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Sparse Graph Codes

@ Ensembles defined via structured random parity-check matrix
@ Low-Density Parity-Check (LDPC), Repeat Accumulate (RA)
o Irregular RA (IRA), Accumulate RA (ARA), etc...
@ Ensembles defined by a degree distribution (d.d.) (A(x), p(x))

@ Belief Propagation (BP) Decoding

@ Density evolution (DE) used to compute a noise threshold
where bit error rate vanishes (w.h.p. as n — o) if the channel
is better than the threshold

o Optimized degree distributions achieve good performance at
rates near capacity
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Belief Propagation Decoding
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Maximum A Posteriori (MAP) Envy

@ BP decoding is good, but how much better is MAP decoding?

o Although BP is optimal on a tree, it is suboptimal in general

@ Méasson, Montanari, and Urbanke (MMU) addressed this
question by focusing on the Area Theorem for EXtrinsic
Information Transfer (EXIT) charts

@ Results were given for LDPC and Turbo codes

@ The MMU approach is quite general
@ Upper bounds on the MAP threshold are computable for
ensembles which admit DE analysis

o Lower bounds on the MAP threshold (for the BEC) are
computable for ensembles which allow weight enumerator
(WE) analysis after the peeling decoder gets stuck
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Peeling Decoding
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Our Results

@ MAP threshold bounds for IRA and ARA codes on the BEC

@ Applies the MMU approach
s Upper bound based on IRA/ARA DE equations for EXIT chart

@ Lower bound based on graph reduction to LDPC code followed
by peeling decoder and WE analysis

@ MAP threshold bounds for an LDPC code over an IS| channel

o Follows MMU approach with slight change in EXIT theorem

s Upper bound via DE analysis of the joint iterative decoder of
code and channel (e.g., turbo equalization)

@ Lower bound is a work in progress...

@ Modified graph reduction for the channel decoder, but...
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How is the MAP Threshold Useful?

@ Separates rate loss from capacity in two parts

@ MAP threshold vs Capacity gives loss due to code
o BP threshold vs MAP threshold gives iterative decoding loss

o Maxwell O (n?) decoding for BEC achieves MAP threshold
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MAP EXIT Function

Definition (MAP EXIT Function)

Let C be a length-n binary code defined by px»(x}). Codeword X}
is chosen according to pxx(x) and Y7 is the result of transmitting
X[ over a BEC(€). Then, the MAP EXIT function is

HMAP (e léH (Xi|Y? (€) \Yi(€)).

3

Theorem (Area Theorem)

_H Xn|Yn / hMAP
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BP EXIT function

Definition (BP EXIT Function)
The BP EXIT function of a length-n code C is given by

1 n
CACEE W AICY

i=1

where hfp (€) is the entropy of X; given the extrinsic message from
X; to the channel (function of Y\ Y;) after [ iterations of decoding.
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Properties of EXIT Functions

Q 0 <HMAP(e) < hg{;(e) <1 and both are non-decreasing
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Properties of EXIT Functions

Q 0 <HMAP(e) < hg{;(e) <1 and both are non-decreasing

© Code rate of Cis Re = 1H(X}) = fol hYAP (e)de
© For an ensemble sequence C, of increasing length

(a) Asymptotic MAP EXIT: h!4P(e) £ limsup Eg, {h@;ﬂf‘f’(e)}

n—oo

(b) Asymptotic BP EXIT:  hEP(¢) 2 lim lim Eg, [h('@lj(e)}

|—oc0n—00

i. BP limit exists for standard “tree-like" ensembles
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Properties of EXIT Functions

Q 0 <HMAP(e) < hg{;(e) <1 and both are non-decreasing
© Code rate of Cis Re = 1H(X}) = fol hYAP (e)de

© For an ensemble sequence C, of increasing length

(a) Asymptotic MAP EXIT: h!4P(e) £ limsup Eg, {h@;ﬂf‘f’(e)}

n—oo

(b) Asymptotic BP EXIT:  hEP(¢) 2 lim lim Eg, [h('@lj(e)}

|—oc0n—00

i. BP limit exists for standard “tree-like" ensembles
© MAP/BP Thresholds

(2) emap is max such that héAAP(e) =0 for 0 < € < epmar
(b) epp is max such that hBF(e) = 0 for 0 < e < epp
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BP EXIT Function for (3,6) LDPC Ensemble
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Figure: (3,6)-regular LDPC code on the erasure channel
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Upper Bounding the MAP Threshold

@ For any code C defined by a parity-check matrix:
Rp < Rc¢ (design rate vs true rate)

1
:/0 WYAP (¢) de (area theorem)
< e nMAP (e +/ WMAP (¢) de (non-decreasing)

< e*'nMAP (e +/ heh (MAP is optimal)

@ For sequence C,, limsup of expectation for ¢* :€MAP—% gives

1
Rp < / hEP (¢)de
€

MAP

@ Proof: E¢, [A] — 0 and limsup E¢, [B] < felMAP hEP (€)de
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Graphical Construction
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Figure: (3,6)-regular LDPC code on the erasure channel, r ppc = 0.5

€BP = 0.4294; eMAP = 0.4881 (MMU)
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Lower Bounding the MAP Threshold

@ For an LDPC code on the BEC

@ Decode with a peeling decoder until the decoder gets stuck
o Residual graph is a function of channel erasure probability €

@ Find €* where MAP decoding of residual code succeeds w.h.p.

o Analysis based on residual-code weight-enumerator (WE)

s This €* gives a lower bound on the MAP threshold

@ Weight enumerator (WE) analysis of residual-graph code

s Decoding succeeds if code has only all-zero codeword w.h.p.
@ Sufficiency can be numerically verified for each residual graph

o MMU proved this analytically for regular LDPC codes
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© MAP Threshold Bounds for IRA/ARA Ensembles
@ Systematic Irregular Repeat-Accumulate (SIRA) Codes
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Gallager-Tanner-Wiberg Graph for ARA and IRA Codes
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MAP Threshold Bounds for Systematic IRA (SIRA) Codes

@ Density evolution for SIRA codes (Jin,Khandekar,McEliece)

x(()l) = eA(xél))
A =1— =R -AY)
xgl) = exgl)

(0 _ 1 (1202

Xy = (1—-x, (171))

p(1—x;
@ Design rate of the SIRA code ensemble
1 -1
d
= (15 e @
Jo A (x)dx

® BP EXIT function of the SIRA ensemble

WBP=IRA (&) = pipa L (x3) 4 (1 — riga) 22

21/ 38



Bounds for IRA/ARA Ensembles
O00e0

Upper Bound for (4,4) Regular SIRA Code

o DE/Integral for rate-3 SIRA ensemble: (A,p) = (x*,x°)

1
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eBP = 0.4451; eMAP < 0.4872; Shammon — 0.5
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Threshold Comparison for Various IRA Code Ensembles

=

x) ‘ p(x) ‘ €BP ‘ eMAP ‘ GShunnon ‘ rate ‘
0.4448 | 0.4651 | 0.5000 | 0.5000
0.4451 | 0.4872 | 0.5000 | 0.5000
0.4308 | 0.4946 | 0.5000 | 0.5000
0.2890 | 0.3078 | 0.3333 | 0.6667
0.2848 | 0.3249 | 0.3333 | 0.6667
0.2694 | 0.3301 | 0.3333 | 0.6667
0.2139 | 0.2303 | 0.2500 | 0.7500
X 0.2086 | 0.2438 | 0.2500 | 0.7500
x™® 10.1952 | 0.2477 | 0.2500 | 0.7500
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Applying lower bound to each ensemble shows tightness
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© MAP Threshold Bounds for IRA/ARA Ensembles

@ Accumulate Repeat-Accumulate (ARA) Codes
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Gallager-Tanner-Wiberg Graph for ARA and IRA Codes
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MAP Threshold Bounds for ARA Codes

@ Density evolution for ARA code ensembles (Pfister and Sason)

x((]l) = 1- (1 fxélfl)) (1—¢) xél) = exél)
( (

D _ (xa))zA(x(l—l)) WA <l—x(l))2p (1—x(l))
D= 1 R(-) (1) = DL () 1
@ Design rate of the ARA code ensemble

1

ARA =TT

1+R'—(1)

® BP EXIT function of the ARA code ensemble

J,BP—ARA (€) = rara [1 —(1- x5)2} + (1 —rara) %3
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MAP Threshold Bounds for ARA Codes

o DE/Integral for rate- ARA ensemble: (A,p) = (x% 3x+ 1)

1

0.8f

0.6

heP(e)

0.41

0.2f

8.6 0.7 0.8 0.9 1
€

eBP = 0.6412; eMAP < (0.6593; ¢Shannon — () 6666

27/ 38



Bounds for IRA/ARA Ensembles
®00

Outline

© MAP Threshold Bounds for IRA/ARA Ensembles

@ Tightness of the Upper Bound
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Graph Reduction for IRA/ARA Codes

H}% T

@ Graph reduction removes erasures from accumulator outputs

o By merging the two check nodes adjacent to an erasure
e Equivalent to summing check equations to remove erased bit
@ Graph reduction removes degree-2 checks from accum. inputs
o By absorbing equality constraint into a single bit node
e Equivalent to removing an extraneous variable
o After graph reduction we have an LDPC code with a new d.d.
@ Resulting LDPC ensemble is standard given new d.d.

o One can apply the standard peeling decoder analysis

@ Introduced by Pfister and Sason
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Lower Bound for IRA/ARA Codes on the BEC

@ Graph reduction reduces the IRA/ARA code to an LDPC code
@ Decode with a peeling decoder until the decoder gets stuck

o Residual graph is a function of channel erasure probability €

@ Find €* where MAP decoding of residual code succeeds w.h.p.

o Analysis based on residual-code weight-enumerator (WE)

@ This €* gives a lower bound on the MAP threshold

@ Weight enumerator (WE) analysis of residual-graph code

@ Decoding succeeds if code has only all-zero codeword w.h.p.

o Sufficiency can be numerically verified for each residual graph
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© Joint Decoding of LDPC Codes and Channels with Memory
@ MAP Threshold Bounds for Joint Decoding

31/ 38



Joint Decoding
[o] lelele]e]

System Description
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Figure: Gallager-Tanner-Wiberg graph of the joint iterative decoder
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Channel Model and Erasure Noise

@ The Dicode Erasure Channel (DEC) Model
s Discrete-time channel with linear response H(z) =1 —z
@ Output erased independently with probability €
o State given by last input, edges labelled by input/output

X¢€{0,1} — H(2)=1-z
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MAP EXIT Function for Joint Decoding

Definition (MAP Joint Decoding EXIT Function)

Let C be a length-n binary code defined by px»(x}). Codeword X}
is chosen according to px» (x7), Z is the noiseless output of the ISI
channel with initial state Sq, and Y7 is the result of transmitting Z
over a BEC(€). Then, the MAP-JD EXIT function is

APID (¢) & 1 ZH (ZIY} (€)\Y: (e), 1)

Theorem (Area Theorem)

1 € _
H(XH|Y] (e),80) = [ WP (6)ds
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BP EXIT Function for Joint Decoding

@ Density evolution for joint decoding (Pfister and Siegel)

I+1 ! ! I+1 I+1
§l+1) x:(,,)/\(xg)) I+1 xéerl) = L (l+1))
W= 1-p—xf") KTV = f e

@ BP-JD EXIT function from analysis of BCJR for channel
@ Asymptotic BP-JD EXIT function for DEC(e)

hBP*]D (6) _ 263(3 (4 + €X3 — Z.X'3)
(2-x3(1-€))?

U

o where x3 £ lim;_, o X3
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Upper Bound on the MAP Threshold

: 1
(3,6)-regular LDPC code with rate = 5

Joint Decoder for Dicode Erasure Channel
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Conclusions

Summary

@ Analyzed the MAP threshold of 3 iterative decoding systems

@ MAP Threshold upper/lower bounds for IRA/ARA Codes
@ MAP Threshold upper bound for joint decoding of LDPC/ISI

o Tight LB implies i¥4P(¢) = hBP(e) a.e. for € > emap

@ Results quantify iterative decoding loss for IRA/ARA codes
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Conclusions

Future Work

@ MAP Threshold lower bounds (i.e., tightness of the UB)
@ Prove tightness analytically for bit-regular IRA/ARA codes

o Define peeling decoder for LDPC/ISI joint decoder to prove LB

@ Extensions to non-erasure channels
s Upper bound for IRA/ARA follows from GEXIT functions
s Upper bound for joint decoder possible but requires work

@ Lower bound is still an open problem for LDPC codes
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