star-shaped domain [1].
Our choice of domain is not contrived; many real imaging de-
vices collect high-resolution samples along radial lines at rela-
tively few angles. Fig. 1(b) illustrates a typical case where one
gathers 512 samples along each of 22 radial lines.

Frequently discussed approaches in the literature of medical
imaging for reconstructing an object from polar frequency sam-
ples are the so-called filtered backprojection algorithms. In a
nutshell, one assumes that the Fourier coefficients at all of the
unobserved frequencies are zero (thus reconstructing the image
of “minimal energy” under the observation constraints). This
strategy does not perform very well, and could hardly be used
for medical diagnostics [2]. The reconstructed image, shown in
Fig. 1(c), has severe nonlocal artifacts caused by the angular un-
dersampling. A good reconstruction algorithm, it seems, would
have to guess the values of the missing Fourier coefficients.
In other words, one would need to interpolate . This
seems highly problematic, however; predictions of Fourier coef-
ficients from their neighbors are very delicate, due to the global
and highly oscillatory nature of the Fourier transform. Going

0018-9448/$20.00 © 2006 IEEE
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ROBUST MODELING WITH ERRATIC DATAt 

JON F. CLAERBOUT* AND FRANCIS MUIR1 

An attractive alternative to least-squares data determined by using the median rather than the 
modeling techniques is the use of absolute value arithmetic mean. Algorithms for absolute error 
error criteria. Unlike the least-squares techniques minimization are often approximately as costly 
the inclusion of some infinite blunders along with as least-squares algorithms; however, unlike 
the data will hardly affect the solution to an least-squares, they naturally lend themselves to 
otherwise well-posed problem. An example of inequality or bounding constraints on models. 
this great stability is seen when an average is 

INTRODUCTION 

The median and the mean are two kinds of 
statistical average. In a normal situation they 
behave in about the same way. At the present 
time physical scientists almost always use the 
mean and, hence, tend to be unaware of the 
dramatic ability of the median to cast off the 
effect of blunders in the data. As an example, 
consider an expensive, all-day experiment which 
yields only one number for a result. On the first 
day, the result is 2.17, on the second day it is 
2.14, and on the third and final day it is 1638.03. 
The mean of these results is 547.78 but the me- 
dian (middle value) is 2.17. If you suspect a 
blunder on the third day you will obviously 
prefer the median. Statisticians call this the 
“robust” property of the median. 

The objective of this paper is to show how 
many kinds of geophysical data fitting can be 
made to be robust. In particular, all the calcu- 
lations we now do in solving overdetermined 
linear simultaneous equations by means of 
summed squared error minimization can be made 
robust, instead, by minimizing summed absolute 
values of errors. A computer algorithm to do this 
will be discussed. Computer time is comparable 
to that of least-squares methods. The algorithm 
solves a slightly broader class of problems than 

minimizing the summed absolute errors. Positive 
errors may be penalized with a different weight 
factor than negative errors. W’e call such an 
arrangement an asymmetric norm. A special case 
of an asymmetric norm is an inequality constraint. 
Inequalities or bounds may be applied to model 
parameters as well as measurement errors. 

Perhaps we reveal a theoretician’s bias when 
we speak of erratic dater. An experimentalist 
could with equal validity claim that the data are 
fine, but the phenomenon they represent is far 
more complex than the theoretician either wants 
or is able to model. For example, when earth- 
quakes are located by an untended computer 
which is fed from 100 telephone lines to remote 
seismometers, then the seismologist may be un- 
able to make a noise model for all the various 
peculiarities of telecommunication difficulties and 
breakdowns. With robust modeling methods, we 
can often avoid the task of making a good noise 
model. The earthquake may be properly lo- 
cated even if it knocks down some of the tele- 
phone lines. 

FIRST PRINCIPLES 

First we will see why means and medians relate 
to squares and absolute values. Let xi be an 
arbitrary number. We define m2 by the value of 

t Manuscript received by the Editor August 30, 1972; revised manuscript received January 5, 1973. 
* Stanford University, Stanford, Calif. 943Q.5. 
t Chevron Oil Field Research Co., La Habra, Calif. 90631. 
@ 1973 Society of Exploration Geophysicists. All rights reserved. 
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Compressed Sensing: Figure 1

▶ measurement matrix: Φ ∈ RM×N

▶ signal: x ∈ RN

▶ measurement: y = Φx

▶ decoding: x̂ = arg min
x∈Rn:Φx=y

∥x∥1

▶ matched to sparse signals
aka basis pursuit [CDS98]

▶ e.g., with iid random Φ

Φ
measurement matrix signal

x

=

measurement

y

x0

x2

x1

LASSO
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Error Correction: Background

Encoder Channel Decoder

Message
u ∈ {0, 1}K

Codeword
x ∈ {0, 1}N

Observation
y ∈ {0, 1}N

Message?
Codeword?

▶ The encoder inputs K =RN bits and outputs a length-N codeword
Communication efficiency given by the code rate, R = K/N

▶ The BSC(p) channel flips bits independently with probability p
Example: 011001010 → 010011011

▶ The decoder returns most the likely codeword / message sent

▶ Random codes succeed w.h.p. if R<C for capacity C = 1−h(p)
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Error Correction: Figure 1
▶ linear code: K =RN, M =(1−R)N
▶ check matrix: H ∈ {0, 1}M×N

▶ codeword: x ∈ {0, 1}N s.t. Hx = 0
▶ low-weight error: e ∈ {0, 1}N

▶ received: y = x + e mod 2
▶ syndrome: s = H(x + e︸ ︷︷ ︸

y
) = He

▶ Hamming weight ∥e∥H = # of ones
▶ decoding: ê = arg min

e∈{0,1}N :He=s
∥e∥H

▶ error e is compressed to syndrome s

H
parity-check matrix received

y

=

syndrome

s
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Compressed Sensing and Linear Error Correction

▶ Similarities and Differences: Part 1

Connection first noted in “Decoding via Linear Programming” [CandesTao05]
My first foray: “Compressed Sensing and Linear Codes over Real Numbers” [P.Zhang08]

▶ Similarities
Sparsity!!!
Decoding formulation
Random matrices nearly optimal
Sharp thresholds for decoding

▶ Differences
Real/complex fields vs finite!!!
Decoding random codes much harder
E.g., O(

√
n) errors gives cryptography

Measurement noise typical in sensing
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Agenda
▶ Many connections between compressed sensing and error correction

▶ Recent results motivate us to revisit and explore these connections
Symmetric linear codes achieve capacity on erasure channels [KKM+16]

Eigenvalue distribution for random subsets of ETF Gramians [MMP21, Kun23]

Analysis of AMP for semirandom matrices [DLS23]

Proof Reed–Muller codes achieve capacity on memoryless channels [RP23, AS23]

▶ Goals
Present an information-theoretic perspective on these connections

Discuss natural open questions about deterministic measurement matrices

Get feedback from the SampTA community on these questions
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Outline

1 Introduction

2 Error Correction: From LDPC to Message Passing and Beyond

3 Symmetric Codes on Erasure Channels

4 Compressed Sensing: From AMP to Replica Predictions

5 Good Deterministic Measurement Matrices

6 Conclusion
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Low-Density Parity-Check (LDPC) Codes

parity
checks

permutation

code bits

▶ Linear code defined by Hx = 0 for all codewords x ∈ C ⊆ {0, 1}N

H is an M × N sparse parity-check matrix for the code
The i-th parity-check is connected to the j-th code bit iff Hi,j = 1
A code is (dv , dc)-regular if bits/checks have degree dv/dc
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CS “Sudocode” Reconstruction [SBB06] ≈ LDPC Erasure Decoding
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Message-Passing Decoding and Analysis: 1997–2007

▶ Computation graph for a (3,4)-regular LDPC code
Illustrates decoding from the perspective of a single bit-node
For long random LDPC codes, the graph is typically a tree
Belief propagation (BP) is optimal if only given observations on the tree

▶ Connection to statistical physics
Density evolution (DE) can be used predict expected performance
Cavity/replica method maximizes free entropy over DE fixed points
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Density Evolution for Erasure Channels [LMSSS97]

0 0.1 0.2 0.3 0.4 0.5 0.60

0.1

0.2

0.3

0.4

0.5

0.6

xℓ

x ℓ
+

1
Density evolution for a

(3, 4)-regular LDPC code:

xℓ+1 = ϵ
(
1 − (1 − xℓ)3

)2

Decoding Thresholds:

ϵBP ≈ 0.647
ϵMAP ≈ 0.746
ϵSh = 0.750

▶ Binary erasure channel (BEC) with erasure rate ϵ = 0.6
▶ DE tracks bit-to-check msg erasure rate xℓ after ℓ iterations
▶ Defines noise threshold ϵBP in the large system limit

Easily computed numerically for a given code ensemble
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EXtrinsic Information Transfer (EXIT) Curves [tB99]

0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

ϵ

hB
P
(ϵ

)
▶ (3,4)-regular LDPC code on BEC(ϵ)

Codeword (X1, . . . ,XN) ∈ {0, 1}N

Received (Y1, . . . ,YN) ∈ {0, 1, ?}N

▶ BP EXIT curve (via DE)
hBP(ϵ) = limℓ→∞ H(X1|YTree(ℓ)\{1})
0 below BP threshold ϵBP ≈ 0.647

▶ MAP EXIT curve ([MMRU09])
hMAP(ϵ) = H(Xi |Y∼i)
0 below MAP threshold ϵMAP = 0.746
Blue area equals code rate [AtBK04]

▶ Extend to unstable fixed-point curve
Green area matches (extended) purple!
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Coding for the Binary Erasure Channel (BEC): Problem Setup

▶ Length-N linear code C = {x ∈ {0, 1}N | Hx = 0} defined by H ∈ {0, 1}M×N

Message Encoder BEC(p)X Y

Uniform random codeword: X = (X0, . . . ,XN−1) ∈ C

BEC output: Y ∈ {0, 1, ?}N , Yi =
{

Xi if Zi = 0
? if Zi = 1

iid erasures P(Zi = 1) = p: Z = (Z0, . . . ,ZN−1) ∈ {0, 1}N

Decoding via linear algebra: HExE = −HEc yEc , E = {j ∈ [N] | Zi = 1}
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Decoding via Linear Algebra

▶ Decoding conditions derived from Hx = 0
Let E =

{
j ∈ {0, . . . ,N − 1} | Zj = 1

}
be the set of erased indices

Let HA/xA be the submatrix/subvector with columns/rows indexed by A

Let the partial sum known at receiver from non-erased bits be

u = HEc yEc

Block recovery: if HE is full rank, one can solve for erased bits xE using

HExE = −u

Bit recovery: if j ∈ E , one can recover xj iff rank(HE\{j}) < rank(HE)
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Capacity via Symmetry for Erasure Channels [KKMPSU16]

Symmetry alone is sufficient to achieve capacity on erasure channels!!!

Definition: The permutation group of code C defined by parity-check matrix H is

G =
{
π ∈ SN

∣∣ QHPπ = H for some invertible Q ∈ FM×M
q

}
,

where SN is the symmetric group and Pπ is the permutation matrix for π ∈ SN .

Theorem: Let {Ck} be a sequence of Fq-linear codes such that
▶ Ck defined by H(k) ∈ {0, 1}Mk×Nk with Nk → ∞ and Mk/Nk → δ ∈ (0, 1),
▶ the permutation group of each code is doubly transitive.

Then, {Ck} achieves capacity on the q-ary erasure channel w.r.t. symbol error.
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A Connection to Compressed Sensing
▶ What does capacity on erasure channels imply about compressed sensing?

Let p = q − 1 (or (q − 1)/2) be prime and α be a primitive element of Fq

One can map H ∈ FM×N
q into a measurement matrix Φ = ψ(H) ∈ CM×N using

ψ : Fq → C, ψ(x) =
{

0 if x = 0
±(e2πi/p)j if x = ±αj

For any column subset A, if ΦA is singular over C, then HA is singular over Fq
(follows from fact that powers of e2πi/p are linearly independent over Q)

▶ Sequences of doubly-transitive codes over Fq achieve capacity. Thus,
they imply M × N measurement matrices whose entries are 0 or powers of e2πi/p

for any ϵ > 0 and large enough N, almost all M × (1 − ϵ)M column submatrices can
be solved to recover almost all signal values associated with the (1 − ϵ)M columns

▶ But, no lower bound on minimum eigenvalue or spectrum of submatrices
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A Few More Words About the Proof

▶ Decoding function f : {0, 1}N → {0, 1}
of erasure indicator vector z

f (z) =
{

0 if erasure pattern z recoverable
1 otherwise

▶ f is a monotone symmetric boolean function
monotone: adding erasures makes worse
transitive symmetry inherited from code

▶ Sharp threshold phenomenon
g(p) := E[f (Z)] for Z ∼ iid B(p)
As p increases, g(p) jumps from 0 to 1
over interval of width O(1/ log(N))

0 0.5 10

1

Erasure Probability p

Av
er

ag
e

EX
IT

Fu
nc
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N = 23

N = 25
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N = 29

Figure: Rate-1/2 Reed–Muller codes h(p)
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Compressed Sensing with Statistical Signal Models

▶ measurement matrix Φ ∈ RM×N , δ = M
N

▶ iid random signal X ∈ RN ∼ fX (x)
▶ two-Gaussian model with σ0 ≪ σ1:

fX (x) = 1 − p
σ0

ϕ

( x
σ0

)
+ p
σ1
ϕ

(x − µ1
σ1

)

▶ iid noise Z ∈ RM ∼ N (0, σ2)
▶ random observation Y = ΦX + Z
▶ optimal estimates hard to compute:

x̂MAP = arg max
x∈Rn

P (X = x | Y = y)

x̂MMSE = E [X |Y ]

2346 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 56, NO. 6, JUNE 2008

Bayesian Compressive Sensing
Shihao Ji, Member, IEEE, Ya Xue, and Lawrence Carin, Fellow, IEEE

Abstract—The data of interest are assumed to be represented as
-dimensional real vectors, and these vectors are compressible in

some linear basis , implying that the signal can be reconstructed
accurately using only a small number of basis-function
coefficients associated with . Compressive sensing is a frame-
work whereby one does not measure one of the aforementioned

-dimensional signals directly, but rather a set of related mea-
surements, with the new measurements a linear combination of
the original underlying -dimensional signal. The number of
required compressive-sensing measurements is typically much
smaller than , offering the potential to simplify the sensing
system. Let denote the unknown underlying -dimensional
signal, and a vector of compressive-sensing measurements, then
one may approximate accurately by utilizing knowledge of
the (under-determined) linear relationship between and , in
addition to knowledge of the fact that is compressible in . In
this paper we employ a Bayesian formalism for estimating the
underlying signal based on compressive-sensing measurements

. The proposed framework has the following properties: i) in
addition to estimating the underlying signal , “error bars”
are also estimated, these giving a measure of confidence in the
inverted signal; ii) using knowledge of the error bars, a principled
means is provided for determining when a sufficient number of
compressive-sensing measurements have been performed; iii)
this setting lends itself naturally to a framework whereby the
compressive sensing measurements are optimized adaptively and
hence not determined randomly; and iv) the framework accounts
for additive noise in the compressive-sensing measurements and
provides an estimate of the noise variance. In this paper we present
the underlying theory, an associated algorithm, example results,
and provide comparisons to other compressive-sensing inversion
algorithms in the literature.

Index Terms—Adaptive compressive sensing, Bayesian model se-
lection, compressive sensing (CS), experimental design, relevance
vector machine (RVM), sparse Bayesian learning.

I. INTRODUCTION

OVER the last two decades there have been significant ad-
vances in the development of orthonormal bases for com-

pact representation of a wide class of discrete signals. An im-
portant example of this is the wavelet transform [1], [2], with
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which general signals are represented in terms of atomic ele-
ments localized in time and frequency, assuming that the data
index represents time (it may similarly represent space). The
localized properties of these orthonormal time-frequency atoms
yields highly compact representations of many natural signals
[1], [2]. Let the matrix represent a wavelet basis, with
basis functions defined by associated columns; a general signal

may be represented as , where repre-
sents the wavelet and scaling function coefficients [1], [2]. For
most natural signals , most components of the vector have
negligible amplitude. Therefore, if represents the weights
with the smallest coefficients set to zero, and ,
then the relative error is often negligibly small
for . This property has led to the development of
state-of-the-art compression algorithms based on wavelet-based
transform coding [3], [4].

In conventional applications one first measures the -dimen-
sional signal , is then compressed (often using a wavelet-
based transform coding scheme), and the compressed set of
basis-function coefficients are stored in binary [3], [4]. This
invites the following question: If the underlying signal is ulti-
mately compressible, is it possible to perform a compact (“com-
pressive”) set of measurements directly, thereby offering the po-
tential to simplify the sensing system (reduce the number of
required measurements)? This question has recently been an-
swered in the affirmative [5], [6], introducing the field of com-
pressive sensing (CS).

In its earliest form the relationship between the underlying
signal and the CS measurements has been constituted
through random projections [6], [7]. Specifically, assume that
the signal is compressible in some basis (not necessarily
a wavelet basis), the th CS measurement ( th component
of ) is constituted by projecting onto a “random” basis
that is constituted with “random” linear combination of the
basis functions in , i.e., , where
is a column vector with each element an independent and
identically distributed (i.i.d.) draw of a random variable, with
arbitrary alphabet (e.g., real or binary) [6], [7].

Based on the above discussion, the CS measurements may be
represented as , where is
a matrix, assuming random CS measurements are
made. Since typically this amounts to having fewer
measurements than degrees of freedom for the signal . There-
fore, inversion for the -weights represented by (and hence

) is ill-posed. However, if one exploits the fact that is sparse
with respect to a known orthonormal basis , then one may ap-
proximate accurately [5], [6]. A typical means of solving such
an ill-posed problem, for which it is known that is sparse, is
via an -regularized formulation [6]

(1)
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Bayesian Compressive Sensing Via
Belief Propagation

Dror Baron, Member, IEEE, Shriram Sarvotham, Member, IEEE, and Richard G. Baraniuk, Fellow, IEEE

Abstract—Compressive sensing (CS) is an emerging field based
on the revelation that a small collection of linear projections of a
sparse signal contains enough information for stable, sub-Nyquist
signal acquisition. When a statistical characterization of the signal
is available, Bayesian inference can complement conventional CS
methods based on linear programming or greedy algorithms. We
perform asymptotically optimal Bayesian inference using belief
propagation (BP) decoding, which represents the CS encoding
matrix as a graphical model. Fast computation is obtained by
reducing the size of the graphical model with sparse encoding
matrices. To decode a length- signal containing large co-
efficients, our CS-BP decoding algorithm uses
measurements and computation. Finally, al-
though we focus on a two-state mixture Gaussian model, CS-BP is
easily adapted to other signal models.

Index Terms—Bayesian inference, belief propagation, compres-
sive sensing, fast algorithms, sparse matrices.

I. INTRODUCTION

M ANY signal processing applications require the identi-
fication and estimation of a few significant coefficients

from a high-dimensional vector. The wisdom behind this is the
ubiquitous compressibility of signals: in an appropriate basis,
most of the information contained in a signal often resides in
just a few large coefficients. Traditional sensing and processing
first acquires the entire data, only to later throw away most coef-
ficients and retain the few significant ones [2]. Interestingly, the
information contained in the few large coefficients can be cap-
tured (encoded) by a small number of random linear projections
[3]. The ground-breaking work in compressive sensing (CS)
[4]–[6] has proved for a variety of settings that the signal can
then be decoded in a computationally feasible manner from
these random projections.
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A. Compressive Sensing

Sparsity and Random Encoding: In a typical compressive
sensing (CS) setup, a signal vector has the form

, where is an orthonormal basis, and
satisfies .1 Owing to the sparsity of relative
to the basis , there is no need to sample all values of .
Instead, the CS theory establishes that can be decoded from
a small number of projections onto an incoherent set of mea-
surement vectors [4], [5]. To measure (encode) , we compute

linear projections of via the matrix-vector multipli-
cation where is the encoding matrix.

In addition to strictly sparse signals where , other
signal models are possible. Approximately sparse signals have

large coefficients, while the remaining coefficients are
small but not necessarily zero. Compressible signals have coef-
ficients that, when sorted, decay quickly according to a power
law. Similarly, both noiseless and noisy signals and measure-
ments may be considered. We emphasize noiseless measure-
ment of approximately sparse signals in the paper.

Decoding via Sparsity: Our goal is to decode given and .
Although decoding from appears to be an ill-posed
inverse problem, the prior knowledge of sparsity in enables
to decode from measurements. Decoding often re-
lies on an optimization, which searches for the sparsest coeffi-
cients that agree with the measurements . If is sufficiently
large and is strictly sparse, then is the solution to the
minimization:

Unfortunately, solving this optimization is NP-complete [7].
The revelation that supports the CS theory is that a computa-

tionally tractable optimization problem yields an equivalent so-
lution. We need only solve for the -sparsest coefficients that
agree with the measurements [4], [5]

(1)

as long as satisfies some technical conditions, which
are satisfied with overwhelming probability when the en-
tries of are independent and identically distributed (i.i.d.)
sub-Gaussian random variables [4]. This optimization
problem (1), also known as Basis Pursuit [8], can be solved
with linear programming methods. The decoder requires
only projections [9], [10]. However,

1We use to denote the “norm” that counts the number of nonzero
elements.
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Compressed sensing aims to undersample certain high-dimensional
signals yet accurately reconstruct them by exploiting signal char-
acteristics. Accurate reconstruction is possible when the object
to be recovered is sufficiently sparse in a known basis. Cur-
rently, the best known sparsity–undersampling tradeoff is achieved
when reconstructing by convex optimization, which is expensive
in important large-scale applications. Fast iterative thresholding
algorithms have been intensively studied as alternatives to con-
vex optimization for large-scale problems. Unfortunately known
fast algorithms offer substantially worse sparsity–undersampling
tradeoffs than convex optimization. We introduce a simple cost-
less modification to iterative thresholding making the sparsity–
undersampling tradeoff of the new algorithms equivalent to that
of the corresponding convex optimization procedures. The new
iterative-thresholding algorithms are inspired by belief propa-
gation in graphical models. Our empirical measurements of the
sparsity–undersampling tradeoff for the new algorithms agree
with theoretical calculations. We show that a state evolution for-
malism correctly derives the true sparsity–undersampling tradeoff.
There is a surprising agreement between earlier calculations based
on random convex polytopes and this apparently very different
theoretical formalism.

combinatorial geometry | phase transitions | linear programming | iterative
thresholding algorithms | state evolution

C ompressed sensing refers to a growing body of techniques
that “undersample” high-dimensional signals and yet recover

them accurately (1). Such techniques make fewer measurements
than traditional sampling theory demands: rather than sampling
proportional to frequency bandwidth, they make only as many
measurements as the underlying “information content” of those
signals. However, compared with traditional sampling theory,
which can recover signals by applying simple linear reconstruction
formulas, the task of signal recovery from reduced measurements
requires nonlinear and, so far, relatively expensive reconstruction
schemes. One popular class of reconstruction schemes uses linear
programming (LP) methods; there is an elegant theory for such
schemes promising large improvements over ordinary sampling
rules in recovering sparse signals. However, solving the required
LPs is substantially more expensive in applications than the linear
reconstruction schemes that are now standard. In certain imag-
ing problems, the signal to be acquired may be an image with 106

pixels and the required LP would involve tens of thousands of con-
straints and millions of variables. Despite advances in the speed
of LP, such problems are still dramatically more expensive to solve
than we would like.

Here, we develop an iterative algorithm achieving reconstruc-
tion performance in one important sense identical to LP-based
reconstruction while running dramatically faster. We assume that
a vector y of n measurements is obtained from an unknown N-
vector x0 according to y = Ax0, where A is the n×N measurement
matrix n < N . Starting from an initial guess x0 = 0, the first-
order approximate message-passing (AMP) algorithm proceeds
iteratively according to.

xt+1 = ηt(A∗zt + xt), [1]

zt = y − Axt + 1
δ

zt−1〈η′
t−1(A∗zt−1 + xt−1)

〉
. [2]

Here ηt(·) are scalar threshold functions (applied component-
wise), xt ∈ RN is the current estimate of x0, and zt ∈ Rn is
the current residual. A∗ denotes transpose of A. For a vector
u = (u(1), . . . , u(N)), 〈u〉 ≡ ∑N

i=1 u(i)/N . Finally η′
t( s ) = ∂

∂s ηt( s ).
Iterative thresholding algorithms of other types have been pop-

ular among researchers for some years (2), one focus being on
schemes of the form

xt+1 = ηt(A∗zt + xt), [3]

zt = y − Axt. [4]

Such schemes can have very low per-iteration cost and low storage
requirements; they can attack very large-scale applications, much
larger than standard LP solvers can attack. However, Eqs. 3 and
4 fall short of the sparsity–undersampling tradeoff offered by LP
reconstruction (3).

Iterative thresholding schemes based on Eqs. 3 and 4 lack the
crucial term in Eq. 2, namely, 1

δ
zt−1〈η′

t−1(A∗zt−1 + xt−1)〉 is not
included. We derive this term from the theory of belief propaga-
tion in graphical models and show that it substantially improves
the sparsity–undersampling tradeoff.

Extensive numerical and Monte Carlo work reported here
shows that AMP, defined by Eqs. 1 and 2 achieves a sparsity–
undersampling tradeoff matching the theoretical tradeoff which
has been proved for LP-based reconstruction. We consider a para-
meter space with axes quantifying sparsity and undersampling.
In the limit of large dimensions N , n, the parameter space splits
in two phases: one where the AMP approach is successful in
accurately reconstructing x0 and one where it is unsuccessful.
Refs. 4–6 derived regions of success and failure for LP-based
recovery. We find these two ostensibly different partitions of the
sparsity–undersampling parameter space to be identical. Both
reconstruction approaches succeed or fail over the same regions
(see Fig. 1).

Our finding has extensive empirical evidence and strong theo-
retical support. We introduce a state evolution (SE) formalism and
find that it accurately predicts the dynamical behavior of numer-
ous observables of the AMP algorithm. In this formalism, the
mean squared error (MSE) of reconstruction is a state variable;
its change from iteration to iteration is modeled by a simple scalar
function, the MSE map. When this map has non-zero fixed points,
the formalism predicts that AMP will not successfully recover
the desired solution. The MSE map depends on the underlying
sparsity and undersampling ratios and can develop non-zero fixed
points over a region of sparsity/undersampling space. The region
is evaluated analytically and found to coincide very precisely (i.e.,
within numerical precision) with the region over which LP-based
methods are proved to fail. Extensive Monte Carlo testing of AMP
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Abstract. Compressed sensing is a signal processing method that acquires data
directly in a compressed form. This allows one to make fewer measurements
than were considered necessary to record a signal, enabling faster or more
precise measurement protocols in a wide range of applications. Using an
interdisciplinary approach, we have recently proposed in Krzakala et al (2012
Phys. Rev. X 2 021005) a strategy that allows compressed sensing to be
performed at acquisition rates approaching the theoretical optimal limits. In this
paper, we give a more thorough presentation of our approach, and introduce
many new results. We present the probabilistic approach to reconstruction and
discuss its optimality and robustness. We detail the derivation of the message
passing algorithm for reconstruction and expectation maximization learning of
signal-model parameters. We further develop the asymptotic analysis of the
corresponding phase diagrams with and without measurement noise, for di↵erent
distributions of signals, and discuss the best possible reconstruction performances
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Approximate Message-Passing (AMP) Decoding [DMM09]

▶ Iterative denoiser ⇒ sequence of signal x̂(ℓ) and residual r (ℓ) estimates

▶ Generalizes belief propagation to dense factor graphs

▶ Denoiser η(x ; θ) := E
[
X

∣∣ X +
√
θ Z

]
for X ∼ fX and Z ∼ N (0, 1)

Initialize: x̂(0) = 0, r (0) = 0, and precomputed variance sequence θℓ

x̂(ℓ+1) = η
(
ΦT r (ℓ) + x̂(ℓ); θℓ

)
(matched filter and denoise)

βℓ = 1
N 1T

(
η′(ΦT r (ℓ) + x̂(ℓ); θℓ

))
(correction term)

r (ℓ+1) = 1
δ

(
y − Φx̂(ℓ) + βℓ r (ℓ)

)
(update residual)
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Phase Diagram for Support Recovery in Compressed Sensing [RG12]

▶ Gaussian measurements

▶ Bernoulli-Gaussian: σ0 = 0,
µ1 = 0, σ1 = 1, σ2 = 1/snr

▶ Very sparse: p = 10−4

▶ Recovery if 95% of support
identified correctly

support recovery in compressed sensing
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Replica Prediction is Exact for Gaussian Matrices [RP16]

▶ Key ideas from statistical physics
Interpolation: analyze small changes in
system parameter asymptotically

Cavity method: fix one variable and
approximate its dependence on others

Self-consistency: distributional
fixed-points relative to a local update

Single-letter functions

IX (s) := I(X ; X +
√

sZ )

mmseX (s) := mmse(X |X +
√

sZ )

d
ds IX (s) = 1

2mmseX (s)

M × N Gaussian matrix Φ (δ = M/N)

IN(δ) := 1
N I(XN ; Y M | ΦM,N) → I(δ)

MN(δ) := 1
N mmse(XN | Y M ,ΦM,N) → M(δ)

Replica prediction for I(δ) and M(δ)

Ψ(δ; s) := IX (s) + δ

2

[
ln δs + s

δ
− 1

]
IRS(δ) = min

s>0
Ψ(δ; s) (minimizer = s∗)

MRS(δ) = mmseX (s∗)

(derivative for min ⇒ fixed-point eqn)
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Achievable MMSE versus Measurement Rate

▶ Gaussian measurements

▶ Bernoulli-Gaussian:
σ0 = 0, µ1 = 0,
σ1 = 1, σ2 ≈ 0

▶ Sparse: p = 0.2

▶ Y-axis function chosen
to give area result
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Var(Ȳm+1) = E
⇥
[Am+1]

T Cov(Xn | Y m, Am)Am+1

⇤
+ E

⇥
W 2

m+1

⇤

=
1

n
E[tr(Cov(Xn | Y m, Am))] + 1

=
1

n
mmse(Xn | Y m, Am) + 1

E
⇥
[Am+1]

T X̄n
⇤

= 0

Var
�
[Am+1]

T X̄n | Y m, Am
�

=
1

n
tr(Cov(Xn | Y m, Am))

E
⇥
Var
�
[Am+1]

T X̄n | Y m, Am
�⇤

=
1

n
mmse(Xn | Y m, Am)

| {z }
Mm

Var
�
[Am+1]

T X̄n
�

=
1

n
tr(Cov(Xn | Y m, Am))

⇤G. Reeves is with the Department of Electrical and Computer Engineering and the Department of Statistical Science, Duke
University, Durham (e-mail: galen.reeves@duke.edu)

1

integral constraint

Material for Talk at Les Houches

Galen Reeves⇤

March 1, 2017

IRS(�) =

Z �

0

1

2
log(1 + MRS(�0)) d�0

⇢
(M, �) : M = mmseX

✓
�

1 + M

◆�

⇢�
1
2 log(1 + M), �

�
: M = mmseX

✓
�

1 + M

◆�

MRS(�) = mmseX

✓
�

1 + MRS(�)

◆

In(�) =

Z �

0

1

2
log(1 + Mn(�0)) d�0

Mn(�) = mmseX

✓
�

1 + Mn(�)

◆

PX = N (µ, �2)

PX = (1 � ✏)PX0
+ ✏H

PX =
1

2
��µ +

1

2
�+µ

PX = (1 � ✏)�0 + ✏H

Var(Ȳm+1) = E
⇥
[Am+1]

T Cov(Xn | Y m, Am)Am+1

⇤
+ E

⇥
W 2

m+1

⇤

=
1

n
E[tr(Cov(Xn | Y m, Am))] + 1

=
1

n
mmse(Xn | Y m, Am) + 1

E
⇥
[Am+1]

T X̄n
⇤

= 0

⇤G. Reeves is with the Department of Electrical and Computer Engineering and the Department of Statistical Science, Duke
University, Durham (e-mail: galen.reeves@duke.edu)

1

replica 

symmetric


MMSE



28 / 42

Outline

1 Introduction

2 Error Correction: From LDPC to Message Passing and Beyond

3 Symmetric Codes on Erasure Channels

4 Compressed Sensing: From AMP to Replica Predictions

5 Good Deterministic Measurement Matrices

6 Conclusion



29 / 42

Reed–Solomon (RS) codes, Partial Fourier Matrices, and Paley ETFs

▶ Consider the N = 7 cyclic RS code over F8

let α be a primitive element of F8

parity-check matrix H is partial Fourier
recovers all patterns of at most 3 erasures

▶ Paley equiangular tight frame (ETF) N = 7
similar except ϕ = e2πi/7 and frequencies
prime DFT ⇒ square submatrices invertible

▶ What do erasure results say about ETFs?
symmetry conditions ⇒ almost all
M × (1 − ϵ)M submatrices invertible?

H =


1 α α2 α3 α4 α5 α6

1 α2 α4 α6 α α3 α5

1 α3 α6 α2 α5 α α4



Φ =


1 ϕ ϕ2 ϕ3 ϕ4 ϕ5 ϕ6

1 ϕ2 ϕ4 ϕ6 ϕ ϕ3 ϕ5

1 ϕ4 ϕ ϕ5 ϕ2 ϕ6 ϕ3



See earlier compressed sensing work on erasures and symmetry [FM12, JMF13, FJMP15, JK25].
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Equiangular Tight Frames and the Kesten-MacKay Law

▶ Recovery with partial knowledge of support
Standard CS setup: Y = ΦX + Z
Given random set A containing true support
Noise amplification of linear reconstruction
depends on eigenvalues of PT

A ΦHΦPA

▶ What is its eigenvalue distribution?
For Haar random Φ, it is MANOVA.
Conjecture: ETF ⇒ MANOVA [HZG17]
Shown for real ETFs (N = 2M) [MMP21]
Established for general ETFs [Kun23]

▶ Where could this be useful? [DLS23]

Random subsets of structured deterministic frames

have MANOVA spectra

Marina Haikina, Ram Zamira, and Matan Gavishb,1

aSchool of Electrical Engineering, Systems Department, Tel Aviv University, Tel Aviv 6997801, Israel; and bSchool of Computer Science and Engineering, The
Hebrew University, Jerusalem 9190416, Israel

Edited by David L. Donoho, Stanford University, Stanford, CA, and approved May 2, 2017 (received for review January 4, 2017)

We draw a random subset of k rows from a frame with n rows
(vectors) and m columns (dimensions), where k and m are propor-
tional to n. For a variety of important deterministic equiangular
tight frames (ETFs) and tight non-ETFs, we consider the distribu-
tion of singular values of the k-subset matrix. We observe that, for
large n, they can be precisely described by a known probability
distribution—Wachter’s MANOVA (multivariate ANOVA) spectral
distribution, a phenomenon that was previously known only for
two types of random frames. In terms of convergence to this limit,
the k-subset matrix from all of these frames is shown to be empir-
ically indistinguishable from the classical MANOVA (Jacobi) ran-
dom matrix ensemble. Thus, empirically, the MANOVA ensemble
offers a universal description of the spectra of randomly selected
k subframes, even those taken from deterministic frames. The
same universality phenomena is shown to hold for notable ran-
dom frames as well. This description enables exact calculations
of properties of solutions for systems of linear equations based
on a random choice of k frame vectors of n possible vectors
and has a variety of implications for erasure coding, compressed
sensing, and sparse recovery. When the aspect ratio m/n is
small, the MANOVA spectrum tends to the well-known Marčenko–
Pastur distribution of the singular values of a Gaussian matrix, in
agreement with previous work on highly redundant frames. Our
results are empirical, but they are exhaustive, precise, and fully
reproducible.

deterministic frames | MANOVA | analog source coding | equiangular tight
frames | restricted isometry property

Consider a frame {xi}n
i=1 ⇢Rm or Cm , and stack the vec-

tors as rows to obtain the n-by-m frame matrix X . Assume
that ||xi ||2 = 1 (deterministic frames) or limn!1kxik= 1 almost
surely (random frames). This paper studies properties of a ran-
dom subframe {xi}i2K , where K is chosen uniformly at random
from [n] = {1, . . . ,n} and |K | = k n . We let XK denote the
k -by-m submatrix of X created by picking only the rows {xi}i2K ;
call this object a typical k submatrix of X . We consider a collec-
tion of well-known deterministic frames, listed in Table 1, which
we denote by X . Most of the frames in X are equiangular tight
frames (ETFs), and some are near-ETFs.

This paper suggests that, for a frame in X , it is possible to
calculate quantities of the form EK (�(GK )), where �(GK ) =
(�1(GK ), ..., �k (GK )) is the vector of eigenvalues of the k -by-k
Gram matrix GK =XKX 0

K and  is a functional of these eigen-
values. As discussed below, such quantities are of considerable
interest in various applications where frames are used across a
variety of domains, including compressed sensing, sparse recov-
ery, and erasure coding.

We present a simple and explicit formula for calculating
EK (�(GK )) for a given frame in X and a given spectral func-
tional  . Specifically, for the case k m ,

EK (�(GK )) ⇡  
⇣
f MANOVA
�,�

⌘
,

where �= k/m , �=m/n , and f MANOVA
�,� is the density of

Wachter’s classical multivariate ANOVA limiting distribution

(1), which we denote here by MANOVA(�, �). The fluctuations
about this approximate value are given exactly by

EK

�� (�(GK )) � 
⇣
f MANOVA
�,�

⌘ ��2 = Cn�b log�a(n). [1]

Although the constant C may depend on the frame, the expo-
nents a and b are universal and depend only on and the aspect
ratios � and �. Evidently, the precision of the MANOVA-based
approximation is good, is known, and improves as m and k both
grow proportionally to n .

Eq. 1 is based on a far-reaching universality hypothesis. For
all frames in X as well as well-known random frames also
listed in Table 1, we find that the spectrum of the typical
k -submatrix ensemble is indistinguishable from that of the clas-
sical MANOVA (Jacobi) random matrix ensemble (2) of the
same size. (Interestingly, it will be shown that, for deterministic
ETFs, this indistinguishability holds in a stronger sense than for
deterministic non-ETFs.) This universality is not asymptotic and
concerns finite n-by-m frames. However, it does imply that the
spectrum of the typical k -submatrix ensemble converges to a uni-
versal limiting distribution, which is none other than Wachter’s
MANOVA(�, �) limiting distribution (1). It also implies that the
universal exponents a and b in Eq. 1 are previously unknown,
universal quantities corresponding to the classical MANOVA
(Jacobi) random matrix ensemble.

Significance

A frame (overcomplete set of vectors) represents an analog
coding scheme. Deterministic frame constructions offer useful
codes for communication and signal processing tasks. When
the coded signal only uses a random subset of the frame vec-
tors (for example, in compressed sensing), the coding qual-
ity is determined by the typical covariances within subsets of
frame vectors. We provide a method to calculate functions of
these typical covariances, which predict specific performance
measures of the corresponding coding scheme. Our method
uses a universality property: for many well-known determin-
istic and random frames, typical covariances within subsets of
frame vectors do not depend on the frame and are described
by the MANOVA (multivariate ANOVA) ensemble, a classical
object in statistics and random matrix theory.
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Abstract
We apply the method of moments to prove a recent conjecture of Haikin, Zamir and
Gavish concerning the distribution of the singular values of random subensembles of
Paley equiangular tight frames.Our analysis appliesmore generally to real equiangular
tight frames of redundancy 2, and we suspect similar ideas will eventually produce
more general results for arbitrary choices of redundancy.

Keywords Equiangular tight frames · method of moments · Borel’s triangle

Mathematics Subject Classification 42C15 · 15B52 · 94C30

1 Introduction

Frame theory concerns redundant representations in a Hilbert space. A frame [16] is
a sequence {ϕi }i!I in a Hilbert space H for which there exist α,β ! (0,∞) such that

α‖x‖2 ≤
∑

i!I
|〈x,ϕi 〉|2 ≤ β‖x‖2,

for every x ! H . If every ϕi has unit norm, then we say the frame is unit norm, and if
α = β, we say the frame is tight [12]. In the special case where H = Rd , a frame is
simply a spanning set, but unit norm tight frames are still interesting and useful [5,27].
For example, equiangular tight frames are unit norm tight frames with the additional
property that |〈ϕi ,ϕ j 〉| is constant over the choice of pair {i, j}. Equiangular tight
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Generic MANOVA limit theorems for products of
projections

Dmitriy Kunisky∗

Department of Computer Science, Yale University

January 23, 2023

Abstract

We study the convergence of the empirical spectral distribution of ABA for N ⇥N
orthogonal projection matrices A and B, where 1

N Tr(A) and 1
N Tr(B) converge as

N ! 1, to Wachter’s MANOVA law. Using free probability, we show mild su�cient
conditions for convergence in moments and in probability, and use this to prove a
conjecture of Haikin, Zamir, and Gavish (2017) on random subsets of unit-norm tight
frames. This result generalizes previous ones of Farrell (2011) and Magsino, Mixon,
and Parshall (2021). We also derive an explicit recursion for the di↵erence between the
empirical moments 1

N Tr((ABA)k) and the limiting MANOVA moments, and use this
to prove a su�cient condition for convergence in probability of the largest eigenvalue
of ABA to the right edge of the support of the limiting law in the special case where
that law belongs to the Kesten-McKay family. As an application, we give a new proof
of convergence in probability of the largest eigenvalue when B is unitarily invariant;
equivalently, this determines the limiting operator norm of a rectangular submatrix of
size 1

2N ⇥ ↵N of a Haar-distributed N ⇥ N unitary matrix for any ↵ 2 (0, 1). Unlike
previous proofs, we use only moment calculations and non-asymptotic bounds on the
unitary Weingarten function, which we believe should pave the way to analyzing the
largest eigenvalue for products of random projections having other distributions.

∗Email: dmitriy.kunisky@yale.edu. Partially supported by ONR Award N00014-20-1-2335, a Simons
Investigator Award to Daniel Spielman, and NSF grants DMS-1712730 and DMS-1719545.
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UNIVERSALITY OF APPROXIMATE MESSAGE PASSING WITH
SEMIRANDOM MATRICES

BY RISHABH DUDEJA1,a, YUE M. LU2,c AND SUBHABRATA SEN1,b

1Department of Statistics, Harvard University, ard2714@columbia.edu, bsubhabratasen@fas.harvard.edu
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Approximate Message Passing (AMP) is a class of iterative algorithms
that have found applications in many problems in high-dimensional statis-
tics and machine learning. In its general form, AMP can be formulated as
an iterative procedure driven by a matrix M. Theoretical analyses of AMP
typically assume strong distributional properties on M, such as M has i.i.d.
sub-Gaussian entries or is drawn from a rotational invariant ensemble. How-
ever, numerical experiments suggest that the behavior of AMP is universal as
long as the eigenvectors of M are generic. In this paper we take the first step
in rigorously understanding this universality phenomenon. In particular, we
investigate a class of memory-free AMP algorithms (proposed by Çakmak
and Opper for mean-field Ising spin glasses) and show that their asymptotic
dynamics is universal on a broad class of semirandom matrices. In addition to
having the standard rotational invariant ensemble as a special case, the class
of semirandom matrices that we define in this work also includes matrices
constructed with very limited randomness. One such example is a randomly
signed version of the sine model, introduced by Marinari, Parisi, Potters, and
Ritort for spin glasses with fully deterministic couplings.
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Interesting Open Questions

▶ Does the spectrum converge under even weaker conditions?
If unitaries acting on the left of Φ generate a doubly transitive symmetry, then
Φ defines an ETF. But, weaker symmetry might also be sufficient

▶ Can we prove AMP state evolution for sequences of ETF sensing matrices?
Conjectured for some deterministic families based on empirical evidence

▶ Can one show optimal recovery performance matches replica prediction?
Due to change in spectrum, the replica prediction differs from before
Optimal decoding is intractable ⇒ empirical evidence is hard to get
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Summary

▶ Reviewed connections between compressed sensing and error correction in
light of recent advances in both areas

▶ Connections between capacity via symmetry on erasure channels and
compressed sensing

▶ Links between AMP, state evolution, and optimal performance

▶ Idea behind replica predictions. Could they be provable for ETFs?
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Thank You!
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