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ABSTRACT OF THE DISSERTATION

On the Capacity of Finite State Channels and

the Analysis of Convolutional Accumulate-m Codes

by

Henry D. Pfister

Doctor of Philosophy in Electrical Engineering

(Communications Theory and Systems)

University of California San Diego, 2003

Professor Paul H. Siegel, Chair

What are the fundamental limits of communications channels and channel coding systems? In

general, these limits manifest themselves as thresholds which separate what is possible from

what is not. For example, the capacity of a communications channel is a coding rate threshold

above which reliable communication is not possible. At any coding rate below capacity, however,

reliable communication is possible. Likewise, all fixed rate coding schemes have channel noise

thresholds above which the probability of decoding error cannot be made arbitrarily small. When

the channel noise is below the threshold, many of the same coding systems can operate with very

small error probability. In this dissertation, we consider the noise thresholds of Convolutional

Accumulate-m (CA-m) codes, the capacity of finite state channels (FSCs), and the information

rates achievable via joint iterative decoding of irregular low-density parity-check (LDPC) codes

over channels with memory.

CA-m codes are a class of turbo-like codes formed by serially concatenating a termi-

nated convolutional code with a cascade ofm interleaved rate-1 “accumulate” codes. The first

two chapters consider these codes from two different perspectives. First, the sequence ofm en-

coders is analyzed as a Markov chain to show that these codes converge to random codes, which

are nearly optimal, asm goes to infinity. Next, a detailed threshold analysis is performed for

both maximum likelihood and iterative decoding of long CA-m codes with finitem.

A FSC is a discrete-time channel whose output depends on both the channel input and

xiv



the channel state. A simple Monte Carlo method is introduced which estimates the achievable

information rate of any FSC driven by finite memory Markov inputs. Until recently, there has

been no practical method of estimating the capacity of a FSC. This Monte Carlo method enables

one to compute a non-decreasing sequence of lower bounds on the capacity.

The joint iterative decoding of irregular LDPC codes over channels with memory is

also considered. For a class of erasure channels with memory, we derive a closed form recursion

that can be used to verify necessary and sufficient conditions for successful decoding.

xv



Chapter 1

Introduction

1.1 Layman’s Summary

A great deal of human effort has been exerted throughout history to communicate mes-

sages quickly and reliably over long distances. For example, the Roman empire constructed a

communications network based on smoke signals which ranged more than 4,500 kilometers. In

1794, the first mechanical optical telegraph used a network of signal flags mounted on towers to

transmit messages across Europe. Commercial electrical telegraph service began in 1844 when

Morse sent a message from Washington D.C. to Baltimore. Today, multiple digital and ana-

log communications networks encircle the earth and provide telephone, internet, and television

services.

In general, all communications systems such as these must make compromises be-

tween speed and reliability. For example, telegraph operators are more prone to error when they

receive messages which are sent very rapidly. The noise level also increases with the length

of the telegraph wire, degrading the reliability of the system. In 1948, Claude Shannon made

this concept mathematically precise, and the field ofinformation theorywas born. One of his

main results, the channel coding theorem, says that there is a fundamental limit on the rate that

information can be transmitted reliably through a noisy medium [4].

To explain his result properly, we assume that somesenderwould like to transmit a

messagethrough a noisy medium (i.e., thechannel) to a receiver. For simplicity, we assume

the message is a sequence ofbits (1’s and 0’s). While the sender may repeatedly transmit one

message bit per channel use, uncertainty in the transmission due to noise may cause errors in

1
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the received message. The reliability of the received message can, of course, be improved by

sending the same bit many times and allowing the receiver to choose the most probable bit value.

For example, if each message bit is transmittedq times, then therate of transmission, which is

the number of message bits transmitted per channel use, is said to be1/q. Shannon proved the

remarkable result that, by using clever encoding and decoding, information can be transmitted

reliably at any rate less than a fundamental limit known as thechannel capacity. Furthermore,

he proved that no system can transmit information reliably at rates above the channel capacity.

For example, consider a channel which erases every other bit. This means that the

input sequence,10110010, is mapped to the output sequence,1?1?0?1?. Clearly, one message

bit can be transmitted reliably for every two channel uses by sending each message bit twice in

a row. This establishes that reliable transmission is possible at rate1/2. Since the capacity of

this channel also equals1/2, we know that reliable communication is impossible at any higher

rate. The field ofchannel codingfocuses on practical methods of encoding and decoding which

achieve reliable communication at rates close to capacity. For most channels, the problem of

designing effective codes is quite difficult.

For a long time, it was speculated that no relatively simple coding system could ap-

proach capacity. These speculations were based on the fact that the first 40 years of research

had produced no such system. A major breakthrough occurred in 1993, when Berrou, Glavieux,

and Thitimajshima introducedturbo codes[1]. Turbo codes shattered these myths by provid-

ing performance very close to capacity with only moderate complexity. The trick behind turbo

codes was encoding the same data with two simple encoders and then decoding with two simple

decoders working together cooperatively. In particular, the turbo decoder works by passing the

output of one decoder to the input of the other decoder in a circular fashion. The name, turbo

codes, is derived mainly from the similarity between the decoder structure and a turbo charged

engine. This type of decoding, now referred to asiterative decoding, was actually invented in

the 1960s by Gallager, but was ahead of its time and essentially forgotten [3].

The advent of turbo codes has also sparked new interest in the field of information

theory. This has led, in turn, to some very exciting research in the past ten years. For one,

the renewed interest in coding theory led to the rediscovery of Gallager codes. Variations of

these codes have been shown to nearly achieve the channel capacity of channels whose outputs

are independent of each other. Much of the work in this dissertation was directly or indirectly

motivated by turbo codes. Chapters 2 and 3 deal with a variation of turbo codes known as
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Convolutional Accumulate-m codes. These codes have some very interesting properties and are

analyzed in detail. Chapter 4 focuses on a simple method of estimating the channel capacity for

a class of time-varying channels, known as finite state channels. Before the work presented here,

the capacity of these channels could not be estimated easily. Chapter 5 explains the application

of a powerful linear code to a simple finite state channel. Using a combined iterative decoding

strategy for the channel and the code, we provide a concise analysis of the decoder behavior.

This analysis of the decoder allows us to algebraically construct codes whose iterative decoding

performance is extremely close the theoretical limit.

The applications of this research include improving the efficiency of communication

systems by either increasing data rates or noise tolerance. Either change brings the system closer

to the fundamental limit defined by Shannon. For example, a hard disk drive can be thought of

as a communications system which transmits data forward in time (i.e., data is written at one

time and read at another). In this sense, techniques described in Chapter 4 may eventually be

leveraged to increase the storage density of hard disk drives. This research can also be applied

to reduce the complexity of encoding/decoding circuits while leaving the coding performance

unchanged. In particular, the codes described in Chapters 2 and 3 operate fairly close to the

fundamental limit and are very simple to encode and decode.

1.2 Outline of Dissertation

This dissertation consists of an introduction and four self-contained chapters. The

chapters cover a fairly wide range of topics including Chapter 2’s straightforward analysis of the

serial concatenation of rate-1 codes, Chapter 3’s thorough analysis of Convolutional Accumulate-

m codes, Chapter 4’s exposition on the capacity of finite state channels, and Chapter 5’s sizable

discussion of the joint iterative decoding of codes and channels with memory.

In Chapters 2 and 3, we consider a new class of simple codes with good performance

near the Shannon limit. This inquiry was motivated initially by the Repeat Accumulate (RA)

codes of Divsalar, Jin, and McEliece [2], which are perhaps the simplest turbo-like codes. These

codes are encoded by repeating each message bitq times, randomly reordering all of these re-

peated message bits, and then computing the modulo-2 cumulative sum of the entire sequence.

Although incredibly simple, their performance under iterative turbo-like decoding is very good.

From a coding perspective, an RA code consists of a repeat code followed by a inter-
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leaver (which reorders the bits) and a rate-1 code (i.e., the modulo-2 cumulative sum). In Chapter

2, we investigate the performance of more general coding systems based on interleavers and rate-

1 codes. In particular, we consider the serial concatenation, through random interleavers, of an

arbitrary binary linear outer code and a cascade ofm identical rate-1 binary linear inner codes.

Our analysis shows that the maximum likelihood decoding performance of these codes, for large

enoughm, is extremely good. Simulation results are also provided for a practical configuration

of these codes known as Convolutional Accumulate-m (CAm) codes. CAm codes are a novel

generalization of RA codes formed by using a terminated convolutional code as the outer code

and a cascade ofm interleaved rate-1 “accumulate” codes as the inner code. The practical per-

formance of CAm codes using iterative decoding is similar, but generally slightly inferior, to that

of turbo codes. In terms of complexity, these codes may still have some advantages.

In Chapter 3, we perform a rigorous analysis of asymptotically long CAm codes for

finitem. We prove a coding theorem for these codes which states that, if the outer code has min-

imum distanced ≥ 2, and the Bhattacharyya channel parameter,z, is less than some threshold

z∗, then the probability of word error isO(nν), wheren is the block length andν is determined

solely bym andd. The minimum distance of these codes is also analyzed in some detail. Fi-

nally, the performance of asymptotically long CAm codes under iterative decoding is analyzed

via density evolution.

In Chapter 4, we consider the capacity of the set of time-varying channels known as

finite state channels (FSCs). A FSC is a discrete time channel whose output distribution depends

both on the channel input and the underlying channel state. This allows the channel output to

depend implicitly on previous inputs and outputs via the channel state. We provide a simple

Monte Carlo method of estimating the achievable information rates of any FSC, and focus on

the problem of estimating the capacity of FSCs with intersymbol-interference. This approach

is general enough to allow the mutual information rate to be maximized over Markov input

distributions of increasing length, and thus estimate a sequence of non-decreasing lower bounds

on capacity. Finally, exact information rates are derived analytically for a very simple channel

known as the dicode erasure channel.

In Chapter 5, we consider the joint iterative decoding of irregular low-density parity-

check (LDPC) codes and channels with memory. We start by introducing a new class of erasure

channels with memory, known as generalized erasure channels (GECs). For these channels, we

derive a single parameter recursion for density evolution of the joint iterative decoder. This al-
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lows us to give necessary and sufficient conditions for decoder convergence and to algebraically

construct sequences of LDPC degree distributions which appear to approach the symmetric in-

formation rate of the channel. Finally, we discuss the construction of arbitrary GECs and some

implications for more general channels.
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Chapter 2

The Serial Concatenation of Rate-1

Codes Through Uniform Interleavers

2.1 Introduction

Since the introduction of turbo codes by Berrou, Glavieux, and Thitimajshima [3],

iterative decoding has made it practical to consider a myriad of different concatenated codes,

and the use of “random” interleavers and recursive convolutional encoders has provided a good

starting point for the design of new code structures. Many of these concatenated code structures

fit into a class that Divsalar, Jin, and McEliece call “turbo-like” codes [4]. Perhaps the simplest

codes in this class are Repeat Accumulate (RA) codes, which consist only of a repetition code, an

interleaver, and an accumulator. Yet, Divsalaret al. prove that the maximum likelihood decoding

(MLD) of RA codes has vanishing word error probability, for sufficiently low rates and any fixed

signal to noise ratio (SNR) greater than a threshold, as the block length goes to infinity. This

demonstrates that powerful error-correcting codes may be constructed from extremely simple

components.

In this chapter we consider the serial concatenation of an arbitrary binary linear outer

code of rater < 1 with m identical rate-1 binary linear inner codes where, following the con-

vention of the turbo-coding literature, we use the term serial concatenation to mean serial con-

catenation through a “random” interleaver. Any real system must, of course, choose a particular

interleaver. Our analysis, however, will make use of theuniform random interleaver(URI) [2]

6
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Figure 2.1.1: Our system consists of any rater < 1 code followed bym rate-1 codes.

which is equivalent to averaging over all possible interleavers. We analyze this system using a

probabilistic bound on the minimum distance and show that, for any fixed block length and large

enoughm, the ensemble contains some codes whose minimum distance achieves the Gilbert-

Varshamov Bound (GVB) [6].

Our work is largely motivated by [4] and by the results of Öberg and Siegel [12]. Both

papers consider the effect of a simple rate-1 “accumulate” code in a serially concatenated system.

In [4] a coding theorem is proved for RA codes, while in [12] the “accumulate” code is analyzed

as a precoder for the dicode magnetic recording channel. Benedettoet al. also investigated the

design and performance of Double Serially Concatenated Codes in [1].

We also discuss a specific class of codes in this family, known as Convolutional

Accumulate-m (CAm) codes, which were introduced as Generalized Repeat Accumulate Codes

in [15] and [16]. A CAm code is a serially concatenated code where the outer code is a termi-

nated convolutional code (CC) and the inner code is a cascade ofm interleaved “accumulate”

codes. These codes were studied in some depth form = 1 by Jin in [10]. This chapter focuses

on the case ofm > 1, and gives a straightforward Markov chain based analysis of the distance

properties and MLD performance.

The outline of the chapter is as follows. In Section 2.2, we review theweight enumer-

ator (WE) of linear block codes and the union bound on the probability of error for maximum

likelihood decoding. We also review the average weight enumerator for the serial concatenation

of two linear block codes through a URI, and relate serial concatenation to matrix multiplication

using a normalized form of each code’sinput output weight enumerator(IOWE). In Section 2.3,

we introduce our system, shown in Fig. 2.1.1, compute its average output WE, and compare

this WE to that of random codes. In Section 2.4, we consider some properties of rate-1 codes

which affect the performance of our system. In Section 2.5, we discuss a probabilistic bound on

the minimum distance of any code, taken from an ensemble, in terms of the ensemble averaged

WE. Applying this bound to the WE from Section 2.3 gives an expression that is very similar

to the Gilbert-Varshamov Bound (GVB) and that is asymptotically equal to the GVB for large
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block lengths. We also evaluate this bound numerically for various CAm codes and observe that

3 or 4 “accumulate” codes seem to be sufficient to achieve the bound derived for asymptotically

largem. In Section 2.6, we evaluate the performance of those same CAm codes using bounds

on the MLD error probability and simulations for iterative decoding error probability. Finally, in

Section 2.7, we share some conclusions and discuss the direction of our future work.

2.2 Weight Enumerators and Serial Concatenation

2.2.1 The Union Bound

In this section, we review the weight enumerator of a linear block code and the union

bound on error probability for MLD. The IOWEAw,h of an(n, k) block encoder is the number

of codewords with input Hamming weightw and output Hamming weighth, and the WEAh is

the number of codewords with any input weight and output weighth. Using these definitions,

the MLD probability of word error is upper bounded by

PW ≤
n∑

h=1

k∑
w=1

Aw,hz
h,

and the MLD probability of bit error is upper bounded by

PB ≤
n∑

h=1

k∑
w=1

w

k
Aw,hz

h.

The parameterz is known as the Bhattacharyya parameter, andzh represents an upper bound on

the pairwise error probability between any two codewords differing inh positions [21, p. 88].

It can be computed for any memoryless channel, and for the binary-input AWGN channel it is

z = e−Es/N0 , whereEs/N0 is the SNR of the decision statistic.

2.2.2 Serial Concatenation through a Uniform Interleaver

We now briefly review the serial concatenation of codes through a URI. The introduc-

tion of the URI in the analysis of turbo codes, by Benedetto and Montorsi [2], has made the

analysis of complex concatenated coding systems relatively straightforward; using the URI for

analysis is equivalent to averaging over all possible interleavers. The important property of the

URI is that the output sequence distribution is a function only of the input weight distribution.
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More precisely, given that the input to a URI has weightw, each output sequence of weightw

will be observed with equal probability and all other output sequences will have zero probability.

Consider any(n, k) block encoder with IOWEAw,h preceded by a URI. We will refer

to such a code as auniformly interleaved code(UIC). The probability,Pr (w → h), of the

combined system mapping an input sequence of weightw to an output sequence of weighth is

Pr (w → h)
def
=

Aw,h(
k
w

) . (2.2.1)

Now we can consider the ensemble of(n, k) block codes formed by first encoding

with an (n1, k) outer code with IOWEA(o)
w,h, permuting the output bits with a URI, and finally

encoding again with an(n, n1) inner code with IOWEA(i)
w,h. The ensemble averaged IOWE

Aw,h is given by

Aw,h =
n1∑

h1=0

A
(o)
w,h1

Pr (h1 → h)

=
n1∑

h1=0

A
(o)
w,h1

A
(i)
h1,h(n1

h1

) . (2.2.2)

The average IOWE for the serial concatenation of two codes may also be written as

the matrix product of the IOWE for the outer code and a normalized version of the IOWE for the

inner code. Let us define, for any code, theinput output weight transition probability(IOWTP)

Pw,h as the probability that an input sequence of weightw is mapped to an output sequence of

weighth. From (2.2.1), we can see thatPw,h = Pr (w → h) . Substituting (2.2.1) into (2.2.2),

we have

Aw,h =
n1∑

h1=0

A
(o)
w,h1

P
(i)
h1,h = A(o)P(i).

whereA(o)P(i) is a matrix product and the matrix representations are defined by
[
A(o)

]
w,h

=

A
(o)
w,h and

[
P(i)

]
w,h

= P
(i)
w,h. Using induction, it is easy to verify that matrix multiplication by

an arbitrary number of IOWTP matrices results in the average IOWE,Aw,h, of the overall serial

concatenation. It is also easy to verify, using (2.2.1), that all IOWTP matrices are stochastic.

2.2.3 A Simple Example - The Accumulate Inner Code

We compute the IOWE and IOWTP of the rate-1 “accumulate” code [4]. The “accu-

mulate” code is a block code formed by truncating, aftern symbols, the recursive rate-1 CC with
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Input Sequence 000 001 010 100 011 101 110 111

Input Weight 0 1 1 1 2 2 2 3

Output Sequence 000 001 011 111 010 110 100 101

Output Weight 0 1 2 3 1 2 1 2

Table 2.1: Input-output sequences and weight mappings forn = 3 “accumulate” code.

generator matrixG(D) = 1/(1+D). The generator matrix for this block code is ann×nmatrix

with all ones in the upper triangle and all zeros elsewhere. For the casen = 3, the generator

matrix is

C =


1 1 1

0 1 1

0 0 1

 .
Using Table 2.1, we see that the uniformly interleaved “accumulate” code maps an input of

weight 1 to an output of weight 1, 2, or 3, each with probability 1/3. So thew = 1 row of the

IOWTP matrix is
[

0 1/3 1/3 1/3
]
. The matrix representations of the IOWE and IOWTP

are given by

A =


1 0 0 0

0 1 1 1

0 2 1 0

0 0 1 0

 P =


1 0 0 0

0 1/3 1/3 1/3

0 2/3 1/3 0

0 0 1 0

.

2.3 Multiple Rate-1 Serial Concatenations

2.3.1 The Input Output Weight Enumerator

Now, we consider the average IOWE,Aw,h, of the(n, k) linear block encoder formed

by first encoding with any(n, k) linear block encoder and then encoding with a cascade of

m identical interleaved rate-1 block encoders. Let the outer encoder be defined by thek × n

generator matrixC(o) and the inner code be defined by then × n generator matrixC(i). The

serial concatenation of linear block codes is achieved by multiplying their generator matrices, so
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the generator matrix of any code in this ensemble can be written as

C = C(o)Π1C(i)Π2C(i) · · ·ΠmC(i), (2.3.1)

where eachΠi is an n × n permutation matrix. Our ensemble of encoders, denoted by

Ωm(C(o),C(i)), can be defined succinctly by a probability distribution over allk × n gener-

ator matrices. In theory, this distribution can be computed by counting the number of distinct

ways each generator matrix can be written in the form of (2.3.1), but the large number of gener-

ator matrices makes this infeasible. Instead, we focus on computing the average IOWE of this

ensemble. LetA(o)
w,h be the IOWE associated with the generator matrixC(o) and letA(i)

w,h be the

IOWE associated with the generator matrixC(i). Let P be the IOWTP matrix associated with

A
(i)
w,h, then the average IOWEA

(m)
w,h of this ensemble is

A
(m)
w,h =

n∑
h1=0

A
(o)
w,h1

[Pm]h1h . (2.3.2)

The linearity of the code guarantees that inputs of weight zero will always be mapped

to outputs of weight zero and inputs of weight greater than zero will always be mapped to outputs

of weight greater than zero, so the matrixP will be block diagonal with two blocks. Let the first

block be the1 × 1 submatrix associated withw = h = 0 and the second block be then × n

submatrix formed by deleting the first row and column ofP. In general, we will refer to the

second block as theQ submatrix of the IOWTP matrix, and we write

P =

 1 0

0 Q

 .
Multiplication acts independently on the components of a block diagonal matrix, so we can also

write

Pm =

 1 0

0 Qm

 .
If P is a finite dimensional stochastic matrix, then we can associate it with a finite-

state Markov Chain (MC) with state transition matrixP. In this case, bothP andQ are finite

dimensional stochastic matrices and the association matches states in the MC with input/output

weights of the rate-1 UIC. Using some well-known definitions from the theory of MCs, we say
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that π = [π0, . . . , πn] is a stationary state distribution of the MC with transition probability

matrix P if πP = π and
∑
πi = 1. This allows us to associate a stationary state distribution,

π, of the MC with a stationary weight distribution of the rate-1 UIC. If the average WE,Ah, of

a code ensemble is not changed by encoding every code in the ensemble with the same rate-1

UIC, thenAh is a stationary WE of that rate-1 UIC. Using (2.2.2), it is easy to verify that this

occurs when

[
A1, . . . , An

]
Q =

[
A1, . . . , An

]
,

which makes
[
A1, . . . , An

]
/(2k − 1) a stationary state distribution of the MC associated with

state transition matrixQ. Recall also that a MC, with state transition matrixQ, is irreducible if

and only if, for alli, j, there exists a positiveti,j such that
[
Qti,j

]
i,j
> 0 [19, p. 18].

Definition 2.3.1. A rate-1 UIC isirreducible if the Q submatrix of its IOWTP matrix,P, can

be associated with an irreducible MC.

We now draw upon some well-known theorems from the theory of non-negative ma-

trices and MCs [19, p. 119].

Theorem 2.3.2 (Perron-Frobenius).An irreducible Markov Chain has a unique positive sta-

tionary state distribution.

Proposition 2.3.3. LetP be the IOWTP matrix of an irreducible rate-1 UIC with block lengthn.

The infinite family of stationary state distributions,π(α) = [π0(α), . . . , πn(α)], of P is defined

by

πh(α) =

 α h = 0

(1 − α) (n
h)

2n−1 1 ≤ h ≤ n
.

Finally, the unique stationary distribution for inputs of non-zero weight is given byπ(0).

Proof. The(n+1)× (n+1) matrix,P, is block diagonal with the first block equal to the scalar,

1, and the second block equal to then × n matrixQ. It is easy to verify thatP has exactly two

irreducible components because a scalar is irreducible andQ is irreducible by Definition 2.3.1.

The stationary distribution of the scalar component is the unit vector associated with inputs of

weight zero because a linear code always maps the all zero input to the all zero output.
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Now, we consider the stationary distribution of theQ irreducible component. The

matrixQ represents the action of a rate-1 linear code on the set of all non-zero sequences, which

is simply a permutation of these sequences. Therefore, a uniform distribution on the set of non-

zero sequences will be stationary under this mapping. Now, we can simply calculate the weight

distribution associated with a uniform distribution on the set of non-zero sequences. Simple

combinatorics gives the answer

πh =

(n
h

)
2n − 1

for 1 ≤ h ≤ n.

Any stationary distribution ofP can be written as the convex combination of these two

unique stationary distributions (one for each irreducible component). Restricting our attention to

inputs of non-zero weight has the effect of making the stationary distribution unique and equal

to the stationary distribution of theQ component.

Example 2.3.4. The rate-1 code from Section 2.2.3 is irreducible, and applying Proposition

2.3.3 gives 
0

3/7

3/7

1/7



T 
1 0 0 0

0 1/3 1/3 1/3

0 2/3 1/3 0

0 0 1 0

 =


0

3/7

3/7

1/7



T

.

An MC with state transition matrixQ is primitive if and only if there exists a positive

t such that
[
Qt
]
i,j
> 0 for all i, j. This is equivalent to the state transition matrix,Q, having

a unique eigenvalue of maximum modulus. The following theorem from the theory of MCs

characterizes the asymptotic behavior of a primitive matrix taken to a large power [19, p.119].

Theorem 2.3.5 (Perron-Frobenius).If Q is the state transition matrix of a primitive Markov

Chain, with unique stationary distributionπ, then

lim
m→∞Qm =


π
...

π

 .
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Moreover, the convergence is uniform and geometric. Specifically, if we letλ2 be the eigenvalue

with second largest magnitude, then
∣∣∣[Qm]ij − πj

∣∣∣ = O(qm), for anyq satisfying|λ2| < q <

1.

Definition 2.3.6. An irreducible rate-1 UIC isprimitive if the MC associated with theQ sub-

matrix of its IOWTP matrix is primitive.

Corollary 2.3.7. If P is the IOWTP matrix of a primitive rate-1 UIC with block lengthn, then

lim
m→∞ [Pm]ij =


1 if i = j = 0(n

j

)
/(2n − 1) if i > 0 andj > 0

0 otherwise

. (2.3.3)

Example 2.3.8. The rate-1 code from Section 2.2.3 is also primitive, and applying Theorem

2.3.5 confirms that

lim
m→∞Pm =


1 0 0 0

0 3/7 3/7 1/7

0 3/7 3/7 1/7

0 3/7 3/7 1/7

 .

2.3.2 A Large Number of Concatenations

We now use (2.3.2) and Theorem 2.3.5 to compute the average WE of any rater < 1

outer code serially concatenated withm primitive rate-1 UICs, in the limit asm goes to infinity.

The intriguing part of this result is that this average WE is independent of the particular outer

encoder and inner encoder chosen. Using the notation from Section 2.3.1, we letC(o) be the

k × n generator matrix of the invertible outer code andC(i) be then × n generator matrix of

the primitive rate-1 inner code, and we letΩm(C(o),C(i)) denote the ensemble of codes withm

serial concatenations. Since this sequence of ensembles may not approach a well-defined limit

asm goes to infinity, we avoid discussing properties of the infinite-m ensemble. Instead, we say

that a property holds forΩ∗(C(o),C(i)) if there exists a finitem0 such that the property holds

for all Ωm(C(o),C(i)), form ≥ m0.

Remark 2.3.9.An interesting open question is whether the ensembleΩm(C(o),C(i)) contains

all invertible linear codes, for sufficiently largem. Using the generator matrix definition, (2.3.1),

it is possible to give a sufficient condition for this. LetS be the set of alln × n permutation
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matrices and defineT =
{
ΠC(i)|Π ∈ S

}
. SinceC(i) is invertible by assumption and all per-

mutation matrices are invertible, it is clear thatT is a subset of the multiplicative group ofn×n

invertible binary matrices denotedGLn(F2). Let Tm = {V1V2 . . .Vm|Vi ∈ T} and assume

that there exists anm0 such thatTm0 = GLn(F2). In this case,Ωm(C(o),C(i)) will contain all

invertible linear codes for allm ≥ m0. Furthermore, the limit,limm→∞ Ωm(C(o),C(i)), exists

and is equal to the ensemble of all invertible linear codes under the uniform distribution. For

example, whenC(i) is the “accumulate” code, we have verified that this occurs forn = 2, 3, 4

with m0 = n+ 1.

Theorem 2.3.10.LetA
(m)
h (n, k) be the average output WE of the ensemble,Ωm(C(o),C(i)),

whereC(o) is thek × n generator matrix of the outer code andC(i) is then × n generator

matrix of the primitive rate-1 inner code. If we defineA
(∞)
h (n, k) to be limm→∞A

(m)
h (n, k),

then we have

A
(∞)
h (n, k) =


(
2k − 1

) (n
h)

2n−1 if h ≥ 1

1 if h = 0
. (2.3.4)

Furthermore, for anyγ > 0, there exists anm0 such that
∣∣∣A(∞)

h (n, k) −A
(m)
h (n, k)

∣∣∣ < γ for

all m ≥ m0.

Proof. Starting with (2.3.2) gives

A
(∞)
h (n, k) = lim

m→∞

k∑
w=1

n∑
h1=1

A
(o)
w,h1

[Pm]h1h .

Applying (2.3.3) gives

A
(∞)
h (n, k) =

 k∑
w=1

n∑
h1=1

A
(o)
w,h1

 (n
h

)
2n − 1

,

and the double sum is independent of the outer code and equal to the number of codewords

(excluding the all zeros codeword), so

A
(∞)
h (n, k) =

(
2k − 1

) (n
h

)
2n − 1

.

For the second statement, we start with
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∣∣∣A(∞)
h −A

(m)
h

∣∣∣ =

∣∣∣∣∣∣
rn∑

w=1

n∑
h1=1

A
(o)
w,h1

(
πh − [Pm]h1h

)∣∣∣∣∣∣
and then we separate the terms and apply Theorem 2.3.5 to get

∣∣∣A(∞)
h −A

(m)
h

∣∣∣ ≤

 rn∑
w=1

n∑
h1=1

A
(o)
w,h1

∣∣πh − [Pm]h1h

∣∣
= (2rn − 1)O(qm).

Although the(2k − 1) term is possibly quite large, it is a constant with respect tom,

so this expression is stillO(qm). Sinceq < 1, it follows that, for anyγ > 0, there exists anm0

such that, for allm ≥ m0, the inequality
∣∣∣A(∞)

h (n, k) −A
(m)
h (n, k)

∣∣∣ < γ holds.

Let us define the uniform ensemble of linear codes as the ensemble generated by the

set of allk × n generator binary matrices. This is equivalent to the ensemble formed by letting

each entry of a random generator matrix be chosen independently and equiprobably from the

set{0, 1}. For non-zero input weights, the average WE is computed by simply noting there are

2k − 1 input sequences, each of which will be mapped to a weight-h codeword with probability(n
h

)
/2n. Of course, the all zero input is always mapped to the all zero output. Therefore, the

average WE of the uniform ensemble is given by

A
U
h (n, k) =

 (2k − 1)(
n
h)
2n for 1 ≥ h ≥ n

1 + 2k−1
2n for h = 0

. (2.3.5)

Since the average number of weight zero codewords is larger than one, there will always be some

codes in this ensemble which are not invertible.

It turns out that the WE,A
(∞)
h (n, k), is almost identical to the average WE of the

uniform ensemble of random linear codes. The main difference between these two ensembles

is that all of the codes inΩm(C(o),C(i)) are invertible, while the uniform ensemble contains a

small percentage of non-invertible codes. The following Corollary of Theorem 2.3.10 explicitly

compares the average WE of the ensemble,Ωm(C(o),C(i)), with the average WE of the uniform

ensemble of random codes.
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Corollary 2.3.11. Let A
(m)
h (n, k) be the average WE of the ensembleΩm(C(o),C(i)), as de-

fined in Theorem 2.3.10. For any0 < r < 1 and ε > 0, there exist integersn0 andm0 such

that ∣∣∣AU
h (n0, drn0e) −A

(m)
h (n0, drn0e)

∣∣∣ ≤ ε

for all m ≥ m0.

Proof. Using the fact thatr < 1, it is easy to verify that, for anyε > 0, there exists ann0 such

that ∣∣∣AU
h (n, drne) −A

(∞)
h (n, drne)

∣∣∣ ≤ ε

2
,

for all n ≥ n0. Using Theorem 2.3.10, it is also easy to verify that, for anyε > 0, there exists an

m0 such that ∣∣∣A(∞)
h (n0, drn0e) −A

(m)
h (n0, drn0e)

∣∣∣ ≤ ε

2
,

for all m ≥ m0. Combining these two bounds completes the proof.

2.4 Properties of Rate-1 Codes

2.4.1 Conditions for Primitivity

In this section, we consider the conditions under which a rate-1 linear code is primitive.

Theorem 2.4.1 gives a sufficient condition by showing that the rate-1 block code formed by

truncating any rate-1/1 CC is primitive. Surprisingly, this also includes non-recursive CCs, which

are seldom considered in practical turbo coding systems.

Theorem 2.4.1. Let h = h0, h1, h2, . . . be the semi-infinite impulse response of a nontrivial,

causal, rate-1/1 convolutional code. To avoid degenerate cases, assume thath0 = 1 . Define

l to be the smallest positive integer such thathl = 1. Then, the rate-1 block code formed by

truncating this convolutional code, to any lengthn ≥ l + 1, is primitive.

Proof. This proof is given in the Appendix.

Proposition 2.4.2 establishes a simple necessary condition for primitivity. In fact, we

conjecture that this condition is also sufficient.
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Proposition 2.4.2. A primitive rate-1 linear code must have at least one row of even weight in

its generator matrix.

Proof. Assume that all rows of the generator matrix have odd weight. It is easy to see that any

linear combination of an even (odd) number of rows will have even (odd) weight. So even (odd)

weight inputs will map only to even (odd) weight outputs and there will be no weight paths from

odd weights to even weights and vice-versa. Therefore, the MC associated with this code is

reducible into at least two components and the rate-1 code is not primitive.

Now, we discuss two exceptional classes of rate-1 codes which are not primitive. Re-

member that a rate-1 code cannot be primitive if its associated MC is reducible. First, consider

any rate-1 code whose generator matrix is ann × n permutation matrix. All of these codes

map inputs of weighth to outputs of weighth and therefore their associated MCs are reducible

into n + 1 components. Next, for evenn, consider any rate-1 code whose generator matrix is

the complement of ann × n permutation matrix. For inputs of even weight, this maps inputs

of weighth to outputs of weighth. For inputs of odd weight, this maps inputs of weighth to

outputs of weightn− h. Therefore, the MC associated with any of these codes is reducible into

roughly3n/4 components.

In fact, we have been unable to construct a rate-1 code that is not primitive and that

still has at least one row of even weight. This leads us to conjecture that the necessary condition

implied by Proposition 2.4.2 is also sufficient.

Remark 2.4.3.Suppose the MC associated with a rate-1 code breaks into exactly two compo-

nents based on parity (cf. the proof of Proposition 2.4.2). In this case, a variant of Theorem

2.3.10 will still apply. This is because the code will preserve the odd or even parity of its inputs.

Since the outer code is linear, either none of the codewords will have odd weight or exactly half

of the codewords will have odd weight. If exactly half have odd weight, then the average WE

will be identical to (2.3.4). If none have odd weight, then the even weight terms of the overall

code will be roughly doubled while the odd weight terms will be exactly zero. For this reason,

this type of reducibility based on parity is essentially irrelevant in terms of minimum distance

and performance.
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2.4.2 Recursive vs. Non-Recursive Rate-1/1 CCs

If we consider the average WE of the ensembleΩm(C(o),C(i)), for finitem, then there

is a distinct difference between using a generator matrix,C(i), derived from a recursive rate-1/1

CC and one derived from a non-recursive rate-1/1 CC. This difference manifests itself in the

convergence rate of the matrix productPm to its limiting value for largem. This is very much

related to the convergence rate, inm, of the average WE of the ensembleΩm(C(o),C(i)) to the

value predicted by Theorem 2.3.10. Since the WE predicted by Theorem 2.3.10 has almost no

codewords of small output weight, we compare these two ensembles by considering the number

of cascaded rate-1 UICs required to map an input of small weight to an output whose weight

grows linearly with the block length.

Consider the non-recursive CC with generatorG(D) = 1 + D. It is easy to verify

that the output weight of this code will be at most twice the input weight. If the desired output

weight is ρn and the input weight is 1, then the minimum number of encodings required is

log2 ρn. More generally, for any non-recursive CC with an impulse response of weightd, the

minimum number of encodings islogd ρn. Therefore, for fixedm and asymptotically largen,

there will be no mappings from input weight 1 to output weightρn. So, for any finitem, we

expect this ensemble to have low weight codewords.

Now consider the recursive CC with generatorG(D) = 1/(1+D). It is easy to verify

that this encoder maps an input of weight 1 at positioni = 1, . . . , n to an output weight of

n − i + 1. Moreover, most inputs of small weight are mapped to outputs of large weight. If

we view this code simply as the inverse of the previous code, then it is clear that if one code

mapsAw,h input sequences from weightw to weight h then the other code maps the same

number of sequences from weighth to weightw. So, for fixedm and asymptotically largen,

the interleaved cascade ofm recursive rate-1/1 CCs has no paths from weightρn to weight1.

In practice, recursive CCs are preferred because this is a much more desirable property for error

correcting codes. In fact, the results of Section 2.5.2 imply that many codes with relatively small

m still have large minimum distance.

Remark 2.4.4.Another way to see the difference between recursive and non-recursive rate-1

CCs is in the second largest eigenvalue,λ2, of theQ submatrix of the IOWTP matrix. Numerical

observations suggest that the magnitude of this eigenvalue for theG(D) = 1/(1 + D) code is

|λ2| = O(n−1) while for theG(D) = 1 +D code, it is|λ2| = O(1). It is well known that the
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Figure 2.5.1: Encoder for a CAm Code with the block size indicated at each stage.

convergence of the matrix productPm to its limiting value is very sensitive to the magnitude of

λ2 (cf. Theorem 2.3.5). Moreover, we believe this behavior may be characteristic of all recursive

and non-recursive codes, and if this is true, then it is another factor which favors recursive CCs

over non-recursive CCs.

2.5 Bounds on the Minimum Distance

2.5.1 The Minimum Distance Distribution

In this section, we examine minimum distance properties of the ensemble

Ωm(C(o),C(i)). We make use of a general upper bound on the probability that any code in

some ensemble has minimum distance,dmin, less thand. The key property of this bound is that

it can be computed using only the average WE of the ensemble. The bound, a simple corollary

of the Markov inequality [13, p. 114], has been used previously by Gallager [7]and by Kahale

and Urbanke [11]. For convenience and completeness, we now explicitly state and prove this

bound.

Lemma 2.5.1. The probability that a code, randomly chosen from an ensemble of linear codes

with average WEAh, hasdmin < d is bounded by

Pr(dmin < d) ≤ (A0 − 1) +
d−1∑
h=1

Ah. (2.5.1)

Proof. LetAh be a random variable equal to the number of codewords with weighth in a code

randomly chosen from an ensemble of codes with average WEAh. We can bound the probability

that a code in the ensemble has minimum distance less thand with

Pr(dmin < d) = Pr

(
(A0 > 1) ∪

d−1⋃
i=1

(Ai > 0)

)
.
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SinceAh takes only positive integer values, we can apply the union bound and then the Markov

inequality to get

Pr(dmin<d) ≤ Pr(A0 − 1 ≥ 1)+
d−1∑
h=1

Pr(Ah ≥ 1)

≤ (A0 − 1) +
d−1∑
h=1

Ah.

Now, we use Lemma 2.5.1 to compare the minimum distance distribution of the uni-

form ensemble with that ofΩm(C(o),C(i)). Both of these are also compared to the well-known

Gilbert-Varshamov Bound (GVB).

Using the counting argument of Gilbert [9], it is easy show that there exists at least

one code withn code bits,k information bits, and minimum distanced if

(2k − 1)
d−1∑
h=0

(
n

h

)
< 2n. (2.5.2)

Varshamov derives a slightly better bound by considering only linear codes, and the similarity

between the two permits one to refer to them jointly as the GVB [6]. LetdGV B(n, k) be the

largestd which satisfies (2.5.2) for a particularn andk. This is the largest minimum distance

which is guaranteed to be achievable by the GVB.

Consider the bound which results from applying Lemma 2.5.1 to the average WE of

the uniform ensemble of linear codes, given in (2.3.5). For this ensemble, we find

Pr(dmin < d) ≤ S(n, k, d),

where

S(n, k, d) =
(
A

U
0 (n, k) − 1

)
+

d−1∑
h=1

A
U
h (n, k)

=
2k − 1

2n

d−1∑
h=0

(
n

h

)
.

Let dU (n, k, ε) be the largestd such thatS(n, k, d) < ε. Notice that the inequality, (2.5.2), is

actually equivalent to the inequality,S(n, k, d) < 1. Therefore, this bound contains the GVB as

a special case anddU (n, k, 1) = dGV B(n, k).
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Now, we apply Lemma 2.5.1 to the average WEA
(∞)
h (n, k), given in (2.3.4). In this

case, we get

Pr(dmin < d) ≤ T (n, k, d),

where

T (n, k, d) =
(
A

(∞)
0 (n, k) − 1

)
+

d−1∑
h=1

A
(∞)
h (n, k)

=
2k − 1
2n − 1

d−1∑
h=1

(
n

h

)
.

Proposition 2.5.2. The inequalityT (n, k, d) < S(n, k, d) holds for alln ≥ 2, 0 < k < n, and

0 ≤ d ≤ n.

Proof. Notice that the difference,T (n, k, d) − S(n, k, d), is given by the expression,

2k − 1
2n − 1

d−1∑
h=1

(
n

h

)
− 2k − 1

2n

d−1∑
h=0

(
n

h

)
,

which can be simplified to

2k − 1
2n(2n − 1)

(
d−1∑
h=1

(
n

h

))
− 2k − 1

2n
.

Notice that this expression is negative ford = 0, strictly increasing withd, and equal to zero for

d = n+1. Therefore, this expression is negative for0 ≤ d ≤ n andT (n, k, d) < S(n, k, d).

Let dΩ(n, k, ε) be the largestd such thatT (n, k, d) < ε and notice that Proposition

2.5.2 implies thatdΩ(n, k, ε) ≥ dU (n, k, ε). Recall that the WE of the ensembleΩm(C(o),C(i))

can be made arbitrarily close toA
(∞)
h (n, k) by increasingm. SinceT (n, k, d) < S(n, k, d),

this shows that there exists anm0 such that, for allm ≥ m0, the minimum distance guaranteed

by Lemma 2.5.1 forΩm(C(o),C(i)) is greater than or equal todU (n, k, ε). Qualitatively, it is

interesting to note that this proves (independently of the GVB) that there exists at least one code

satisfyingdmin ≥ dGV B(n, k).

The asymptotic form of the GVB says that, in the limit asn goes to infinity, there

exists a code with rater = k/n and normalized minimum distanceδ = dmin/n if

H(δ) ≤ 1 − r (2.5.3)
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whereH(x) = −x log2 x− (1−x) log2(1−x) is the binary entropy function [6]. Letδ∗GV B(r)

be the largestδ ≤ 1/2 which satisfies (2.5.3) for a particular block length and rate. This is the

largest normalized minimum distance which is guaranteed to be achievable by the GVB.

Now, we can define similar normalized distance bounds for the uniform ensemble and

for the ensemble,Ω∗(C(o),C(i)). LetδU (r, ε) be the largestδ such thatlimn→∞ S(n, drne , δn)

< ε and letδΩ(r, ε) be the largestδ such thatlimn→∞ T (n, drne , δn) < ε. Following the

approach taken by Pierce in [17], it is easy to verify thatδΩ(r, ε) = δU (r, ε) = δGV B(r) for any

ε < 1.

2.5.2 Convolutional Accumulate-m (CAm) Codes

Now, we apply Lemma 2.5.1 to get some numerical results for the minimum distance

of specific CAm codes. Recall that CAm codes are the serial concatenation of a terminated CC

andm interleaved rate-1 “accumulate” codes. The encoder for CAm codes is shown in Fig.

2.5.1. We note that the MLD performance of RA codes and some other CAm codes withm = 1

was reported in [10]. Generalizations tom > 1 were introduced in [15] and a coding theorem

for these codes was given in [16]. Now, we give results pertaining to the minimum distance of

CAm codes using a few examples. For simplicity, our examples use CCs with memory 0, which

may also be viewed as repeated block codes [15].

In order to apply Lemma 2.5.1 to a specific ensemble, we must compute the ensemble

averaged WE and choose anε. LetCi be a sequence of code ensembles withki information bits

andni code bits such that the rate,r = ki/ni, is fixed. We defined∗C(ni, ε) as the largest min-

imum distance guaranteed, with probability1 − ε, by applying Corollary 2.5.1 to the ensemble

averaged WE ofCi. In the following results, we look at the sequenced∗C(ni, 1/2) using numeri-

cally averaged WEs for various code ensembles. This means that at least half of the codes in each

ensemble have a minimum distance of at leastd∗C(ni, 1/2). We consider 16 ensembles formed

by choosing one of four outer codes and the number of “accumulate” codesm = 1, . . . , 4. Each

outer code is referred to in shorthand: repeat by 2 (R2), repeat by 4 (R4), rate 8/9 single parity

check (P9), and the(8, 4) extended Hamming code (H8). The results, over a range of codeword

lengths, are shown in Fig. 2.5.2.

We compare these code ensembles to the uniform ensemble by focusing on the rate

at which the minimum distance grows with the block length. It is important to note that, at a
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Figure 2.5.2: Probabilistic bound on the minimum distance of various CAm codes.

fixed rate, a “good” code is defined by a minimum distance which grows linearly with the block

length. When examining these results, we will focus on whether or not the minimum distance

appears to be growing linearly with block length and on how close thed∗C(ni, 1/2) is to the GVB.

For ensembles of CAm codes withm = 1, it is known that the minimum distance of almost all

of the codes grows likeO(n(do−2)/do
), wheredo is the free distance of the outer terminated CC

[11]. Examining Fig. 2.5.2 form = 1, we see that the minimum distance grows slowly for R4

and H8 (which havedo ≥ 3) and not at all for R2 and P9 (which havedo = 2). Form = 2, the

growth rate of the minimum distance for R4, H8, and R2 appears distinctly linear. It is difficult
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to determine the growth rate of P9 withm = 2 from these results. Withm = 3, all of the codes

appear to have a minimum distance growing linearly with the block length. In fact, the apparent

growth rates are very close toδ∗GV B(r). Finally, withm = 4, the bounds on minimum distance

andd∗GV B(n, r) are almost indistinguishable. These results are very encouraging and suggest

that, over a range of rates, even a few “accumulate” codes are sufficient to approach the behavior

of an asymptotically large number.

2.5.3 Expurgated Ensembles

One of the problems with average WEs is that some terms may be dominated by the

probability of choosing very bad codes. For example, at large enough SNR, the ensemble aver-

aged probability of error will always be dominated by the code with smallest minimum distance

even if the probability of choosing that code is extremely small. Now, suppose we could remove

all of the codes with minimum distancedmin < d from a particular ensemble. Then, every code

in the newexpurgated ensemblemust have minimum distancedmin ≥ d. Note that we must

choosed carefully, otherwise there may be no codes left in the new ensemble. Suppose that we

choosed andε together such that the total probability of picking a code withdmin ≥ d from the

original ensemble is exactly1 − ε.

We can bound the ensemble averaged IOWE of the expurgated ensemble, which only

contains codes withdmin ≥ d, by dividing the original ensemble into two disjoint sets. LetBw,h

be the average IOWE for the ensemble withdmin < d, which has probabilityε, and letCw,h be

the average IOWE for the ensemble withdmin ≥ d, which has probability1 − ε. We can write

the original average IOWE as

Aw,h = εBw,h + (1 − ε)Cw,h,

and solving forCw,h gives

Cw,h =
Aw,h − εBw,h

1 − ε
.

Dropping theεBw,h term gives the upper bound

Cw,h ≤ 1
1 − ε

Aw,h.
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Up to this point, we have assumed thatε is known exactly. It is sufficient, however, to have an

upper bound onε which is less than1. Applying Lemma 2.5.1 to this end gives

Cw,h ≤ 1

1 −
∑d−1

i=1

∑k
j=1Aj,i

Aw,h.

It is also clear, from the definition ofCw,h, thatCw,h = 0 for all h < d andw > 0.

It is important to note that this result allows one to derive performance bounds which

can be much tighter for typical codes in the ensemble. For example, suppose that all of the

codes in the ensemble with small minimum distance have a small total probability,ε, so that

the rest of the codes, which have very good minimum distance, have a large total probability.

Performance bounds based on the average WE will always have an error floor based uponε and

the small minimum distance, while bounds based on the expurgated ensemble will represent the

performance of the typical codes, which have large minimum distance.

2.6 Performance

2.6.1 The Error Exponent

In this section, we draw on a generalization of Gallager’s derivation of the error ex-

ponent [8] due to Shulman and Feder [20]. This generalization allows one to upper bound the

probability of MLD error, using Gallager’s random coding error exponent, for any binary lin-

ear code. Applying Theorem 1 from [20] to (2.3.4) shows that, for any symmetric memoryless

channel with binary inputs and discrete outputs, the ensembleΩ∗(C(o),C(i)) has nearly the

same error exponent as the Shannon ensemble of random codes. A Shannon random code is

generated by picking the2rn codewords uniformly from the2n possible binary sequences with

replacement, and the Shannon ensemble is the set of possible codes chosen in this manner with

their associated probabilities. Since the Shannon ensemble achieves the capacity of any sym-

metric discrete memoryless channel, this proves that the ensembleΩ∗(C(o),C(i)) can operate at

rates arbitrarily close to capacity.

Theorem 2.6.1 (Shulman-Feder).The probability of word errorPW for a family of(n, drne)
linear codes, transmitted over a symmetric memoryless channel with binary inputs and discrete

outputs, is upper bounded by

PW ≤ 2−nE
�
r+

log2 α
n

�
(2.6.1)
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whereE(·) is the error exponent of the channel and

α = max
1≤h≤n

Ah

2drne − 1
2n(n
h

) .

Corollary 2.6.2. Consider the ensembleΩm(C(o),C(i)) with n code bits anddrne information

for 0 < r < 1. LetPW be the average probability of word error when a code is randomly chosen

from the ensemble and used on some channel with MLD. There exists anm0 such that, for all

m ≥ m0, we have

PW ≤ 2−nE(r+O(1/n)),

whereE(·) is the error exponent of the channel.

Proof. Using Theorem 2.6.1, we must simply show that the constantα for the ensemble

Ωm(C(o),C(i)) remains essentially constant asn increases. Using the formula forα and Theo-

rem 2.3.10, we find that

α = max
1≤h≤n

A
(m)
h

2drne − 1
2n(n
h

)
≤ 1

1 + 2−n
+ max

1≤h≤n

γ 2n

(2drne − 1)
(n
h

) .
Sinceγ can be made arbitrarily small by increasingm (from Theorem 2.3.10), we choosem0

such that

max
1≤h≤n

γ 2n

(2drne − 1)
(n
h

) ≤ 1
(1 − 2−n)

for all m ≥ m0. This gives the upper boundα ≤ 2/(1 − 2−n), and now we can estimate

(log2 α)/n using

1
n

log2 α ≤ 1
n
− 1
n

log2(1 − 2−n) = O

(
1
n

)
.

This completes the proof.

Remark 2.6.3.Since the constantγ is proportional toqm for someq < 1, this proof actually

requires the value ofm0 to grow linearly withn. This is because the probability that a poor

code is chosen from the ensemble decays very slowly. Nonetheless, we believe that almost all

of the codes in the ensemble will achieve the error exponent as long asm0 grows faster than

logarithmically inn.
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2.6.2 Maximum Likelihood Decoding Performance

In Section 2.5.2, we applied (2.3.2) to compute the averaged WEs for several CAm

code ensembles. Using the WEs and the Viterbi-Viterbi Bound [22], we calculated upper bounds

on the probability of MLD error for some of these ensembles. The results for the R2, R4, and P9

ensembles are given in Figs. 2.7.1, 2.7.2, and 2.7.3, respectively. These figures also show the re-

sults of iterative decoding simulations which will be discussed in the next section. At high SNR,

these bounds are dominated by the probability of picking a code with small minimum distance,

as reflected in the pronounced error floors of the non-expurgated ensembles in Figs. 2.7.1, 2.7.2,

and 2.7.3. For this reason, we also considered the expurgated ensembles, as described in Section

2.5.3, withε = 1/2.

The results of applying the Viterbi-Viterbi bound to these ensembles have some char-

acteristics worth mentioning. In all cases, increasingm, the number of “accumulate” codes,

seems to improve the performance both by shifting the cliff region to the left and by lowering

the error floor. We also see that, in some cases, the effect of expurgation is negligible, which

implies that almost all of the codes in the ensemble have small minimum distance. As we saw

in Section 2.5.2, the minimum distance of the expurgated ensemble depends on the outer code

and the number of “accumulate” codes. The minimum distance of the outer code does not seem

to completely explain the behavior though, because the P9 ensemble requires one more “accu-

mulate” code than the R2 ensemble in order for expurgation to make a significant difference. Of

course, at longer block lengths this may change.

The axes of the figures were chosen to show details of the performance curves, but in

many cases the error floor of the expurgated ensemble is too low to be shown. Consider the R2

ensemble withm = 2; the WER of the expurgated ensemble remains steep until around10−28

where it flattens somewhat. The expurgated R2 ensemble withm = 3 has a WER which remains

steep until well below the numerical accuracy of our computations. The expurgated P9 ensemble

with m = 3 also shows no error-floor region, but the curve loses some steepness at a WER of

10−18. These error floors are interesting because understanding the performance of these codes

at high SNR, where simulation is infeasible, is important for applications where very low error

rates are required.
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2.6.3 Iterative Decoding Performance

In this section, we use computer simulation to evaluate the performance of iterative

decoding for these codes. A single decoding iteration corresponds to2m− 1 APP decoding op-

erations of an “accumulate” code (a backward/forward pass through all “accumulate” encoders)

and a single APP decoding operation of the outer code. It is worth noting that the complexity

of iterative decoding is linear in bothm andn, making it quite feasible to implement. All sim-

ulation results were obtained using between 20 and 50 decoding iterations, depending on the

particular code, and modest gains are observed (but not shown) when the number of iterations is

increased to 200. These results are compared with analytical bounds in Figs. 2.7.1, 2.7.2, and

2.7.3 and shown by themselves in Figs. 2.7.4 and 2.7.5.

The discrepancies between the simulation results and MLD bounds in Figs. 2.7.1,

2.7.2, and 2.7.3 are very pronounced. While the MLD bounds predict uniformly improving

performance with increasingm, it is clear that the performance of iterative decoding does not

behave in this manner. The optimumm depends on the desired error rate and the minimum

distance of the outer code. In general, it appears that increasingm moves the the cliff region of

the error curve to the right and makes the floor region steeper. This seems reasonable because

more rate-1 decoders (which have no coding gain) are applied before the outer code (with all

of the coding gain) is decoded. This results in a phenomenon where the iterative decoder often

does not converge, but rarely makes a mistake when it does converge.

The expurgated WE can also be used to detect the presence of bad codes which are

chosen with low probability. If the MLD expurgated bound is better than the non-expurgated

bound, then the effect of these bad codes has been reduced. The MLD expurgated bound is

not shown when it coincides with the non-expurgated bound. In some cases, iterative decoding

is performing better than the MLD expurgated bound (e.g., the R4 ensemble withm = 1).

This may occur because the use of well designed (e.g., S-random [5]) interleavers can provide a

minimum distance which is better than that guaranteed by Lemma 2.5.1.

The Interleaver Gain Exponent (IGE) conjecture is based on the observations of

Benedetto and Montorsi [2] and is stated rigorously in [4]. It states that the probability of MLD

decoding error for turbo-like codes will decay asO(n−ν), whereν depends on the details of the

coding system. If the IGE conjecture predicts that the BER (resp. WER) will decay with the

block length, then we say that the system has BER (resp. WER) interleaver gain. It is easy to
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verify that WER interleaver gain implies BER interleaver gain. The IGE and the MLD expur-

gated bound are quite closely connected. If a system has WER interleaver gain, the probability

of picking a code with codewords of fixed weight must decay to zero as the block length in-

creases. Therefore, one would expect the MLD expurgated bound to beat the non-expurgated

bound. On the other hand, if a system has only BER interleaver gain, then it is likely that the

MLD expurgated bound will equal the non-expurgated bound.

Finally, the IGE Conjecture predicts that the R2 code will have no WER interleaver

gain (i.e. PW = O(n−1)) for m = 1 , but that it will have WER interleaver gain (i.e.PW =

O(n−1)) for m = 2. In Fig. 2.7.4, the WER of the R2 code withm = 1 does indeed appear to

be independent of block length and the WER of the R2 code withm = 2 is clearly decreasing

with block length. In Fig. 2.7.5, we see similar behavior for the interleaver gain of the P9 codes.

2.7 Conclusions and Future Work

In this chapter, we introduce a new ensemble of binary linear codes consisting of

any rater < 1 outer code followed by a large number of uniformly interleaved rate-1 codes.

We show that this ensemble is very similar to the ensemble of uniform random linear codes in

terms of minimum distance and error exponent characteristics. A key tool in the analysis of

these codes is a correspondence between input output weight transition probability matrices and

Markov Chains (MC), which allows us to draw on some well-known limit theorems from MC

theory. We derive a probabilistic bound on the minimum distance of codes from this ensemble,

and show it to be almost identical to the Gilbert-Varshamov Bound (GVB). In particular, our

analysis implies that almost all long codes in the ensemble have a normalized minimum distance

meeting the GVB.

Next, we consider a particular class of these codes, which we refer to as Convolutional

Accumulate-m (CAm) codes. These codes consist of an outer terminated convolutional code

followed bym uniformly interleaved “accumulate” codes. We evaluate the minimum distance

bound for a few specific CAm codes form = 1, . . . , 4 and observe that these relatively smallm

values may be sufficient to approach the GVB. Finally, we use computer simulation to evaluate

the bit error rate and word error rate performance of these CAm codes with iterative decoding and

compare this to the performance predicted by union bounds for maximum likelihood decoding

(MLD).
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Remark 2.7.1.An MLD coding theorem for CAm codes can be found in [16], with numerical

estimates of the corresponding noise thresholds. Also given there are the thresholds which re-

sult from applying density evolution to the iterative decoding of these codes [18]. Finally, a

comprehensive treatment of both of these subjects can be found in [14].
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Figure 2.7.1: Analytical and simulation results for a rate 1/2 RAm code withk = 1024 and
m = 1, 2, 3. Simulations are completed using 50 decoding iterations and the top plot shows the
word error rate (WER) while the bottom plot shows the bit error rate (BER). The label XVV
signifies the Viterbi-Viterbi (VV) Bound applied to the expurgated ensembles.
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Figure 2.7.2: Analytical and simulation results for a rate 1/4 RAm code withk = 1024 and
m = 1, 2, 3. Simulations are completed using 50 decoding iterations and the top plot shows the
word error rate (WER) while the bottom plot shows the bit error rate (BER). The label XVV
signifies the Viterbi-Viterbi (VV) Bound applied to the expurgated ensembles.
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Figure 2.7.3: Analytical and simulation results for a rate 8/9 PAm with k = 1024 andm =
1, 2, 3. Simulations are completed using 50 decoding iterations and the top plot shows the word
error rate (WER) while the bottom plot shows the bit error rate (BER). The label XVV signifies
the Viterbi-Viterbi (VV) Bound applied to the expurgated ensembles.
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Figure 2.7.4: Simulation results for rate 1/2 RAm codes for 30 decoding iterations withm = 1, 2
andk = 1024, 2048, 4096, 8192, 16384. The top plot shows the word error rate (WER) while
the bottom plot shows the bit error rate (BER).
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shows the bit error rate (BER).
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2A Proof of Theorem 2.4.1

The generator matrix,Tn, of the lengthn block code is

Tn =



h0 h1 h2 . . . hn−1

h0 h2 . . . hn−2

h0
...

...

h0 h1

h0


.

For simplicity of notation, we definem = l + 1. By hypothesis, the generator matrix

of this code will be the identity matrix for anyn < m, making the code trivial. We will show

that the block code of lengthn ≥ m is primitive by first establishing that the length-m block

code is primitive, then showing that the lengthn+ 1 block code is primitive if the lengthn code

is primitive, and finally using induction to extend the proof to arbitrarily largen.

Recall that a rate-1 block code is primitive if the MC associated with theQ submatrix

of the code’s IOWTP matrix is primitive. LetQn be theQ submatrix of the length-n block

code’s IOWTP matrix. It is easy to verify that[Qn]i,j is greater than zero iff the corresponding

component of the IOWE of the length-n block code,A(n)
i,j , is greater than zero. Thinking of the

latter as an adjacency matrix, we associate to the length-n block code a directed graphGn, which

we call theweight-mapping graph. The vertices ofGn, which are labeled1, 2, . . . , n, correspond

to the Hamming weights of input and output sequences of the code. Denote the Hamming weight

of a binary vectorv by |v|. For each binary input to the code,b = b1, b2, . . . , bn, there is a

directed edge from the vertex labeled|b| to the vertex labeled|c| if the input vectorb produces

the output vectorc. This implies that the graphGn will have a directed edge from vertexi to

vertexj iff A(n)
i,j > 0. Therefore, the graphGn has the same connectivity as the MC associated

with Qn, and we have reduced the problem to showing that eachGn, for n ≥ m, is primitive.

We will prove that eachGn is primitive by establishing that it is both irreducible and

aperiodic. By definition, a graph is irreducible if there is a directed path from each vertex to

every other vertex. A graph is aperiodic if the greatest common divisor of the lengths of all its

cycles (i.e., paths which start and end in the same state) is one. Therefore, for aperiodicity, it is

sufficient to exhibit a single vertex with a self-loop (i.e., a directed edge from a vertex back to

itself). The verification of these properties forGn will be simplified by the fact, proved below,

thatGn is a subgraph ofGn+1.
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For the primary case, corresponding to lengthn = m, the generator matrix of the code

is

Tm =



1 0 . . . 0 1

1 0 0 0
... 0

...

1 0

1


.

Consider strings of the form[1s, 0n−s] and [1s−1, 0n−s, 1], whereaj refers to a string ofj

repeated symbolsa. For eachs = 1, . . . , n − 1, the inputb = [1s, 0n−s] has weights and

produces an outputc = [1s, 0n−s−1, 1] which has weights+1. Likewise, for eachs = 2, . . . , n,

the inputb = [1s−1, 0n−s, 1] has weights and produces an outputc = [1s−1, 0n−s+1] which

has weights− 1. Now consider any vertex, labeledi, in the graphGm. These input-output pairs

establish that there is a directed edge from the vertex labeledi to the vertex labeledi+ 1 and to

the vertex labeledi− 1, if those vertices exist. So there is a directed path from any vertex to any

other vertex, andGm is irreducible. The inputb = [0n−1, 1] produces the outputc = [0n−1, 1]

which establishes that the vertex labeled 1 has a self-loop. So the graphGm is also aperiodic,

and therefore primitive.

Now we assume thatGn is primitive for somen ≥ m, and use this to prove that

Gn+1 is primitive. We start by proving the result mentioned above:Gn is a subgraph ofGn+1.

Consider any input,b, to the rate-1 block code with generator matrixTn. The output will be

bTn and the weight mapping graph,Gn, will have an edge from the vertex labeled|b| to the

vertex labeled|bTn|. In fact, all edges ofGn are enumerated by considering all possible inputs.

Notice that the generator matrix,Tn+1, can be written as

Tn+1 =



h0 h1 . . . hn

0
...

0

Tn


.

This implies that
[

0 b
]
Tn+1 =

[
0 bTn

]
and proves, for eachb, that the weight map-

ping graphGn+1 also has a directed edge from the vertex labeled|b| to the vertex labeled
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4
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Figure 2A.1: The weight mapping graph,G4, with theG3 subgraph drawn in solid lines.

|bTn|. So, for every directed edge inGn connecting two labeled vertices, there is a directed

edge inGn+1 connecting two vertices with the same labels. The vertices ofGn are also a subset

of the vertices ofGn+1, soGn is a subgraph ofGn+1.

To prove that the graphGn+1 is irreducible, it now suffices to show thatGn+1 has a

directed edge from the vertex labeledn + 1 to some vertex with labeli 6= n + 1, as well as a

directed edge from some such vertex to vertexn + 1. Considerb = [1n+1], the only input of

weightn+ 1, and notice that themth column ofTn+1 has exactly two ones. Therefore themth

element ofbTn+1 must be zero andbTn+1 6= b. This implies that an input of weightn + 1

produces an output of weighti < n + 1. Therefore,Gn+1 has a directed edge from the vertex

labeledn+1 to a vertex labelediwherei < n+1. Next, we notice thatTn+1 is upper triangular

and has all ones on the main diagonal, which makes it invertible. This means that there must be

a unique input,b′, which is mapped to the outputb = [1n+1]. We know that this input must

obey the equationb′Tn+1 = b, and sincebTn+1 6= b, we also know thatb′ 6= b. Sinceb is

the only length-(n + 1) sequence of weightn+ 1, we conclude that|b′| < n+ 1. This implies

that there is an input of weighti = |b′| < n + 1 which produces an output of weightn + 1.

Therefore,Gn+1 has a directed edge from a vertex labeledi, for somei < n + 1, to the vertex

labeledn+ 1. We conclude thatGn+1 is irreducible.

The aperiodicity ofGn+1 follows immediately from the fact that the subgraphGm ⊂
Gn+1 contains a self-loop at vertex 1. This completes the proof thatGn+1 is primitive, and,

therefore, the proof that the rate-1 block code of lengthn+ 1 is primitive, as desired.

We illustrate the proof technique using the “accumulate” code example from Section
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2.2.3. The impulse response,h, of the “accumulate” code is the infinite sequence of ones,hi =

1, for i ≥ 0. The weight mapping graph,G4, is shown in Fig. 2A.1 and theG3 subgraph is drawn

with solid lines. It is easy to see thatG3 is both irreducible and aperiodic; in particular, note the

self-loop at the vertex labeled 1. There is an edgeG4 from vertex 4 to vertex 2, corresponding to

the weight-4 input vectorb = [14], and a directed edge from vertex 1 to vertex 4, corresponding

to the weight-4 input vectorb′ = [1, 03]. Together with the irreducibility ofG3, this implies that

G4 is irreducible. The self-loop at vertex 1 ensures the aperiodicity and, therefore, the primitivity

of G4.
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Chapter 3

Coding Theorems for Convolutional

Accumulate-m Codes

3.1 Introduction

It is well-known that long random codes achieve reliable communication at noise lev-

els up to the Shannon limit, but they provide no structure for efficient decoding. The introduction

and analysis of Repeat Accumulate (RA) codes by Divsalar, Jin, and McEliece [10] shows that

the concatenation of a repetition code and a rate-1 code, through a random interleaver, can also

achieve reliable communication at noise levels near the Shannon limit. A more general analysis

of serially concatenated rate-1 codes also implies that using more than one interleaved rate-1

code may yield further improvement [23].

The coding theorem for the ensemble of RA codes under maximum likelihood decod-

ing, given in [10], states that, for allEb/N0 greater than a threshold which depends only on

the repeat orderq ≥ 3, the serial concatenation of a repetition code and a rate-1 “accumulate”

code will have vanishing word error probability as the block length goes to infinity. In [14], this

theorem was extended to serial turbo codes, for outer codes with minimum distanced ≥ 3.

In this chapter, we combine two different generalizations of RA codes. The first in-

volves using either a single parity check (SPC) or a terminated convolutional code (TCC) as

the outer code, and we refer to these codes as Parity Accumulate (PA) and Convolutional Ac-

cumulate (CA) codes respectively. The second involves using a cascade ofm interleaved rate-1

42
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“accumulate” codes as the outer code [23], and we refer to these codes as either RAm, PAm, or

CAm codes respectively. Of these classes, CAm codes are the most general and both RAm and

PAm can also be viewed as CAm codes by choosing the TCC appropriately. He also discusses

repeat accumulate accumulate (RAA) codes in [13], perhaps overlooking their previous work in

[24].

Following the approach pioneered in [10], we then prove a coding theorem for ensem-

bles of CAm codes on a memoryless channel with maximum likelihood decoding. The theorem

states that if the outer code has minimum distanced ≥ 2 and the channel parameterz is less than

some thresholdz∗, then the probability of word error isO(nν), wheren is the block length and

ν is determined solely bym andd. The proof, based on the union bound, also gives loose lower

bounds on the thresholdz∗. A new tighter bound by Jin and McEliece [16] allows us to compute

very accurateEb/N0 thresholds for the additive white Gaussian noise (AWGN) channel. For

m = 3, many of these thresholds are virtually identical to the Shannon limit.

The chapter is organized as follows. In Section 3.2, we review key results relating

to turbo-like codes which will be required for later sections. In Section 3.3, we discuss new

and existing bounds on the weight enumerators of TCCs. In Section 3.4, we consider bounds

on the input output weight transition probabilities of the rate-1 “accumulate” code. In Section

3.5, we apply the bounds of the two previous sections to RA and CA codes with a single rate-

1 “accumulate” code. In Section 3.6, we state and prove our coding theorem for CAm codes

and follow up by considering the minimum distance of these codes. In Section 3.7, we discuss

the iterative decoding and density evolution for CAm codes. In Section 3.8, we presentEb/N0

and minimum distance thresholds for CAm codes and discuss the numerical methods used to

compute them. Finally, in Section 3.9, we offer some concluding remarks.

3.2 Preliminaries

3.2.1 Weight Enumerators and the Union Bound

In this section, we review the weight enumerator of a linear block code and the union

bound on error probability for maximum likelihood decoding. Theinput output weight enumer-

ator (IOWE),Aw,h, of an(n, k) linear block code is the number of codewords with input weight

w and output weighth, and theweight enumerator(WE),Ah, is the number of codewords with
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output weighth and any input weight. Using these definitions, the probability of word error for

maximum likelihood (ML) decoder is upper bounded by

PW ≤
n∑

h=1

k∑
w=1

Aw,hz
h =

n∑
h=1

Ahz
h (3.2.1)

because the pairwise error probability between any two codewords differing inh positions is

upper bounded byzh.

The parameterz is known as the Bhattacharyya parameter and can be computed for

any memoryless channel [30, p. 88]. For a binary-input discrete output channel withM outputs,

it is defined as

z =
M−1∑
j=0

√
p(j|0)p(j|1),

wherep(j|i) is the probability of outputj given inputi. For channels with continuous outputs,

the parameterz is given by the integral

z =
∫

Y

√
p(y|0)p(y|1)dy,

wherep(y|i) is the output p.d.f. ofy given inputi andY is the set of possible outputs. For the

BSC this giveszBSC(p) =
√

4p(1 − p), and for the AWGN channel this giveszAWGN(σ2) =

e−1/(2σ2), whereEs/N0 = (k/n)Eb/N0 = 1/(2σ2).

Finally, the bit error probability is upper bounded by

PB ≤
n∑

h=1

Bhz
h, (3.2.2)

where thebit normalized weight enumerator, Bh , is given by

Bh =
k∑

w=1

w

k
Aw,h. (3.2.3)

3.2.2 Serial Concatenation through a Uniform Interleaver

We now briefly review the serial concatenation of codes through a uniform random

interleaver (URI). Using a URI is equivalent to averaging over all possible interleavers and was

introduced for the analysis of turbo codes by Benedetto and Montorsi [4].
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Consider the serial concatenation of an(n1, k1) outer code and an(n2, k2) inner code.

Let the IOWEs of the two codes beA(1)
w,h andA(2)

w,h, respectively. The average IOWE of the serial

concatenation,Aw,h is given by

Aw,h =
n1∑

v=0

A(1)
w,v

A
(2)
v,h(k1

v

) =
n1∑

v=0

A(1)
w,vP

(2)
v,h , (3.2.4)

where

P
(i)
w,h =

A
(i)
w,h(
ki
w

) (3.2.5)

is known as theinput output weight transition probability(IOWTP). This definition reflects the

fact thatP (i)
w,h is equal to the probability that this code will map a randomly chosen input sequence

of weightw to an output of weighth.

Since the form of (3.2.4) withP (2)
w,h is essentially a matrix multiplication, the definition

of the IOWTP makes a connection between linear algebra and serial concatenation. This was

first observed in [23], where it was used to show that the WE of CAm codes approaches that of

a random code for largem .

3.2.3 Code Ensembles and Spectral Shape

In this section, we review code ensembles and spectral shape as defined in [1]. Let a

code ensemblebe a set,C, of (n, k) linear codes, each chosen with probability1/ |C|. For any

particular code,C ∈ C, we group the codewords by weight and defineAh(C) to be the number

of codewords with output weighth andAw,h(C) to be the number of codewords of input weight

w and output weighth. This allows theaverage weight enumeratorto be defined as

Ah(C) =
1
|C|

∑
C∈C

Ah(C),

theaverage input-output weight enumeratorto be defined as

Aw,h(C) =
1
|C|

∑
C∈C

Aw,h(C),

and theaverage bit normalized weight enumeratorto be defined as

Bh(C) =
1
|C|

∑
C∈C

k∑
w=1

w

k
Aw,h(C).
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Finally, thespectral shapeof an ensemble is defined to be

r(δ;C) =
1
n

lnAbδnc(C),

for 0 ≤ δ ≤ 1.

We also consider sequences,{Cni}i≥0, of code ensembles, where eachCni is an en-

semble of(ni, ki) codes. We assume that the sequences,{ni}i≥0 and{ki}i≥0, are unbounded

and lead to a well-defined rate,R = limi→∞(ki/ni). This leads us to define thespectral shape

sequence,

rni(δ;C) =
1
ni

lnAbδnic(Cni), (3.2.6)

and theasymptotic spectral shape,

r(δ;C) = lim sup
i→∞

rni(δ;C). (3.2.7)

In general, we will abuse our notation slightly by writingAh(n) and rn(δ) when it is clear

which sequence of code ensembles in being considered. Furthermore, all limits taken asn goes

to infinity are assumed to be along the subsequence{ni}i≥0.

Remark 3.2.1.It is worth considering the validity of the limit, (3.2.7). Suppose, we have a code

ensemble whereni is odd for all i andAh(Cni) is zero for oddh. It is eays to construct an

ensemble sequence of regular low-density parity-check (LDPC) codes, with odd row weight,

which has these properties. Choosingδ = 1/2, we find thatAbni/2c(Cni) = 0 for all i, which

means thatr(1/2, C) = −∞. In general, this is not a problem because one typically deals with

a sequence of continuous functions,fni(h), which upper boundAh(Cni) at integerh. To avoid

technical problems with the limit, however, one could definefni(h) to be the linear interpolation

of the non-zero terms ofAh(Cni). Let hmin(ni) be the smallesth ≥ 1 such thatAh(Cni) > 0

and lethmax(ni) be the largesth ≤ ni such thatAh(Cni) > 0. This allows the spectral shape to

be defined as

r(δ;C) = lim sup
i→∞

1
ni

ln fni(δni)

for any δmin ≤ δ ≤ δmax whereδmin = limi→∞ hmin(ni) andδmax = limi→∞ hmax(ni).

For many codes, including turbo and LDPC codes, we believe that thisr(δ;C) will also be

continuous and differentiable forδmin ≤ δ ≤ δmax.
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Remark 3.2.2.Another problem with the definition of asymptotic spectral shape is that subsets

of codes with exponentially vanishing probability may still affect the value ofr(δ). We believe

that

r̃(δ;C) = lim sup
i→∞

1
|Ci|

∑
C∈Ci

1
ni

lnAbδnic(C).

may be a better definition of spectral shape because it does not have this problem. This is

because1
ni

lnAbδnic(C) is upper bounded by(ki/ni) ln 2, so that subsets of codes with vanishing

probability will contribute nothing tõr(δ;C).

For many sparse graph codes, including turbo-like and LDPC codes, we also believe

that r̃(δ;C) is the mean of a tightly concentrated probability distribution. Consider the proba-

bility,

Pi(δ) = Pr

(∣∣∣∣ 1
ni

lnAbδnic(C) − r̃(δ, C)
∣∣∣∣ > ε

)
,

when the code,C, is chosen randomly from the ensemble,Ci. For any0 ≤ δ ≤ 1 and anyε > 0,

we believe thatlimi→∞ Pi(δ) = 0.

These observations are purely academic, however, because we know of no general

method of computing̃r(δ;C). All may not be lost, however, because some physicists have

started approximating this quantity using something known as the replica method [29]. Iron-

ically, we note that the most straightforward approach to analyzingr̃(δ;C) is probably upper

bounding it byr(δ;C), since the concavity of the logarithm implies thatr̃(δ;C) ≤ r(δ;C).

3.2.4 Asymptotic Order of Functions

This chapter makes frequent use of the standard asymptotic notation, as defined in

[19]. Specifically, the notationO(·), Ω(·), Θ(·), o(·), andω(·) is defined in the following manner.

The expressiong(n) = O(f(n)) means that there exist positive constantsc andn0, such that

g(n) ≤ cf(n) for all n ≥ n0. Similarly, the expressiong(n) = Ω(f(n)) means that there

exist positive constantsc andn0, such thatg(n) ≥ cf(n) for all n ≥ n0. The termg(n) =

Θ(f(n)) combines these two and implies that thatg(n) = O(f(n)) andg(n) = Ω(f(n)). For

strict bounds, we have the expressionsg(n) = o(f(n)) andg(n) = ω(f(n)) which mean that

lim supn→∞ |g(n)/f(n)| = 0 andlim supn→∞ |f(n)/g(n)| = 0, respectively.
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3.2.5 The IGE Conjecture

The Interleaver Gain Exponent (IGE) conjecture is based on the observations of

Benedetto and Montorsi [4] and is stated rigorously in [10]. It was also considered for dou-

ble serially concatenated codes in [3]. The conjecture considers the growth rate ofAh(n), for

fixedh, for an ensemble sequence asi goes to infinity. Following [10], we define

α(h) = lim sup
n→∞

lognAh(n) (3.2.8)

and

βM = max
h≥1

α(h). (3.2.9)

Essentially, the IGE Conjecture [10] predicts that there exists a threshold channel parameterz∗

such that, for anyz < z∗, the probability of word error isPW = O
(
nβM

)
. Another com-

monly cited variation of the IGE Conjecture also predicts that, under the same conditions, the

probability of bit error isPB = O
(
nβM−1

)
.

This conjecture was first proven for repeat accumulate (RA) codes in [10], then ex-

tended to a range of more general turbo codes [9]. In this paper, the IGE conjecture for GRAm

codes is resolved in the affirmative by Theorem 3.6.4.

3.2.6 Noise Thresholds

Many modern coding systems exhibit a threshold behavior, whereby on one side of the

threshold, the probability of decoding error is bounded away from zero, and on the other side

of the threshold the probability of error approaches zero rapidly as the block length increases.

In particular, most derivatives of turbo and LDPC codes, including CAm codes, exhibit this

behavior. In this section, we provide a framework for discussing this phenomenon, and the

corresponding noise thresholds. We note that, in general, the threshold depends both on the code

and the decoder.

Definition 3.2.3. Suppose we have a binary-input channel with parameterα, and a sequence

of code ensembles,{Ci}i≥0. Let P•(C;α) be the probability of a particular error type for a

particular decoder. For example, one might writePMLW (C;α) to represent the word error rate

under ML decoding. TheP• noise threshold, α•, of this ensemble sequence is the largestα· such
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that

lim sup
i→∞

P•(Ci;α) = 0

for all 0 ≤ α ≤ α•. Althoughα• is well-defined as long asP•(Ci; 0) = 0, we will generally

be dealing withP•(Ci;α) functions which are strictly increasing inα. Furthermore, we say that

the ensemble has aP• decay rateof at leastf(n) if we haveP•(Ci;α) = O (f(ni)) for all

0 ≤ α ≤ α•. We also note that upper bounds on the probability of error can be used to provide

lower bounds on the threshold,α•.

The Bhattacharyya union bound, (3.2.1), can be used to derive lower bounds on the

maximum likelihood word error noise threshold,cUB . This approach was first used for turbo

codes in [10]. While thresholds based on the union bound are generally quite pessimistic, the

simplicity of the union bound enables one to analytically show the existence of noise thresholds

for all channels simultaneously. The Bhattacharyya parameter threshold is given byz∗ = e−cUB ,

wherecUB is

cUB = sup
0≤δ≤1

(r(δ;C)/δ) . (3.2.10)

For the AWGN channel, the Viterbi-Viterbi Bound [31] is always tighter. In fact, it can be used

to prove that the ensemble sequence achieves capacity as the rate approaches zero. The Viterbi-

Viterbi Es/N0 threshold is given by

cV V = sup
0≤δ≤1

((1 − δ)r(δ;C)/δ) . (3.2.11)

There are quite a number of other bounds for the AWGN channel, and [8][27] give nice overviews

of the subject. In the next section, we discuss typical set decoding bounds which can be used on

any memoryless symmetric channel and give quite good results.

3.2.7 Typical Set Decoding Bound

The typical set decoding bound on word error probability is very tight because it breaks

the problem into two parts. First, it considers the probability that the noise is atypical. Second, it

considers the probability of error given that the noise is typical. The probability of a memoryless

channel having atypical noise decays rapidly with the block length, so we can essentially ignore
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this probability. It turns out that the probability of error given typical noise lends itself to a very

nice combinatorial analysis [1][16].

Consider a discrete memoryless symmetric channel withM outputs wherepi is the

probability of theith output given a zero input. Let the input to the channel be a sequence ofn

zeros, and assume that output statistics are collected by lettingmi be the number of times theith

output is observed.

Definition 3.2.4. For anyε > 0, we say that the noise sequence istypical if |mi/n − pi| ≤
n−1/2+ε for i = 1, . . . ,M . We also say that any other output sequence isjointly typical with the

all-zero sequence if its frequency statistics satisfy the same condition.

Definition 3.2.5. Consider the probability,Ph(Tn;α), that a codeword of weighth and length

n is jointly typical with the all-zero codeword after being transmitted through a memoryless

symmetric channel with parameterα. Thetypical set decoding exponent, K(δ, α), is defined by

K(δ, α) = − lim
n→∞

1
n

lnPbδnc(Tn;α).

Lemma 3.2.6. For anyε < 1/4, there exists ann0 such that for alln ≥ n0, the probability that

the noise sequence is atypical is upper bounded bye−nε
.

Proof. First, we notice that the distribution of eachmi is binomial with meanpin and variance

npi(1−pi). Since the test for typicality allows variations in the frequency statistics ofO(n1/2+ε)

and the central limit theorem holds for variations ofo(n3/4), we can use Gaussian tail bounds

for ε < 1/4. Using the standard exponential bound for the Gaussian tail (Q(x) ≤ e−x2/2),

we see that the probability that anymi fails the test is upper bounded by2e−O(n2ε). Since all

M bins must pass the test, the probability that a sequence is not typical is upper bounded by

2Me−O(n2ε). For large enoughn, this can be upper bounded bye−nε
.

Consider a sequence of code ensembles with average WE,Ah(n), spectral shape,rn(δ), and

asymptotic spectral shape,r(δ). The following conditions characterize the code ensemble well

enough to give a fairly general coding theorem. We note that these results are taken mainly from

[1].

Condition 3.2.7. There exists a sequence of integers,{Ln}n≥1, and a function,f(n), which

satisfyLn = ω(lnn) and

Ln−1∑
h=1

Ah(n)zh = O (f(n)) ,
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for anyz < 1.

Condition 3.2.8. The spectral shape converges to the asymptotic spectral shape fast enough that

rn(δ;C) ≤ r(δ;C) + o

(
Ln

n

)
and the behavior ofr(δ) near zero is such that

lim
δ→0+

r(δ;C)
δ

<∞.

Now, consider any memoryless symmetric channel, with parameterα, whose Bhat-

tacharyya parameter isz(α) and whose typical set decoding exponent isK(δ, α). We define the

typical set decoding thresholdto be

αTS = inf
0<λ≤1

αmix(λ), (3.2.12)

where

αmix(λ) = sup
{
α ∈ R+|r(δ;C)/δ < − ln z(α), δ ∈ [0, λ] andr(δ;C) < K(δ, α), δ ∈ [λ, 1]

}
.

Theorem 3.2.9 ([1]). Suppose Conditions 3.2.7 and 3.2.8 hold. Letλ any real number in(0, 1]

and suppose also that the channel parameterα is greater than the threshold,αmix(λ). In this

case, there exists anε > 0 such that the probability of word error for the ensemble sequence,

PW , is given by

PW = O (f(n)) +O
(
ne−εLn

)
+O

(
e−nε)

. (3.2.13)

In general, the first term will dominate but this also depends on the particular choice ofLn and

f(n).

Sketch of Proof.We start by breaking up the probability of word error with

PW = P
(UB)
W + P

(TS)
W ,

whereP (UB)
W is the contribution of the small output weights handled by the union bound and

P
(TS)
W is the contribution of the large output weights handled by the typical set bound. Using

(3.2.1), we can write

P
(UB)
W ≤

Ln−1∑
h=1

Ah(n)zh +
λn∑

h=Ln

eh[rn(h/n;C)/(h/n)+ln z(α)],
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for any z < 1. Condition 3.2.7 shows that first term isO (f(n)). Combining Condition

3.2.8 with the fact thatα > αmix(λ), shows that there exists ann0 and ε > 0 such that

sup0≤δ≤λ rn(δ;C)/δ + ln z(α) ≤ −ε for 0 < δ ≤ λ0 and alln ≥ n0. Since the terms

of the second sum are decreasing, we can upper bound the value byn times the first term or

O
(
ne−Lnε

)
.

Next, we write

P
(TS)
W ≤ Pr(noise atypical) + n max

λ≤δ≤1
en[r(δ;C)−K(δ,α)+o(1)],

and use Lemma 3.2.6 to show thatPr(noise atypical) ≤ O
(
e−nε)

for someε > 0. If α >

αmix(λ), then there also exists ann0 andε > 0 such thatsupλ≤δ≤1 r(δ;C) − K(δ, α) ≤ −ε
for all n ≥ n0. This means that the second term decays likeO (e−nε) and can be ignored.

CombiningP (UB)
W andP (TS)

W completes the proof.

Corollary 3.2.10. Suppose the conditions of Theorem 3.2.9 hold, and that there also exists a

g(n) ≤ f(n) such that

Ln−1∑
h=1

Bh(n)zh = O(g(n)),

for anyz < 1, whereBh(n) is the bit normalized WE defined in (3.2.3). In this case, there exists

an ε > 0 such that the probability of bit error,PB , is given by

PB = O (g(n)) +O
(
ne−εLn

)
+O

(
e−nε)

.

Proof. The proof is identical to that of Theorem 3.2.9, except that (3.2.2) is used for the union

bound portion of the bound.

Remark 3.2.11.Since Theorem 3.2.9 essentially applies the union bound for0 ≤ δ ≤ λ and the

typical set decoding bound forλ ≤ δ ≤ 1, it is easy to see that separate spectral shapes could

be used for each bound. For example, a simple upper bound on the spectral shape could be used

for 0 ≤ δ ≤ λ, while numerical evaluation of the exact spectral shape and typical set decoding

bound could be used forλ ≤ δ ≤ 1. This would allow the typical set decoding threshold to be

treated rigorously without considering Condition 3.2.8 for the exact spectral shape.

Remark 3.2.12.It is also worth noting that the quantitylimδ→0+ (r(δ;C)/δ), which equals

r′(0;C) by l’Hôpital’s rule, seems to play an important role in noise thresholds. Ifr′(0;C) <∞,
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then a bit error rate noise threshold usually exists, while ensembles withr′(0;C) = 0 usually

admit a word error rate threshold. Furthermore, ifr′(0;C) = 0, then the noise threshold is

usually determined by the typical set decoding bound (i.e., there exists aλ0 > 0 such that

αTS = supλ0≤λ≤1 {α|r(δ;C) < K(δ, α), λ ≤ δ ≤ 1}).

3.3 Terminated Convolutional Codes

In this section, we consider the WEs of terminated convolutional codes. In particular,

we focus both on useful analytical bounds on the WE and exact numerical methods for com-

puting the spectral shape of a CC. The analytical bound is a generalization of [18, Lemma 3],

while the formula for the spectral shape can be seen as a generalization of Gallager’s Chernov

bounding technique [12, Eqn. 2.12] or as an application of [21].

3.3.1 Analytical Bounds

Now, we consider a useful bound on the weight enumerator of the block code formed

by terminating a CC. This bound is essentially identical to [18, Lemma 3], which was proven for

any rate-1/2 recursive systematic TCC. The major contribution of our result is that all constants

are computable from the derivation. All previous derivations prove only the existence of bounds

of this form. We also provide a proof which is valid for any TCC.

Theorem 3.3.1. Let τ be the numbers of bits output by a CC per trellis step and consider the

(n, k) block code formed by terminating a CC to a length ofn/τ trellis steps. We denote the free

distance of the CC byd, the transfer function of the CC byT (D), and the smallest real positive

root of the equationT (D) = 1 byD∗. The number of weighth codewords in the block code,

A
(o)
h (n), is upper bounded by

A
(o)
h (n) ≤

bh/dc∑
t=1

(
n/τ

t

)
gh, (3.3.1)

whereg = 1/D∗.

Furthermore, if a non-catastrophic convolutional encoder is used, then there exists a

constantρ > 0 such that the input weight,w, can be upper bounded withw ≤ ρh. In this case,
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the bit normalized weight enumerator,B(o)
h , can be upper bounded by

B
(o)
h (n) ≤ ρh

n

bh/dc∑
t=1

(
n/τ

t

)
gh. (3.3.2)

Proof. Proof of this theorem is provided in Appendix 3B.1.

Various upper bounds can also be applied to the binomial sum in (3.3.1) to make this bound

more useful. The next corollary boundsA(o)
h in a manner which makes it easy to upper bound∑

A
(o)
h xh by an exponential.

Corollary 3.3.2. The binomial sum in (3.3.1) can be upper bounded with (3A.7) to get

A
(o)
h (n) ≤ (n/τ + 1)bh/dc

bh/dc! gh, (3.3.3)

where g = 1/D∗. If τ > d, then this result also requires that21/τg1.72d/τ ≥ 2R and

(de/τ)1/d (√2πn
)−1/n

g ≥ 2R, whereR is the code rate.

If a non-catastrophic encoder is used, then the bit normalized weight enumerator,B
(o)
h ,

can also be upper bounded by

B
(o)
h (n) ≤ C

(n/τ + 1)bh/dc−1

(bh/dc − 1)!
gh, (3.3.4)

whereC = 2ρd
τR

n+τ
n andg = 1/D∗.

Proof. Proof of this corollary is provided in Appendix 3B.2.

The bound presented in the next corollary was originally stated in [24] without proof. We present

it here mainly because of this and because it follows easily from Theorem 3.3.1 and Corollary

3.3.2.

Corollary 3.3.3. Using (3A.6) to upper bound the binomial sum instead, gives

A
(o)
h (n) ≤ C

(n
h

)bh/dc
gh, (3.3.5)

whereC =
(

τ
d

)(d−1)/d
and g =

(
1

D∗
) (

de
τ

)1/d
. If τ > d, then this result also requires that

21/τg1.88d/τ ≥ 2R and(de/τ)1/dg ≥ 2R, whereR is the code rate.

If a non-catastrophic encoder is used, then the bit normalized weight enumerator,B
(o)
h ,

can also be upper bounded by

B
(o)
h (n) ≤ ρ

R

(n
h

)bh/dc−1
gh. (3.3.6)
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Proof. Proof of this corollary is provided in Appendix 3B.3.

Remark 3.3.4.The basic ideas behind this theorem were introduced by Kahale and Urbanke in

[18]. Their treatment, however, focused solely on rate-1/2 recursive systematic CCs. The gen-

eralization to arbitrary convolutional codes, (3.3.5), was given in [24] without proof. Recently,

a bound similar to (3.3.1) was given without proof by Jin and McEliece in [17]. Using our

notation, their result can be written as: there exists ag such that

A
(o)
h ≤

( n/τj
h/d

(o)
free

k
)
gh.

Unfortunately, this bound does not hold for general convolutional codes. Consider, as a coun-

terexample, the memory 0 CC formed by using a(8, 4) Hamming code for each trellis step (i.e.,

τ = 8 andd(o)
free = 4). Choosingh∗ = n/2 + 4 forces the binomial coefficient to 0 and results

in the mistaken conclusion thatA(o)
h∗ ≤ 0, when in factAh∗ is growing exponentially withn.

Remark 3.3.5.Consider the additional conditions required by Corollaries 3.3.2 and 3.3.3 for

τ > d. First, it is worth noting that we have not found any CCs which do not satisfy these

conditions. Second, if a CC is found which does not satisfy these conditions, the parameter,g,

can always be artificially inflated so that the conditions are satisfied. This results is a weaker, but

provably accurate, bound of the same form. Furthermore, the constant,C, can also be removed

by inflatingg.

3.3.2 Analytical Bound Examples

Now, we consider three different TCCs and compare the true WE of each with (3.3.1)

and (3.3.3), which are referred to as upper bound 1 and 2 respectively. In general, we see that

(3.3.1) is tighter than (3.3.3) and that both bounds are reasonably tight for small output weights.

The (7,3) Hamming Code

This code can be thought of as a TCC withτ = 7, d = 3, andT (D) = 7D3 + 7D4 +

D7. Solving the equationT (D) = 1 with Mathematica gives the resultD∗ ≈ 0.46012. Figure

3.3.1 shows the WE of this code forn = 1400 and the corresponding bounds.
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Figure 3.3.1: The true WE and upper bounds for the Hamming (7,3) code.

The (9,8) Single Parity Check Code

This code can be thought of as a TCC withτ = 9, d = 2, andT (D) = 36D2 +

126D4 + 84D6 + 9D8. Solving the equationT (D) = 1 with Mathematica gives the result

D∗ ≈ 0.15959. Figure 3.3.2 shows the WE of this code forn = 1080 and the corresponding

bounds.

The Convolutional Code with GeneratorG(D) = [1, 1 +D]

This is really the only non-trivial memory-1 rate-1/2 CC, and it has parametersτ = 2,

d = 3, andT (D) = D3/(1 − D). Solving the equationT (D) = 1 with Mathematica gives

the resultD∗ ≈ 0.68233. Figure 3.3.3 shows the WE of this code forn = 1400 and the

corresponding bounds. We note that this bound can also be computed by takingk trellis steps

at a time (e.g.,τ = 2k). This has the effect of decreasingD∗, however, and the combination

improves the bound only marginally.
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Figure 3.3.2: The true WE and upper bounds for the single parity check (9,8) CC.

3.3.3 The Exact Spectral Shape

In this section, we generalize the Chernov type WE bound of [12, Eqn. 2.12] to convo-

lutional codes (CCs). A more general treatment of the underlying math problem was completed

by Miller in [21]. Since the bound is exponentially tight, it enables the exact numerical com-

putation of the spectral shape of block codes constructed from CCs. Furthermore, the spectral

shape does not depend on the method of construction (e.g., truncation, termination, or tailbiting)

used.

Theorem 3.3.6. LetG(x) be theM×M state transition matrix of a CC which outputsτ symbols

per trellis step. For example, we have

G(x) =

 1 x2

x x


for the two-state CC with generator matrix[1, 1/(1 +D)]. If the the state diagram of the CC is

irreducible and aperiodic, then we find that, forx > 0, the matrixG(x) has a unique eigenvalue,

λ1(x), of maximum modulus. In this case, the spectral shape,r(δ; TCC), of the block code



58

0 200 400 600 800 1000 1200
0

500

1000

1500

h

Lo
g2

(A
h)

True WE
Upper Bound 1
Upper Bound 2

Figure 3.3.3: The true WE and upper bounds for theG(D) = [1, 1 +D] CC.

formed by terminating the CC is given parametrically byδ(x) = xλ′1(x)/(τλ1(x)) and

r(δ(x); TCC) =
1
τ

ln [λ1(x)] − δ(x) ln x. (3.3.7)

Furthermore, both the functionr(δ(x); TCC) and the parametric curve are strictly convex.

Proof. Proof of this theorem is provided in Appendix 3B.4.

Remark 3.3.7.It also turns out that this formula can be evaluated numerically without resorting

to numerical estimation ofλ′1(x). Let the characteristic polynomial ofG(x) be

f(λ, x) = det(λI − G(x)) =
∑

fijλ
ixj ,

and recall that the eigenvalues, for a particularx, are the roots of the equation,f(λ, x) = 0. Now,

we can use implicit differentiation to solve fordλ/dx. We start by computing the differential

form of f(λ, x) = 0, which is given by∑
fij(iλi−1xjdλ+ jλixj−1dx) = 0.

Next, we solve fordλ/dx as a function ofλ andx to get

dλ

dx
=

−
∑

ij fijjλ
ixj−1∑

ij fijiλi−1xjdλ
.
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This allows a point on ther(δ; TCC) curve to be computed by choosing anyx > 0

and numerically computing the eigenvalue,λ1(x). Next, we compute the derivative,dλ/dx, for

the(λ, x) pair and use (3.3.7) to computeδ(x) andr(δ(x); TCC).

3.4 The Accumulate Code

In this section, we consider the “accumulate” code which is generated by a1/(1 +D)

differential encoder.

3.4.1 A Simple Bound on the IOWTP

In this section, we consider the IOWTP of the “accumulate” code. The exact IOWE

of the “accumulate” code was published first in [10] and [22], and this allows the IOWTP to be

written as

Pw,h(n) =


( n−h
bw/2c)(

h−1
dw/2e−1)

(n
w) 1 w ≥ 1 andh ≥ 1

1 w = h = 0

0 otherwise

. (3.4.1)

It is also worth noting that the “accumulate” code never maps an input word of weightw to an

output word of weighth < dw/2e. This property is quite useful, so we summarize it in the

following condition.

Fact 3.4.1. Consider the IOWTP of the “accumulate” code,Pw,h(n), for w ≥ 1 andh ≥ 1. In

this case,Pw,h(n) is non-zero if and only ifh ≥ dw/2e andn − h ≥ bw/2c. This can be seen

easily by noticing that one of the binomial coefficients in the numerator of (3.4.1) will be zero if

either condition is not met.

Now, we derive a new upper bound on the IOWTP of the “accumulate” code. This

bound is quite useful in analysis because of its simplicity, yet it is also tight enough to reproduce

various qualitative results for RA codes. The result is presented as a corollary of Theorem 3C.2,

which is stated and proven in Appendix 3C.

Corollary 3.4.2. The IOWTP of the “accumulate” code,Pw,h(n), is upper bounded by

Pw,h(n) ≤ dw/2e
h

2w

(
h

n

)dw/2e(n− h

n

)bw/2c
(3.4.2)
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and

Pw,h(n) ≤ 2w

(
h

n

)dw/2e(n− h

n

)bw/2c
. (3.4.3)

While some care should be taken when applying this bound withw = 0, h = 0, or h = n, we

note that using the definition00 = 1 makes the bound valid for0 ≤ w ≤ n and0 ≤ h ≤ n.

Proof. Proof of this corollary is provided in Appendix 3C.2.

3.4.2 An Exponentially Tight Bound on the IOWTP

The exact exponential form ofPw,h(n) is very useful for computing tight numerical

bounds on the WE of codes based on the “accumulate” code. It is defined by

p(x, y) = lim
n→∞

1
n

logPbxnc,bync(n)

= yH

(
x

2y

)
+ (1 − y)H

(
x

2(1 − y)

)
−H(x), (3.4.4)

and the limit can be evaluated by using the upper and lower bounds given by (3A.2). When

the argument of any entropy function is greater than one, the true value ofp(x, y) is negative

infinity. This can be seen by applying Fact 3.4.1 to seelimn→∞ Pbxnc,bync(n) = 0 if y < x/2

or y > 1 − x/2.

Remark 3.4.3.It turns out that there is a remarkable similarity between (3.4.3) and the Bhat-

tacharyya bound on pairwise error probability for the BSC, which is given by(4p(1 − p))h/2.

This might seem accidental at first, but we believe that there is something deeper to this con-

nection. In fact, the exponential form of the IOWTP of the “accumulate” code, (3.4.4), and the

typical set decoding exponent for the BSC, [1, Eqn. 2.8], are actually identical.

The fact that these two quantities are mathematically identical has at least one very

interesting consequence. Suppose that we have any ensemble sequence whose noise threshold

for typical set decoding on the BSC isp∗. If we serially concatenate this code with an interleaved

“accumulate” code, then the typical minimum distance of the new ensemble will bep∗n. This

observation is based on the fact that the BSC typical set decoding threshold and this typical

minimum distance are both given by the same expression. Namely, they are both given by the

smallestδ > 0 which satisfiesmaxx r(x) + p(x, δ) = 0, wherer(δ) is the spectral shape of the

ensemble sequence andp(x, y) is given by (3.4.4).
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3.4.3 A Simple Bound on the Cumulative IOWTP

Now, we derive a new upper bound on the cumulative IOWTP (CIOWTP) of the “ac-

cumulate” code. This bound is quite useful in analysis because of its simplicity, yet it is also

tight enough to reproduce various qualitative results for RA codes. The result is presented as a

corollary of Theorem 3C.2, which is stated and proven in Appendix 3C.

Corollary 3.4.4. The CIOWTP of the “accumulate” code,Pw,≤h(n), is defined by

Pw,≤h(n) =
h∑

i=0

Pw,i(n) =


Ph

i=1 ( n−h
bw/2c)(

h−1
dw/2e−1)

(n
w) 1 w ≥ 1 andh ≥ 1

1 h ≥ w = 0

0 w > h = 0

.

This quantity can be upper bounded with

Pw,≤h(n) ≤ 2w

(
h

n

)dw/2e
. (3.4.5)

Using the definition00 = 1 makes the bound valid for0 ≤ w ≤ n and0 ≤ h ≤ n.

Proof. Proof of this theorem is provided in Appendix 3C.3.

Corollary 3.4.5. The CIOWTP of the cascade ofm “accumulate” codes,P (m)
w,≤h(n), is upper

bounded by

P
(m)
w,≤h(n) ≤

2m−1
(

2m+1h
n

)Pm
i=1dw/2ie

(
1 − 2m+1h

n

)m−1 , (3.4.6)

for h < n/2m+1.

Proof. Proof of this corollary is provided in Appendix 3C.4.

Remark 3.4.6.The upper bound provided by Corollary 3.4.5 is actually quite loose, but it suf-

fices for our purposes. We believe the weakness is mainly due to the fixed upper boundhi ≤
2mhm+1 for i = 1, . . . ,m used to derive it.
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3.5 Single Accumulate Codes

3.5.1 Repeat Accumulate Codes

A Repeat Accumulate (RA) code is the serial concatenation of a repeat code and an

interleaved rate-1 “accumulate” code. The elegant simplicity of these codes allowed their inven-

tors, Divsalar, Jin and McEliece, to rigorously prove a coding theorem in [10]. In this section, we

derive a new closed form bound on the WE of an RA code with repeat orderq. The quality and

simplicity of this new bound is mainly due to the new bound on the IOWTP of the “accumulate”

code given by (3.4.3).

Starting with the general formula for serial concatenation,

A
RA
h (n) =

n∑
w=1

A(o)
w (n)Pw,h(n),

we can substitute the WE of the repeat code,

A
(o)
h (n) =


(n/q
h/q

)
if h/q integer

0 otherwise
,

and apply (3.4.3) to get

A
RA
h (n) ≤

n/q∑
i=1

(
n/q

i

)
2qi(h/n)dqi/2e(1 − h/n)bqi/2c.

Next we defineδ = h/n to normalize the output weight and simplify the notation. Forq even,

the binomial theorem can be used to simplify this sum to

A
RA
δn (n) ≤

n/q∑
i=1

(
n/q

i

)(
2qδq/2(1 − δ)q/2

)i

=
(
1 + (4δ(1 − δ))q/2

)n/q
− 1. (3.5.1)

For q odd, we can sum the odd and even terms separately by defining the function

Z±(x, k) =
(1 + x)k ± (1 − x)k

2
,

sinceZ+(x, k) gives even terms in a binomial sum andZ−(x, k) gives the odd terms in a bino-

mial sum. Using this, we write

A
RA
δn (n) ≤ Z+

(
(4δ(1 − δ)q/2 , n/q

)
− 1 +

δ

1 − δ
Z−
(
(4δ(1 − δ)q/2 , n/q

)
. (3.5.2)
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Figure 3.5.1: An upper bound on the spectral shape of RA codes.

Applying (3.2.7) to (3.5.1) and (3.5.2), it is easy to verify that the asymptotic spectral

shape of an RA code is upper bounded by

r(q)(δ; RA) ≤ 1
q

ln
(
1 + (4δ(1 − δ))q/2

)
(3.5.3)

for q ≥ 2 and0 ≤ δ ≤ 1. Figure 3.5.1 compares the actual spectral shape of two RA codes with

the upper bounds. Forq = 30, one can see that the upper bound matches the true spectral shape

very well for δ < 0.3. While, for q = 3, the bound matches only for very smallδ.

3.5.2 Convolutional Accumulate Codes

A Convolutional Accumulate (CA) code is the serial concatenation of a terminated

convolutional code with an interleaved rate-1 “accumulate” code. These codes generally perform

well with iterative decoding and have very good ML decoding thresholds. Their discovery in [11]

actually predates RA codes as well. In this section, we derive a general upper bound on the WE

of a CA which captures some of the important properties of CA codes.

Starting with the general formula for serial concatenation,

A
CA
h (n) =

n∑
i=d

A
(o)
i (n)P (acc)

i,h (n),

we can derive an upper bound on the WE of a CA code. Using (3.3.3) to upper bound the WE
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of the CC and (3.4.3) to upper bound the IOWTP of the “accumulate” code gives

A
CA
h (n) ≤

∞∑
i=d

(n/τ + 1)bi/dc

bi/dc! gi di/2e
h

2i(h/n)di/2e(1 − h/n)bi/2c.

Using the normalized output weight,δ = h/n, and the upper bound,

δdi/2e(1 − δ)bi/2c ≤ δi/2(1 − δ)i/2/(1 − δ),

gives

A
CA
δn (n) ≤ 1

1 − δ

∞∑
i=d

(n/τ + 1)bi/dc

bi/dc!
(
g
√

4δ(1 − δ)
)i
.

Now, we defineγ = g
√

4δ(1 − δ) and simplify the expression to

A
CA
δn (n) ≤ 1

1 − δ

(
1 + γ + . . . + γd−1

) ∞∑
j=1

(n/τ + 1)j

j!
γdj .

Finally, we can write the infinite sum in closed form and use the fact that
(
1 + γ + . . . + γd−1

)
=

(γd − 1)/(γ − 1) to get

A
CA
δn (n) ≤ 1

1 − δ

γd − 1
γ − 1

(
eγ

d(n+τ)/τ − 1
)
. (3.5.4)

We can also upper bound the spectral shape using (3.2.7) and (3.5.4) to get

r(δ; CA) ≤ 1
τ

(
g
√

4δ(1 − δ)
)d
.

3.5.3 Properties of the Bounds

Although the upper bounds, (3.5.1), (3.5.2), and (3.5.4), computed in this section are

quite loose in some cases, they do capture some important characteristics of the underlying

WEs. For example, we will show that they correctly characterize theα in the growth rate of the

minimum distance,dmin ∼ nα. This fact is a straightforward generalization of the well-known

result given in [18]. We will also show that (3.5.3) is tight enough to prove that the ML AWGN

threshold of an RA code approaches -1.59dB asq goes to infinity. This fact was originally

proven in [15].

Since the only difference between (3.4.5) and (3.4.3) is the factor of(1−h/n)bw/2c, it

is straightforward to repeat the derivation using (3.4.3) and one finds that the upper bound on the
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WE is converted to an upper bound on the cumulative WE simply by dropping the(1−h/n)bw/2c

term. Applying this technique to (3.5.4) and substitutingh/n for δ gives

A
CA
≤h(n) ≤ 1

1 − h/n

(2g
√
h/n)d − 1

(2g
√
h/n) − 1

(
e(2g

√
h/n)d(n+τ)/τ − 1

)
. (3.5.5)

The probability that a randomly chosen code from this ensemble will have a minimum distance

less thant is upper bounded byA
CA
≤t (n) [23, Theorem 4]. LetE be the event that a very long

code from this ensemble has a minimum distance less thant(n) = an(d−2)/d, for some constant

a. We can upper bound the probability ofE by consideringA
CA
≤t(n)(n) asn goes to infinity,

which gives

Pr(E) ≤ lim
n→∞

1
1 − an(d−2)/d/n

(2g
√
an(d−2)/d/n)d − 1

(2g
√
an(d−2)/d/n) − 1

(
e(2g

√
an(d−2)/d/n)d(n+τ)/τ − 1

)
= e(4g

√
a)d/τ − 1.

It is easy to see that this upper bound can be made arbitrarily close to zero by decreasinga.

Therefore, almost all of the codes in the ensemble will have a minimum distance which grows

like n(d−2)/d.

Now, let us consider the ML decoding threshold of an RA code in AWGN by applying

Viterbi-Viterbi bound. It was shown in [15], using a great deal of analysis, that this threshold

approaches -1.59dB (i.e., the low-rate Shannon limit) asq goes to infinity. It turns out that

(3.5.3) is tight enough to reproduce the same result almost trivially. Substituting (3.5.3) into

(3.2.11) and normalizing for the rate (i.e., multiplying byq) shows that the Viterbi-ViterbiEb/N0

threshold of a rate-1/q RA code is given by

Tq = max
0≤δ≤1

fq(δ),

where

fq(δ) =
(1 − δ)
δ

qr(q)(δ; RA) =
(1 − δ)
δ

ln
(
1 + (4δ(1 − δ))q/2

)
.

Since we are interested in the limit ofTq as q goes to infinity, we start by noting that, for

δ ∈ [0, 1/2)
⋃

(1/2, 1], fq(δ) decreases strictly to0 asq increases (i.e.,fq(δ) > 0 implies that

fq+1(δ) < fq(δ) for all δ ∈ [0, 1/2)
⋃

(1/2, 1]). This implies thatlimq→∞ Tq ≤ limq→∞ fq(1/2).

Furthermore, it is easy to see thatlimq→∞ Tq ≥ limq→∞ fq(1/2) because we can lower bound

the maximum over an interval by choosing any point inside. Combining these two results shows

thatT∞ = limq→∞ fq(1/2) = ln 2 = −1.59 dB.
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3.6 Convolutional Accumulate-m Codes

3.6.1 Description

A CAm code is the multiple serial concatenation of a TCC andm interleaved rate-1

“accumulate” codes [24]. Any CAm code is completely defined by its outer TCC, and itsm

interleavers. Therefore, a random ensemble of CAm codes is formed, for a particular outer TCC,

by choosing each interleaver randomly from the set of all permutations. This type of ensemble

lends itself nicely to the average analysis introduced by [4] for turbo codes. LetA
(i+1)
h (n) be

the ensemble averaged WE after theith “accumulate” code, then we have

A
(m+1)
hm+1

(n) =
∑

h1,... ,hm

A
(1)
h1

(n)
m∏

i=1

Phi,hi+1
(n), (3.6.1)

wherePw,h(n) is given by (3.4.1) andA
(1)
h equals the WE of the outer TCC,A(o)

h . This WE can

also be written in an incremental form,

A
(i+1)
hi+1

(n) =
n∑

hi=1

A
(i)
hi

(n)Phi,hi+1
(n), (3.6.2)

which highlights the Markov nature of the serial concatenation.

Definition 3.6.1. The tuple,h1, . . . , hm+1, corresponds to the codeword weight at each stage

through them+ 1 encoders. We refer to this tuple as aweight paththrough the encoders. Using

this definition, one can think of (3.6.1) as a sum over all weight paths. Furthermore, we say that

a weight path is valid if it does not violate basic conditions such as Fact 3.4.1. For example, the

weight path,h1, . . . , hm+1, is valid if h1 ≥ d andhi+1 ≥ dhi/2e for i = 1, . . . ,m − 1. All

weight paths which are not valid provide no contribution to the sum.

3.6.2 The IGE Conjecture for CAm Codes

Now, we can apply the IGE conjecture to (3.6.1) by defining

α(hm+1) = lim sup
n→∞

logn

∑
h1,... ,hm

A
(1)
h1

(n)
m∏

i=1

Phi,hi+1
(n)

 . (3.6.3)

Of course, the sum in (3.6.3) is lower bounded by its largest term. Using Definition 3.6.1, it is

easy to verify that all valid weight paths ending athm+1 obeyhi ≤ 2mhm+1 for i = 1, . . . m.
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This means that the number of non-zero terms in the sum is upper bounded by(2mhm+1)m, and

that ∑
h1,... ,hm

A
(1)
h1

(n)
m∏

i=1

Phi,hi+1
(n) ≤ (2mhm+1)

m max
h1,... ,hm

A
(1)
h1

(n)
m∏

i=1

Phi,hi+1
(n).

These upper and lower bounds, along with fact thatlimn→∞ logn(2mhm+1)m = 0,

for fixed hm+1, allow us to replace the sum over weight paths in (3.6.3) by a maximum over

weight paths. The results of Appendix 3D.1 show that

lim
n→∞

(
lognA

(1)
h1

(n)
m∏

i=1

Phi,hi+1
(n)

)
≤ α(h1, . . . , hm+1)

whereα(h1, . . . , hm+1) = bh1/dc −
∑m

i=1 dhi/2e. We also note that the bound holds with

eqaulity ifh1 is an integer multiple ofd. This implies only thatα(hm+1) will be upper bounded

by the maximum ofα(h1, . . . , hm+1) over all valid weight paths. In fact, we will find that

α(hm+1) is equal to this quantity because the maximum occurs whenh1 is an integer multiple

of d.

The following Lemma provides a few results on the maximization ofα(h1, . . . , hm+1).

Lemma 3.6.2. Let the set of valid paths starting ath1, V (h1), be the set of all tuples,

h1, . . . , hm+1, wherehi > 0 for i = 1, . . . m+ 1 andhi+1 ≥ dhi/2e for i = 1, . . . ,m− 1. Let

the function,α(h1, . . . , hm+1), be defined by

α(h1, . . . , hm+1) = bh1/dc −
m∑

i=1

dhi/2e .

The maximum ofα(h1, . . . , hm+1) over the setV (h1) with h1 ≥ 2 is equal to

ν(h1) = bh1/dc −
m∑

i=1

⌈
h1/2i

⌉
. (3.6.4)

Also, the maximum ofν(h1) for h1 ≥ d ≥ 2 is equal toν(d). Finally, for d ≥ 3 or m ≥ 2, we

also show thatν(h) ≤ ν(d) − 1 for all h ≥ 4d.

Proof. Proof of this lemma is given in Appendix 3D.2.

Sinceα(h1, . . . , hm+1) does not depend onhm+1, we can apply Lemma 3.6.2 to show that

α(hm+1) = ν(d). Furthermore, it is clear thatβM = maxhm+1≥1 α(hm+1) = ν(d), so the

maximum exponent,ν, is given byν = ν(d) or

ν = 1 −
m∑

i=1

⌈
d/2i

⌉
. (3.6.5)



68

3.6.3 The Worst Case Minimum Distance

Using Fact 3.4.1, we can compute the minimum possible output weight,dmin, of a

GRAm code. This worst case minimum distance is found by minimizinghm+1 subject to the

constraints thathi+1 ≥ dhi/2e andh1 ≥ d. It is easy to see that pickingh1 as small as possible

allows us to pickh2 as small as possible, and so on. Therefore, the weight path which minimizes

hm+1 is given byh1 = d andhi+1 = dhi/2e. One might notice from the previous section that

this weight path also maximizes the exponent of the IGE conjecture. Simplifying the expression

for hm+1 gives

dmin = dd/2me . (3.6.6)

3.6.4 Weight Enumerator Bound

In this section, we derive an upper bound on the cumulative WE of a CAm which will

be used to prove the main theorem of the chapter, Theorem 3.6.4. The cumulative WE of a

CAm code can be written in terms of the WE of the outer TCC and the CIOWTP ofm cascaded

“accumulate” codes with

A
(m+1)
≤h (n) =

n∑
w=1

Aw(n)P (m)
w,≤h.

Forh ≤ n/2m+1, this can be upper bounded by using (3.3.5) and (3.4.6) to get

A
(m+1)
≤h (n) ≤ 2m−1(

1 − 2m+1h
n

)m−1

2mh∑
w=d

(n/τ + 1)bw/dc

bw/dc! gw

(
2m+1h

n

)Pm
i=1dw/2ie

. (3.6.7)

We note that the upper limit,2mh, of the sum is due to the fact thatP (m)
w,≤h = 0 for w ≥ 2mh.

For the next step, we need the bound
∑m

i=1

⌈
w/2i

⌉
≥ d(1 − 2−m) bw/dc, which is

easily verified by noticing that

m∑
i=1

⌈
w/2i

⌉
≥ w

m∑
i=1

2−i = w(1 − 2−m)

andw ≥ d bw/dc. Using this bound, we can write the cumulative WE as

A
(m+1)
≤h (n) ≤ 2m−1(

1 − 2m+1h
n

)m−1

2mh∑
w=d

(n/τ + 1)bw/dc

bw/dc! gw

(
2m+1h

n

)cbw/dc
,
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wherec = d(1 − 2−m). Now, we can change the index of summation fromw to i = bw/dc and

extend the upper limit of the sum to get

A
(m+1)
≤h (n) ≤ 2m−1(

1 − 2m+1h
n

)m−1

(
1 + g + . . .+ gd−1

) ∞∑
i=1

(n/τ + 1)i

i!
gdi

(
2m+1h

n

)ci

.

Evaluating the sum and applying the identity,
∑d−1

w=0 g
w = (gd − 1)/(g − 1), gives

A
(m+1)
≤h (n) ≤ 2m−1(

1 − 2m+1h
n

)m−1

gd − 1
g − 1

(
eg

d(2m+1h/n)c(n+τ)/τ − 1
)
, (3.6.8)

for h < n/2m+1. Writing the logarithm of the cumulative WE as

lnA(m+1)
≤h (n) ≤ O(1) +

n

τ
gd(2m+1h/n)d(1−2−m), (3.6.9)

for h < n/2m+1, makes it easy to see that the spectral shape is given by

r(m+1)(δ; CAm) ≤ 1
τ
gd(2m+1δ)d(1−2−m), (3.6.10)

for δ < 1/2m+1.

3.6.5 The Main Theorem

Almost all of the pieces are now in place to consider the main theorem of the chapter.

Before continuing, however, with the statement of the main theorem, we state the following

lemma, which will be used in its proof.

Lemma 3.6.3. Consider the serial concatenation of a TCC, with free distanced, and an “accu-

mulate” code. The probability that the resulting code has a codeword of minimum weight (i.e.,

h = dd/2e) is PM (n) = Θ(n1−dd/2e) wheren is the block length.

Proof. Proof of this lemma is given in Appendix 3D.3.

The following theorem is the main theorem of the chapter and essentially extends the results of

[10][14] to CAm codes.
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Theorem 3.6.4. Consider the average performance of a sequence of CAm code ensembles,

based on a particular outer TCC with minimum distanced ≥ 2, transmitted over a memo-

ryless channel with Bhattacharyya channel parameterz. There exists a positive thresholdz∗

such that, for anyz < z∗, the probability of word error under maximum likelihood decoding is

PW = Θ(nν), whereν = 1−
∑m

i=1

⌈
d/2i

⌉
. Furthermore, if a non-catastrophic encoder is used

for the CC, then the probability of bit error isPB = Θ(nν−1).

Proof. The proof can broken into four main parts. The first part uses (3.6.7) to verify that the

WE of a CAm code satisfies Condition 3.2.7. This also includes finding the error decay rates,

which arePW = O(nν) andPB = O(nν−1). The second part uses the upper bound, (3.6.9), to

verify that the WE of a CAm code satisfies Condition 3.2.8. The third part uses Theorem 3.2.9

and Corollary 3.2.10 to establish the basic coding theorem. The final part uses Lemma 3.6.3 to

lower bound the probability of error and establish thatPW = Ω(nν) andPB = Ω(nν−1).

First, we chooseLn = (lnn)2 and verify that Condition 3.2.7 holds. To do this, we

consider an upper bound on cumulative WE, (3.6.7), for small output weights (h = Ln). In this

case, we can upper bound (3.6.7) by2mh times the largest term to get

A
(m+1)
≤h (n) ≤ 22m−1h(

1 − 2m+1h
n

)1−m max
d≤w≤2mh

(n/τ + 1)bw/dc

bw/dc! gw

(
2m+1h

n

)Pm
i=1dw/2ie

.

(3.6.11)

It should be clear that the exponent ofn in this expression plays the crucial role for largen and

h = O
(
(lnn)2

)
. This exponent is the same as that given in the IGE conjecture with the help of

Lemma 3.6.2. For simplicity, we restate it as

ν(w) = bw/dc −
m∑

i=1

⌈
w/2i

⌉
.

For large enoughn, the maximum in (3.6.11) will be determined first by the set ofw’s which

give the maximum exponent ofn. If this set has more than member, then the term which

also maximizes the exponent ofh will be chosen becauseh = O
(
(lnn)2

)
. So we apply

Lemma 3.6.2 to show that the maximum exponent ofn, which we denote byν, is given by

ν = maxw≥d ν(w) = ν(d). Now, we can consider all weight paths which achieve the maximum

exponent ofn, and find the path in this set with the maximum exponent ofh. Once again, we
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apply Lemma 3.6.2 to show thatν(w) ≤ ν − 1 for all w ≥ 4d. It is easy to verify that the ex-

ponent ofh in (3.6.11) is given by1 +
∑m

i=1

⌈
w/2i

⌉
. Since this value is non-decreasing withw,

we find that the maximum exponent ofh is upper bounded by1+
∑m

i=1

⌈
4d/2i

⌉
≤ 1+4d+m.

This means that

A
(m+1)
≤h (n) = O

(
nνh4d+m+1

)
, (3.6.12)

for h = O
(
(lnn)2

)
. We note that the second part of Lemma 3.6.2 does not hold for the case of

d = 2 andm = 1, and this case will be dealt with separately.

Now, ford ≥ 3 orm ≥ 2, we can upper bound the probability of error associated with

small output weights. Combining (3.2.1) and (3.6.12) allows us to upper bound the probability

of word error associated with small output weights by

Ln∑
h=1

O
(
nνh4d+m+1

)
zh = O(nν),

for anyz < 1. We note that the sum can be evaluated by taking derivatives of the geometric sum

formula. This proves that the WE of any CAm code withd ≥ 3 or m ≥ 2 satisfies Condition

3.2.7 withLn = (lnn)2 andf(n) = nν. The probability of bit error can also be upper bounded

by revisiting the entire derivation of (3.6.7), and starting withB(o)
h instead ofA(o)

h . If the encoder

of the outer code is non-catastrophic, then we find that the result is scaled by a constant and the

exponent is reduced by one. Therefore, the bit error rate condition of Corollary 3.2.10 is satisfied

with g(n) = nν−1.

For d = 2 andm = 1, we can bound the probability of error more directly. The WE

bound, (3.5.4), can be simplified for the case ofd = 2 andh = O
(
(lnn)2

)
, and it is easy to

verify that

A
CA
h (n) ≤ O(1)e4g2h/τ .

Using this, the probability of word error, (3.2.1), can be upper bounded by

Ln∑
h=1

O(1)e4g2h/τzh = O(1),

as long asz < e−4g2/τ . It is worth noting that this is exactly the same threshold that will be

predicted by the bound of large output weights. This proves that the WE of any CAm code with
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d = 2 or m = 2 satisfies Condition 3.2.7 withLn = (lnn)2 andf(n) = 1. As before, the

probability of bit error, (3.2.2), can be upper bounded by revisiting the derivation of (3.5.4) and

starting withB(o)
h instead ofA(o)

h . If the encoder of the outer code is non-catastrophic, then we

find that the the exponent is reduced by one. Therefore, the bit error rate condition of Corollary

3.2.10 is satisfied withg(n) = n−1. Since the exponent,ν, is zero ford = 2 andm = 1, both of

these decay rates satisfy the theorem.

Next, we can verify that Condition 3.2.8 holds by first using (3.2.6) and (3.6.9) to show

that

r(m+1)
n (δ; CAm) =

1
n

lnA(m+1)
≤h (n) =

1
τ
gd(2m+1h/n)d(1−2−m) +O

(
1
n

)
.

Combining this with the fact thatLn = (ln n)2 shows that the first part of Condition 3.2.8 holds

because1n = o
(

(ln n)2

n

)
. Now, we can use (3.6.10) to verify thatlimδ→0+

(
r(m+1)(δ; CAm)/δ

)
<∞. It is easy to verify that the limit is given by

lim
δ→0+

r(m+1)(δ; CAm)
δ

≤

 4g2/τ if d = 2 andm = 1

0 if d ≥ 3 orm ≥ 2
.

This proves that the WE of any CAm code withd ≥ 2 satisfies Condition 3.2.8.

Now that we have established the validity of Conditions 3.2.7 and 3.2.8, we can apply

Theorem 3.2.9 and Corollary 3.2.10. Using only the union bound, rather than the tighter typical

set bound, corresponds to choosingλ = 1 and makes the noise threshold equal toαT (1). Us-

ing the definition, (3.2.10), gives the same threshold in terms of the Bhattacharyya parameter,

namely thatz∗ = e−cUB . Sincer(δ) < ∞ andlimδ→0+

(
r(m+1)(δ; CAm)/δ

)
< ∞, it is clear

thatcUB <∞ and this proves that there exists a positive threshold such that, for anyz < z∗, the

probability of word error under ML decoding isPW = Θ(nν). The corollary extends this result

to the probability of bit error with a decay rate ofPB = Θ(nν−1).

Finally, we consider a lower bound on the probability of error associated with small

output weights. Consider the weight path of the worst case minimum distance, which is given by

hi+1 =
⌈
d/2i

⌉
for i = 0, . . . ,m. The probability of picking a code, from the ensemble, which

has a codeword of this distance is lower bounded by

PM (n)
m∏

i=2

Phi,hi+1
(n),
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wherePM (n) is the probability that there is a codeword of weightdd/2e after the first inter-

leaver. We note that this is a lower bound because it does not take into account the effect

of multiple codewords of minimum weight at each stage. Now, we can combine the fact that

Phi,hi+1
(n) = Θ(n−dhi/2e) with the result of Lemma 3.6.3 (i.e.,PM = Ω(n1−dd/2e)) to show

that the probability of picking a code with worst case minimum distance is

Ω
(
n1−Pm

i=1dd/2ie
)

= Ω (nν) .

Since the probability of word error is a constant for codewords of fixed output weight, this means

that the probability of word error isΩ(nν). Furthermore, the number of bit errors generated by

such a word error is a constant, so the probability of bit error isΩ(nν−1). Combining these lower

bounds with the previously discussed upper bounds completes the proof thatPW = Θ(nν) and

PB = Θ(nν−1).

3.6.6 The Exact Spectral Shape

Let r(i+1)(x) be the spectral shape of the WE after theith “accumulate” encoder. It

turns out that we can computer(i+1)(x) exactly by noting that (3.6.1) can be upper and lower

bounded with

max
h1,... ,hm

A
(1)
h1

(n)
m∏

i=1

Phi,hi+1
(n) ≤ A

(m+1)
hm+1

(n) ≤ nm max
h1,... ,hm

A
(1)
h1

(n)
m∏

i=1

Phi,hi+1
(n).

Using these bounds, it is easy to verify that the asymptotic spectral shape is given by

r(m+1)(xm+1; CAm) = max
x1,... ,xm

[
r(1)(x) +

m∑
i=1

p(xi, xi+1)

]
,

wherep(x, y) is given by (3.4.4). This can also be computed using the incremental form,

r(i+1)(xi+1; CAm) = max
0<xi<1

[
r(i)(xi) + p(xi, xi+1)

]
. (3.6.13)

The functional form of (3.6.13) makes it quite amenable to analysis. It turns out

that (3.6.13) is simply a linear transform in the max-plus semiring [5]. We start by show-

ing that the function,H(x) + C, is a left eigenvector ofp(x, y), which essentially means that

max0≤x≤1 [H(x) + C + p(x, y)] = H(y) +C. Using (3.4.4) to expand thep(x, y) on the LHS

of this expression gives

max
0≤x≤1

[H(x) + C + p(x, y)] = max
0≤x≤1

[
C + yH

(
x

2y

)
+ (1 − y)H

(
x

2(1 − y)

)]
.
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It is easy to verify thatx = 2y(1 − y) maximizes the RHS, and that the maximum is given

by H(y) + C. This is really not that surprising, however, because this analysis is quite similar

to the Markov chain approach taken in [23] and gives the same result. On the other hand, we

believe that a more detailed analysis of this operation may also allow one to bound the rate of

convergence. In fact, we make the following conjecture.

Conjecture 3.6.5. Let r(m+1)(x; CAm) be the spectral shape of any CAm code of rateR, and

let r(∞)(x; CAm) be the stationary spectral shape asm goes to infinity. We conjecture that

r(∞)(x; CAm) = [H(x) + 1 −R]+, where[x]+ = x for x ≥ 0 and zero otherwise, and that∣∣∣r(m+1)(x; CAm) − r(∞)(x; CAm)
∣∣∣ = O

(
1
m

)
.

Remark 3.6.6.It is worth noting that the floor of the spectral shape at zero is basically due

to the fact thatp(0, y) = 0. This means that inputs of small output weight are mapped by

the accumulate code to outputs of arbitrary weight with a probability that does not decay ex-

ponentially in the block length. This essentially sets up the lower boundr(i+1)(y; CAm) ≥
r(i+1)(0; CAm) + p(0, y) = 0. Also, this result implicitly assumes thatm grows independently

of the block length because of the order in which limits are taken.

3.6.7 The Typical Minimum Distance

Now, we prove that the typical minimum distance of GRAm codes grows linearly with

the block length form ≥ 2. We do this by first proving this result form = 2, and then showing

that it must also hold for any finitem > 2. The basic method involves bounding the cumulative

WE of the code and then using the fact that

Pr(dmin ≤ h) ≤ A≤h.

First, we simplify the WE for CA codes. Starting with (3.5.4), we can drop the−1 and

separate the exponential to get

A
CA
δn (n) ≤ 1

1 − δ

γd − 1
γ − 1

(
eγ

d(n+τ)/τ − 1
)
≤ 1

1 − δ

γd − 1
γ − 1

eγ
d
eγ

dn/τ .

Sinceγ = g
√

4δ(1 − δ) ≤ g andg ≥ 1, we can simplify the constant using the fact that

γd − 1
γ − 1

eγ
d ≤ gd − 1

g − 1
eg

d ≤ gdeg
d
.
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Ford ≥ 2, we can also bound theγdn/τ term in the exponential using

γdn/τ = gd (4δ(1 − δ))d/2 n/τ ≤ gd (4δ(1 − δ)) n/τ ≤ 4gdh/τ.

Combining these bounds together gives

A
CA
h (n) ≤ gdeg

d

1 − h/n
e4gdh/τ . (3.6.14)

The remainder of the derivation must be handled separately for codes withd = 2 and codes with

d ≥ 3.

Convolutional Accumulate-2 Codes withd = 2

Now, we derive an upper bound on the cumulative WE of CA2 codes withd = 2 by

combining (3.6.14) and (3.4.5) to get

A
CA2

≤h (n) ≤ g2eg
2

2h∑
w=1

1
1 − w/n

e4g2w/τ (4h/n)dw/2e.

Using the fact that1/(1−w/n) ≤ 1/(1− 2h/n) for 1 ≤ w ≤ 2h, we can rewrite this sum with

w = 2i to get

A
CA2

≤h (n) ≤ (e−4g2/τ + 1)
h∑

i=1

e8g2i/τ (4h/n)i, (3.6.15)

for h < n/2. Upper bounding this sum by the infinite sum and lettingh = δn gives

A
CA2

≤δn(n) ≤ 2g2eg
2

1 − 2δ

(
4δe8g2/τ

)
1 − 4δe8g2/τ

,

for δ < 1/
(
4e8g2/τ

)
. Now, we point out that for anyε > 0 there exists aδ > 0 such that

A
CA2

≤δn(n) ≤ ε. Therefore, almost all of the codes in the ensemble will have a minimum distance

growing linearly with the block length. Since the geometric sum in (3.6.15) also grows expo-

nentially inn for δ > 1/
(
4e8g2/τ

)
, one might conjecture that the minimum distance is almost

always equal to1/
(
4e8g2/τ

)
. Numerical evidence suggests otherwise, however.

Remark 3.6.7.Let δ∗ be the smallestδ such thatA
CA2

≤δn(n) grows exponentially inn. Numerical

evidence suggests thatlimn→∞A
CA2

≤δn(n) = f(δ) is a well-defined function ofδ for 0 ≤ δ < δ∗.
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This function can be used as an upper bound on the cumulative distribution function of minimum

distance ratio for the code ensemble. Simple analytical arguments show thatf(δ) starts atf(0) =

0 and is strictly increasing towardsf(δ∗) = ∞. Finally, the largest minimum distance ratio

provable via the average WE is given by theδ which solvesf(δ) = 1. Unfortunately, while the

numerical methods of Section 3.8 may be used to estimateδ∗, we are not aware of any simple

method for computingf(δ).

Convolutional Accumulate-2 Codes withd ≥ 3

Ford ≥ 3, we can boundA
CA
≤h(n) differently for small and large output weights. Using

(3.6.12) for small output weights and (3.6.14) for large output weights gives

A
CA
≤h(n) ≤

 O
(
n1−dd/2eh4d+3

)
h ≤ (ln n)2

gdegd

1−h/ne
4gdh/τ otherwise

.

Now, we can upper bound the cumulative WE of CA2 codes withd ≥ 3 by combining this with

(3.4.5) to get

A
CA2

≤h (n) ≤
(ln n)2∑
w=1

O
(
n1−dd/2ew4d+3

)
(4h/n)dw/2e + gdeg

d
2h∑

w=(lnn)2

e4gdw/τ

1 − w/n
(4h/n)dw/2e.

It is easy to verify that the first sum isO
(
n1−dd/2e), for h/n < 1/4, by taking derivatives of

the geometric sum formula. The second sum can be rewritten withw = 2i by using the fact that

1/(1 − w/n) ≤ 1/(1 − 2h/n) for 1 ≤ w ≤ 2h. This gives

A
CA2

≤h (n) ≤ O
(
n1−dd/2e

)
+

2gdeg
d

1 − 2h/n

h∑
i=(ln n)2/2

e8gdi/τ (4h/n)i.

Upper bounding this sum by the infinite sum and lettingh = δn gives

A
CA2

≤δn(n) ≤ O
(
n1−dd/2e

)
+

2gdeg
d

1 − 2δ

(
4δe8gd/τ

)(ln n)2/2

1 − 4δe8gd/τ
.

Since this expression isO
(
n1−dd/2e) for δ < 1/

(
4e8g2/τ

)
, almost all of the codes in the

ensemble will have a minimum distance ratio of1/
(
4e8g2/τ

)
or larger.

Remark 3.6.8.Again, we letδ∗ be the smallestδ such that the trueA
CA2

≤δn(n) grows exponen-

tially in n. In this case, we conjecture that almost all codes in the ensemble have a minimum
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distance ratio ofδ∗. Assuming this is true, we can calculate the minimum distance ratio using

the numerical methods of Section 3.8.

Convolutional Accumulate-m Codes

Suppose we serially concatenate any code, whose minimum distance grows likeδn,

with an interleaved “accumulate” code. Using Fact 3.4.1, it is clear that that the minimum

distance of the new code is greater thanδn/2. This means that if the minimum distance isΩ(n)

for anym0 then it isΩ(n) for any finitem ≥ m0. This concludes the proof that the minimum

distance of any CAm code, withm ≥ 2 (andm < ∞), grows linearly with the block length.

Although the minimum distance growth rate guaranteed by this argument decreases withm, this

does not imply that the actual growth rate decreases withm. In fact, analytical evidence strongly

suggests the growth rate increases monotonically to the limit implied by the Gilbert-Varshamov

bound.

3.7 Iterative Decoding of CAm Codes

3.7.1 Decoding Graphs

The iterative decoding of CAm codes is based on a message passing decoder which op-

erates on a graph representing the code constraints. This approach was introduced by Gallager in

[12], and then generalized by Tanner in [28] and Wiberg in [32]. We refer to the resulting graph-

ical representation of code constraints as a Gallager-Tanner-Wiberg (GTW) graph. The GTW

graph of a code is not unique, however, and different graphs representing the same constraints

may have very different decoding performances.

Belief propagation (BP) is a general algorithm for distributing information on a graph

representing local constraints. Most message passing decoders described in the literature im-

plement some form of BP on a code’s GTW graph [20]. If the graph has no cycles, then BP is

equivalent to the optimal soft output decoding, known asa posterioriprobability (APP) decod-

ing. This is sometimes cited as the reason why these decoders work quite well if the GTW graph

does not have too many short cycles.

The GTW graph of the rate-1 “accumulate” code is shown in Figure 3.7.1. The nodes

drawn as circles represent equality constraints (e.g., all edges attached to these nodes represent
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Input Bit Nodes

State/Output Bit Nodes

Figure 3.7.1: A GTW graph for the rate-1 “accumulate” code.

the same bit), and the nodes drawn as squares represent parity constraints (e.g., all edges attached

to these nodes must sum to zero modulo-2). Letu1, . . . , un be the input bits from left to right

and letx1, . . . , xn be the output (state) sequence. We note that all addition between bits is

assumed to be modulo-2. The outputs of the “accumulate” code can be computed using the

recursive formula,xi+1 = xi + ui, with the initial conditionx0 = 0. This recursive formula

can also be seen in the structure of the graph. Assuming all of input bits are known, an encoder

can step from left to right on the graph computing the next output bit each time. The recursive

update equation can also be rewritten asui + xi + xi+1 = 0, and the graph reflects this in that

each parity check involves an input bit and two adjacent output bits. It is also worth noting that

the output sequence is equal to the encoder state sequence.

A GTW graph for general CA2 codes, shown in Figure 3.7.2, is the concatenation of

the outer code constraints with two “accumulate” GTW graphs mapped through permutations.

From an encoding point of view, the outer code generates the input bits at the top of the graph

and they are encoded by each “accumulate” GTW graph as they travel downward. When they

reach the bottom, they are transmitted through the channel. From a decoding point of view, the

channel starts the process with noisy estimates of the transmitted codeword at the bottom of the

graph. Belief propagation can then used to propagate messages through the graph until all of the

messages satisfy the constraints or some maximum iteration number is reached.

3.7.2 Message Passing Rules

The message passed along any edge in Figure 3.7.2 is the probability distribution of

the edge’s true value given the subgraph below that edge. If the true edge values are binary, then

the log-likelihood ratio (LLR) can be used to represent the distribution. Similar to the notion of

a probability, we define theLLR function of a binary random variable to be

LLR(X|Y ) = log
Pr(X = 1|Y )
Pr(X = 0|Y )

.
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The message passing decoder propagates LLRs around the graph by assuming that all input

messages arriving at a constraint are independent. Using the input messages from all but one

edge, the constraint can be combined with Bayes’ rule to calculate an output message for the

edge left out. This rule is used to calculate all of the output messages for that constraint node,

and generally all of these messages will be different.

Consider an equality constraint withj edges. In this case, the true value of each edge

must be the same and we will havej LLRs for a single random bit. It is clear that the true

bit, which we refer to asX, must either be a one or a zero. The output passed to each edge is a

function only of the otherj−1 edges, so computing the output message involves combiningj−1

independent LLR messages. LetM1, . . . ,Mj be the LLR input messages, and letM̂1, . . . , M̂j

be the output messages. This means thatM̂i = LLR(X|M1, . . . ,Mi−1,Mi+1, . . . ,Mj), and

using the product rule for independent observations gives

M̂i = log
∏
k 6=i

Pr(X = 0|Mk)
Pr(X = 1|Mk)

=
∑
k 6=i

Mk. (3.7.1)

Consider a parity constraint withj edges. In this case, the modulo-2 sum of true bits

must be zero. Let the true bits associated with edge beX1, . . . ,Xj . It is clear that the modulo-2

sum of anyj − 1 of these bits must equal the bit which was left out. The same idea can be

applied to LLRs using a soft-XOR operation. Given two independent binary random variables,

A andB, we define their soft-XOR to beLLR(A+B). It is easy to verify that this function is

given by

LLR(A+B) = 2 tanh−1

(
tanh

(
LLR(A)

2

)
tanh

(
LLR(B)

2

))
,

and this can be found in [26]. LetM1, . . . ,Mj be the LLR input messages, and letM̂1, . . . , M̂j

be the output messages. If we letZ be the modulo-2 sum,
∑

k 6=iXi, then this means that

M̂i = LLR (Z|M1, . . . ,Mi−1,Mi+1, . . . ,Mj) .

Writing M̂i in terms of the soft-XOR function gives

M̂i = 2 tanh−1

∏
k 6=i

tanh
Mk

2

 . (3.7.2)

Now, we consider the constraints imposed by the outer code. If the outer code is a

repeat or single parity check code, then these constraints are easily represented using the equality
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Figure 3.7.2: A Tanner graph for an arbitrary CA2 code.

and parity constraints discussed above. If the outer code is a more general TCC, then the GTW

graph for the code will include state variables and belief propagation is very similar to the BCJR

algorithm [2]. We refer to soft-output variations of the BCJR algorithm as APP algorithms. A

thorough discussion of this can be found in [20].

3.7.3 Message Passing Schedule

The message passing schedule is the order in which the messages are updated on the

graph. While there are almost an unlimited number of message passing schedules, there are two

in particular worth mentioning. We will refer to them as as turbo style decoding and LDPC style

decoding.

In turbo style decoding, each horizontal slice of the GTW graph, shown in 3.7.2, is

treated as an independent APP algorithm. So starting at the bottom with subgraph representing

the “accumulate” code, messages are passed left and right until the APPs are computed for that

slice. Since this subgraph is cycle free, the message passing algorithm computes the exact APPs.

Next, the output messages are passed upwards to the next stage, where another APP decoding is

done. Finally, the process reaches the outer code at the top and reverses itself by stepping back

down the graph. This is identical to the standard turbo decoding of serially concatenated turbo

codes.

In LDPC style decoding, the messages for all edges are computed at the same time.
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This implicitly results in a two step process where bit nodes first pass messages to the check

nodes, and then the check nodes pass messages back to the bits nodes. There appears to be no

significant performance difference between these two message passing schedules if a large num-

ber of iterations are performed. Also, while the LDPC style decoder requires more operations

per iteration, all of these operations can be done in parallel.

3.7.4 Density Evolution

Density evolution (DE) is a very useful technique that can be used to analyze the ex-

pected performance of a message passing decoder. The basic idea is that, by assuming that

all messages arriving at a constraint node are independent, one can easily track the probability

density functions of the LLR messages being passed around the graph. The independence as-

sumption is theoretically justified for large sparse graphs and small iteration numbers. This type

of analysis was first performed by Gallager for LDPC codes [12], and later generalized (and put

on firm theoretical ground) by Richardson and Urbanke [26].

Since LLRs are simply summed up at equality constraint nodes, the density of the

output message is simply the convolution of the density of the input messages. So, if the input

messages are all drawn i.i.d. from a LLR density function, then the output messages will also be

i.i.d. but with a different distribution. LetP (x) be the density function ofX andQ(y) be the

density function ofY , then we write the density function ofZ = X + Y as(P ⊗ Q)(z). The

effect of the parity constraint on message densities is much more complicated, so we write the

density function of

Z = 2 tanh−1

(
tanh

(
X

2

)
tanh

(
Y

2

))
as(P ⊕Q)(z). It is easy to verify that both of these operators are commutative, associative, and

distributive over the addition of densities. Furthermore, the identity of⊗ is the delta function at

zero,∆0, and the identity of⊕ is the delta function at infinity,∆∞.

Now, we consider a general CA code and focus on the message density on the edges

out of the equality constraint for the “accumulate” code. Let the message density of these edges

after l decoding iterations bePl, whereP0 is the initial LLR density of the channel. Let the

output of the APP decoder for the outer code have LLR densityf(Q) when the inputs have LLR
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densityQ. Tracking one cycle of theP message around the graph gives the density evolution,

Pl+1 = (f(Pl ⊕ Pl) ⊕ Pl) ⊗ P0. (3.7.3)

For a memoryless symmetric channel, with parameterα, we define the DE threshold,αDE, to be

the largestα such thatliml→∞ Pl = ∆∞ (i.e., the fraction of incorrect messages goes to zero).

Numerical methods can be used to show thatPl is approaching∆∞ as l increases, but actual

convergence requires also that∆∞ be a stable fixed point of the iteration. This is known as the

stability condition, and can be understood by examining the iteration whenPl = (1−ε)∆∞+εQ

for smallε and anyQ.

We start by expanding the density update function of the outer code with

f ((1 − ε)∆∞ + εQ) = (1 − κε)∆∞ + κεQ+O(ε2). (3.7.4)

We can compute the coefficient,κ, by analyzing the APP decoder. For any bit in the outer code,

consider all of the codewords which have a one in that position. Ignoring the chosen bit, the

probability of more than one bit in the remaining bits of the codeword receiving aQ message is

O(ε2). If exactly one other bit in the codeword receives aQmessage and the rest receive the∆∞
message, then we can compute the output of the APP decoder exactly. For code bits which do

not support a weight-2 codeword, this output will always be∆∞ because the perfect knowledge

of the other bits corrects the error. For code bits which support weight-2 codewords, the output

will receive messages from theQ density. Since each weight-2 codeword involving the output

bit will contribute oneεQ, the average output will beκεQ whereκ is the average number of bits

involved in weight-2 codewords per input bit. This means that

κ = lim
n→∞

2
n
A

(o)
2 (n), (3.7.5)

whereA(o)
2 is the number of weight-2 codewords in the outer code.

Proposition 3.7.1. Consider a CA code whose outer code has the WE,A
(o)
h (n), and letz(α) be

the Bhattacharyya parameter of a memoryless symmetric channel with parameterα. The DE

threshold is upper bounded by the stability condition, which states that

αDE ≤ sup
{
α ∈ R+|z(α) ≤ 1

2κ+ 1

}
,

whereκ is given by (3.7.5).
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Proof. We start by expanding (3.7.3) aboutPl = (1 − ε)∆∞ + εQ for smallε, and this gives

Pl+1 =
(
f
(
(1 − 2ε)∆∞ + 2εQ+O(ε2)

)
⊕ ((1 − ε)∆∞ + εQ)

)
⊗ P0.

Using (3.7.4), we can simplify this to

Pl+1 = (1 − (2κ+ 1)ε) ∆∞ + (2κ+ 1)εQ⊗ P0 +O(ε2).

If we considerPl+n for largen, we can apply a large deviation principle to the repeated convo-

lution to show that the contribution ofQ toPl+n is essentially given by

(2κ+ 1)nz(α)nεQ,

wherez(α) is the Bhattacharyya parameter of the channel [26]. Clearly this will tend to zero if

and only ifz(α) < 1/(2κ + 1).

Example 3.7.2. For parity accumulate codes, the APP decoder for the outer code is given simply

by a parity check node. So the decoding graph is equivalent to a particular LDPC code and the

stability condition can be derived without considering general outer codes. Assuming a rate

(k − 1)/k code is used on the AWGN channel, we have

e−1/(2σ2) ≤ 1
2k − 1

which implies thatEb/N0 ≥ k
k−1 log(2k− 1). Using Proposition 3.7.1, we find that the number

of weight-2 codewords in the outer code is given byA
(o)
2 (n) = (n/k)(k)(k − 1)/2. This makes

κ = k − 1 and gives exactly the same condition.

The generalization of (3.7.3) to CAm codes is straightforward and the details are left to the

reader. We do note, however, that CAm codes are unconditionally stable ifd ≥ 3 or m ≥ 2.

If d = 2 andm = 1, the stability of iterative decoding depends on the channel parameter and

therefore may determine the DE threshold. For example, the true DE threshold of all PA codes

is determined by the stability condition. Furthermore, the DE threshold computed via stability

condition for PA codes is actually identical to the ML decoding threshold.

For LDPC codes, Richardson and Urbanke also proved a concentration theorem which

shows that, for allα > αDE , the true probability of bit error probability can be made arbitrarily

small by increasing the block length and the number of iterations [26]. We believe this result can

be extended to a very general class of sparse graph codes which includes CAm codes. The DE

thresholds of various CAm codes have been computed and are given in Table 3.1.
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Figure 3.8.1: Typical set decodingEb/N0 thresholds for RAm and PAm codes in AWGN.

3.8 Numerical Methods for the Spectral Shape

In this section, we outline our numerical method for computing exponentially tight

bounds on the spectral shape of CAm codes. These bounds can be used to compute very good

bounds on the noise threshold and minimum distance ratio. These noise thresholds are based on

the typical set decoding bounds described in [1] and [16], which can be applied to any binary-

input symmetric channel. The minimum distance ratio bounds are based on finding the smallest

output weight such that the WE is growing exponentially.

3.8.1 The Quantized Spectral Shape

Our numerical method for computing the spectral shape of CAm code is based on

quantizing the normalized output weight to the grid0,∆, 2∆, . . . ,N∆ where∆ = 1/N . Let

r̃(i)(j∆; CAm) be an estimate ofr(i)(j∆; CAm) based on this quantization. We use the recursive

update,

r̃(i+1)(k∆; CAm) = max
0≤j≤N

r̃(i+1)(j∆; CAm) + p(j∆, k∆),
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Figure 3.8.2: The spectral shape of a (2,1) single parity code and the associated PAm codes with
m = 1, 2, 3.

which is based on (3.6.13) and (3.4.4). The only difficulty lies in estimatingr̃(1)(j∆; TCC)

from the parametric representation ofr(1)(δ; TCC) given by (3.3.7). We do this by calculating

r(δ(x); TCC) and δ(x) on an x-grid and then interpolatingr(δ(x); TCC) onto the

0,∆, 2∆, . . . ,N∆ grid. One problem with this method is that a uniformx-grid may require

a very large number of points for reliable estimation ofr(1)(δ; TCC). We have had more success

using a non-uniformx-grid, wherex =
√
y andy is uniform on[0, 1].

In general, we have observed that the spectral shape of a CAm code is continuous and

smooth whenever it is positive. Under this assumption, we believe that the error due to quanti-

zation,
∣∣r(i+1)(j∆; CAm) − r̃(i+1)(j∆; CAm)

∣∣, will beO(1/N). The results of this method are

shown in Figures 3.8.2 and 3.8.3 for two particular outer codes andm = 1, 2, and3.

3.8.2 Noise Thresholds

Consider a binary-input symmetric channel with a single parameter,α. The typical

pairs decoding threshold,αT , is given by (3.2.12) of Theorem 3.2.9. It can be computed nu-

merically by finding theα-root of the equationmax0≤j≤N r̃(m+1)(j∆; CAm)−K(j∆, α) = 0.
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Figure 3.8.3: The spectral shape of a[1, 1 + D] CC and the associated CAm codes withm =
1, 2, 3.

Standard root finding methods such as bisection can be used to solve this problem. Since the

most time consuming part of this calculation is computingK(j∆, α), one can precompute this

quantity on anα-grid of sufficient accuracy, for eachj.

We have also found that AWGN thresholds computed usingN = 1000 typically do not

change by more than0.005 dB for N > 1000. Also, thresholds computed using this method for

m = 1 match other published results in all significant digits [16]. Finally, we note that the thresh-

olds of CAm with d = 2 andm = 1 are usually determined bylimδ→0+ r(2)(δ; CA)/δ and will

not be correctly estimated using this method. In this case, thresholds can and should be calcu-

lated by analytically expandingr(1)(δ; TCC) aboutδ = 0 and computinglimδ→0+ r(2)(δ; CA)/δ

analytically.

This method was applied to RAm and PAm codes on the AWGN channel. TheEb/N0

thresholds are shown in Figure 3.8.1 and listed in Table 3.1. In the table,γ∗ denotes the Shannon

limit andγm denotes the typical set decoding threshold. The table also lists thresholds for CAm

whose outer codes are the(8, 4) Hamming code and the[1, 1 +D] CC.
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3.8.3 Minimum Distance Ratio

In Section 3.6.7, it was shown that the minimum distance of a CAm code grows lin-

early with the block length form ≥ 2. Letδ∗m be the smallestδ > 0 such thatr(m+1)(δ; CAm) >

0. Except for the case ofd = 2 andm = 2, we believe that the growth rate of the minimum

distance with block length will be at leastδ∗m. The case ofd = 2 andm = 2 is discussed

more thoroughly in Remark 3.6.7. Since we can use our numerical method to estimateδ∗m with

arbitrary accuracy, this provides a useful method for considering the minimum distance ratios of

CAm codes. Furthermore, the minimum distance ratios computed using this method are quite

close to the empirical growth rates observed via the exact calculation of the average WE for finite

block lengths [23]. Theδ∗m value form = 2, 3 is given in Table 3.1 for each code considered.

3.9 Concluding Remarks

In this chapter, we give a fairly complete analytical picture of the properties and per-

formance of CAm codes. While the iterative decoding of these codes cannot compete with that of

turbo codes or optimized LDPC codes [25], their ability to approach channel capacity under ML

decoding is quite astounding. Theoretically, these results offer some insight into the structure

of CAm codes, and a number of new mathematical tools of more general use. From a practical

point of view, this work shows that the future of CAm codes depends on either improving their

performance with iterative decoding or, more ambitiously, finding new decoding methods which

approach the performance of ML decoding.
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C R γ∗ γ1 γ2 γ3 δ∗GV δ∗2 δ∗3 α1 α2 α3

RA 1/8 -1.207 -1.102 -1.206 -1.207 .295 .291 .295 0.29 3.86 6.85

RA 1/7 -1.150 -0.905 -1.149 -1.150 .281 .275 .282 0.19 3.52 6.41

RA 1/6 -1.073 -0.742 -1.072 -1.073 .264 .255 .265 0.11 3.13 5.9

RA 1/5 -0.964 -0.494 -0.962 -0.963 .243 .229 .243 0.06 2.69 5.31

RA 1/4 -0.794 -0.078 -0.790 -0.794 .215 .192 .215 0.12 2.20 4.61

RA 1/3 -0.495 0.739 -0.478 -0.495 .174 .133 .174 0.50 1.65 3.76

PA 1/2 0.187 3.419 0.327 0.188 .110 .0287 .104 3.42 1.23 2.72

PA 2/3 1.059 3.828 1.224 1.062 .061 .0101 .054 3.83 1.83 2.86

PA 3/4 1.626 4.141 1.794 1.630 .042 .0052 .035 4.14 2.27 3.12

PA 4/5 2.040 4.388 2.206 2.044 .031 .0032 .031 4.39 2.62 3.36

PA 5/6 2.362 4.590 2.526 2.366 .025 .0021 .019 4.59 2.89 3.57

PA 6/7 2.625 4.760 2.785 2.629 .020 .0015 .016 4.76 3.12 3.75

PA 7/8 2.845 4.906 3.001 2.849 .017 .0011 .012 4.91 3.32 3.90

PA 8/9 3.033 5.034 3.187 3.037 .015 .0009 .011 5.03 3.49 4.04

PA 9/10 3.198 5.148 3.349 3.202 .013 .0007 .009 5.15 3.63 4.16

PA 10/11 3.343 5.249 3.492 3.348 .012 .0006 .008 5.25 3.76 4.27

PA 11/12 3.474 5.341 3.620 3.478 .010 .0005 .007 5.34 3.88 4.37

PA 12/13 3.591 5.425 3.736 3.596 .009 .0004 .006 5.43 3.99 4.46

PA 13/14 3.699 5.502 3.841 3.703 .009 .0004 .006 5.50 4.08 4.55

PA 14/15 3.797 5.572 3.938 3.801 .008 .0003 .005 5.57 4.17 4.63

PA 15/16 3.887 5.638 4.027 3.892 .007 .0003 .005 5.64 4.26 4.70

PA 16/17 3.971 5.700 4.109 3.976 .007 .0002 .004 5.70 4.33 4.77

HA 4/8 0.187 0.690 0.191 0.187 .110 .090 .110 N/A N/A N/A

CA 1/2 0.187 0.909 0.199 0.187 .110 .084 .110 N/A N/A N/A

Table 3.1: Numerical results for various CAm codes. (C = outer code, R = code rate,γ∗= Shan-
non limit, γm= typical set decoding threshold withm accumulates,δ∗GV = Gilbert-Varshamov
bound, δ∗m= normalized distance threshold withm accumulates, andαm= density evolution
threshold withm accumulates)
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3A Binomial Coefficient Bounds

3A.1 The Product Bound

First, we consider the following well-known upper and lower bounds on the binomial

coefficient, (n
k

)k
≤
(
n

k

)
≤
(ne
k

)k
. (3A.1)

Although these bounds are somewhat loose, their simplicity makes them surprisingly useful. The

proof of the lower bound is based on the fact that(
n

k

)
=
n(n− 1) · · · (n− k + 1)

k(k − 1) · · · (1) =
(n
k

)k
k−1∏
i=0

1 − i/n

1 − i/k
,

and that(1− i/n) ≥ (1− i/k). The proof of the upper bound is based on the trivial upper bound(
n

k

)
≤ nk

k!
,

and a corollary of Stirling’s formula that saysln k! ≥
∫ k
0 ln(x) dx = ln(kke−k).

3A.2 The Entropy Bound

Let the binary entropy function beH(x) = −x log2 x− (1 − x) log2(1 − x), then we

have

2nH(k/n)

n+ 1
≤
(
n

k

)
≤ 2nH(k/n), (3A.2)

for 0 ≤ k ≤ n. A simple information theoretic proof of this can be found in [6, p. 284]. The

more detailed analysis of MacWilliams and Sloane can be used to improve these to

1√
8n(k/n)(1 − k/n)

2nH(k/n) ≤
(
n

k

)
≤ 1√

2πn(k/n)(1 − k/n)
2nH(k/n). (3A.3)

3A.3 Sums of Binomial Coefficients

In this section, we consider bounds on the sum of binomial coefficients,

S(n, k) =
k∑

i=0

(
n

k

)
. (3A.4)
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In general, there is no closed form expression for this sum and it arises quite frequently.

The most straightforward bound simply uses a generating function bound (a.k.a. Cher-

nov bound). Starting with the binomial theorem, we have

(1 + x)n =
n∑

i=0

(
n

i

)
xi ≥

k∑
i=0

(
n

i

)
xi,

for any0 < x ≤ 1. Lower boundingxi by xk and rearranging terms gives

S(n, k) ≤ (1 + x)nx−k

for any0 < x ≤ 1. Minimizing this bound overx gives the final result of

S(n, k) ≤ 2nH(k/n), (3A.5)

for 0 ≤ k ≤ n. We can simplify (and weaken) the bound further by applyinglog(1 − x) ≤
−x/ ln 2 to the entropy function. This results inH(x) ≤ −x log x − (1 − x)(−x/ ln 2) and

dropping the−x2/ ln 2 term results in the very simple bound

S(n, k) ≤
(ne
k

)k
. (3A.6)

It turns out that even though (3A.5) is only valid for0 ≤ k ≤ n, the weakened version of this

bound allows it to hold for0 ≤ k ≤ 1.88n. This can be verified by solving for the largestk such

that (3A.6) is greater than or equal to2n. Furthermore, it is easy to verify that this upper bound

is concave ink because the second derivative is negative fork > 0.

Finally, we give the bound,

k∑
i=0

(
n

i

)
≤ (n+ 1)k

k!
, (3A.7)

which distinguishes itself from the rest via thek! denominator even though it is numerically very

similar to (3A.6). The proof of this bound is via induction, so we define

T (n, k) =
(n+ 1)k

k!
,

and begin by listing the base casesS(0, 0) = T (0, 0) = 1 andS(n, 1) = T (n, 1) = n + 1.

Next, we prove thatT (n, k) ≥ S(n, k) assuming thatT (n, k − 1) ≥ S(n, k − 1). To do this,

we observe that

S(n, k) = S(n, k − 1) +
(
n

k

)
,
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and

T (n, k) = T (n, k − 1) +
(n+ 1)k−1(n− k + 1)

k!
.

SinceT (n, k − 1) ≥ S(n, k − 1) by assumption and

(n+ 1)k−1(n− k + 1)
k!

≥ n(n− 1) · · · (n− k + 1)
k!

=
(
n

k

)
,

for 0 ≤ k ≤ n, it is clear thatT (n, k) ≥ S(n, k). It turns out that this version of this bound

actually holds for0 ≤ k ≤ b1.72nc, sinceT (n, b1.72nc) ≥ 2n. This can be verified by plotting

log T (n, b1.72nc) − n log 2 for n ≥ 1. Furthermore, this upper bound is concave ink because

the second derivative oflog T (n, k) is given by

d2

d2k
(k ln(n+ 1) − Γ(k + 1)) = −

∞∑
i=1

1
(k + i)2

,

which is negative fork > 0.

3B Convolutional Code Bounds

3B.1 Proof of Theorem 3.3.1

Proof of Theorem 3.3.1.Following [18], this proof is based on breaking the output sequence into

non-overlapping segments, known as detours, which can be placed in the block independently

of each other. Adetour is defined to be any output sequence generated by a state sequence

which starts in the zero state, ends in the zero state, and does not otherwise visit the zero state.

Furthermore, all of the weight in an output sequence is contained in the detours. Consider any

output sequence consisting ofr detours. This output sequence can be uniquely specified by the

r detour starting positions and by ther detour output sequences.

So we can count the total number of output sequences by counting the number of

ways of choosing the detour starting positions, the detour output sequences, and the number of

detours. The number of ways to chooser distinct detour starting positions fromn/τ possible

starting positions is given by the binomial coefficient
(n/τ

r

)
. Let T (r)

h be the number of ways to

chooser detour output sequences such that the total weight of all detours ish. Since each detour

produces an output weight of at leastd, the number of detours is at mostbh/dc. Therefore, the
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number of output sequences of weighth, A(o)
h (n), is upper bounded by

A
(o)
h (n) ≤

bh/dc∑
r=1

(
n/τ

r

)
T

(r)
h . (3B.1)

The transfer function,T (D), of a CC is a formal power series which enumerates all

detours by weight, and is given by

T (D) =
∞∑

h=1

ThD
h,

whereTh is the number of distinct detours of weighth. Using basic combinatorics, the formal

power series which enumerates distinctr-tuples of detours by total weight is given by

[T (D)]r =
∞∑

h=1

T
(r)
h Dh,

whereT (r)
h is the number of ways of independently choosingr detours which have total weight

h.

Using these definitions, it is clear thatT (D) will be analytic in the neighborhood of

D = 0 and therefore have a Taylor series which converges for allD < D0, whereD0 is the

radius of convergence. Since expansion will also be non-negative andTd > 0, it is also clear

thatT (D) is monotonic increasing for allD < D0. So we can upper boundT (r)
h using standard

asymptotic methods. Starting with

[T (D)]r =
∞∑
i=1

T
(r)
i Di ≥ T

(r)
h Dh,

we can rearrange terms to get

T
(r)
h ≤ [T (D)]r D−h. (3B.2)

LetD∗ be the unique real positive root of the equationT (D) = 1 in the domain0 < D < D0.

Since (3B.2) holds for any0 < D ≤ D0, we chooseD = D∗ to get the final bound

T
(r)
h ≤

(
1
D∗

)h

. (3B.3)

Combining (3B.1) and (3B.3) gives the bound

A
(o)
h (n) ≤

bh/dc∑
t=1

(
n/τ

t

)(
1
D∗

)h

.
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This bound is generally quite useful in the small output weight regime (e.g.,h ≤ dn/(2τ)).

It does become quite weak for larger output weights, however. We note that the trivial bound,

A
(o)
h (n) ≤ 2nR, whereR is the rate of the CC, may improve the bound somewhat for large

output weights.

The bound onB(o)
h (n) follows from combining our bound onA(o)

h (n) with a bound

on input weight,w, for a given output weight,h. Let ρ be the smallest number such that the

input weight,w, satisfiesw ≤ ρh for all codewords. Since every codeword can be represented

by a closed cycle in the state diagram of the encoder, the constantρ can be computed by finding

the maximum value ofw/h over all cycles in the state diagram withw > 0. If the encoder is

non-catastrophic, thenρ < ∞ because there will be no cycles withh = 0 andw > 0. We note

that findingρ is a standard combinatorial optimization problem known as the minimum cycle

ratio problem [7]. Starting with (3.2.3), it is easy to verify that

B
(o)
h (n) =

k∑
w=1

w

k
A

(o)
w,h(n) ≤ ρh

k
A

(o)
h (n).

Substituting the WE bound forA(o)
h (n) completes the proof.

3B.2 Proof of Corollary 3.3.2

Proof of Corollary 3.3.2.We start by using (3A.7) to upper bound the binomial sum in (3.3.1).

We define the result as

f(h, n) =
(n/τ + 1)bh/dc

bh/dc! gh,

whereg = 1/D∗. At first, it seems rather straightforward that

A
(o)
h (n) ≤ f(h, n), (3B.4)

because we have simply upper bounded the binomial sum. Unfortunately, the binomial sum

bound, (3A.7), is designed for cases where the second argument is less than the first. Forf(h, n),

this corresponds to the condition thatbh/dc ≤ n/τ . If d ≥ τ , this means that (3B.4) holds for

the entire range,1 ≤ h ≤ n. If d < τ , we can show, with the aid of a few additional assumptions,

that (3B.4) also holds for1 ≤ h ≤ n.

We start by noting that (3B.4) actually holds for1 ≤ h ≤ h∗, with h∗ = 1.72dn/τ ,

because (3A.7) holds fork ≤ 1.72n. LetR be rate of the CC, and recall that we always have
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the trivial upper boundA(o)
h (n) ≤ 2nR. So, if we can show thatf(h, n) ≥ 2nR for h∗ ≤ h ≤ n,

then this implies that (3B.4) holds for1 ≤ h ≤ n. Indeed, we show thatf(h, n) ≥ 2nR for

h∗ ≤ h ≤ n by showing thatf(h∗, n) ≥ 2nR andf(n, n) ≥ 2nR and then using the concavity

of f(h, n) in h for fixedn.

First, we show thatf(h∗, n) ≥ 2nR follows from the assumption that21/τg1.72d/τ ≥
2R. We begin by raising the LHS to thenth power and noting that

(n/τ + 1)h
∗/d

Γ(h∗/d+ 1)
gh∗ ≥ 2n/τg1.72dn/τ

becauseT (n, 1.72n) ≥ 2n. Since the LHS is a decreasing function ofh∗/d in this range (i.e.,

h∗/d ≥ n/τ ), we also have the bound

f(h∗, n) =
(n/τ + 1)bh∗/dc

bh∗/dc! ≥ (n/τ + 1)h
∗/d

Γ(h∗/d+ 1)
gh∗

.

Combining these bounds gives the desired result off(h∗, n) ≥ 2nR.

Assuming that(de/τ)1/d (√2πn
)−1/n

g ≥ 2R, we show now thatf(n, n) ≥ 2nR. We

begin by raising the first expression to thenth power and noting that

(n/τ + 1)n/d

√
2πn

(
n
de

)n/d
gn ≥

(
n
τ

)n/d

√
2πn

(
de
n

)−n/d
gn =

(
de
τ

)n/d

√
2πn

gn ≥ 2nR.

Using the fact thatΓ(n+ 1) ≤
√

2πn(n/e)n, we substitute terms to get

(n/τ + 1)n/d

Γ(n/d+ 1)
gn ≥ (n/τ + 1)n/d(

n
de

)n/d
gn.

Since the LHS is a decreasing function ofn/d in this range (i.e.,n/d ≥ n/τ ), we also have the

bound

f(n, n) =
(n/τ + 1)bn/dc

bn/dc! gn ≥ (n/τ + 1)n/d

Γ(n/d+ 1)
gn.

Combining these bounds gives the desired result off(n, n) ≥ 2nR. This completes the proof of

the WE bound.

Using the WE bound to upper bound the bit normalized WE,B
(o)
h (n), gives

B
(o)
h (n) ≤ ρh

k

(n/τ + 1)bh/dc

bh/dc! gh =
ρ

Rτ

n+ τ

n

h

bh/dc
(n/τ + 1)bh/dc−1

(bh/dc − 1)!
gh.

For h ≥ d ≥ 2, we use the bound,h/ bh/dc ≤ 2d, to obtain (3.3.4). This completes the

proof.
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3B.3 Proof of Corollary 3.3.3

Proof of Corollary 3.3.3.We start by using (3A.6) to upper bound the binomial sum in (3.3.1).

Let f(h, n) be the resulting bound, which gives

f(h, n) =
(
ne/τ

bh/dc

)bh/dc
gh,

whereg = 1/D∗. At first, it seems rather straightforward that

A
(o)
h (n) ≤ f(h, n), (3B.5)

because we have simply upper bounded the binomial sum. Unfortunately, the binomial sum

bound, (3A.6), is designed for cases where the second argument is less than the first. Forf(h, n),

this corresponds to the condition thatbh/dc ≤ n/τ . If d ≥ τ , this means that (3B.5) holds for

the entire range,1 ≤ h ≤ n. If d < τ , we can show, with the aid of a few additional assumptions,

that (3B.5) also holds for1 ≤ h ≤ n.

We start by noting that (3B.4) actually holds for1 ≤ h ≤ h∗, with h∗ = 1.88dn/τ ,

because (3A.6) holds fork ≤ 1.88n. LetR be rate of the CC, and recall that we always have

the trivial upper boundA(o)
h (n) ≤ 2nR. So, if we can show thatf(h, n) ≥ 2nR for h∗ ≤ h ≤ n,

then this implies that (3B.4) holds for1 ≤ h ≤ n. Indeed, we show thatf(h, n) ≥ 2nR for

h∗ ≤ h ≤ n by showing thatf(h∗, n) ≥ 2nR andf(n, n) ≥ 2nR and then using the concavity

of f(h, n) in h for fixedn.

First, we show thatf(h∗, n) ≥ 2nR follows from the assumption that21/τg1.88d/τ ≥
2R. We begin by raising the LHS to thenth power and noting that(

ne/τ

h∗/d

)h∗/d

gh∗ ≥ 2n/τg1.88dn/τ

because(ne/(1.88n))1.88n ≥ 2n. Since the LHS is a decreasing function ofh∗/d in this range

(i.e.,h∗/d ≥ n/τ ), we also have the bound

f(h∗, n) =
(
ne/τ

bh∗/dc

)bh∗/dc
gh∗ ≥

(
ne/τ

h∗/d

)h∗/d

gh∗
.

Combining these bounds gives the desired result off(h∗, n) ≥ 2nR.

Next, we show thatf(n, n) ≥ 2nR follows from the assumption that(de/τ)1/d g ≥
2R. We begin by raising the LHS to thenth power and noting that(ne

τ

)n/d
(
d

n

)n/d

gn =
(
de

τ

)n/d

gn ≥ 2nR.
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Since the LHS is a decreasing function ofn/d in this range (i.e.,n/d ≥ n/τ ), we also have the

bound

f(n, n) =
(
ne/τ

bn/dc

)bn/dc
gn ≥

(ne
τ

)n/d
(
d

n

)n/d

gn.

Combining these bounds gives the desired result off(n, n) ≥ 2nR.

Finally, we can simplify the form off(h, n) by lettingh = i bh/dc+r and noting that(
ne/τ

bh/dc

)bh/dc (n
h

)−bh/dc(de
τ

)−h/d

=
(
1 +

r

di

)i ( τ
de

)r/d
≤
(τ
d

)(d−1)/d

for i ≥ 1 (i.e.,h ≥ d). Using this to upper bound
(

ne/τ
bh/dc

)bh/dc
gives

A
(o)
h (n) ≤ C

(n
h

)bh/dc
gh,

whereC =
(

τ
d

)(d−1)/d
andg =

(
1

D∗
) (

de
τ

)1/d
. This completes the proof of the WE bound.

Using the WE bound to upper bound the bit normalized WE,B
(o)
h (n), gives

B
(o)
h (n) ≤ ρn

k
C
(n
h

)bh/dc
gh =

ρ

R
C
(n
h

)bh/dc−1
gh,

and proves (3.3.6).

3B.4 Proof of Theorem 3.3.6

Proof of Theorem 3.3.6.After treating this problem as a generalization of Gallager’s Chernov

bounding technique for LDPC codes [12, Eqn. 2.12], a literature search turned up a very mathe-

matical and complete treatment by Miller [21]. We retain our proof of the upper bound since it

treats the problem from a coding perspective. For the lower bound and convexity, we refer the

reader to [21].

Let A(x, p) be the state transition matrix forp steps through the trellis be defined by

G(x). It is well-known that trellis sections may be combined by multiplying state transition

matrices, and this gives

A(x, p) = [G(x)]p

=
∑
h≥0

Ah(p)xh, (3B.6)
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where eachAh(p) is anM × M non-negative matrix. For anyx ≥ 0, we can lower bound

(3B.6) by any single term in the sum withAh(p)xh ≤
∑

i≥0 Ai(p)xi. Solving forAh(p) and

rearranging terms gives the element-wise matrix inequality

Ah(p) ≤ x−h [G(x)]p . (3B.7)

One can construct a block code from a CC in a number of ways. Two common methods

which preserve the free distance of the code (as the minimum distance of the block code) are

trellis termination and trellis tail-biting. We denote the WEs of these two methods byATE
h (p)

andATB
h (p) respectively, and point out that

ATE
h = [Ah(p)]11 ≤ ATB

h =
M∑
i=1

[Ah(p)]ii = Tr (Ah(p)) . (3B.8)

Let λi(x) beith eigenvalue ofG(x) in decreasing order by modulus (fori = 1, . . . ,M ). Using

the well-known eigenvalue-sum formula for the trace, we can combine (3B.7) and (3B.8) to get

ATB
h (p) ≤ Tr

(
x−h [G(x)]p

)
= x−h

M∑
i=1

(λi(x))
p .

Now, we can upper bound the spectral shape with

rCC(δ) ≤ lim
p→∞

1
τp

lnATB
δn (p).

This limit can be evaluated by writing

ln
M∑
i=1

(λi(x))
p = p lnλ1(x) + ln

(
1 +

M∑
i=2

(
λi(x)
λ1(x)

)p
)
,

and noting that the last term iso(1) becauseλ1(x) > λi(x) for i = 2, . . . ,M . Using that fact

results in the upper bound,

rCC(δ) ≤ 1
τ

lnλ1(x) − δ lnx.

This upper bound is valid for anyx > 0 and can be minimized overx. Setting the derivative

with x equal to zero and solving gives

δ(x) =
xλ′1(x)
τλ1(x)

,

and concludes the proof of the upper bound.
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3C “Accumulate” Code Bounds

3C.1 Lemma 3C.1 and Theorem 3C.2

Lemma 3C.1. Then term Riemann sum of a function,f(x), on the interval[a, b] is given by

Rn =
b− a

n

n−1∑
i=0

f

(
a+ i

b− a

n

)
. (3C.1)

If f(x) is convex and non-decreasing on the interval[a, b], then the sequence{Rn}n≥1 is also

non-decreasing. Furthermore, iff(x) is concave and non-increasing on the interval[a, b], then

the sequence{Rn}n≥1 is non-increasing

Proof. Using convexity and the fact thatn−i
n

i
n+1 + i

n
i+1
n+1 = i

n , we have

f

(
a+ i

b− a

n

)
≤ n− i

n
f

(
a+ i

b− a

n+ 1

)
+
i

n
f

(
a+ (i+ 1)

b− a

n + 1

)
.

Now, we can upper boundRn with a linear combination off
(
a+ i b−a

n+1

)
to get

Rn ≤ b− a

n

n−1∑
i=0

n− i

n
f

(
a+ i

b− a

n+ 1

)
+
i

n
f

(
a+ (i+ 1)

b− a

n + 1

)
.

Rearranging the terms in the sum gives

Rn ≤ b− a

n

[
f(a)
n

+
n∑

i=0

n− 1
n

f

(
a+ i

b− a

n+ 1

)]
. (3C.2)

Sincef(x) is non-decreasing, we can upper boundf(a) with

f(a) ≤ 1
n+ 1

n∑
i=0

f

(
a+ i

b− a

n+ 1

)
. (3C.3)

Substituting the RHS of (3C.3) forf(a) in (3C.2) and rearranging terms gives

Rn ≤ b− a

n+ 1

n∑
i=0

f

(
a+ i

b− a

n+ 1

)
= Rn+1.

This completes the proof forf(x) convex and non-decreasing.

If f(x) is concave and non-increasing on the interval[a, b], then−f(x) is convex and

non-decreasing on the same interval. In this case, the original proof can be used to show that

−Rn ≤ −Rn+1. Therefore, the sequence is non-increasing.
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Theorem 3C.2. Let a, b, i, j be integers obeying0 ≤ i ≤ a and 0 ≤ j ≤ b. We have the

following inequality,(
a
i

)(
b
j

)(
a+b
i+j

) ≤
(

a

a+ b

)i( b

a+ b

)j ( i+ j

i

)i( i+ j

j

)j

.

In the case ofa = 0 or b = 0, we use the convention that00 = 1 so that the expression remains

well-defined.

Proof. We start by expanding the binomial coefficients in terms of factorials and rearranging

terms to get

(a)i(b)j
(a+ b)i+j

(a+ b)i+j

aibj
≤ (i)i(j)j

(i+ j)i+j

(i+ j)i+j

iijj
,

where the falling factorial is defined by(a)i = a(a − 1) · · · (a − i + 1). Next, we define the

function

fij(a, b) =
(a)i(b)j

(a+ b)i+j

(a+ b)i+j

aibj

for real numbersa, b satisfyinga ≥ i andb ≥ j. It is easy to verify that the original inequality

is equivalent to the statementfij(a, b) ≤ fij(i, j). Sincefij(a, b) = fji(b, a), we assume that

a ≥ bi/j without loss of generality. We proceed by showing thatfij(ci, cj) is non-increasing

for c ≥ 1 and thatfij(a, b) is non-increasing fora ≥ bi/j. Since the logarithm preserves order,

we will actually consider the logarithm of the function,

log fij(a, b) =
i−1∑
x=0

log
(
a− x

a

)
+

j−1∑
y=0

log
(
b− y

b

)
−

i+j−1∑
z=0

log
(
a+ b− z

a+ b

)
.

First, we show that the derivative oflog fij(ci, cj) with respect toc is negative for all

c ≥ 1. We start by noting that

c
∂

∂c
log fij(ci, cj) =

i−1∑
x=0

x

ci− x
+

j−1∑
y=0

y

cj − y
−

i+j−1∑
z=0

z

ci+ cj − z
. (3C.4)

Now, we note that the first sum can be written as

i−1∑
x=0

x

ci− x
=

i−1∑
x=0

x/i

c− x/i
= iRi,
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whereRn is given by (3C.1) withf(x) = x/(c − x), a = 0, andb = 1. In fact, each sum in

(3C.4) can be rewritten in this form to give

c
∂

∂c
log fij(ci, cj) = iRi + jRj − (i+ j)Ri+j ,

and rearranging terms gives

c
∂

∂c
log fij(ci, cj) = i(Ri −Ri+j) + j(Rj −Ri+j).

Sinceg(x) is convex and increasing forx ∈ [0, 1) andc ≥ 1, Lemma 3C.1 shows thatRn is

non-decreasing. Therefore, the derivative is upper bounded by zero andlog fij(ci, cj) is non-

increasing for allc ≥ 1.

Next, we show that the derivative oflog fij(a, b) with respect toa is negative for

a ≥ bi/j. We start by noting that

∂

∂a
log fij(a, b) =

i−1∑
x=0

x

a(a− x)
−

i+j−1∑
z=0

z

(a+ b)(a+ b− z)
.

Sincez/(a + b − z) is convex and increasing forz ∈ [0, a + b) andi ≤ i + j, Lemma 3C.1

shows that

i+j−1∑
z=0

z

(a+ b)(a+ b− z)
≥ i+ j

i

i−1∑
z=0

z(i+ j)/i
(a+ b)(a+ b− z(i+ j)/i)

=
i−1∑
z=0

z

c(c − z)
,

with c = (a+ b)i/(i + j). Incorporating this bound gives

∂

∂a
log fij(a, b) ≤

i−1∑
x=0

x

a(a− x)
−

i−1∑
z=0

z

c(c− z)
.

The RHS of this expression will be non-positive as long asa ≥ c (or equivalentlya ≥ bi/j).

Therefore, we have shown thatlog fij(a, b) is non-increasing fora ≥ bi/j.

The conclusion of the theorem follows from the inequality,

fij(a, b) ≤ fij(bi/j, b) ≤ fij(i, j),

where the RHS holds becausefij(ci, cj) is non-increasing forc ≥ 1 and the LHS holds because

fij(a, b) is non-increasing fora ≥ bi/j. This completes the proof.
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3C.2 Proof of Corollary 3.4.2

Proof of Corollary 3.4.2.This inequality can be verified by hand for the cases ofh ≥ w = 0

andw ≥ h = 0. Forw ≥ 1 andh ≥ 1, we start with (3.4.1) and note that

Pw,h(n) =

(
n−h
bw/2c

)(
h−1

dw/2e−1

)(n
w

) =

(
n−h
bw/2c

)(
h

dw/2e
)dw/2e

h(n
w

) .

Applying Theorem 3C.2 to this the RHS gives

Pw,h(n) ≤ dw/2e
h

(
n− h

n

)bw/2c(h
n

)dw/2e( w

bw/2c

)bw/2c( w

dw/2e

)dw/2e
,

and the log-sum inequality can be used to show that(
w

bw/2c

)bw/2c( w

dw/2e

)dw/2e
≤ 2w.

Sinceh ≥ dw/2e wheneverPw,h(n) > 0, dropping thedw/2e /h only weakens the bound. This

completes the proof.

3C.3 Proof of Corollary 3.4.4

Proof of Corollary 3.4.4.This inequality can be verified by hand for the cases ofh ≥ w = 0

andw > h = 0. Forw ≥ 1 andh = 1, the sum has no effect and we must simply verify that

Pw,1(n) ≤ 2w

(
1
n

)dw/2e
.

This result is easily reproduced by combining (3.4.3) with the fact that((n− h)/n)bw/2c ≤ 1.

Forw ≥ 1 andh ≥ 2, we start by writing (3.4.1) as

Pw,h(n) =

( n−h
bw/2c

)( h−1
dw/2e−1

)
n
w

(
n−1
w−1

)
because (

n

w

)
=
(
n− 1
w − 1

)
n

w
.

Applying Theorem 3C.2 to this upper bound gives

Pw,h(n) ≤ w

n

(
n− h

n − 1

)bw/2c(h− 1
n− 1

)dw/2e−1(w − 1
bw/2c

)bw/2c−1( w − 1
dw/2e − 1

)dw/2e−1

,
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and the log-sum inequality can be used to show that(
w − 1
bw/2c

)bw/2c−1( w − 1
dw/2e − 1

)dw/2e−1

≤ 2w−1.

Next, we note that

n− h

n− 1
≤ n− 1

n
,

for h ≥ 2. This means that the cumulative IOWTP can be upper bounded by

Pw,≤h(n) ≤
h∑

i=1

w

n
2w−1

(
h− 1
n

)dw/2e−1

,

for w ≥ 1 andh ≥ 2. Sincexk is strictly increasing withx, the sum can be upper bounded with

z∑
i=1

(i− 1)k =
z−1∑
i=1

ik ≤
∫ z

1
xkdx ≤ 1

k + 1
zk+1.

Finally, we have

Pw,≤h(n) ≤ w

dw/2e2w−1

(
h

n

)dw/2e
,

which is easily reduced to (3.4.5) by noting thatw/ dw/2e ≤ 2.

3C.4 Proof of Corollary 3.4.5

Proof of Corollary 3.4.5.Combining the definition ofP (m)
h1,≤h(n) with the standard formula for

serial concatenation through a random interleaver, we get

P
(m)
h1,≤h(n) =

n∑
h2,... ,hm−1

h∑
hm=1

m∏
i=1

Phi,hi+1
(n).

Using Fact 3.4.1, we can see that all non-zero terms must obeyhi+1 ≥ dhi/2e for i = 1, . . . ,m.

Furthermore, we can upper bound eachPhi,hi+1
(n) with Phi,≤hi+1

(n) and drop the sum overhm

to get

P
(m)
h1,≤hm

(n) ≤
2h3∑

h2=dh1/2e
· · ·

2hi+1∑
hi=dhi−1/2e

· · ·
2hm∑

hm−1=dhm−2/2e

m∏
i=1

(
4hi+1

n

)dhi/2e
.
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Since all non-zero terms havehi+1 ≥ dhi/2e for i = 1, . . . ,m, we have the inductive upper

boundhi ≤ 2m+1−ihm+1 for non-zero terms. For simplicity, we apply the weaker bound,

hi ≤ 2m−1hm+1 for i = 2, . . . ,m, to get

P
(m)
h1,≤hm

(n) ≤
2h3∑

h2=dh1/2e
· · ·

2hi+1∑
hi=dhi−1/2e

· · ·
2hm∑

hm−1=dhm−2/2e

m∏
i=1

(
2m+1hm+1

n

)dhi/2e
.

Each sum in this expression is essentially a geometric sum which can be upper bounded using

2hi+1∑
hi=dhi−1/2e

(
2m+1hm+1

n

)dhi/2e
≤ 2

(
2m+1hm+1/n

)dhi−1/2e

1 − 2m+1hm+1/n
,

for hm+1 < n/2m+1. We note that the troublesomedhi/2e is handled by repeating each term

twice and therefore results in the factor of 2. Applying this bound to them − 1 sums results in

the expression (3.4.6).

3D Proof of CAm Code Bounds

3D.1 WE Bounds for the IGE Conjecture

We use upper and lower bounds to evaluate the limit,limn→∞ logn Pw,h(n), where

Pw,h(n) is defined by (3.4.1). Applying (3A.1) toPw,h(n) gives the upper and lower bounds(
(n−h)
bw/2c

)bw/2c (
(h−1)

dw/2e−1

)dw/2e−1

(
ne
w

)w ≤ Pw,h(n) ≤

(
(n−h)e
bw/2c

)bw/2c (
(h−1)e
dw/2e−1

)dw/2e−1

(
n
w

)w .

Computing the limit oflogn of these upper and lower bounds is simplified by noticing that all

terms not involvingn will vanish. Taking only these non-zero terms shows that the two bounds

are identical and equal to

bw/2c
(

lim
n→∞ logn(n− h)

)
− w = −dw/2e .

Now, consider the limit,limn→∞Ah(n), whereAh(n) is the WE of a TCC. Using the

upper bound, (3.3.1), we can upper bound the limit oflogn with

lim
n→∞ lognAh(n) ≤ lim

n→∞ logn

(
n/τ

bh/dc

)
= bh/dc .
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If we assume thath is an integer multiple ofd, then we can also lower bound the number of

codewords of weighth in a TCC. We start by assuming that each codeword consists of exactly

bh/dc minimum distance detours. The number of ways to choose starting positions on these

detours is greater than (
n/τ − h

bh/dc

)
because there are at leastn/τ − h unused trellis steps. This gives a lower bound on the limit of

logn which is equal to the upper bound.

3D.2 Proof of Lemma 3.6.2

Proof of Lemma 3.6.2.For any integerh1 ≥ 0, it is clear that the functionα(h1, . . . , hm+1) =

bh1/dc −
∑m

i=1 dhi/2e is maximized by minimizingh2, . . . , hm. Let h̃1, . . . , h̃m+1 be some

(but not any) weight path which maximizes the function. Since the maximization is performed

over the set of valid weight paths starting ath1, this means that̃h2, . . . , h̃m can be determined by

the constraints and thath̃i+1 =
⌈
h̃i/2

⌉
for i = 1, . . . ,m− 1. Using the fact thatddx/2e /2e =

dx/4e, this can be inductively reduced tõhi =
⌈
h̃1/2i

⌉
. Therefore, rewritingα(h1, . . . , hm+1)

as a function ofh1 with hi+1 = dhi/2e, for i = 1, . . . ,m− 1, gives

ν(h1) = bh1/dc −
m∑

i=1

⌈
h1/2i

⌉
,

which is the maximum as a function ofh1.

Now, we consider the maximum ofν(h1) for h1 ≥ 2. Suppose we start withh1 = id

(i.e., at some integer multiple ofd) and consider the sequenceh1 = id, id + 1, . . . , id + d− 1.

Each increase by one cannot increaseν(h1) because the positive term is non-increasing while

the negative terms are non-decreasing. Now, we can try increasingh1 by integer multiple of

d. In this case, the positive term increases by one while the negative sum contributes a change

of did/2e − d(i+ 1)d/2e. For d ≥ 2 even, it is easy to verify thatdid/2e − d(i+ 1)d/2e =

−d/2 ≤ −1. Ford ≥ 3 odd, it is also easy to verify thatdid/2e−d(i+ 1)d/2e ≤ −1. Choosing

i = 1 as our starting point, this implies thatν(h1) ≤ ν(d). This completes the proof that the

maximum ofν(h1) = ν(d) for h1 ≥ 2. It is also worth noting that̃hm+1 is not constrained by

this maximization because it does not appear inα(h1, . . . , hm+1).
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Now, we would like to show, ford ≥ 3 or m ≥ 2, thatν(4d) ≤ ν(d) − 1. This will

be useful for bounding the number of terms which achieve the maximum exponent ofν(d). We

note that this does not hold ford = 2 andm = 1, however, becauseν(h) achieves the maximum

of zero ifh is even.

Form ≥ 2, we show thatν(4d) ≤ ν(d) − 1 by writing

ν(4d) − ν(d) = (4 − 1) +
m∑

j=1

⌈
d/2j

⌉
−

m∑
i=1

⌈
4d/2i

⌉
.

Cancelling the terms wherei = j + 2 gives

ν(4d) − ν(d) = 3 − 3d+
m∑

m−1

⌈
d/2i

⌉
.

For anym ≥ 2 andd ≥ 2, it can be verified that
∑m

m−1

⌈
d/2i

⌉
≤ d, and using this bound gives

the final result,

ν(4d) − ν(d) ≤ 3 − 2d ≤ −1.

Form = 1 andd ≥ 3, we start by writing

ν(4d) − ν(d) = 4 + dd/2e − d4d/2e .

Next, we verify by hand thatν(4d) − ν(d) ≤ −1 for d = 3. Applying the bound,x ≤ dxe ≤
x+ 1, gives

ν(4d) − ν(d) ≤ 4 − 3d/2,

which proves thatν(4d) − ν(d) ≤ −1 for d ≥ 4.

3D.3 Proof of Lemma 3.6.3

Proof of Lemma 3.6.3.This proof is based on sequentially choosing the random interleaver and

counting the number of ways a minimum weight codeword may be produced during each choice.

We start by pointing out that all TCCs haveΘ(n) non-overlapping codewords of minimum

weight. For example, if we letµ be the output length of the shortest detour of minimum weight,

then there are at leastn/µ non-overlapping codewords of minimum weight.

Now, consider all mappings ofd ≥ 1 bits through an “accumulate” code which result

in the minimum output weight ofh = dd/2e. Ford even, these mappings consist of breaking
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thed bits intod/2 pairs of bits and placing these pairs independently. Ford odd, the same basic

process is used except that there is a leftover bit. This bit must be placed at the end of the block

for the minimum output weight to occur.

Now, consider the sequential process of choosing the random interleaver. We assume

that the process is applied ton/µ non-overlapping codewords of weightd. In the ith step, we

choose thed bit positions, from the remaining unused positions, where theith codeword of

weightd will be mapped. Consider the event that the placement inith step supports a minimum

weight output given that no previous step has resulted in a minimum weight codeword. We de-

note this event asEi+1 and the overall probability that a minimum weight codeword is produced

by thesen/µ codewords is

PM (n) = 1 −
n/µ−1∏

i=0

(1 − Pr(Ei)) . (3D.1)

We can lower bound the probabilityPr(Ei) by counting the number of possible way

it may occur. Afteri steps, exactlydi bits have been placed and so there are exactly(
n− di

d

)
ways to place the nextw bits. Since a minimum weight output is only generated by breaking the

input into pairs, we can lower bound the number of ways this may occur as well. Initially, there

are exactlyn−1 ways to place a pair of bits adjacent to each other. Afteri steps, there are still at

leastn− 2di− 1 ways to do this because each bit placed eliminates at most two possible pairs.

The number of ways to place thebd/2c pairs can be computed in the same manner as a binomial

coefficient, with the exception that each placed pair eliminates at most three of the total possible

pairs. There arebd/2c! orders that the pairs may be placed in as well, so the number of ways to

placebd/2c adjacent pairs is greater than∏bd/2c−1
k=0 (n− 2di − 3k − 1)

bd/2c! .

Since the last bit position is special, we only allow the leftover bit to be placed in this

position if there is still a chance that a minimum weight codeword may be created. This only

reduces the number of ways a minimum distance output may be created and maintains the lower

bound. The−1 in the last expression reflects this change and makes it valid for oddw as well,
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since there is only one way to place the leftover bit in the last position. This gives the lower

bound,

Pr(Ei) ≥
∏bd/2c−1

k=0 (n− 2di − 3k − 2)(
n−di

d

)
bd/2c!

.

Now, we can simplify this expression by weakening the bound to

Pr(Ei) ≥
(n− 2di− 3 bd/2c + 1)bd/2c

nd
≥ (1/2)bd/2c

ndd/2e , (3D.2)

for i ≤ n/4d+ 2. Combining (3D.1) and (3D.2) gives the lower bound

PM (n) ≥ 1 −
min[n/4d,n/µ]∏

i=0

(
1 − (1/2)bd/2c

ndd/2e

)
= Ω(n1−dd/2e).
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Chapter 4

The Capacity of Finite State Channels

4.1 Introduction

Determining the achievable rates at which information can be reliably transmitted

across noisy channels has been one of the central pursuits in information theory since Shannon

invented the subject in 1948. In this chapter, we consider these rates for the class of channels

known as finite state channels (FSC). A FSC is a discrete-time channel where the distribution

of the channel output depends on both the channel input and the underlying channel state. This

allows the channel output to depend implicitly on previous inputs and outputs via the channel

state.

In practice, there are three types of channel variation which FSCs are typically used

to model. Aflat fading channel is a time-varying channel whose state is independent of the

channel inputs. Anintersymbol-interference(ISI) channel is a time-varying channel whose state

is a deterministic function of the previous channel inputs. Channels which exhibit both fading

and ISI can also modeled, and their state is a stochastic function of the previous channel inputs.

A number of other authors have dealt with FSCs in the past, and we review some of

their important contributions. Since it is easy to construct degenerate FSCs, most of these results

are limited to a particular set of well behaved FSCs. A FSC in this particular set is referred to as

an indecomposable FSC (IFSC). Blackwell, Breiman, and Thomasian introduced IFSCs in [7]

and proved the natural analogue of the channel coding theorem for them. Birch discusses the

achievable information rates of IFSCs in [5], and computes bounds for a few simple examples.

In [14, p.100], Gallager gives an elegant derivation of the coding theorem and provides a method

110
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to explicitly compute the capacity when the receiver has perfect channel state information. This

method cannot be applied, however, when the receiver only has imperfect state estimates com-

puted from the previous channel outputs. Hirt considers linear filter channels with additive white

Gaussian noise (AWGN) and equiprobable binary inputs in [16], and develops a Monte Carlo

method for estimating achievable rates. In [15], Goldsmith and Varaiya take a different approach

and provide an explicit method of estimating the capacity of flat fading IFSCs (i.e., where the

state sequence is independent of the transmitted sequence). In this chapter, we provide a simple

Monte Carlo method of estimating the achievable information rates of any IFSC and we focus

on the problem of estimating the capacity of IFSCs with ISI (i.e., where the state sequence is a

deterministic function of the transmitted sequence).

It is worth noting that this method, reported in [24], was discovered independently by

Arnold and Loeliger in [1] and by Sharma and Singh1. It is quite surprising, in fact, that this

method was not proposed earlier. It is simply an efficient application of the famous Shannon-

McMillan-Breiman theorem. Nonetheless, [1], [27]1, and [24] represent the first publications

where the achievable information rates of a general IFSC are computed to 3 or 4 digits of ac-

curacy. Furthermore, these advances stimulated new interest in the subject which led Kavčić to

formulate a very elegant generalization of the Arimoto-Blahut algorithm for finite state channels

in [19].

The achievable information rate of an IFSC, for a given input process, is equal to the

mutual information rate between the stochastic input process and the stochastic output process.

This mutual information rate,I(X ;Y), is given by

I(X ;Y)=H(X )+H(Y)−H(X ,Y), (4.1.1)

whereH(X ), H(Y), andH(X ,Y) are the respective entropy rates of the input process, the

output process, and the joint input-output process. The symmetric information rate (SIR) of an

IFSC is the maximum rate achievable by an input process which chooses each input indepen-

dently and equiprobably from the source alphabet. The capacity of an IFSC is the largest rate

achievable by any input process.

Our simple Monte Carlo method is based on estimating each of the entropy rates in

(4.1.1). These entropy rates are estimated by simulating a long realization of the process and
1While the Monte Carlo method is introduced correctly in [27], it appears that most of the other results in their

paper, based on regenerative theory, are actually incorrect. A correct analytical treatment can be found in Section
4.4.4.
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Channel Transfer Function Normalized Response

Dicode (1 −D) [1 -1]/
√

2

EPR4 (1 −D)(1 +D)2 [1 1 -1 -1]/2

E2PR4 (1 −D)(1 +D)3 [1 2 0 -2 -1]/
√

10

Table 4.1: The transfer function and normalized response of a few partial response targets.

computing its probability using the forward recursion of the well known BCJR algorithm [2].

The fact that this probability can be used to estimate the entropy rate is a consequence of

the Shannon-McMillan-Breiman theorem [10, p. 474]. Furthermore, this approach is general

enough to allow the mutual information rate to be maximized over Markov input distributions of

increasing length, and thus can be used to estimate a sequence of non-decreasing lower bounds

on capacity.

This chapter is organized as follows. In Section 4.2, we introduce a few example

finite state channels which are discussed throughout the chapter. Mathematical definitions and

notation for the chapter are introduced in Section 4.3. In Section 4.4, we address the problem

of estimating entropy rates. In particular, this section discusses our simple Monte Carlo method,

a general analytical method, and an interesting connection with Lyapunov exponents. Section

4.5 uses the results of the previous section to discuss upper and lower bounds on the capacity of

finite state channels. In Section 4.6, we give the numerical results of applying the Monte Carlo

method to the example channels. Exact information rates are derived for the dicode erasure

channel in Section 4.7. A pseudo-analytical method of estimating information rates based on

density evolution, which is quite efficient for two state channels, is also described. Finally, in

Section 4.8, we provide some concluding remarks.
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4.2 Channel Models

4.2.1 Discrete-Time Linear Filter Channels with AWGN

A very common subset of IFSCs is the set of discrete-time linear filter channels with

additive white Gaussian noise (AWGN), which are described by

yk =
ν∑

i=0

hixk−i + nk, (4.2.1)

whereν is the channel memory,{xk} is the channel input (taken from a discrete alphabet),{yk}
is the channel output, and{nk} is i.i.d. zero mean Gaussian noise with varianceσ2. Bounds on

the capacity and SIR of this channel have been considered by many authors. In particular, we

note the analytical results of Shamaiet al. in [26] and the original Monte Carlo results of Hirt in

[16]. Some examples of these channels are listed in Table 4.1, and were chosen from the class of

of binary-input channels which are used to model equalized magnetic recording channels. The

state diagram for the noiseless dicode channel (i.e., before the AWGN) is shown in Figure 4.2.1.

A formal mathematical definition of these channels is given in Appendix 4A.1.

Computing the achievable information rates of these channels can also be simplified

by writing the mutual information rate (4.1.1) as

I(X ;Y) = H(Y) −H(Y|X ).

This is because the second term is simply the entropy of the Gaussian noise sequence,{nk},

which can be written in closed form [10, p. 225] as

H(Y|X ) =
1
2

log(2πeσ2).

Therefore, estimating the SIR of these channels reduces to estimatingH(Y), and estimating the

capacity of this channel reduces to estimating the supremum ofH(Y) over all input processes.

4.2.2 The Dicode Erasure Channel

Since it is difficult, if not impossible, to derive a closed form expression for the entropy

rate of the dicode channel with AWGN, we also consider the somewhat artificial dicode erasure

channel (DEC). This is a simple channel based on the1 −D linear ISI channel whose noiseless

state diagram is shown in Figure 4.2.1. The DEC corresponds to taking the output of the dicode
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0

11

0

0 /−1
1 / 1

1 / 0

0 / 0

Figure 4.2.1: The state transition diagram of the dicode channel.

channel, (+1, 0,−1), and either erasing it with probabilityε or transmitting it perfectly with

probability 1 − ε. The state diagram for the noiseless dicode channel is shown in Figure 4.2.1.

A formal mathematical definition of the DEC is channel is given in Appendix 4A.2.

The properties of this channel are similar to the dicode channel with AWGN, and again

the mutual information rate can be simplified to

I(X ;Y) = H(Y) −H(Y|X ).

In this case, the second term is simply the entropy of the erasure position sequence which can

be written in closed form asH(Y|X ) = −ε log ε − (1 − ε) log(1 − ε). Therefore, the SIR and

capacity of this channel can also be determined by considering onlyH(Y).

4.2.3 The Finite State Z-Channel

The Z-channel is a well-known discrete memoryless channel (DMC) which models

a communications system with one “good” symbol and “bad” symbol. The “good” symbol is

transmitted perfectly by the channel and the “bad” symbol is either transmitted correctly (with

probability 1 − p) or swapped with the “good” symbol (with probabilityp). Consider a finite

state analogue of this channel in which the “good” and “bad” symbols are not fixed, but depend

on the previous input symbol. One trellis section for such a channel, which we call the finite

state Z-channel is shown in Fig. 4.2.2. The edges are labeled with the input bit and the output

bits, whereB(p) stands for the Bernoulli distribution which produces a one with probabilityp.

A formal mathematical definition of this channel is given in Appendix 4A.3.
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0

11/B(1−p)1

0

0/0
1/1

0/B(p)

Figure 4.2.2: The state transition diagram of the finite state Z-channel. The symbolB(p) refers
to a binary random variable which equals1 with probabilityp and0 with probability1 − p.

4.3 Definitions

4.3.1 The Indecomposable Finite State Channel

A finite state channel (FSC) is a stochastic mapping from a sequence of inputs,

{Xt}t≥1, chosen from the finite input alphabet,X, to a sequence of outputs,{Yt}t≥1, chosen

from the (possibly infinite) output alphabet,Y. Let{St}t≥1 be the state sequence of the channel,

which takes values in the finite setS = {0, 1, . . . ,NS − 1}. When the output alphabet is count-

able, the channel statistics are completely defined by the time-invariant conditional probability,

fij(x, y) , Pr(Yt = y, St+1 = j|Xt = x, St = i). For uncountableY, we abuse this notation

slightly and let, for eachj, fij(x, y) be a continuous density function of the output,y, given

starting statei and inputx. In this way, we formally define a finite state channel by the triple,

(X,Y,F(·, ·)), where[F(x, y)]ij = fij(x, y). Each example channel in Section 4.2 is defined

formally using this notation in Appendix 4A.

Since many properties of a FSC can be related to the properties of a finite state Markov

chain (FSMC), we start by reviewing some terminology from the theory of FSMCs. A FSMC

is irreducible if there is a directed path from any state to any other state. If the greatest com-

mon divisor of the lengths of all cycles (i.e., paths from a state back to itself) is one, then it is

aperiodic. A FSMC is ergodic orprimitive if it is both irreducible and aperiodic. These ideas

can also be applied to a non-negative square matrix,A, by associating the matrix with a FSMC

which has a path from statei to statej if and only if [A]ij > 0. Using this, we say that a FSC is

indecomposableif its zero-one connectivity matrix, defined by

[F(∗, ∗)]ij =

 1 ∃x ∈ X, y ∈ Y s.t. fij(x, y) > 0

0 otherwise
,

is primitive.
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0 1
1−p

0 11p

01−q q

Figure 4.3.1: The state diagram of a two state input process which sends a 1 with probabilityp
from the 0 state and with probabilityq from the 1 state.

4.3.2 The Markov Input Process

When computing achievable information rates, it is typical to treat the input sequence

as a stochastic process as well. Let{Tt}t≥1 be the state sequence of an ergodic FSMC taking

values in the finite setT = {0, 1, . . . ,NT − 1}. The statistics of the input process,{Xt}t≥1,

are defined by the transition probabilities of the chain,θij , Pr(Tt+1 = j|Tt = i), and the edge

labels,φij, withXt = φTt,Tt+1. We refer to this type of input process as a Markov input process,

and denote it by the pair(Θ,Φ), where[Θ]ij = θij and[Φ]ij = φij .

For example, the state diagram of a general two state Markov input process in shown

in Figure 4.3.1. The formal definition of this same process is given by(Θ,Φ) whereθ0,1 =

1 − θ0,0 = p, θ1,1 = 1 − θ1,0 = q, φ0,0 = φ1,0 = 0, andφ0,1 = φ1,1 = 1.

4.3.3 Combining the Input Process and the Finite State Channel

When the channel inputs are generated by a Markov input process, the channel output,

{Yt}t≥1, can be viewed as coming from stochastic process. In this case, the distribution ofYt

depends only on state transitions in the combined state space of the channel and input. Let

Q = {0, 1, . . . ,NTNS − 1} and, for anyq ∈ Q, let theT -state ofq ber(q) = bq/NSc and the

S-state ofq by s(q) = q mod NS . Using this, we can write the state transition probabilities of

the combined process as

pij , Pr(Qt+1 = j|Qt = i) = θr(i),r(j)

∫
Y

fs(i),s(j)(φr(i),r(j), y)dy,

where the integral is taken to be a sum ifY is countable. We also define the conditional obser-

vation probability ofy, given the transition, to be

gij(y) , Pr(Yt = y|Qt+1 = j,Qt = i) = fs(i),s(j)(φr(i),r(j), y).

We refer to the stochastic output sequence,{Yt}t≥1, as a finite state process (FSP) and define it

formally in the next section.
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T=1  S=1

T=1  S=0

T=0  S=0

T=0  S=11

0 / 0 / 1−p
1 / 1 /   p

0 /−1 / 1−p
1 / 0 /    p

0 / 0 / 1−q

1

1 / 1 /   q

0

2

3

2

3
0 /−1 / 1−q
1 / 0 /    q

0

Figure 4.3.2: The combined state diagram for a general two state Markov input process and the
dicode channel.

As an example, we show in Figure 4.3.2 the state diagram formed by combining a

general two state Markov input process with the dicode channel. The edge labels on the left side

of the figure give the input symbol, the output symbol, and the transition probability for each

edge. Each state is labeled by itsQ-value, and the correspondingS andT values are also shown

on the right side of the figure.

Remark 4.3.1.One problem with joining the state spaces of the input and channel processes

is that the resulting Markov chain may no longer be primitive. Suppose that the input process

and the channel keep the same state variable (e.g., the input process remembers its last output

and the channel remembers its last input). The state diagram for the combined process of this

type is shown in Figure 4.3.2. The resulting Markov chain is reducible, but it still has a unique

ergodic component. Taking only the ergodic component, consisting of states 0 and 3, results in

an ergodic finite state process. In other cases, the state diagram for the combined process may

actually be disconnected. In general, we will require that the Markov chain associated with the

combined process is primitive. Therefore, some care must taken in choosing the input process

and/or reducing the combined process. Another example of this problem is given in Appendix

4A.4.

4.3.4 The Finite State Process

Let{Qt}t≥1 be an ergodic FSMC taking values from the setQ = {0, 1, . . . ,NQ − 1}.

The finite state process (FSP),{Yt}t≥1, is an ergodic stochastic process controlled by{Qt}t≥1

which takes values from the alphabetY. The transition probabilities for{Qt}t≥1 are given
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by Pr(Qt+1 = j|Qt = i) = pij, and the dependence of{Yt}t≥1 on {Qt}t≥1 is given by

Pr(Yt = y|Qt+1 = j,Qt = i) = gij(y). While this notation is precise for countableY,

we abuse it slightly for uncountableY and letgij(y) be the continuous density function of the

output,y, associated with the state transition from statei to statej. The FSP,{Yt}t≥1, is defined

formally by the triple(Y,P,G(·)), wherepij = [P]ij andgij(·) = [G(·)]ij .
We note that any FSP can be stationary if the initial state if chosen properly. Let

π = [ π1 π2 . . . πr ] be the unique stationary distribution of{Qt}t≥1 which satisfiesπj =∑
i πipij . If the initial state,Q1, of the underlying Markov chain is chosen such thatPr(Q1 =

j) = πj , then{Yt}t≥1 is stationary in the sense thatPr(Yk
1 = yk

1) = Pr(Yt+k
t+1 = yk

1) for all

k ≥ 0 and allt ≥ 1. This initialization is assumed throughout the discussion of FSPs.

If Y is a finite set, then an identical process can also be generated as a function of a

FSMC. More precisely, this means that there exists a FSMC,{Xt}t≥1, and a mappingξ, such that

Yt = ξ(Xt). The process{Yt}t≥1 can also described as the output of a hidden Markov model.

We present{Yt}t≥1 as a FSP because it is the most natural represetation when considering the

entropy rate of the process.

4.4 The Entropy Rate of a Finite State Process

Since a number of authors have considered the entropy rate of a FSP in the past, we

review some of the key results. Blackwell appears to have been the first to consider the entropy

rate of a function of a FSMC. In [6], he gives an explicit formula for the entropy rate, in terms

of the solution to an integral equation, and he notes that this result suggests that the entropy

rate is “intrinsically a complicated function” of the underlying Markov chain,{Xt}t≥1, and the

mapping,ξ. Birch [5] derives a sequence of Markov upper and lower bounds for the entropy

rate and shows, under fairly restrictive conditions, that the gap between them converges to zero

exponentially fast. The complexity of computing his bounds also grows exponentially, however,

making them less useful in practice.

Here, we attack the problem first by introducing an efficient Monte Carlo method of

estimating the entropy rate based on the Shannon-McMillan-Breiman theorem. Then, we work

towards analytical approaches of computing the entropy rate (via Blackwell’s integral equation).

We also discuss conditions under which a central limit theorem (CLT) holds for the entropy

rate. Under these same conditions, we prove that the gap between sequences of Markov upper
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and lower bounds on the entropy rate converges to zero exponentially fast. Finally, we describe a

connection between the entropy rate of a FSP and the largest Lyapunov exponent of an associated

sequence of random matrices. It is worth noting that the natural logarithm is denotedln while

the base 2 logarithm is denotedlog.

4.4.1 A Simple Monte Carlo Method

Let{Yt}t≥1 be an ergodic FSP defined by(Y,P,F(·)). We start by using the definition

of the entropy rate for a stationary process [10, Chap. 4],

H(Y) , − lim
n→∞

1
n
E [logPr(Yn

1 )] ,

to define the sample entropy rate as

Ĥn(Yn
1 ) = − 1

n
logPr(Yn

1 ). (4.4.1)

It is worth noting thatĤn(Yn
1 ) is a random variable, and the asymptotic convergence of that ran-

dom variable to the true entropy rate is guaranteed by the Shannon-McMillan-Breiman theorem

[10, p. 474]. Mathematically speaking, this theorem states that

lim
n→∞− 1

n
log Pr(Yn

1 ) = H(Y)

for almost all realizations ofYn
1 (i.e., almost surely). While the original proof only holds for

finite alphabet processes, it was extended to more general processes by Barron [3].

Efficiently applying the Shannon-McMillan-Breiman theorem to our FSP is equivalent

to efficiently computinglogPr(Yn
1 ) for largen. This quantity has a natural decomposition of

the form

log Pr(Yn
1 ) =

n∑
t=1

log Pr(Yt|Yt−1
1 ), (4.4.2)

and it turns out that the forward recursion of the BCJR algorithm [2] is ideal for computing this

quantity. We note that random realizations,yn
1 , of the process,Yn

1 , are generated as a byproduct

of any channel simulation. Let us define the forward state probability vector at timet, α(t), in

terms of its components,

α
(t)
i = Pr(Qt = i|Yt−1

1 = yt−1
1 ), (4.4.3)
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for i ∈ Q. Using this, the forward recursion of the BCJR algorithm can be written as

α
(t+1)
j =

1
At

NQ−1∑
i=0

α
(t)
i Pr(Yt = yt, Qt+1 = j|Qt = i), (4.4.4)

whereAt is the standard normalization factor chosen to ensure that
∑NQ−1

j=0 α
(t+1)
j = 1. We

note that the probability,Pr(Yt = y,Qt+1 = j|Qt = i), required by (4.4.4) depends on the FSP

and can be written as

Pr(Yt = y,Qt+1 = j|Qt = i) = Pr(Yt = y|Qt+1 = j,Qt = i)Pr(Qt+1 = j|Qt = i)

= gij(y)pij .

Proposition 4.4.1. The sample entropy rate of a realization,yn
1 , of the FSP,{Yt}t≥1, is given

by

Ĥn(yn
1 ) = − 1

n

n∑
t=1

logAt.

Proof. From (4.4.4), we see that

At =
NQ−1∑
j=0

α
(t+1)
j

=
NQ−1∑
j=0

NQ−1∑
i=0

α
(t)
i Pr(Yt = yt, Qt+1 = j|Qt = i)


= Pr(Yt = yt|Yt−1

1 = yt−1
1 ),

which means thatlog Pr(Yn
1 ) can be computed using (4.4.2). Combining this with (4.4.1)

completes the proof.

Remark 4.4.2.The complexity of this method is linear in the number of states,NQ, and linear

in the length of the realization,n. Furthermore, if a central limit theorem holds for the entropy

rate, then the variance of the estimate will decay likeO
(
n−1/2

)
.

We believe that the rapid mixing of the underlying Markov chain and the form of (4.4.2) leads

naturally to a central limit theorem for the sample entropy rate. The following conjecture makes

this notion precise. We note that the conclusion of this conjecture is proven, under more restric-

tive conditions, in Section 4.4.6.
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Conjecture 4.4.3. Let{Yt}t≥1 be an ergodic FSP which gives rise to the conditional probability

sequence,{At}t≥1, whereAt = Pr(Yt|Yt−1
1 ). If (i) limt→∞E

[
(− logAt)

2+ε
]
< ∞, then the

sample entropy rate obeys a central limit theorem of the form

√
n
[
Ĥn(Y) −H(Y)

]
d→ N(0, σ2).

The variance,σ2, of the estimate is given by

σ2 = R(0) + 2
∞∑

τ=1

R(τ), (4.4.5)

whereR(τ) = limt→∞E [(logAt +H(Y)) (logAt−τ +H(Y))]. If we also have that (ii)

limt→∞E
[
(− logAt)

4+ε
]
< ∞, then we can estimate the variance using finite truncations

of (4.4.5) withR(τ) set to the sample autocorrelation,

R̂n(τ) =
1

n− τ

n∑
t=τ+1

(
logAt + Ĥn(Y)

)(
logAt−τ + Ĥn(Y)

)
.

Motivation. This conjecture is based on the fact that{At}t≥1 is asymptotically stationary and

our belief that the autocorrelation,R(τ), decays exponentially withτ . These conditions are

generally sufficient to imply a central limit theorem for sums like (4.4.2).

4.4.2 The Statistical Moments of Entropy

While the entropy of a random variable is usually defined to beE [− log Pr(Y )], one

might also consider the random variableZ = − log Pr(Y ). We refer to thekth moment of the

random variable,Z, as thekth moment of the entropy. One reason for examining these quantities

is that most CLTs require that the increments have finite second moments. Here, we show, under

mild conditions, that thekth moment of the entropy is bounded, for all finitek.

Let p(y) be the probability density of any absolutely continuous random variable.

Since the functionp(y) must integrate to one, we know the tails must decay faster than1/|y|.
If we assume the slightly stronger condition thatp(|y|) = O(|y|−1−ε), for someε > 0, then

we find that all finite moments of the entropy are bounded. Recall that all finite moments of a

random variable are finite if the exponential moments,E
[
esZ
]

= E [Pr(Y )−s], are finite for

somes > 0. We can upper bound this expectation with

E
[
Pr(Y )−s

]
=

∫ ∞

−∞
p(y)p(y)−sdy

≤
∫ a

−a
p(y)1−sdy + 2C

∫ ∞

a
|y|(s−1)(1+ε)dy,
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wherea is chosen large enough thatp(y) ≤ C|y|−1−ε for all |y| > a. Using the fact that

p(y) < p(y)1−s wheneverp(y) > 1, it is easy to verify that the first term is less than2a. The

second term will also be finite as long as(s−1)(1+ ε) < 1 which is equivalent tos < ε/(1+ ε).

Since this expectation is finite fors ∈ [0, ε/(1 + ε)), all finite moments ofZ are bounded.

There are also distributions that are poorly behaved with respect to entropy, however.

Consider the probability distribution on the integers given by

Pr(Y = n) =
1

Cn(log n)ρ
,

for n ≥ 3. As long asρ > 1, we can compute a finite

C =
∞∑

n=3

1
n(log n)ρ

which normalizes this distribution. Thekth moment of the entropy for this distribution is given

by

∞∑
n=3

1
Cn(log n)ρ

(− log (Cn(log n)ρ))k ,

which can be lower bounded by

∞∑
n=n0

2−k

Cn(log n)ρ−k

if n0 is chosen large enough thatlog (Cn(log n)ρ) ≥ (log n)/2. This lower bound will be finite

only if ρ − k > 1. So for1 < ρ ≤ 2, the distribution is well-defined but the entropy and all

higher moments are infinite. Likewise, the finite variance condition necessary for a CLT requires

thatρ > 3.

Now, let us focus on the value of the entropy increment,− logAt, during a transition

from statei to statej. In this case, the true distribution ofYt is given bygij(y), but the simulation

method computesAt based on the assumed distribution,

P�(y) =
∑
i,j

α
(t)
i hi(y),

wherehi(y) = Pr(Yt = y|Qt = i) =
∑

j pijgij(y). For a particular transition and forward

state probabilities, the expectation of− logAt can now be written as

E [− logAt|Qt = i,Qt+1 = j,α] = Egij(Y ) − [log P�(Y )] .
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This general approach can also be used to upper bound the higher moments,E[− logAt]k, re-

quired by Conjecture 4.4.3. In particular, we consider the bound

Egij(Y )

[
(− logP�(Y ))k

]
≤ Egij(Y )

[(
− log

(
min

i
hi(Y )

))k
]
,

which is based on maximizing the LHS overα.

Suppose that the output alphabet is finite (or a bounded continuous set) and there is

an ε > 0 such thatmini infy hi(y) ≥ ε. In that case, the magnitude of thekth moment can be

upper bounded withE[− logAt]k ≤ (− log ε)k. If the output alphabet is countably infinite (or

an unbounded continuous set) andhi(y) > 0 for all boundedy, then the magnitude of thekth

moment will depend only on the tails of thehi(y). Letg(y) be thegij(y) whose tail decays most

slowly andh(y) be thehi(y) whose tail decays most quickly. The magnitude of thekth moment

will be finite if

Eg(Y )

[
(− log h(Y ))k

]
<∞.

Example 4.4.4. Suppose all of thegij(y) are Gaussian densities with finite mean and variance,

We assume that the particular mean and variance depends on the transitioni → j. In this case,

the tails of each density decay likeO(e−ay2
) wherea depends on the variance. The magnitude

of thekth cross-moment for any two Gaussians is upper bounded by∫ ∞

−∞
C1e

−ay2
(
− log(C2e

−by2
)
)k
dy =

∫ ∞

−∞
C1e

−ay2

(
− logC2 +

by2

ln 2

)k

dy

=
k∑

i=0

(− logC2)i
(

b

ln 2

)k−i ∫ ∞

−∞
C1e

−ay2
y2(k−i)dy.

Since the integral really just computes the2(k − i)th moment of a Gaussian, the expression is

bounded for all finitek.

4.4.3 A Matrix Perspective

In this section, we introduce a natural connection between the product of random ma-

trices and the entropy rate of a FSP. This connection is interesting in its own right, but will also

be very helpful in understanding the results of the next few sections.
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Definition 4.4.5. For anyy ∈ Y, the transition-observation probability matrix,M(y), is an

NQ ×NQ matrix defined by

[M(y)]ij , Pr(Yt = y,Qt+1 = j|Qt = i) = pijfij(y).

These matrices behave similarly to transition probability matrices because their se-

quential products compute then-step transition observation probabilities of the form,

[M(yk)M(yk+1) . . .M(yk+n)]ij = Pr(Yk+n
k = yk+n

k , Qk+n+1 = j|Qk = i).

This means that we can writePr(Yn
1 ) as the matrix product

Pr(Yn
1 ) = πM(y1)M(y2) . . .M(yn)1, (4.4.6)

whereπ is the row vector associated with the unique stationary distribution of{Qt}t≥1 and1 is

a column vector of all ones.

The forward recursion of the BCJR algorithm can also be written in matrix form with

α(t+1) =
α(t)M(yt)∥∥α(t)M(yt)

∥∥
1

, (4.4.7)

whereα(t) = [ α(t)
1 α

(t)
2 . . . α

(t)
NQ

] and‖x‖1 =
∑

i |xi|. This update formula is referred

to as theprojective product, and its properties are discussed at some length in [20]. We note

that the order of the matrix-vector product in (4.4.7) is reversed with respect to [20]. The two

most important properties of the projective product given by Lemma 2.2 of [20] are: (i) it is

Lipschitz continuous if the smallest row sum is strictly greater than zero and (ii) it is a strict

contraction if the matrix is positive. We note that these are really the only properties required for

a self-contained proof of Theorem 4.4.9 which is stated in the next section.

4.4.4 The Analytical Approach

It appears that the most straightforward analytical approach to the entropy rate problem

is the original method proposed by Blackwell [6]. Applying the same approach to this setup gives

an integral equation whose solutions are the stationary distributions of the joint Markov chain

formed by joining the true state and the forward state probability vector,
{
Qt,α

(t)
}

t≥1
. The

entropy rate is then computed with

lim
t→∞E

[
logPr(Yt|Yt−1

1 )
]

= lim
t→∞E

log
NQ−1∑
i=0

Pr(Yt|Qt = i)Pr(Qt = i|Yt−1
1 )

 ,
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wherePr(Yt = y|Qt = i) =
∑

j pijfij(y) is independent oft and the limit distribution,

limt→∞ Pr(Qt = i|Yt−1
1 ), depends on the true state,qt, and is given by a stationary distribution

of the joint Markov chain (cf., a solution of Blackwell’s integral equation). One problem with

this method, besides its general intractability, is the fact that the stationary distribution may not

be unique. This is equivalent to saying that the integral equation may not have a unique solution.

Since many of the probability distributions in this section can be rather badly behaved,

rigorous treatment requires that we use some measure theory. The following analysis is based

on general state space Markov chains as described in [22]. LetΩ = Q × D(Q) be the sample

space of the joint Markov chain, whereQ = {0, 1, . . . ,NQ − 1} andD(Q) is the set of prob-

ability distributions (i.e., the set of non-negative vectors of lengthNQ which sum to one). Let

{µt(q,A)}t≥1 be the probability measure defined byµt(q,A) = Pr(α(t) ∈ A,Qt = q) for any

A ∈ Σ, whereΣ is the sigma field of Borel subsets ofD(Q). The transitions of this Markov

chain are described by

µt+1(j,A) =
NQ−1∑
i=0

∫
D(Q)

µt(i, dx)Pij(x,A),

where the transition kernel,Pij(x,A) = Pr(α(t+1) ∈ A,Qt+1 = j|α(t) = x,Qt = i), is a

probability measure defined onA ∈ Σ. The kernel can be written explicitly as

Pij(x,A) =
∫
{z∈Y|L(x,y)∈A}

pijgij(dz),

whereL(α, y) = αM(y)/ ‖αM(y)‖1 is the forward recursion update.

Before we continue, it is worth discussing some of the standard definitions and notation

associated with Markov chains on general state spaces. Our notation,Pij(x,A), for the transition

kernel is natural, albeit somewhat non-standard, considering the decomposition of our state space

into discrete and continuous components. Then-step transition kernel is denotedP (n)
ij (x,A),

and the unique stationary distribution is denotedπ(i, A) if it exists. The transition kernel can

also be treated as an operator which maps the set of bounded measurable functions back to itself.

The operator notation is given by

P (n)r(i, x) =
NQ−1∑
j=0

∫
D(Q)

P
(n)
ij (x, dz)r(j, z),

and is useful for discussing the convergence of a Markov chain to a stationary distribution.
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A general state space Markov chain isuniformly ergodicif it converges in total vari-

ation to a unique stationary distribution at a geometric rate which is independent of the starting

state [22, p. 382]. This is equivalent to saying that there exists someρ < 1 such that

sup
i,x

∣∣∣∣∣∣P (n)r(i, x) −
NQ−1∑
j=0

∫
D(Q)

r(j, z)π(j, dz)

∣∣∣∣∣∣ ≤ Cρn (4.4.8)

for all bounded measurable functions,r(i, A), which satisfysupi,A |r(i, A)| ≤ 1. This type

of convergence is generally too strong for our problem, however. If (4.4.8) holds only for all

bounded continuous functions (in some topology), then the Markov chain converges weakly2 to

a unique stationary distribution. While this behavior is referred to asgeometric ergodicityin

[21], we say instead that the Markov chain isweakly uniform ergodicto avoid confusion with

the geometric ergodicity defined in [22, p. 354].

Now, we consider the first condition under which the limit distribution,π(s,A) =

limt→∞ µt(s,A), exists and is unique. This is based on a comment by Blackwell describing

when the support ofπ(s,A) is at most countably infinite [7]. Under this condition, Theorem

4.4.7 shows that the joint Markov chain is uniformly ergodic.

Condition 4.4.6. The output alphabet,Y, is countable and there exists a finite output sequence

which gives the observer perfect state knowledge (i.e., the joint Markov chain is in true state

q with αq = 1). Using the DEC for an example, we see that the outputyt = 1 satisfies this

condition because it implies with certainty thatst+1 = 1.

Theorem 4.4.7. If Condition 4.4.6 holds, thenπ(s,A) exists, is unique, and is supported on a

countable set. Furthermore, the joint Markov chain is uniformly ergodic.

Proof. Let z be state of the joint Markov chain after the output sequence which provides perfect

state knowledge. Since this state is reachable from any other state, theψ-irreducibility of this

Markov chain is given by Theorem 4.0.1 of [22]. The state,z, also satisfies the conditions of an

atomas defined in [22, p. 100]. Since any finite output sequence will occur infinitely often with

probability 1, the pointz is alsoHarris recurrentas defined in [22, p. 200]. Applying Theorem

10.2.2 of [22] shows thatπ(s,A) exists and is unique.
2This set of functions provides a metric for the weak convergence of probability measures on a separable metric

space [29].
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Next, we show thatπ(s,A) is supported on a countable set. Since the return time

to statez is finite with probability 1, we assume the joint Markov chain is in statez at time

τ and index any state in the support set by its output sequence,{yt}t≥τ , starting from statez.

Therefore, the support set ofπ(s,A) is at most the set of finite strings generated by the alphabet

Y, which is countably infinite. In particular, for anyε > 0, there is a finite set of strings with

total probability greater than1 − ε.

Since the underlying Markov chain,{Qt}t≥1, is primitive, the path to perfect knowl-

edge can start at any time. So, without loss of generality, we assume the output sequence which

provides perfect state knowledge starts in any state, takesn steps, ends in stateq, and occurs

with probability δ. This means thatP (n)
iq (x, z) ≥ δ for all i ∈ Q and allx ∈ D(Q), which is

also known asDoeblin’s Condition[22, p. 391]. Applying Theorem 16.2.3 of [22], we find that

the joint Markov chain is uniformly ergodic.

This leads to the second condition under which the limit distribution,limt→∞ µt(s,A) = π(s,A),

exists and is unique. This condition is essentially identical to the condition used by Le Gland

and Mevel to prove weakly uniform ergodicity in [21].

Condition 4.4.8. Every output has positive probability during every transition. Mathematically,

this means thatgij(y) > 0 for all y ∈ Y and everyi, j such thatpij > 0. For example, any real

output channel with AWGN satisfies this condition.

Since the joint Markov chain implied by Condition 4.4.8 does not, in general, satisfy

a minorization condition [22, p. 102], we must turn to methods which exploit the continuity of

Pij(x,A). We say that a general state space Markov chain is(weak) Fellerif its transition kernel

maps the set of bounded continuous functions (in some topology) to itself [22, p. 128]. Based

on the properties of (4.4.7), one can verify that the joint Markov chain will be weak Feller as

long as the minimum row sum ofM(y) is strictly positive for ally ∈ Y. Unfortunately, the

methods of [22] still cannot be used to prove that the joint Markov chain is weakly uniform

ergodic because its stationary distribution may not be absolutely continuous. In many cases, it

will be singular continuous and concentrated on a set of dimension smaller than that ofΩ. For

simplicity, we simply adapt the results of [21] to our case. We note, however, that the results of

iterated function systems (or iterated random functions) may also be applied to prove this result

[12][29].
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Theorem 4.4.9 (Le Gland-Mevel). If Condition 4.4.8, thenµ∞(s,A) exists and is unique. Fur-

thermore, the joint Markov chain is weakly uniform ergodic.

Proof. The analysis in [21] is applied to finite state processes whose output distribution is only

a function of the initial state (i.e.,gij(y) = gik(y) for all j, k). There is a one-to-one corre-

spondence between these two models, however. For example, one can map every transition in

our model to a state in their model and represent the same process. Sincegij(y) > 0 for all

y ∈ Y and everyi, j, we find that the output distribution of each state in their model will also be

positive. Along with the ergodicity of the underlying FSMC, this gives the conditions necessary

for Theorem 3.5 of [21]. Therefore, the joint Markov chain is weakly uniform ergodic.

Now, we address the issue of CLTs for the entropy rate. For uniformly ergodic Markov chains,

we use the CLT given by Chen in Theorem II-4.3 of [8]. This CLT is both very general and

has the most easily verifiable conditions. For FSPs which satisfy Condition 4.4.8, we use the

CLT given by Corollary 4.4.14. One could also prove this directly using the exponential decay

of correlation implied by weakly uniform ergodicity, or alternatively, by using the theory of

iterated function systems [4]. Unfortunately, all of these methods break down simultaneously if

the productM(yt)M(yt+1) · · ·M(yt+n) does not become strictly positive for somen.

Theorem 4.4.10 (Chen).Let {Xt}t≥1 be a uniformly ergodic Markov chain with unique sta-

tionary distributionπ(x). Let f(x) be a measurable function andSn =
∑n

t=1 f(Xt). If we

assume that (i)Eπ [f(X)] = 0 and (ii)Eπ

[
f2(X)

]
<∞, then

Sn/
√
n

d→ N(0, σ2),

whereσ2 = R(0) + 2
∑∞

τ=1R(τ) <∞ and

R(τ) = lim
t→∞E [f(Xt)f(Xt−τ )] .

Corollary 4.4.11. Consider the FSP{Yt}t≥1 and its joint Markov chain
{
Qt,α

(t)
}

t≥1
. Sup-

pose (i) the process satisfies the finite variance conditionlimt→∞E
[(

lnPr(Yt|Yt−1
1 )

)2]
and

(ii) the joint Markov chain satisfies Condition 4.4.6. In this case, the sample entropy rate,

Ĥn(Y), obeys

√
n
[
Ĥn(Y) −H(Y)

]
d→ N(0, σ2),

whereσ2 is finite and given by (4.4.5).
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Proof. Using (4.4.4), it is easy to see thatPr(Yt|Y t−1
1 ) = f(Yt,α

(t)) for some measurable

function,f . Now, we introduce the extended Markov chain,
{
Qt, Yt,α

(t)
}

t≥1
, since the func-

tion requires theYt value. Since the random variableYt is conditionally independent of all other

quantities givenQt andQt+1, it follows that the extended Markov chain inherits the ergodicity

properties of the joint Markov chain. Since (i) implies that the joint Markov chain is uniformly

ergodic and (ii) implies the finite variance condition of Theorem 4.4.10, we simply apply Theo-

rem 4.4.10 to complete the proof.

4.4.5 Entropy Rate Bounds

It is well known [10, Chap. 4] that the entropy rate of an ergodic FSP,{Yt}t≥1, is

sandwiched between the Markov upper and lower bounds given by

H(Yk|Yk−1, Yk−2, . . . , Y1, Q1) ≤ H(Y) ≤ H(Yk|Yk−1, Yk−2, . . . , Y1). (4.4.9)

In fact, Birch proves that the gap between these bounds decays exponentially ink for functions

of a FSMC whose transition matrices are strictly positive [5]. The mixing properties of the

underlying FSMC make it easy to believe that this gap actually decays exponentially for all

FSPs.

Since all three of the quantities in (4.4.9) can be written as integrals over a state dis-

tribution of the joint Markov chain, we show that the gap decays to zero exponentially if the

joint Markov chain is weakly uniform ergodic. Letµk(i, A) be the state distribution of the joint

Markov chain. The entropy ofYk can be written as a function ofµk(i, A) with

H(Yk|µk) =
NQ−1∑
i=0

∫
D(Q)

µk(i, dx)V (i, x),

where

V (i,α) =
∫
Y

NQ−1∑
j=0

pijfij(y) log

NQ−1∑
m=0

NQ−1∑
l=0

αlplmflm(y)

 dy.

The functionV (i,α) gives the entropy rate ofY conditioned on the true state beingi and the

state probability vector beingα. While V (i,α) is unbounded asαi → 0, it is a continuous

function of α as long asαi > 0. Fortunately, the probability,Pr(α(t)
i = 0|Qt = i), must be

zero because events with probability zero cannot occur.
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Let π = [ π1 π2 . . . πr ] be the unique stationary distribution of{Qt}t≥1 which

satisfiesπj =
∑

i πipij. The lower bound,H(Yk|Yk−1, Yk−2, . . . , Y1, Q1), is obtained by start-

ing the chain with the distribution

µ1(i,α) =

 πi if αi = 1

0 otherwise
(4.4.10)

and takingk steps, because this initial condition corresponds to stationaryQ-state probabili-

ties and perfect state knowledge. The upper bound is obtained by starting the chain with the

distribution

µ1(i,α) =

 πi if α = π

0 otherwise
(4.4.11)

and takingk steps because this initial condition corresponds to stationaryQ-state probabilities

and no state knowledge. The true entropy rate can be computed by using either initialization and

letting k → ∞, because all initial conditions eventually converge to unique stationary distribu-

tion µ∞(i, A).

If the joint Markov chain is (weakly) uniform ergodic, then the state distribution con-

verges toµ∞(i, A) exponentially fast ink regardless of the initial conditions. Since the upper

and lower bounds are only functions of the state distribution, we find that both of these bounds

converge to the true entropy rate exponentially fast ink.

4.4.6 Connections with Lyapunov Exponents

Consider any stationary stochastic process,{Yt}t≥1, equipped with a function,M(y),

that maps eachy ∈ Y to an r × r matrix. Let Z(Yn
1 ) = M(Y1)M(Y2) . . .M(Yn) be the

cumulative product of random matrices generated by this process and let{yn
1}n≥1 be a sequence

of realizations with increasing length. Now, consider the limit

lim
n→∞

1
n

log ‖xZ(yn
1 )‖ ,

wherex is any non-zero row vector and‖·‖ is any vector norm. Oseledec’s multiplicative ergodic

theorem says that this limit is deterministic for almost all realizations [23]. While the proof takes

a very different approach and is quite difficult, one way of thinking about this is that the matrix

sequence,{Z(yn
1 )}n≥1, can be associated withr eigenvalue sequences which grow (or decay)
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exponentially inn. The normalized exponential growth rate of each eigenvalue sequence almost

surely has a deterministic limit known as the Lyapunov exponent. The Lyapunov spectrum is

the ordered set of Lyapunov exponents,γ1 > γ2 > . . . > γs, along with their multiplicities,

d1, d2, . . . , ds. An earlier ergodic theorem due to Furstenberg and Kesten [13] gives a simple

proof for the top Lyapunov exponent, and says that the limit

lim
n→∞

1
n

log ‖Z(Yn
1 )‖ = γ1

convergences almost surely, where‖·‖ is now taken to the matrix norm induced by the previous

vector norm (see [18, p. 303]).

The connection between Lyapunov exponents and the entropy rate of a FSP is given

by the following proposition.

Proposition 4.4.12. The largest Lyapunov exponent,γ1, of the product of the transition-observat-

ion matrices,M(y1)M(y2) . . .M(yn), is almost surely equal to−H(Y), whereH(Y) is the

entropy rate of the FSP,{Yt}t≥1. Mathematically, we have

lim
n→∞

1
n

log ‖M(Y1)M(Y2) . . .M(Yn)‖ = γ1 = −H(Y)

for almost allYn
1 .

Proof. Using (4.4.6), the probabilityPr(Yn
1 ) can be written in the form

Pr(Yn
1 ) =

r∑
i=1

πi

r∑
j=1

[Z(Yn
1 )]ij . (4.4.12)

Applying the matrix norm induced (see [18, p. 303]) by the vector norm,‖·‖∞, toZ(Yn
1 ) gives

‖Z(Yn
1 )‖∞ = max

i

r∑
j=1

[Z(Yn
1 )]ij ,

because our matrix is non-negative. Now, we can sandwichPr(Yn
1 ) with

min
i
πi ‖Z(Yn

1 )‖∞ ≤ Pr(Yn
1 ) ≤ ‖Z(Yn

1 )‖∞ (4.4.13)

by replacing the second sum in (4.4.12) by its maximum value to get an upper bound, and then

applying the smallestπi to that upper bound to get a lower bound. The ergodicity of the Markov
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chain{Qt}t≥1 implies thatmini πi > 0, and therefore the inequality (4.4.13) can be rewritten

as

1
n

log ‖Z(Yn
1 )‖∞ ≤ 1

n
logPr(Yn

1 ) ≤ 1
n

log ‖Z(Yn
1 )‖∞ +

log mini πi

n
.

Finally, this shows that

lim
n→∞

1
n

log ‖Z(Yn
1 )‖∞ = lim

n→∞
1
n

log Pr(Yn
1 ),

which completes the proof.

The following is a restatement of Theorem 7 from [9] and provides a CLT for the largest Lya-

punov exponent.

Theorem 4.4.13 (Cohn-Nermann-Peligrad).Suppose that{M(Yt)}t≥1 is a strictly stationary

sequence ofr × r non-negative matrices satisfying: (i) there exists an integern0 such that

M(Yt)M(Yt+1) . . .M(Yt+n0) is positive with probability 1, (ii) the process{Yt}t≥1 is geomet-

rically ergodic, and (iii)E
[
min+ (log [M(Yt)])

2
]
< ∞ andE

[
max+ (log [M(Yt)])

2
]
< ∞

wheremin+ (M(Yt)) andmax+ (M(Yt)) are the minimum and maximum over the strictly pos-

itive elements ofM(Yt). Then there exists aσ ≥ 0 such that

n−1/2
[
log
∣∣∣[M(Y1)M(Y2) . . .M(Yn)]ij

∣∣∣− nγ1

]
d→ N(0, σ),

converges in distribution andγ1 is the largest Lyapunov exponent.

The following Corollary provides a CLT for the entropy rate under conditions which

are implied by Condition 4.4.8 and a finite variance condition.

Corollary 4.4.14. Suppose that every observation,y ∈ Y, is possible during every transition.

This implies thatgij(y) > 0 for all i, j such thatpij > 0. Furthermore, suppose that condition

(iii) of Theorem 4.4.13 holds. Then the sample entropy,Ĥn(Y), is asymptotically Gaussian with

asymptotic meanH(Y).

Remark 4.4.15.Using (4.4.7) and the second Lyapunov exponent of the matrixZ(Yn
1 ), we can

also consider the exponential rate at whichα(t) forgets its initial conditionα(1). Consider the

scaled matrix product,Z(Yn
1 )/ ‖Z(Yn

1 )‖∞, whose maximal row sum will always equal one.

The normalized second largest eigenvalue,|λ2|1/n, of this scaled matrix product will almost
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certainly be equal toeγ2−γ1 . This is because the normalized eigenvalues ofZ(Yn
1 ) will almost

surely be given by the Lyapunov spectrum. Therefore, if the largest Lyapunov exponent is simple

(i.e., its multiplicity is one), thenα(t) forgets its initial condition almost surely at the positive

exponential rate given byγ2 − γ1. It is important to note that this is the expected rate at which

α(t) forgets its initial condition. This does not necessarily imply that the probability of rare

events also decays exponentially.

4.5 Capacity Bounds

The capacity of a FSC is given by

C = lim
n→∞

1
n

max
Pr(Xn

1 )
I(Xn

1 ;Y n
1 ),

where the limit always exists and is independent of the initial state [14, Chap. 4]. In terms of

mutual information rates, this capacity can also be written as

C = sup
X

[H(X ) +H(Y) −H(X ,Y)] ,

where the supremum is taken over all stationary ergodic input processes. Unfortunately, the

maximization implied by either formula is over an infinite dimensional distribution and impossi-

ble to carry out in practice. The capacity can be sandwiched between two computable quantities,

however. Using upper and lower bounds on the entropy rates of the FSPs, we illustrate this in

Sections 4.5.1, 4.5.2, and 4.5.3.

4.5.1 Lower Bounds

Lower bounds on the capacity are actually quite straightforward to compute because

any achievable rate is a lower bound on the capacity. For example, we consider the maximum

rate achievable using Markov input distributions with memoryη. These distributions have a

simple representation becausePr(Xi|Xi−1
1 ) = Pr(Xi|Xi−1

i−η). Let Mη be the set of all such

input distributions Then the sequence
{
Cη

}
η≥0

, defined by

Cη = lim
n→∞

1
n

max
Pr(X)∈Mη

I(Xn
1 ;Yn

1 ),
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is a sequence of lower bounds on the capacity. The sequence of bounds is non-decreasing be-

cause any Markov input process inMη is also inMη+1. We also note that the information rate,

Cη, is referred to as the Markov-η rate of the channel.

Using standard optimization techniques these bounds were computed numerically for

linear ISI channels with Gaussian noise in [24] and [1]. The results given in Section 4.6, how-

ever, were generated more accurately and efficiently using Kavčić’s elegant generalization of the

Arimoto-Blahut algorithm [19]. While no rigorous proof exists for the convergence of this al-

gorithm, theoretical and numerical results strongly imply its correctness. In particular, it always

returns a valid information rate and, in all cases tested, it gives results numerically equivalent to

standard optimization techniques.

4.5.2 The Vontobel-Arnold Upper Bound

Upper bounds on the capacity are somewhat more difficult to compute because the

maximization over all input distributions must be treated very carefully. Vontobel and Arnold

propose an upper bound on the capacity of finite state channels in [31]. The first step in this

upper bound can be seen as a generalization of the standard upper bound [14, Theorem 4.5.1]

for DMCs. LetIP (X;Y ) be the mutual information between the inputs and outputs of a DMC

for some input distributionP (x). Then, for any fixed channel (i.e., fixedPr(Y |X)), the upper

bound states that

C = max
P0(x)

IP0(X;Y ) ≤ max
x

IP1(X = x;Y ), (4.5.1)

where

IP (X = x;Y ) = E

[
log

Pr(Y |X)∑
x′∈XPr(Y |X = x′)P (x′)

∣∣∣∣∣X = x

]
.

The natural generalization of this upper bound to channels with memory implies that

C = lim
n→∞

1
n

max
P0(xn

1 )
IP0(X

n
1 ;Yn

1 ) ≤ lim
n→∞

1
n

max
xn
1

IP1(X
n
1 = xn

1 ;Yn
1 ) (4.5.2)

for a fixed channel (i.e., fixedPr(Yn
1 |Xn

1 )) and anyP1(Xn
1 ). Vontobel and Arnold start by

noting that

C ≤ lim
n→∞

1
n

max
xn

1

E

[
log

Pr(Yn
1 |Xn

1 )
R(Yn

1 )

∣∣∣∣∣Xn
1 = xn

1

]
(4.5.3)
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holds for any distributionR(Yn
1 ). By choosing anR(Yn

1 ) which can be factored according to

R(yn
1 ) = RL

1 (yL
1 )

n∏
i=L+1

R(yi|yi−1
i−L),

they are able to make this bound computable as well. This distribution,R(Yi|Yi−1
i−L), is generally

chosen to be the marginal distribution,Pr(Yi|Yi−1
i−L), because this choice minimizes, for any

givenL, the quantity

E

[
log

Pr(Yn
1 |Xn

1 )
R(Yn

1 )

]
.

Their method of making the bound computable is actually quite clever. It is based upon

writing the conditional expectation of (4.5.3) in a form which makes the maximization easy. For

FSCs whose state is defined by the previousν inputs (e.g., any linear ISI channel), we can write

E

[
log

Pr(Yn
1 |Xn

1 )
R(Yn

1 )

∣∣∣∣∣Xn
1 = xn

1

]
= K0(xL+ν

1 ) +E

[
n∑

i=L+ν+1

log
Pr(Yi|Xi

i−ν)

R(Yi|Yi−1
i−L)

∣∣∣∣∣Xn
1 = xn

1

]
,

whereK0(xL+ν
1 ) absorbs the contribution of the neglectedL + ν initial terms of the sum. The

conditional expectation of theith term in the sum only requires knowledge ofxi
i−L−ν . So, using

the definition

K(x) = E

[
log

Pr(Yi|Xi
i−ν)

R(Yi|Yi−1
i−L)

∣∣∣∣∣Xi
i−L−ν = x

]
, (4.5.4)

we have

E

[
log

Pr(Yn
1 |Xn

1 )
R(Yn

1 )

∣∣∣∣∣Xn
1 = xn

1

]
= K0(xL+ν

1 ) +
n∑

i=L+ν+1

K(xi
i−L−ν).

Computing the functionF (xn
1 ) = K0(xk0

1 )+
∑n

i=k0+1K(xi
i−i0

) is equivalent to com-

puting the weight of a path (labeled byxn
1 ) through an edge-weighted directed graph. Therefore,

the Viterbi algorithm can be used to find the maximum of the function overxn
1 . The quantity we

actually want, however, is the limiting value

lim
n→∞

1
n

max
xn

1

F (xn
1 ).

In the literature, finding this quantity is known as theminimum mean cycleproblem [11]. The

connection is based on fact that the maximum (or minimum) average weight path spends most of
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its time walking the same maximum (or minimum) average weight cycle repeatedly. Therefore,

the answer is given by the maximum (or minimum) average cycle weight of the graph.

The practical problem of computing the function value,K(xi
i−L−ν), for each binary

(L + ν)-tuple can be solved by using a simulation to estimate the expectation in (4.5.4). The

complexity of this method linear in the simulation length and exponential inL+ν because we run

one simulation for eachx. In some cases, the trade off between complexity and estimation error

may also be reduced by using one long simulation and using Bayes’ rule to write the conditional

expectation as

K(x) = E

[
Pr(Xi

i−L−ν = x|Yi−1
i−L)

Pr(Xi
i−L−ν = x)

log
Pr(Yi|Xi

i−L−ν = x)

R(Yi|Yi−1
i−L)

]
.

The major drawback of the Vontobel-Arnold Bound is that it can be quite loose for

channels whose state sequence is not identifiable from a small number of samples. Consider, for

example, a dicode channel with very little noise. The lprobability of observing either a positive

or negative transition, after observingL samples near zero, remains large enough to weaken

the bound significantly. One might think that the small probability of observing long runs of

zeroes at the output would counteract this problem. This is not the case, however, because the

maximization overxn
1 picks the worst-case sequence, regardless of its probability.

4.5.3 A Conjectured Upper Bound

Now, we derive a slightly different expression that we conjecture is also an upper

bound on the capacity of IFSCs. This bound also starts with (4.5.2), but uses different simpli-

fications to make the bound computable. We start by considering an IFSC channel, with state

sequenceSn
1 , driven by a Markov input process with memoryη ≤ L. The channel and input

state can be combined into a single state variable, and that corresponding state sequence isQn
1 .

The basic idea is that we can upper bound the mutual information by considering a genie-aided

decoder which has perfect knowledge of the statesQi−L andQi+L+1 when it is decoding the in-

putXi. This expression remains a conjectured upper bound because of a subtle gap that remains

in our proof.

We begin by upper boundingI(Xn
1 ;Yn

1 ) using the chain rule for mutual information
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and a genie-aided decoder. The chain rule gives

I(Xn
1 ;Yn

1 ) =
n∑

i=1

I(Xi;Yn
1 |Xi−1

1 )

and, neglecting edge effects, the genie-aided upper bound for each term in the sum is given by

I(Xi;Yn
1 |Xi−1

1 ) ≤ I(Xi;Qi−L,Yn
1 , Qi+L+1|Xi−1

1 ).

For any input distribution,P (xn
1 ), we define the genie-aided mutual information to be

JP (Xn
1 ;Yn

1 ) =
∑
xn

1

P (xn
1 )JP (Xn

1 = xn
1 ;Yn

1 ), (4.5.5)

whereJP (Xn
1 = xn

1 ;Yn
1 ) is defined with

JP (Xn
1 = xn

1 ;Yn
1 ) =

n∑
i=1

E

[
log

Pr(Xi|Xi−1
1 , Qi−L,Yn

1 , Qi+L+1)
Pr(Xi|Xi−1

1 )

∣∣∣∣∣Xn
1 = xn

1

]
.

The Markov nature of the input distribution and the channel allow us to write

JP (Xn
1 = xn

1 ;Yn
1 ) =

n∑
i=1

E

[
log

Pr(Xi|Xi−1
i−L, Qi−L,Yi+L

i−L, Qi+L+1)

Pr(Xi|Xi−1
i−η)

∣∣∣∣∣Xi+L
i−L = xi+L

i−L

]
,

and this provides an upper bound onI(Xn
1 ;Yn

1 ) which is computed as the sum of local functions.

The obvious generalization of the Vontobel-Arnold Bound would imply thatC ≤
limn→∞ maxxn

1
JP (Xn

1 = xn
1 ;Yn

1 ). Unfortunately, this does not follow directly from the results

thatC ≤ limn→∞ maxxn
1
I(Xn

1 = xn
1 ;Yn

1 ) andIP (Xn
1 ;Yn

1 ) ≤ JP (Xn
1 ;Yn

1 ). This is because

it is possible that the the genie-aided mutual information could be larger when averaged over

all sequences, even though its largest per-sequence value is smaller. Our proof of this bound

requires that the chain of inequalities,

max
P0(xn

1 )
IP0(X

n
1 ;Yn

1 ) ≤ max
P1(xn

1 )
JP1(X

n
1 ;Yn

1 ) ≤ max
xn

1

JP2(X
n
1 = xn

1 ;Yn
1 ),

holds for allP2(xn
1 ). The LHS inequality indeed holds becauseJP (Xn

1 ;Yn
1 ) is an upper bound

on IP (Xn
1 ;Yn

1 ) for all P (xn
1 ). We conjecture that the RHS inequality holds as well. Numeri-

cal results for the dicode channel are encouraging, however, because our lower bounds on the

capacity are quite close to the conjectured upper bound but do not surpass it.
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Following the Vontobel-Arnold approach, we make the conjectured upper bound com-

putable by writing it as the sum of local functions. For ISI channels whose state sequence is a

deterministic function of the input sequence, we can simplify the functionJP (Xn
1 = xn

1 ;Yn
1 ) to

F (xn
1 ) =

n∑
i=1

E

[
log

Pr(Xi|Qi−1,Yi+L
i , Qi+L+1)

Pr(Xi|Xi−1
i−η)

∣∣∣∣∣Xi+L
i−η = xi+L

i−η

]
.

The simplification uses the facts thatXi is conditionally independent of the past givenQi−1 and

Qi−1 is computable fromQi−L andXi−1
i−L. Letν be the memory of the channel,η be the memory

of the input, and assume thatη ≥ ν (without loss of generality). This allows us to write

F (xn
1 ) = K0(x

L+η
1 ) +

n−L∑
i=η+L+1

K(xi+L
i−η ) +K1(xn

n−η−L),

where

K(x) = E

[
log

Pr(Xi|Qi−1,Yi+L
i , Qi+L+1)

Pr(Xi|Xi−1
i−η)

∣∣∣∣∣Xi+L
i−η = x

]
.

The termsK0(x
L+η
1 ) andK1(xn

n−η−L) are asymptotically irrelevant and will be ignored. Since

F (xn
1 ) = JP (Xn

1 = xn
1 ;Yn

1 ), the conjectured upper bound on capacity is given by

C ≤ lim
n→∞

1
n

max
xn

1

F (xn
1 ).

Once again, the functionF (xn
1 ) can be computed as the weight of a path (labeled by

xn
1 ) through an edge-weighted directed graph. In this case, the states are labeled byxi+L−1

i−η and

the edge weights are estimated by stochastic averaging of the expectation inK(x). As with the

Vontobel-Arnold bound, the conjectured upper bound is given by the maximum average cycle

weight of the graph.

4.6 Monte Carlo Results

4.6.1 Partial Response Channels

We start by giving the results for the power normalized binary-input channels listed

in Table 4.1. These channels are known as partial response (PR) channels and are sometimes

used to model magnetic recording channels. First, we show the SIR of these channels along with

binary-input AWGN capacity in Figure 4.6.1. For each channel, the achievable rate is plotted
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Figure 4.6.1: The SIR for various partial response channels, estimated withn = 107.

versus both the SNR (Es/N0) and the SNR per information bit (Eb/N0). Notice that increasing

the severity of the ISI monotonically decreases the SIR in both cases.

Next, we consider the results attained by optimizing the input distributions for these

channels. The elegant generalization of the Arimoto-Blahut algorithm due to Kavčić is used

for all of these results [19]. Figure 4.6.2 shows the results for the dicode channel and plots

the achievable rate versusEs/N0 andEb/N0. Figure 4.6.3 shows the results of optimizing

input distributions for the EPR4 channel. All of these results show that optimizing the input

distribution provides significant gains at low SNR.

Figure 4.6.4 compares the dicode channel lower bound with the Vontobel-Arnold

Bound and our own conjectured upper bound. We would like to acknowledge P. Vontobel for

providing the data points for the Vontobel-Arnold Bound. Both upper bounds are somewhat

loose at low rates, but the conjectured upper bound is actually quite tight at high rates. The con-

jectured upper bound has an intrinsic advantage at high rates because it is always upper bounded

entropy of the input process. We also note that this comparison is not entirely fair because

the conjectured upper bound was numerically optimized over the input distribution while the

Vontobel-Arnold Bound was not. In fact, without optimization the performance of the conjec-

tured upper bound at low rates does not surpass the Vontobel-Arnold Bound. In the future, we

plan to make a fair comparison by optimizing the Vontobel-Arnold Bound as well.

It is worth noting that at low enough SNR, all of the optimized rates actually exceed

the capacity of the binary-input AWGN channel. Depending on your perspective, this is either
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Figure 4.6.2: Monte Carlo lower bounds on the achievable information rate of the dicode channel
using optimized Markov input distributions.

an interesting phenomenon or simply a poorly chosen channel normalization. The basic problem

is that there is no single normalization which is fair. By convention, we normalize each channel

so that the power of a white input signal is unchanged by the channel. This approach seems fair

for white input signals such as equiprobable binary inputs. When the channel response is not

flat, however, optimizing the input distribution allows the source to concentrate its power around

the peaks of the channel response. Now, the signal appears to be receiving apower gainfrom the

channel. One solution is to normalize all channels so that the peak of the response is unity. This is

merely a different convention, however, and regardless of the chosen normalization, optimizing

input distribution will always increase the power output of the channel.

Finally, we remark that at low rates these binary-input ISI channels exhibit a threshold

behavior similar to the−1.59 dB limit of the AWGN channel. Essentially, this means that there

is anEb/N0 threshold below which reliable communication is impossible. Conversely, it can be

shown that, at sufficiently low rates, reliable communication is also possible at anyEb/N0 larger

than this threshold. The threshold is known as the low-rate Shannon limit and is discussed in

[28].

4.6.2 The Finite State Z-Channel

The SIR and the Markov-1 rate of the finite state Z-channel are shown in Figure 4.6.5.

It is interesting to note that, as with the original Z-channel, one can avoid transmission errors by
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Figure 4.6.3: Monte Carlo lower bounds on the achievable information rate of the EPR4 channel
using optimized Markov input distributions.

sending a particular pattern. (e.g., 0101...01). So, while optimizing the input distribution to the

dicode channel increases the output power, optimizing the input distribution to the finite state Z-

channel decreases the noise. Therefore, the optimized input distribution chooses transitions (i.e.,

edges from state 0 to state 1 and vice-versa) more frequently than non-transitions (i.e., edges

corresponding to self-loops) and thereby incurs fewer channel errors.

4.7 Analytical Results

In this section, we consider analytical methods for computing achievable information

rates. We start by using the results of Section 4.4.4 to compute exact information rates for the

DEC. This analysis of the DEC is made possible by the fact that the stationary distribution of the

joint Markov chain is supported on a countably infinite set. This follows from Theorem 4.4.7

because the reception of a+ or − symbol gives the observer perfect state knowledge. Next,

we describe a pseudo-analytical method based on density evolution that can be used to estimate

rates more efficiently for arbitrary two state channels.

4.7.1 The Symmetric Information Rate of the DEC

Consider a DEC with erasure probabilityε and equiprobable inputs. LetXn
1 be the

channel input sequence,Sn+1
1 be the channel state sequence, andYn

1 be the channel output

sequence. The input and output alphabets of the DEC are defined so thatXi ∈ {0, 1} and
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Figure 4.6.4: Monte Carlo upper and lower bounds on the achievable information rate of the
dicode channel using optimized Markov input distributions.

Yi ∈ {−, 0,+, e}. In this section, we compute the exact SIR analytically by characterizing the

forward recursion of the APP algorithm, which computesPr(Yt|Y t−1
1 ), in terms of the random

variableα(t)
i = Pr(St = i|Y t

1 ). Parts of this analysis were motivated by a method used to

compute iterative decoding thresholds for turbo codes on the binary erasure channel [30].

Since the channel has only two states, it suffices to consider the quantityα(t) , α
(t)
0 =

1 − α
(t)
1 . The real simplification, however, comes from the fact that the distribution ofα(t) has

finite support whenX ∼ B(1/2). We can observe this fact by writing the APP recursion as

(4.4.7) whereα(t) =
[
α(t) 1 − α(t)

]
and

M(e)=

 ε
2

ε
2

ε
2

ε
2

, M(0)=

 1−ε
2 0

0 1−ε
2

, M(+)=

 0 1−ε
2

0 0

, M(−)=

 0 0
1−ε
2 0

.
Using this, it is easy to verify that we can use instead the simpler recursion,

α(t+1) =



1/2 if Yt = e

α(t) if Yt = 0

0 if Yt = +

1 if Yt = −

.
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Figure 4.6.5: The SIR and the Markov-1 rate of the finite state Z-channel.

Using this, we see that, for allt ≥ min {i ≥ 1|Yi 6= 0}, α(t) will be confined to the finite set

{0, 1/2, 1}.

With the results of Section 4.4.4 in mind, we proceed by finding the stationary distri-

bution of the joint Markov chain,
{
Qt,α

(t)
}

t≥1
. Each state of this Markov chain can be indexed

by the pair(qt, α(t)), and the stationary distribution is supported on the set(0, 1), (1, 0), (0, 1/2),

and(1, 1/2). The first two states correspond to the known (K) state condition, while the second

two correspond to the unknown (U) state condition. The symmetry of the problem allows us to

write Pr(K)/2 = π(0, 1) = π(1, 0) andPr(U)/2 = π(0, 1/2) = π(1, 1/2).

Using a two state Markov chain, we can compute the steady state probabilities of the

joint Markov chain. First, we note that the joint Markov chain transitions from the known state

condition to the unknown state condition only ifY = e. Therefore, we havePr(K → U) =

1 − Pr(K → K) = ε. Secondly, we note that the joint Markov chain transitions from the

unknown state condition to the known state condition only ifY = + or Y = −. This means that

we havePr(U → K) = 1 − Pr(U → U) = (1 − ε)/2. The steady state probabilitiesPr(K)
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andPr(U) can be found using the eigenvector equation,

[
Pr(K) Pr(U)

] 1 − ε ε

1−ε
2

1+ε
2

 =
[
Pr(K) Pr(U)

]
,

whose solution isPr(U) = 1 − Pr(K) = 2ε/(1 + ε).

Now, we can compute the exact entropy rate ofY n
1 using the definitionH(Y) =

limt→∞H(Yt|Y t−1
1 ). When the joint Markov chain is in a known state, the observer knows that

one of only two edges can be traversed in the next step. In this case, the conditional entropy of

the next output given the past is denotedH(Y |K) and is given by

H(Y |K) = H

([
ε,

1 − ε

2
,
1 − ε

2

])
= h(ε) + (1 − ε),

whereH ([p1, . . . , pk]) = −
∑k

i=1 pi log2 pi andh(ε) = −ε log2 ε− (1− ε) log2(1− ε). When

the joint Markov chain is in an unknown state, the observer must allow the possibility of that any

of four edges may actually be traversed in the next step. In this case, the conditional entropy of

the next output given the past is denotedH(Y |U) and is given by

H(Y |U) = H

([
ε,

1 − ε

4
,
1 − ε

2
,
1 − ε

4

])
= h(ε) +

3(1 − ε)
2

.

Since the stationary distribution of the joint Markov chain determines how often each

of these events occurs, we can write

H(Y) = Pr(K)H(Y |K) + Pr(U)H(Y |U).

Substituting exact values into this expression and simplifying gives

H(Y) = 1 − 2ε2

1 + ε
+ h(ε).

Since the entropy rate ofYn
1 given Xn

1 , H(Y|X ), is simply the entropy rate of the erasure

process (i.e.,h(ε)), the SIR is given by

H(Y) −H(Y|X ) = H(Y) − h(ε) = 1 − 2ε2

1 + ε
.

4.7.2 The Markov-1 Rate of the DEC

In this section, we derive the achievable information rate of the DEC using a Markov-1

input distribution. Based on the symmetry of the channel, we use an input distribution which



145

changes state with probabilityp and remains in the same state with probability1 − p. The

combined state space of the input process and the channel still only has two states, so again it

suffices to consider onlyα(t) , α
(t)
0 = 1 − α

(t)
1 .

In this case, we can write the APP recursion as (4.4.7) whereα(t) =
[
α(t) 1 − α(t)

]
,

M(e)=

 (1 − p)ε pε

pε (1 − p)ε

, M(0)=

 (1 − p)(1 − ε) 0

0 (1 − p)(1 − ε)

 ,

M(+)

 0 p(1 − ε)

0 0

 , andM(−)=

 0 0

p(1 − ε) 0

 .
A simple recursion also exists in this case and is given by

α(t+1) =



α(t)(1 − p) + (1 − α(t))p if Yt = e

α(t) if Yt = 0

0 if Yt = +

1 if Yt = −

.

The major complication in completing the analysis is the fact that the support set ofα(t) is

now countably infinite. For example, theα(t) that results from observing a− first and then ob-

serving a mixture ofk erasures and any number of0’s (but no more+’s and−’s) is given by(
1 + (1 − 2p)k

)
/2. Likewise, if the first observation was a+, then we would have(

1 − (1 − 2p)k
)
/2. These two cases, withk ∈ {0, . . . ,∞}, constitute the entire support set

of α(t). For simplicity, we refer to these values using the shorthand,

γ±k =
1 ± (1 − 2p)k

2
. (4.7.1)

Now, we define the countably infinite Markov chain that will be used to help analyze

the joint Markov chain. Each state in the new Markov chain is labeled by a letter (A or B)

and a non-negative integer. TheAk state corresponds to the event that(St = 0, α(t) = γ+
k )

or (St = 1, α(t) = γ−k ). The symmetry of the system can be used to show these events occur

with equal probability. TheBk state corresponds to the event that(St = 0, α(t) = γ−k ) or

(St = 1, α(t) = γ+
k ). Again, symmetry forces these events to occur with equal probability. The

state probabilities, as a function of time, are defined by

A
(t)
k = Pr(St = 0, α(t) = γ+

k ) + Pr(St = 1, α(t) = γ−k )

B
(t)
k = Pr(St = 0, α(t) = γ−k ) + Pr(St = 1, α(t) = γ+

k ).
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The basic idea of the new Markov chain is to simultaneously track the true state and count the

number of erasures since the last instance of perfect knowledge. In doing this, we find that an

observed0 causes the transitionsAk → Ak andBk → Bk, an erased0 causes the transitions

Ak → Ak+1 andBk → Bk+1, an erased+ or − causes the transitionsAk → Bk+1 and

Bk → Ak+1, and an observed+ or− causes the transitionsAk → A0 andBk → A0. Using the

probabilities of these events gives the recursions

A
(t+1)
0 = A

(t)
0 (1 − ε) + (1 −A

(t)
0 )p(1 − ε)

A
(t+1)
k = A

(t)
k (1 − p)(1 − ε) +A

(t)
k−1(1 − p)ε+B

(t)
k−1pε

B
(t+1)
k = B

(t)
k (1 − p)(1 − ε) +B

(t)
k−1(1 − p)ε+A

(t)
k−1pε.

Solving for the stationary distribution of the new Markov chain gives

Pr(A0) =
p(1 − ε)

p(1 − ε) + ε

Pr(Ak) = Pr(A0)ωkγ+
k

Pr(Bk) = Pr(A0)ωkγ−k

whereω = ε
1−(1−p)(1−ε) . Since the forward state probabilities must give a consistent state

estimate, the events(St = 0, α(t) = 0) and(St = 1, α(t) = 1) must have probability zero. This

also implies thatB(t)
0 = Pr(St = 0, α(t) = 0) + Pr(St = 1, α(t) = 1) = 0. Finally, the the

new Markov chain is uniformly ergodic by Theorem 4.4.7 and converges to its unique stationary

distribution exponentially fast.

Now, we can compute the entropy rate using the limitH(Y) = limt→∞H(Yt|Yt−1
1 ).

When the new Markov chain is in stateAk orBk, the conditional entropy is denoted byH(Y |Ak)

orH(Y |Bk), respectively. These two expressions are given by

H(Y |Ak) = −ε log2 ε− (1 − p)(1 − ε) log2 ((1 − p)(1 − ε)) − p(1 − ε) log2

(
p(1 − ε)γ+

k

)
and

H(Y |Bk) = −ε log2 ε− (1 − p)(1 − ε) log2 ((1 − p)(1 − ε)) − p(1 − ε) log2

(
p(1 − ε)γ−k

)
.

The first term of each expression is associated with the observation probability of an erasure,

the second term with the observation probability of a0, and the third term with the observation
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probability of either a+ or a−. Combining these with the stationary distribution of the new

Markov chain gives final entropy rate

H(Y) =
∞∑

k=0

Pr(Ak)H(Y |Ak) + Pr(Bk)H(Y |Bk)

= D − p(1 − ε)
∞∑

k=0

Pr(A0)ωk
(
γ+

k log2 γ
+
k + γ−k log2 γ

−
k

)
, (4.7.2)

where

D = −ε log2 ε− (1 − p)(1 − ε) log2 ((1 − p)(1 − ε)) − p(1 − ε) log2 (p(1 − ε)) .

While we could find no closed form solution for this infinite sum, we did find a rela-

tively simple approximation. Using (4.7.1), we can write

log2 γ
±
k = log2

(
1 ± (1 − 2p)k

)
− 1,

and then use the two term Taylor expansion,log2(1 + x) ≈ (x− x2/2)/ ln 2, to get

log2 γ
±
k ≈ ±(1 − 2p)k

ln 2
− (1 − 2p)2k

2 ln 2
− 1.

This lead us to the approximation

γ+
k log2 γ

+
k + γ−k log2 γ

−
k ≈ (1 − 2p)2k

2 log 2
− 1,

which allows the infinite sum (4.7.2) to be approximated in closed form by
∞∑

k=1

a0,∞ωk

(
(1 − 2p)2k

2 log 2
− 1
)

= a0,∞
(

1
2 log 2

ω(1 − 2p)2

1 − ω(1 − 2p)2
− ω

1 − ω

)
.

The resulting entropy rate approximation, which we believe is actually an upper bound, is

H(Y) ≈ D − p2(1 − ε)2

p(1 − ε) + ε

(
1

2 log 2
ω(1 − 2p)2

1 − ω(1 − 2p)2
− ω

1 − ω

)
.

We evaluated the numerical error in this approximation over the rectangle formed byε ∈ [0, 1]

andp ∈ [1/2, 2/3], and found its maximum value to be roughly0.0002.

The results of Sections 4.7.1 and 4.7.2 are shown in Figure 4.7.1, along with the capac-

ity of the binary erasure channel (BEC) and the ternary erasure channel (TEC). While one might

expect that the SIR and Markov-1 rate should be upper bounded by the capacity of the BEC, we

see that this is definitely not the case. This is because the output alphabet of the BEC has only

three symbols, while the output alphabet of the DEC has four symbols. Therefore, the rates of

the DEC should be upper bounded by the capacity of the TEC. Surprisingly, the achievable rates

of the DEC are quite close to the capacity of the TEC whenε is close to one.
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Figure 4.7.1: The SIR and Markov-1 rate of the DEC compared with the capacity of the binary
erasure channel (BEC) and the ternary erasure channel (TEC).

4.7.3 Density Evolution for Finite State Channels

Density evolution is a pseudo-analytical method of analyzing LDPC codes that was

introduced by Richardson and Urbanke in [25]. It analyzes a decoder by tracking the probabilis-

tic evolution of messages passed around the decoder. In general, it is implemented by quantizing

the continuous set of messages to a finite set and then tracking a probability distribution over

that set.

Now, we consider a density evolution approach to the forward recursion of the BCJR

algorithm. Since the state probability vector acts like a message in the BCJR algorithm, the

first step is quantizing these vectors. For a two state channel, the vector is defined by a single

parameter, and therefore we can use any scalar quantizer. We note that this idea was applied to

two state fading channels by Goldsmith and Varaiya in [15]. For more complicated channels, the

natural generalization amounts to using a vector quantizer rather than a scalar quantizer. We note

that density evolution on the quantized vectors can be viewed either as an approximate analysis

of the true algorithm or an exact analysis of the quantized algorithm.



149

Let the quantizer,V (x), be a mapping from probability vectors of lengthNQ to the

index set,{1, . . . ,NV }. We abuse notation slightly and define the inverse of this mapping,

V −1(i), to be some generalized centroid of theith quantization cell{x ∈ D(Q)|V (x) = i}.

The forward variable of the quantized algorithm,At, is therefore characterized by the update

equation

At+1 = V

(
V −1(At)M(Yt)

‖V −1(At)M(Yt)‖1

)
, (4.7.3)

which is simply a quantized version of (4.4.7).

Now, we consider the evolution ofPr(At) while the underlying finite state Markov

process transitions from statei to statej. In this case, the output,Yt, is drawn from the distribu-

tion gij(y). This gives rise to the transition matrix,A(i,j), defined by[
A(i,j)

]
kl

= Pr(At+1 = l|At = k,Qt = i,Qt+1 = j).

This matrix can be constructed for channels with a finite output alphabet by evaluating (4.7.3) for

all At ∈ {1, . . . ,NV } andYt ∈ Y and assuming the corresponding probabilities. For channels

with continuous output alphabets, one can either integrate over the appropriate regions ofY

or approximate these probabilities by quantizing the output alphabet. The number of non-zero

entries in eachA(i,j) matrix is also upper bounded byNV |Y|, and will therefore be sparse if

NV � |Y|.
Next, we analyze the quantized algorithm completely by combining theA(i,j) matrices

with the state transition probabilities,pij. This allows us to define the(NQNV ) × (NQNV )

matrix,

A =


p1,1A(1,1) · · · p1,NQ

A(1,NQ)

...
. ..

...

pNQ,1A(NQ,1) · · · pNQ,NQ
A(NQ,NQ)

 ,
and point out that

[A](i−1)NV +k,(j−1)NV +l = Pr(At+1 = l, Qt+1 = j|At = k,Qt = i).

While we expect that the stochastic matrix,A, will generally have a unique stationary distribu-

tion, one can also consider the following pair of stationary distributions. Let the lower stationary
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distribution,v, be defined bylimn→∞ x 1
n

∑n
i=1 Ai wherex is given by quantizing the distri-

bution (4.4.10). Likewise, let the upper stationary distribution,v, be defined by the same limit

except thatx is given by quantizing the distribution (4.4.11). These limits are always well de-

fined and can be computed using the eigenvalue decomposition ofA. We note that the sparsity

of A may also be exploited to reduce complexity.

Consider the probability vectors,v(t), defined byv(t+1) = v(t)A. Based on the

definition ofA, these vectors have the implicit definition,[
v(t)
]
(i−1)NV +k

= Pr(At = k,Qt = i).

Using this, we find that the entropy estimate at timet is given by

H(Yt|Yt−1
1 ,W ) ≈

∑
i,j,k

[
v(t)
]
(i−1)NV +k

pijE
[
log
∥∥V −1(k)M(Yt)

∥∥
1
|Qt = i,Qt+1 = j

]
,

whereW is any random variable which gives rise to the initial distribution,v(1). This same

formula can be used with the stationary distributionsv andv to estimate the upper and lower

entropy rate bounds.

Since we have a valid probabilistic analysis of the quantized algorithm, we can actually

show that any entropy computed in this manner is an upper bound on the same entropy computed

via an exact algorithm. For example, suppose we compute the entropyH(Yt|Yt−1
1 ,W ) where

W is initialized by the vectorv(1). In this case, the entropy computed by the quantized algo-

rithm will always be larger because its state probability estimates are less accurate and therefore

increase the entropy.

While the approximation error of this algorithm is quite dependent on the particular

quantizer used, we can still make a few general statements. We note that all of these statements

are based on the fact that the entropy expression is continuous function on the state probability

vector. This means that one would expect the entropy approximation error from using a uniform

quantizer to decay likeO
(
N

−1/(NQ−1)
V

)
. When using an optimized vector quantizer, one would

expect the error to decay likeO
(
N

−1/d
V

)
, whered is the (possibly fractal) dimension of the true

stationary distribution of the joint Markov chain. This means that this type of analysis may

actually be less efficient than Monte Carlo methods whend > 2.

This method has been applied successfully to the dicode channel with AWGN. In par-

ticular, we used a non-linear scalar quantizer based on the uniform quantization of log-likelihood
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ratios. This type of quantization is widely used in the density evolution analysis of LDPC codes

[25]. For the dicode channel, the Monte Carlo method can easily achieve tolerances of10−3

while the density evolution approach can achieve tolerances around10−6 with some effort. We

note that the density evolution results were in complete agreement with the Monte Carlo results

from Section 4.6. The practical value of achieving tolerances less than10−3 is questionable,

however.

Remark 4.7.1.While this section discusses only the forward recursion of the BCJR algorithm,

the same type of analysis may be applied to the backwards recursion and the output stage. This

gives a valid probabilistic analysis of a quantized BCJR algorithm that can be used to approxi-

mate the log-likelihood density at the output of the BCJR algorithm. In particular, these densities

can be used to optimize LDPC codes and compute information rates for the multilevel coding

approach proposed in [24].

4.8 Concluding Remarks

This chapter discusses a number of issues related to entropy rates and capacity for fi-

nite state channels. All of the results which are not expressly attributed to other authors were

developed independently by us. That said, this field is currently the subject of great interest, and

many of the same ideas have recently been developed independently by other authors. For exam-

ple, the simple Monte Carlo method was published in 2001 by three separate groups [1][24][27].

The formulation of the entropy rate as a Lyapunov exponent was also discovered independently

and reported in [17]. Finally, the quantized density evolution approach for information rates is

quite natural for two state channels was introduced in [15]. The move to vector quantization is a

natural generalization and is also used in a slightly different manner in [32] to help estimate the

feedback capacity of finite state channels.

4A Formal Channel Definitions

4A.1 Discrete Input Linear Filter Channels with AWGN

The formal definition,(X,Y,F(·, ·)), of this finite state channel depends solely onν,

(h0, h1, . . . , hν), σ2, andX. We start by noting that the number of channel states is given by
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NS = |X|ν and defining the output alphabet, in terms of the input alphabet and channel taps,

with

Y =

{
y ∈ R|y =

ν∑
i=0

hixi, (x0, . . . , xν) ∈ X
ν

}
.

Next, we defineNX = |X| and let ξ be any one to one mapping fromX to the set

{0, 1, . . . ,NX − 1}. Although, the channel state is clearly defined by the lastν − 1 inputs,

we would also like an integer representation of this quantity. Using a base conversion fromν−1

digits of X to the integers, we have the integer state,St =
∑ν

i=1(NX)ν−iξ(Xt−i), and the one

step update,St+1 = bSt/NXc + ξ(Xt)(NX)ν . Finally, we define[F(x, y)]ij = fij(x, y) with

fij(x, y) =

 1√
2πσ2

e
−(y−mij )2

2σ2 if j = bi/NXc + ξ(x)(NX)ν

0 otherwise
,

wheremij = hνξ
−1(i mod NX) +

∑ν−1
l=0 hlξ

−1
(⌊
j/(NX )ν−l−1

⌋
mod NX

)
.

4A.2 Dicode Erasure Channel

The formal definition,(X,Y,F(·, ·)), of this finite state channel depends only onε.

The input and output alphabets are defined byX = {0, 1} andY = {+, 0,−, e}, andNS = 2.

The conditional transition-observation probabilities are given by[F(x, y)]ij = fij(x, y) where

fij(x, y) = 0 unless defined byf00(0, 0) = f11(1, 0) = f01(1,+) = f10(0,−) = 1 − ε or

f00(0, e) = f11(1, e) = f01(1, e) = f10(0, e) = ε.

4A.3 Finite State Z-Channel

The formal definition,(X,Y,F(·, ·)), of this finite state channel hasX = Y = {0, 1}
andNS = 2. The conditional transition-observation probabilities are given by[F(x, y)]ij =

fij(x, y) wherefij(x, y) = 0 unless defined byf0,0(0, 1) = f1,1(1, 0) = p, f0,0(0, 0) =

f1,1(1, 1) = 1 − p, or f0,1(1, 1) = f1,0(0, 0) = 1.
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4A.4 The Finite State Z-Channel with Markov-1 Inputs

Consider a finite state Z-channel with a stochastic input sequence. Using the notation

above, we define the input process,(Θ,Φ), with

Θ =

 1 − q q

q 1 − q

 , Φ =

 0 1

0 1

 .
This allows us to define the stochastic output sequence with the triple,(Y,P,G(·)), where

Y = {0, 1},

P =


1 − q 0 0 q

1 − q 0 0 q

q 0 0 1 − q

q 0 0 1 − q

, G(0) =


1 − p 0 0 0

1 0 0 p

1 − p 0 0 0

1 0 0 p

, G(1) =


p 0 0 1

0 0 0 1 − p

p 0 0 1

0 0 0 1 − p

.

In this case, the transition probability matrixP, and therefore underlying Markov

chain, is reducible. Therefore, we simplify our description of the process{Yt}t≥1by removing

any state whose stationary probability is zero. Removing states 1 and 2 results in the simplified

description

P =

 1 − q q

q 1 − q

 , G(0) =

 1 − p 0

1 p

 , G(1) =

 p 1

0 1 − p

 .
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Chapter 5

Joint Iterative Decoding of LDPC

Codes and Channels with Memory

5.1 Introduction

Sequences of irregular low-density parity-check (LDPC) codes that achieve the capac-

ity of the binary erasure channel (BEC) under iterative decoding were first constructed by Luby,

et al. in [11]. This was followed by the work of Chung,et al., whichprovided evidence suggest-

ing that sequences of iteratively decoded LDPC codes can also achieve the channel capacity of

the binary-input additive white Gaussian noise (AWGN) channel [3]. Since then, density evo-

lution (DE) [13] has been used to optimize irregular LDPC codes for a variety of memoryless

channels (e.g., [6]), and the results suggest, for each channel, that sequences of iteratively de-

coded LDPC codes can indeed achieve the channel capacity. In fact, the discovery of a channel

whose capacity cannot be approached by LDPC codes would be more surprising than a proof

that iteratively decoded LDPC codes can achieve the capacity of any binary-input symmetric

channel (BISC).

The idea of decoding a code transmitted over a channel with memory via iteration

was first introduced by Douillard,et al. in the context of turbo codes and is known asturbo

equalization[4]. This approach can also be generalized to LDPC codes by constructing one

large graph which represents the constraints of both the channel and the code. This idea is also

referred to asjoint iterative decoding, and was investigated for partial-response channels by

156
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GECX ,...,Xn1 Y ,...,Yn1 U ,...,Uk1LDPC
Encoder Decoder1U ,...,U ^ ^

k

Figure 5.1.1: Block diagram of the system.

Kurkoski, Siegel, and Wolf in [9].

Until recently, it was difficult to compare the performance of turbo equalization with

channel capacity because the binary-input capacity of the channel was unknown. Recently, a

new method has gained acceptance for estimating the achievable information rates of finite state

channels (FSCs) [1][12]1, and a number of authors have begun designing LDPC based coding

schemes which approach the achievable information rates of these channels [8][12][21]. As is

the case with DE for general BISCs, the evaluation of code thresholds and the optimization of

these thresholds is done numerically. For FSCs, the analysis of this system is quite complex

because the BCJR algorithm [2] is used to decode the channel.

Since the capacity of a channel with memory is generally not achievable via equiprob-

able signaling, one can instead aim for the symmetric information rate (SIR) of the channel. The

SIR is defined as the maximum information rate achievable via random coding with equiproba-

ble input symbols. Since linear codes use all inputs equiprobably, the SIR is also the maximum

rate directly achievable with linear codes. In this chapter, we introduce a class of channels with

memory, which we refer to as generalized erasure channels (GECs). For these channels, we show

that DE can be done analytically for the joint iterative decoding of irregular LDPC codes and the

channel. This allows us to construct sequences of LDPC degree distributions which appear to

achieve the SIR using iterative decoding. As an example, we focus on the dicode erasure channel

(DEC), which is simply a binary-input channel with a linear response of1−D and erasure noise.

In Section 5.2, we introduce the basic components of our system. This includes the

joint iterative decoder, GECs and the DEC, and irregular LDPC codes. In Section 5.3, we derive

a single parameter recursion for the DE of the joint iterative decoder which allows us to give

necessary and sufficient conditions for decoder convergence. These conditions are also used to

construct code sequences which appear to achieve the SIR. In Section 5.4, we discuss extensions
1This method was also introduced by Sharma and Singh in [14]. However, it appears that most of the other results

in their paper, based on regenerative theory, are actually incorrect. A correct analytical treatment can be found in
Section 4.4.4.
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Figure 5.2.1: Gallager-Tanner-Wiberg graph of the joint iterative decoder.

to arbitrary GECs and describe a practical optimization technique based on linear programming.

Finally, we offer some concluding remarks in Section 5.5.

5.2 System Model

5.2.1 Description

The system we consider is fairly standard for the joint iterative decoding of an LDPC

code and a channel with memory. Equiprobable information bits,U = U1, . . . , Uk, are encoded

into an LDPC codeword,X = X1, . . . ,Xn, which is observed through a GEC as the output

vector,Y = Y1, . . . , Yn. The decoder consists of ana posteriori probability(APP) detector

matched to the channel and an LDPC decoder. The first half of decoding iterationi entails

running the channel detector onY using thea priori information from the LDPC code. The

second half of decoding iterationi corresponds to executing one LDPC iteration using internal

edge messages from the previous iteration and the channel detector output. Figure 5.1.1 shows

the block diagram of the system, and Figure 5.2.1 shows the Gallager-Tanner-Wiberg (GTW)

graph of the joint iterative decoder.

5.2.2 The Generalized Erasure Channel

Since the messages passed around the GTW graph of the joint decoder are all log-

likelihood ratios (LLRs), DE involves tracking the evolution of the distribution of LLR messages
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passed around the decoder. LetL be a random variable representing a randomly chosen LLR at

the output of the channel decoder. If the distribution ofL is supported on the set{−∞, 0,∞}
andPr(L = −∞) = Pr(L = ∞), then we refer to it as asymmetric erasure distribution.

Such distributions are one dimensional, and are completely defined by the erasure probability

Pr(L = 0). Our closed form analysis of this system requires that all the densities involved in

DE are symmetric erasure distributions.

Definition 5.2.1. A generalized erasure channel(GEC) is any channel which satisfies the fol-

lowing condition for i.i.d. equiprobable inputs. The LLR distribution at the output of the channel

detector is a symmetric erasure distribution whenever thea priori LLR distribution is a symmet-

ric erasure distribution.

This allows DE of the joint iterative decoder to be represented by a single parameter

recursion. Letf(x) be a function which maps the erasure probability of thea priori LLR dis-

tribution, x, to the erasure probability at the output of the detector. The effect of the channel

on the DE depends only onf(x), which we refer to as theerasure transfer function(ETF) of

the GEC. This function is very similar to the mutual information transfer function,T (I), used

by the EXIT chart analysis of ten Brink [18]. Since the mutual information of a BEC with era-

sure probabilityx is 1 − x, the mutual information transfer function andf(x) are linked by the

identity,T (I) = 1 − f(1 − I).

A remarkable connection between the SIR of a channel,Is, and its mutual information

transfer function was also introduced by ten Brink in [19]. This result requires thatT (I) is

computed using a symmetric erasure distribution as thea priori LLR distribution. A clever

application of the chain rule for mutual information shows that

lim
n→∞

1
n
I(X1, . . . ,Xn;Y1, . . . , Yn) =

∫ 1

0
T (I)dI.

Assuming the input process is i.i.d. and equiprobable makes the LHS equal the SIR, and using

T (I) = 1 − f(1 − I) allows us to simplify this expression to

Is =
∫ 1

0
T (I)dI = 1 −

∫ 1

0
f(x)dx. (5.2.1)

Previously, we saw thatf(x) completely characterizes the DE properties of a GEC, and now we

see that it can also be used to compute the SIR.
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5.2.3 The Dicode Erasure Channel

The dicode erasure channel (DEC) is a binary-input channel based on the1−D linear

intersymbol-interference (ISI) dicode channel used in magnetic recording. Essentially, the output

of the dicode channel (+1, 0,−1) is erased with probabilityε and transmitted perfectly with

probability 1 − ε. The precoded DEC is essentially the same, except that the input bits are

differentially encoded prior to transmission. This modification simply changes the input labeling

of the channel state diagram. The state diagram of the dicode channel is shown with and without

precoding in Figure 5.2.2.

The simplicity of the DEC allows the BCJR algorithm for the channel to be analyzed

in closed form. The method is similar to the exact analysis of turbo codes on the BEC [20], and

the result shows that the DEC is indeed a GEC. Leaving the details to Appendix 5A, we state the

ETFs for the DEC with and without precoding. If there is no precoding and the outputs of the

DEC are erased with probabilityε, then the ETF of the channel detector is

f(x) =
4ε2

(2 − x(1 − ε))2
. (5.2.2)

On the other hand, using a precoder changes this function to

f(x) =
4ε2x (1 − ε(1 − x))
(1 − ε(1 − 2x))2

. (5.2.3)

Analyzing only the forward recursion of the BCJR algorithm allows one to compute

the SIR of the DEC, and the result, which was computed in Section 4.7.1, is given by

Is(ε) = 1 − 2ε2

1 + ε
.

It is easy to verify that one can also get this expression for the SIR from either (5.2.2) or (5.2.3)

by applying (5.2.1).

5.2.4 Irregular LDPC Codes

Irregular LDPC codes are a generalization of Gallager’s LDPC codes [5] that have

been shown to perform remarkably well under iterative decoding [13]. They are probably best

understood by considering their graphical representation as a bipartite graph, which is shown at

bottom of Figure 5.2.1. Iterative decoding is performed by passing messages along the edges of

this graph, and the evolution of these messages can be tracked using DE. In general, when we
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Figure 5.2.2: The state diagram of the dicode channel with and without precoding.

speak of an LDPC code we are referring to the ensemble of codes formed by picking a random

bipartite graph with the proper degree structure.

For channels with memory, the standard DE assumption of channel symmetry may not

hold. Essentially, this means that DE can only be applied to one codeword at a time. In [7], the

i.i.d. channel adaptor is introduced as a conceptual device which ensures the symmetry of any

channel. If the outer code is a linear code, then this approach is identical to choosing a random

coset and treating it as part of the channel. In this work, we employ the i.i.d. channel adaptor

approach by assuming that the choice of a random coset vector is embedded in the channel.

The degree distribution of an irregular LDPC code can be viewed either from the edge

or node perspective, and the results of this chapter are simplified by using both perspectives.

Let λ(x) be a polynomial defined byλ(x) =
∑

ν≥1 λνx
ν−1, whereλν is the fraction of edges

attached to a bit node of degreeν. Likewise, letρ(x) be a polynomial defined byρ(x) =∑
ν≥1 ρνx

ν−1, whereρν is the fraction of edges attached to a check node of degreeν. We

refer toλ(x) andρ(x) as the bit and check degree distribution from the edge perspective. Let

L(x) be a polynomial defined byL(x) =
∑

ν≥1 Lνx
ν , whereLν is the fraction of bit nodes

with degreeν. Let R(x) be a polynomial defined byR(x) =
∑

ν≥1Rνx
ν , whereRν is the

fraction of check nodes with degreeν. We refer toL(x) andR(x) as the bit and check degree

distributions from the node perspective. The coefficients of all these polynomials represent a

fraction of some whole, and that means thatλ(1) = ρ(1) = L(1) = R(1) = 1. Using the

definitions ofL(x) andR(x), it is also easy to verify thatL(0) = 0 andR(0) = 0. Finally, we

note that the possibility of bit and check nodes with degree 1 was intentionally included, so we

cannot assume thatλ(0) = 0 or ρ(0) = 0.
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The average bit degree,aL, and the average check degree,aR, are easily computed

to beaL =
∑

ν≥1 Lνν = L′(1) andaR =
∑

ν≥1Rνν = R′(1). One can also switch from

the bit to edge perspective by noting that each node of degreeν contributesν edges to the edge

perspective. Counting from the edge perspective and normalizing gives

λ(x) =

∑
ν≥1 Lννx

ν−1∑
ν≥1 Lνν

=
L′(x)
aL

(5.2.4)

and

ρ(x) =

∑
ν≥1Rννx

ν−1∑
ν≥1Rνν

=
R′(x)
aR

. (5.2.5)

Changing from the edge to bit perspective can be accomplished by integrating both sides of these

expressions. This also gives the alternative formulas,aL = 1/
∫ 1
0 λ(t)dt andaR = 1/

∫ 1
0 ρ(t)dt.

Finally, we note that the rate of an irregular LDPC code is given byR = 1 − aL/aR.

Iterative decoding of irregular LDPC codes on the BEC, with erasure probabilityδ,

was introduced by Lubyet al. in [11] and refined in [10]. The recursion for the erasure proba-

bility out of the bit nodes is given by

xi+1 = δλ (1 − ρ(1 − xi)) , (5.2.6)

while the dual recursion for edges out of the check nodes is given by

yi+1 = 1 − ρ (1 − δλ(yi)) . (5.2.7)

Applying linear programming (LP) to these recursions allows one to maximize the code rate over

one degree distribution while holding the other one fixed [11]. Although this type of alternating

maximization can have convergence problems, it does provide a technique for optimizing degree

distribution sequences which works well in practice.

5.3 Analysis of Joint Iterative Decoding

5.3.1 Single Parameter Recursion

Now, we consider a turbo equalization system which performs one channel iteration

for each LDPC code iteration. The function,f(x), gives the fraction of erasures produced by

the extrinsic output of the channel decoder when thea priori erasure rate isx. The update
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equations for this system are almost identical to (5.2.6) and (5.2.7). The main difference is that

the parameterδ now changes with iteration and is written asδi.

Consider the messages passed from the output of the check nodes to the input of the

bit nodes, and letx be the fraction which are erased. Since any non-erasure message passed into

a bit node gives perfect knowledge of the bit, the messages at the output of the bit node will

only be erased only if all of the messages at the input to the bit node are erased. Therefore, the

fraction of erased messages passed back from a bit node of degreeν to the check nodes is given

by δixν−1. Using this, it is easy to verify that the fraction of erased messages passed back from

all the bit nodes to the check nodes is given byδi
∑

ν≥1 λνx
ν−1 = δiλ(x).

There is also a fundamental difference between the messages passed from the bit nodes

to the check nodes and the messages passed from the bit nodes to the channel detector. This

difference is due to the fact that a degreeν bit node sendsν messages to the check nodes and

only 1 message to the channel detector. The fraction of erased messages passed from a degree

ν bit node to the channel detector is given byxν . Combining these two observations, shows

that the fraction of erased messages passed from all of the bit nodes to the channel detector is∑
ν≥1 Lνx

ν = L(x).

The recursion for the erasure probability out of the bit nodes is now given by

xi+1 = δiλ (1 − ρ(1 − xi)) , (5.3.1)

whereδi = f (L (1 − ρ(1 − xi))) andx0 = f(1). Likewise, the dual recursion for edges out of

the check nodes is now given by

yi+1 = 1 − ρ (1 − δiλ(yi)) ,

whereδi = f (L(yi)) andy0 = 1 − ρ (1 − f(1)).

5.3.2 Conditions for Convergence

Using the recursion (5.3.1), we can derive a necessary and sufficient condition for the

erasure probability to converge to zero. This condition is typically written as a basic condition

which must hold forx ∈ (0, 1] and an auxiliary stability condition which simplifies the analysis

atx = 0. The basic condition implies there are no fixed points in the iteration forx ∈ (0, 1] and

is given by

f (L (1 − ρ(1 − x)))λ (1 − ρ(1 − x)) < x. (5.3.2)
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Verifying this condition numerically for very smallx can be difficult, so we require instead that

x = 0 is a stable fixed point of the recursion. This is equivalent to evaluating the derivative of

(5.3.2) atx = 0, which gives the stability condition(
λ2(0)f ′(0)aL + λ′(0)f(0)

)
ρ′(1) < 1. (5.3.3)

The following facts make it easy to derive (5.3.3) from (5.3.2):ρ(1) = 1, L(0) = 0, and

L′(x) = aLλ(x).

Now, we can use (5.3.2) and (5.3.3) to say something about the code properties re-

quired by various channels.

1. If the channel hasf(0) > 0 and the code hasλ(0) > 0, thenf(0)λ(0) > 0 and (5.3.2)

cannot hold near zero. This means thatλ(0) = 0 is required for the satisfaction of (5.3.2),

and this implies that the code cannot have degree 1 bit nodes (i.e., bits with very little code

protection). In this case, the stability condition simplifies toλ2f(0)ρ′(1) ≤ 1.

2. If the channel hasf(0) = 0, then degree 1 bit nodes do not cause this problem. In this

case, the stability condition simplifies toλ2
1f

′(0)aLρ
′(1) < 1.

3. If the channel hasf(1) = 1 and the code hasρ(0) = 0, then iteration cannot proceed

beyond the fixed point atx = 1. It follows that the code must haveρ(0) > 0 to get the

iteration started. In this case, the required degree 1 check nodes essentially act very much

like pilot bits.

The next step is mapping (5.3.2) into an equivalent condition which is easier to manipulate.

Consider the condition

f (L (1 − ρ(1 − q(x))))λ (1 − ρ(1 − q(x))) < q(x),

for any q(x) which is a one-to-one mapping from the interval(0, 1] to the interval(0, 1]. This

new condition is equivalent to the original condition (5.3.2). Choosingq(x) = 1 − ρ−1(1 − x)

collapses the basic condition to

f (L(x))λ(x) < q(x) (5.3.4)

becauseq−1(x) = 1 − ρ(1 − x). Using (5.2.4), we can substitute forλ(x) to get

f (L(x))L′(x) < aLq(x). (5.3.5)
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Integrating both sides of this inequality from0 to x gives

F (L(x)) < aLQ(x),

whereF (x) =
∫ x
0 f(t)dt andQ(x) =

∫ x
0 q(t)dt. We note that the functionF (x) is non-

decreasing forx ≥ 0 because the functionf(x) is non-negative forx ≥ 0. This means that

F (x) is invertible forx ≥ 0 and we can solve forL(x) by writing

L(x) < F−1 (aLQ(x)) . (5.3.6)

It appears that we now have a closed form condition involving onlyL(x) which can be used

to analyze the system. Unfortunately, this condition (5.3.6) does not imply (5.3.2) because the

sequence of transformations is not reversible. Integrating both sides of an inequality preserves

the inequality, but working backwards requires that we take the derivative of both sides. This

does not, in general, preserve the inequality.

One way to work around this problem is to require that each step of the above deriva-

tion holds with equality. If we assume that (5.3.6) holds with equality, then we can takes its

derivative and solve forλ(x) to get

λ(x) =
q(x)

f (F−1 (aLQ(x)))
. (5.3.7)

It is easy to verify this step using the facts thatd
dxF

−1(x) = 1/f
(
F−1(x)

)
,Q′(x) = q(x), and

L′(x) = aLλ(x). Finally, we note that (5.3.7) implies that the basic condition (5.3.2) holds with

equality as well.

The following theorem relates these inequalities to the gap between the SIR and the

code rate.

Theorem 5.3.1. Consider any LDPC code ensemble, defined by the degree distributionsλ(x)

andρ(x), which satisfies (5.3.2) for some GEC with ETFf(x). The gap,∆, between the rate of

the LDPC code and the SIR of the channel,Is, is given by

∆ = Is −R =
∫ 1

0
g(x)dx,

whereg(x) = aLq(x) − f (L(x))L′(x) is the non-negative gap between the LHS and the RHS

of (5.3.5).
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Proof. Evaluating the integral gives∫ 1

0
g(x)dx = aL [Q(1) −Q(0)] − [F (L(1)) − F (L(0))] ,

whereQ(0) = 0, F (L(0)) = F (0) = 0, andF (L(1)) = F (1) = 1− Is. We can computeQ(1)

using the geometric fact that∫ 1

0
ρ(x)dx +

∫ 1

0
ρ−1(x)dx = 1,

and this gives

Q(1) =
∫ 1

0

(
1 − ρ−1(1 − x)

)
dx =

∫ 1

0

(
1 − ρ−1(x)

)
dx =

∫ 1

0
ρ(x)dx =

1
aR
.

Putting these together with the fact thatR = 1 − aL/aR gives∫ 1

0
g(x)dx =

aL

aR
− (1 − Is) = Is −R.

5.3.3 Achieving the Symmetric Information Rate

Now, we consider sequences of irregular LDPC code ensembles which can be used to

communicate reliably at rates arbitrarily close to the SIR. The code sequence is defined by the se-

quence of degree distributions
{
ρ(k)(x), λ(k)(x)

}
k≥0

and its associated rate sequence{Rk}k≥0

is given byRk = 1 − a
(k)
L /a

(k)
R via the results of Section 5.2.4. The main difficulty that we

will encounter while using algebraic methods to define code sequences is that the implied degree

distributions may not be non-negative and generally have infinite support. We say that a degree

distribution is (i)admissibleif its power series expansion aboutx = 0 has only non-negative

coefficients and (ii)realizable if it is a polynomial (i.e., finite degree) whose coefficients sum

to one. We say that a sequence of degree distributions isSIR achievingif, for any ε > 0, there

exists ank0 such that, for allk > k0, thekth degree distribution is (i) realizable, (ii) satisfies

(5.3.2), and (iii) has rateRk > Is − ε.

The following corollary of Theorem 5.3.1 provides a necessary and sufficient condition

for an SIR achieving sequence of degree distributions.

Corollary 5.3.2. Consider any sequence of LDPC code ensembles, defined by the sequence{
ρ(k)(x), λ(k)(x)

}
k≥0

of realizable degree distributions, which satisfy (5.3.2) for some GEC
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with ETFf(x). This sequence of codes is SIR achieving if and only if the associated sequence

of rate gap functions, defined by

g(k)(x) = a
(k)
L

[
q(k)(x) − f

(
L(k)(x)

)
λ(k)(x)

]
,

converges to zero almost everywhere on[0, 1].

Proof. The definition of SIR achieving requires that the associated sequence of rate gaps, defined

by ∆k =
∫ 1
0 g

(k)(x)dx, approaches zero. Sinceg(k)(x) > 0 on (0, 1] by assumption, this

requires thatlimk→∞ g(k)(x) = 0 almost everywhere on[0, 1].

Remark 5.3.3.For the BEC, Shokrollahi [16] showed that all sequences of capacity achieving

codes obey a flatness condition which says that the sequence of non-negative gap functions

implied by the basic condition, defined by

f
(
L(k)

(
1 − ρ(k)(1 − x)

))
λ(k)

(
1 − ρ(k)(1 − x)

)
− x,

converges (along with all of its derivatives) to zero uniformly on[0, 1]. We believe this can

probably be extended to GECs under the assumption that the power series expansion off(x)

aboutx = 0 converges uniformly on[0, 1].

In general, we construct SIR achieving sequences by starting with a sequence of realizable check

degree distributions
{
ρ(k)(x)

}
k≥0

and then using a slight variation of (5.3.7) to define a sequence

of bit degree distributions
{
λ̃(k)(x)

}
k≥0

. If each bit degree distribution in this sequence is

admissible with̃λ(k)(1) > 1, then we can form the sequence of realizable bit degree distributions{
λ(k)(x)

}
k≥0

by truncating the power series of eachλ̃(k)(x) so thatλ(k)(1) = 1. Specifically,

we generalize the notation of Section 5.2.4 and letλ
(k)
i = λ̃

(k)
i for 1 ≤ i < Nk, whereNk is the

smallest integer such that
∑Nk

i=1 λ̃
(k)
i ≥ 1. The last termλ(k)

Nk
is then chosen so thatλ(k)(1) = 1.

One problem with this method, which does not occur for the BEC [15], is that the

truncation may cause the basic condition (5.3.2) to fail. To overcome this problem, we require

the codes in sequence to satisfy the slightly stronger condition that

(1 + αk)f
(
L̃(k)(x)

)
λ̃(k)(x) = q(k)(x), (5.3.8)

where L̃(k)(x) =
∫ x
0 λ̃

(k)(t)dt/
∫ 1
0 λ̃

(k)(t)dt and q(k)(x) = 1 −
(
ρ(k)

)−1
(1 − x). This is

essentially the same as designing codes for a sequence of degraded channels given byf (k)(x) =
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(1 + αk)f(x). Adapting (5.3.6) to our system with equality gives

L̃(k)(x) = F−1

(
1

1 + αk
ã

(k)
L Q(k)(x)

)
, (5.3.9)

whereQ(k)(x) =
∫ x
0 q

(k)(t)dt. Requiring that̃L(k)(1) = 1 is the same as choosing̃a(k)
L so that,

without truncation, the code rate equals the SIR of the degraded channel. This gives

ã
(k)
L = a

(k)
R (1 + αk)F (1), (5.3.10)

because from (5.2.1) we haveIs = 1 − F (1). Taking the derivative of (5.3.9) and substituting

for ã(k)
L with (5.3.10) gives

λ̃(k)(x) =
q(k)(x)

(1 + αk)f
(
F−1

(
F (1)a(k)

R Q(k)(x)
)) . (5.3.11)

Notice that the channel only enters this equation via the expressionf
(
F−1 (F (1)x)

)
and that

varyingαk really only changes the truncation point forλ(k)(x). Using the facts thatq(k)(x) = 1

andQ(k)(1) = 1/a(k)
R , we also note that

λ̃(k)(1) =
1

(1 + αk)f(1)
. (5.3.12)

This means that the truncation will work, for small enoughαk, as long asf(1) < 1.

Theorem 5.3.4. Let
{
ρ(k)(x)

}
k≥0

be a sequence of realizable check degree distributions and

let
{
λ̃(k)(x)

}
k≥0

be the sequence of bit degree distributions given by (5.3.11). Suppose that (i)

the first derivative off(x) is bounded on[0, 1] andf(1) < 1, (ii) eachλ̃(k)(x) given by (5.3.11)

with αk = 0 is admissible, and (iii) the average check degreea
(k)
R and maximum bit degreeNk

satisfya(k)
R /Nk → 0. Under these conditions, there exists a positive sequence{αk}k≥0 such

that the sequence of degree distributions
{
ρ(k)(x), λ(k)(x)

}
k≥0

defined above is SIR achieving.

Proof. We start by examining the effect of the power series truncation. This gives the the sand-

wich inequality

λ̃(k)(x) −
(
λ̃(k)(1) − 1

)
xNk−1 ≤ λ(k)(x) < λ̃(k)(x), (5.3.13)

where the LHS holds because
(
λ̃(k)(1) − 1

)
xNk−1 is an upper bound on the truncated terms

and the RHS holds by truncation of positive terms. Now, consider the integral representation,
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L(k)(x) =
∫ x
0 λ

(k)(t)dt/
∫ 1
0 λ

(k)(t)dt, implied by integrating (5.2.4). Using this and (5.3.13),

we get a sandwich inequality forL(k)(x) given by∫ x
0

(
λ̃(k)(t) −

(
λ̃(k)(1) − 1

)
tNk−1

)
dt∫ 1

0 λ̃
(k)(t)dt

< L(k)(x) <

∫ x
0 λ̃

(k)(t)dt∫ 1
0

(
λ̃(k)(t) −

(
λ̃(k)(1) − 1

)
tNk−1

)
dt
,

whereλ(k)(x) is upper/lower bounded by the RHS/LHS of (5.3.13) respectively. Evaluating the

integrals and rearranging terms reduces this to

L̃(k)(x) − βkx
Nk < L(k)(x) <

1
1 − βk

L̃(k)(x), (5.3.14)

whereβk =
(
λ̃(k)(1) − 1

)
ã

(k)
L /Nk. Using (5.3.10) and (5.3.12), we also see that

βk =
(

1
(1 + αk)f(1)

− 1
)
a

(k)
R (1 + αk)(1 − Is)

Nk
≤ a

(k)
R (1 − Is)
f(1)Nk

= O

(
a

(k)
R

Nk

)
. (5.3.15)

Now, we use these results to analyze the convergence condition for the true channel.

First, we defineαk to take the smallest value such that

f
(
L(k)(x)

)
λ(k)(x) < q(k)(x) (5.3.16)

for all x ∈ (0, 1], whereL(k)(x) andλ(k)(x) depend implicitly onαk through the truncation of

(5.3.11). Using this value forαk means that, by definition,
{
ρ(k)(x), λ(k)(x)

}
k≥0

is a sequence

of realization degree distributions which satisfies the basic condition. Next, we derive an upper

bound on the value ofαk chosen. Using (5.3.13) and (5.3.14), it is easy to verify that the

condition,

f

(
1

1 − βk
L̃(k)(x)

)
λ̃(k)(x) ≤ q(k)(x), (5.3.17)

is more stringent than (5.3.16) and therefore implies (5.3.16). Using (5.3.8) to substitute for

q(k)(x), we can then solve for the smallestαk that implies (5.3.17). The result is the upper

bound,

αk ≤ max
0≤x≤1

f

(
1

1 − βk
L̃(k)(x)

)
/f
(
L̃(k)(x)

)
− 1, (5.3.18)

because anyαk which satisfies this condition must imply (5.3.17) and (5.3.16).
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Finally, we show that the sequence of rate gaps∆k = Is − Rk converges to zero.

Using the LHS of (5.3.13) and the integral form ofa(k)
L , we can write

1

a
(k)
L

≥
∫ 1

0

(
λ̃(k)(x) −

(
λ̃(k)(1) − 1

)
xNk−1

)
dx =

1

ã
(k)
L

− λ̃(k)(1) − 1
Nk

= (1 − βk)
1

ã
(k)
L

.

Using this and (5.3.10), we can lower bound the code rate with

Rk ≥ 1 − ã
(k)
L

a
(k)
R (1 − βk)

= 1 − (1 + αk)(1 − Is)
1 − βk

.

This means that the rate gap is upper bounded by

∆k ≤ Is(1 − βk)
1 − βk

− (1 − βk) − (1 + αk)(1 − Is)
1 − βk

=
(αk + βk)(1 − Is)

1 − βk
.

Combining the assumption thata(k)
R /Nk → 0 with (5.3.15) shows thatβk → 0. Since the first

derivative off(x) is bounded, we can also combineβk → 0 with (5.3.18) to show thatαk → 0.

In fact, examining (5.3.18) more closely shows thatαk = O (βk) which means the rate gap is

also∆k = O (βk) = O
(
a

(k)
R /Nk

)
. This completes the proof.

5.3.4 Degree Sequences with Regular Check Distributions

In this section, we limit our scope somewhat by choosing check distributions with a

single non-zero coefficient. This type of check distribution is called regular, and is defined by

ρ(k)(x) = xk−1. This implies thatq(k)(x) = 1 − (1 − x)1/(k−1) andQ(k)(x) = (k − 1)(1 −
x)k/(k−1)/k + x, and we use these to rewrite (5.3.11) as

λ̃(k)(x) =
1 − (1 − x)1/(k−1)

(1 + αk)f
(
F−1

(
F (1) (k−1)(1−x)k/(k−1)+kx

k

)) .
As shown in [15], the non-negative power series expansion of1 − (1 − x)1/(k−1) is given by

1 − (1 − x)1/(k−1) =
∞∑
i=1

(
1/(k − 1)

i

)
(−1)i+1xi.

This means that question of whether or notλ̃(k)(x) has a non-negative power series expansion is

very much linked to the power series expansion ofh(x) , 1/f
(
F−1 (F (1)x)

)
. While answer-

ing this question is difficult, we can still make general comments. For one, this method appears

to be doomed if the coefficients ofh(x) do not decay to zero. Since the location of the smallest
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Figure 5.3.1: This shows the bit degree distributionsλ(k)(x) resulting from constructing check
regular codes for the precoded DEC withε = 1/2. The vertical axis of each subplot is scaled
differently to highlight their similarity.

zero in the denominator ofh(x) determines the exponential growth rate of the coefficients, it

makes sense that the modulus of smallest zero in the denominator should be larger than one.

This implies the coefficients will decay exponentially.

For the DEC, with and without precoding, we can deriveh(x) in closed form. Without

precoding, this expression is given by

h(x) =

(
x+ ε2

(
2 − 3x+ 2ε3(1 + x)

))2
ε2(1 + ε)2 (2ε2 + x(1 − ε))2

.

The addition of a precoder changes this to

h(x) =
(1 + 2ε2

√
x(x+ 2 − 2ε) − ε2(1 − 2x))2

4ε3(x+
√
x(x+ 2 − 2ε))(1 − ε2(1 − x) + ε2

√
x(x+ 2 − 2ε))

.

Using the criterion that the smallest zero of the denominator should have modulus greater than

one, we have determined that the DEC without precoding requires that0.5 < ε < 1 and the DEC
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k a
(k)
R a

(k)
L Rk ∆k Nk αk βk λ

(k)
1 λ

(k)
1

4 4 1.595 0.6011 0.0655 4 0.16 0.4844 0.3127 0.3048

5 5 1.903 0.6193 0.0473 7 0.069 0.3937 0.2563 0.2562

6 6 2.102 0.6496 0.0170 9 0.048 0.2671 0.2181 0.2134

7 7 2.411 0.6555 0.0111 19 0.025 0.1681 0.1991 0.1843

8 8 2.718 0.6602 0.0064 33 0.014 0.1063 0.1615 0.1614

9 9 3.030 0.6632 0.0034 56 0.0075 0.0666 0.1436 0.1433

10 10 3.349 0.6651 0.0016 101 0.0042 0.0411 0.1287 0.1286

11 11 3.677 0.6657 0.0009 184 0.0023 0.0249 0.1166 0.1165

Table 5.1: Code construction results for the precoded DEC withε = 1/2.

with precoding requires that0 < ε . 0.6309. While this does not prove that sequences of check

regular codes cannot achieve the SIR of arbitrary GECs, it definitely hints at this possibility.

For the precoded DEC withε = 0.5, we constructed the check regular code sequence

for k = 4, . . . , 11. While we were unable to prove that the coefficients of each power series

expansion are non-negative, we did verify this numerically for the first 200 coefficients. The

results of this experiment are shown in Table 5.1 and Figure 5.3.1. Since the choice ofαk in our

construction guarantees that each code satisfies the convergence condition for the channel, all of

these rates and rate gaps are valid. It is also worth noting that the degree sequences shown in

Figure 5.3.1 are all very similar once you account for truncation and scaling. The table also gives

the fraction of edges connected to degree 1 nodes,λ
(k)
1 , and the maximum value allowed by the

stability condition,λ
(k)
1 . Although, we cannot prove that this sequence of codes satisfies the

conditions of Theorem 5.3.4, we can still compare the results to the predictions of the theorem.

We find that the constants follow the predictions of Theorem 5.3.4 quite well. For one,Nk

appears to be growing exponentially withk and∆k seems to be decaying exponentially withk.

This type of behavior is well-known for check regular codes on the BEC [16].

For the DEC withε = 0.85 and no precoding, we also constructed the check regular

code sequence. In this case,Nk grows so rapidly that we could only construct the codes with

k = 3, 4, 5. This time, we verified numerically that the first 800 coefficients of each power

series are non-negative. The results are shown in Table 5.2, and again the sequences follow the

predictions of Theorem 5.3.4 quite well. This table also shows the fraction of edges connected
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k a
(k)
R a

(k)
L Rk ∆k Nk αk βk λ

(k)
2 λ

(k)
2

3 3 2.370 0.2101 0.0088 14 0.00053 0.0308 0.6920 0.6916

4 4 3.129 0.2177 0.0011 107 0.00018 0.0054 0.4613 0.4612

5 5 3.906 0.2187 0.0002 757 0.00003 0.0009 0.3460 0.3460

Table 5.2: Code construction results for the DEC withε = 0.85 and no precoding.

to degree 2 bit nodes,λ(k)
2 , and the maximum value allowed by the stability condition,λ

(k)
2 .

Finally, we should note that values ofε andk chosen for these experiments carefully

avoided power series expansions with non-negative coefficients. Though not shown here, we

have also considered code sequences with arbitrary ETFs such asf(x) = ax + b. In all these

cases, we have not found any situation where the power series expansion suddenly has a negative

term after a long initial sequence of positive terms. In general, the expansions we have found

with negative terms expose themselves within the first five terms. Picking larger values ofk also

seems to help and any expansion usually has negative terms for small enoughk.

5.4 Results for Arbitrary GECs

5.4.1 The Existence of Arbitrary GECs

From what we have discussed so far, it is not clear that the set of GECs contains any-

thing more than the DEC with and without precoding. Nothing in our analysis, however, prevents

us from considering the much larger family of GECs implied by any non-decreasingf(x) which

maps the interval[0, 1] into itself. Moreover, we believe that it is possible to construct, albeit

somewhat artificially, a binary-input GEC for any suchf(x). This would means that, in some

sense, there is a GEC for every well-defined ETF. Similar ideas may also be useful in the context

of EXIT charts analysis.

The ETF of a GEC is defined as mapping from thea priori erasure probability of the

channel decoder to the erasure probability of the extrinsic output. If thea priori messages from

the code to the channel decoder are divided randomly into two groups of equal size, then erasure

probability in the two groups will be the same. Now, suppose that these groups of bits are sent

through different GECs. In this case, the extrinsic messages from the first channel will have
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Figure 5.4.1: The results of approximating the non-precoded DEC withε = 0.5 andn = 10.

erasure probabilityf1(x) and the extrinsic messages from the second channel will have erasure

probabilityf2(x). Since the two groups were chosen at random, the average erasure probability

of all the extrinsic messages passed back to the code will be(f1(x) + f2(x)) /2. This idea of

linearly combining channels was first introduced in the context of EXIT charts and doping [17].

It also extends naturally to an arbitrary weighted combinations of GECs.

Now, consider the performance of a rate-1/2 systematic linear code when the system-

atic bits are erased with probabilityx and the non-systematic bits are erased with probabilityy.

We assume that the code is chosen randomly and that the block length is arbitrarily large. Assum-

ing that the coding theorem holds for this special case, a maximum likelihood decoder should be

able to recover all of the systematic bits as long as the average bit erasure rate,(x+ y)/2, is less

than1/2. If the average erasure rate is larger than1/2, then, with probability 1, there will not be

enough information to reconstruct all of the systematic bits. Therefore, we conjecture that the

extrinsic erasure rate, at the output of an APP decoder for this code, will be given by

u(x, y) =

 0 0 ≤ x+ y < 1

1 1 ≤ x+ y ≤ 2
.

This ensemble of codes can be treated as a GEC whose inputs are the systematic bits

and whose outputs are the parity bits. In this case, the ETF for the GEC with parametery and

a priori erasure ratex is given byu(x, y). It is not too hard to see that we can approximate any

non-decreasingf(x), which maps the interval[0, 1] into itself, in this fashion. If we define the
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sequence of approximations by

fn(x) =
n∑

i=0

wn

(
i

n

)
u

(
x,
i

n

)
with

wn

(
i

n

)
= f

(
n− i

n

)
− f

(
n− i− 1

n

)
,

thenfn(x) is essentially thenth order lower Riemann approximation off(x). An example of

the approximating function is shown in Figure 5.4.1. Iff(x) is differentiable on[0, 1], these

approximations will converge, asn goes infinity, to

f(x) =
∫ 1

0
w(y)u(x, y)dy

with

w(y) = δ(1 − y)f(0) + f ′(1 − y),

whereδ(y) is the Dirac delta function.

5.4.2 Numerical Optimization via Linear Programming

In this section, we attempt to leverage our closed form condition, (5.3.6), into a practi-

cal technique for optimizing degree distributions for arbitrary GECs. The result is an algorithm

similar to the alternating LP optimization presented in [11]. The optimization algorithm works

by choosing a regularly spaced grid of points and using LP to maximize the code rate while

satisfying the constraint at each grid point. We use a grid based on the erasure probability passed

into a check node, make use of the fact that (5.3.2) need only be satisfied forx ∈ (0, f(1)].

Using this, it is sufficient to use the gridX = {0, s, 2s, . . . , bf(1)/sc s, f(1)}, and we note

thats = 0.02 seems to work well in practice. The arguments passed to the algorithm consist of

the set of active bit degreesL, the set of active check degreesR, and the initial check degree

distribution ρ(x). The algorithm proceeds by alternately optimizingλ(x), for fixed ρ(x), and

ρ(x), for fixedλ(x).

There are three things which make this algorithm tricky to use in practice, however.

The first is that the parameteraL in (5.3.7) must be guessed correctly to make things work. The

second is that the functionq(x) generally gets very steep asx approaches1, so expressions must
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be evaluated carefully to avoid numerical problems. The third is that LP is used to maximize the

rate under a constraint similar to (5.3.7), but we know this constraint does not imply that (5.3.2)

holds as well. The algorithm is stabilized by the fact that theρ(x) optimization always produces

a valid code which satisfies (5.3.2). Furthermore, if the algorithm converges, then (5.3.7) will

be satisfied with near equality which implies that (5.3.2) will also be satisfied with near equality.

All of these add up to an algorithm that can work quite well, albeit with some tweaking of the

initial conditions. Lastly, the convergence is rarely monotonic and the algorithm may initially

wander through terrible codes (i.e. negative rate) before finding a very good code.

Consider optimizingρ(x) for some fixedλ(x). The goal of maximizing the code rate

for fixedλ(x) is equivalent to minimizing the linear objective function,

1/aR =
∑
ν∈R

ρv
1
ν
, (5.4.1)

because the code rate is1 − aL/aR. The LP constraints can be derived by starting with (5.3.4)

and applyingq−1(x) to both sides to get

q−1 (f (L(x)) λ(x)) < x.

Sinceq−1(x) = 1 − ρ(1 − x), this inequality can be rewritten as∑
ν∈R

ρν

(
1 − (1 − f (L(x))λ(x))ν−1

)
< x,

which is linear in theρν ’s. In practice, we have found that the numerical robustness is improved

by lettingφ(x) equal theρ(x) from the previous iteration, and requiring that∑
ν∈R

ρν

(
1 − (1 − f (L (1 − φ(1 − x)))λ (1 − φ(1 − x)))ν−1

)
< 1 − φ(1 − x) (5.4.2)

be satisfied for allx ∈ X . The stability condition, (5.3.3), can also be handled via the extra

inequality

∑
ν∈R

ρν(ν − 1) <

 1/
(
λ2

1f
′(0)aL

)
if f(0) = 0

1/ (λ2f(0)) if f(0) > 0
.

Now, we consider optimizingλ(x) for fixed ρ(x). Our goal of maximizing the code

rate for fixedρ(x) is equivalent to maximizing the linear objective function,

1/aL =
∑
ν∈L

λv
1
ν
, (5.4.3)
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because the code rate is1 − aL/aR. The LP constraints can be derived by starting with (5.3.7),

substituting1 − ρ(1 − x) for x, and transforming it into an inequality to get

λ (1 − ρ(1 − x)) <
x

f (F−1 (aLQ (1 − ρ(1 − x))))
.

One subtlety is choosing theaL so the algorithm performs well. We have found that choosing

aL = F (1)/aR, which implicitly assumes that we will achieve the SIR, does the trick. Adding

the relaxation constant,c, and rewriting this gives the linear inequality,∑
ν∈L

λν (1 − ρ(1 − x))ν−1 <
cx

f (F−1 (F (1)aRQ (1 − ρ(1 − x))))
, (5.4.4)

which must be satisfied for allx ∈ X . It is worth pointing out the similarity between (5.4.4) and

(5.3.11) withc playing the role ofαk. The stability condition, (5.3.3), depends on the channel

and is given by

λ1 < c
√

1
f ′(0)aLρ′(1) if f(0) = 0

λ2 <
c

f(0)ρ′(1) if f(0) > 0

The relaxation constant is used to improve convergence and we typically usec = 1− (0.1)1+i/4

for theith λ(x) optimization.

In our implementation, all of the function evaluations required are done via linear in-

terpolation from sampled function tables. For example, we start by samplingf(x) on a very fine

grid. Next, we letF (x) be the integral of linear interpolatedf(x), which is given by trapezoidal

integration of thef(x) sample table. Inverse functions can also be handled by via linear inter-

polation. To do this, one simply reverses the role of the sampling grid and the sampled function

table. Finally, the functionQ (1 − ρ(1 − x)) can be computed accurately and efficiently using

Q (1 − ρ(1 − x)) =
∑
ν∈R

ρν

(
1 − (1 − x)ν

ν
− x(1 − x)ν−1

)
. (5.4.5)

Remark 5.4.1.This formula forQ (1 − ρ(1 − x)) can be derived by noticing that the rectangle

extending from(0, 0) to (x, q(x)) can be divided into two regions by the curveq(t) with t ∈
[0, x]. Using the fact that the area of these two regions must sum toxq(x), we have∫ x

0
q(t)dt+

∫ q(x)

0
q−1(t)dt = xq(x).
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This allows us to compute the integral ofq(x) with

Q(x) =
∫ x

0
q(t)dt

= xq(x) −
∫ q(x)

0
q−1(t)dt

= xq(x) −
∫ q(x)

0
(1 − ρ(1 − t)) dt

= xq(x) −
∑
ν≥1

ρν

(
q(x) − 1 − (1 − q(x))ν

ν

)
.

Finally, we evaluate this expression by substituting1 − ρ(1 − y) = q−1(y) for x to get

Q (1 − ρ(1 − y)) = (1 − ρ(1 − y)) y −
∑
ν≥1

ρν

(
y − 1 − (1 − y)ν

ν

)
.

Expandingρ(1 − y) and simplifying gives (5.4.5).

5.4.3 A Stability Condition for General Channels

In this section, we discuss one implication that this research has on the joint itera-

tive decoding of LDPC codes and general channels with memory. This implication is that the

stability condition for general channels may actually be as simple as the stability condition for

memoryless channel. Recall that, as long asf(0) > 0, the stability condition for GECs is given

by λ2ρ
′(1)f(0) < 1. This condition is identical to the stability condition for the memoryless

erasure channel with erasure probabilityf(0). Let F0(x) be the LLR density at the extrinsic

output of the channel decoder, for a general channel, when perfecta priori information is passed

to the decoder. As long asF0(x) does not have perfect information itself (i.e., it is not equal

to a delta function at infinity), then the stability condition is given by applying the memoryless

channel condition from [13] toF0(x). This makes sense because, when the joint decoder is near

convergence, the LLRs passed asa priori information to the channel decoder are nearly error

free. A more rigorous analysis of this phenomenon is given in Appendix 5B.3.

5.5 Concluding Remarks

In this chapter, we consider the joint iterative decoding of irregular LDPC codes and

channels with memory. We introduce a new class of erasure channels with memory, known as
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generalized erasure channels (GECs). For these channels, we derive a single parameter recur-

sion for density evolution of the joint iterative decoder. This allows us to state necessary and

sufficient conditions for decoder convergence and to algebraically construct sequences of LDPC

degree distributions which appear to approach the symmetric information rate of the channel.

This provides the first possibility of proving that the SIR is actually achievable via iterative de-

coding. In the future, we hope to prove that the two degree sequences constructed in this chapter

actually achieve the SIR. The bigger question is whether or not it is possible to construct degree

distribution sequences which achieve the SIR for any GEC.

5A Exact Analysis of the BCJR Decoder for the DEC

In this section, we analyze the behavior of a BCJR decoder for a DEC with erasure

rateε. This is achieved by first finding the steady state distributions of the forward and backward

recursions, and then computing the extrinsic erasure rate of the decoded input stream. Prior

knowledge of the input is taken into account by assuming that it is observed independently

through a BEC with erasure rateδ. This approach makes it possible to derive closed form

expressions for a system which combines a low density parity check (LDPC) code with a BCJR

decoder for this channel. Throughout this section, we assume that the channel inputs are chosen

i.i.d. B(1/2).

5A.1 The Dicode Erasure Channel without Precoding

Consider the BCJR algorithm operating on a DEC without precoding. In this section,

we compute the extrinsic erasure rate of that decoder as an explicit function of the channel

erasure rate,ε, and thea priori erasure rate,δ. This is done by analyzing the forward recursion,

the backward recursion, and the output stage separately.

Expanding our decoder to considera priori information is very similar to expanding

the alphabet of our channel. Instead of receiving a single output symbol from the setY =

{−, 0,+, e}, we receive a pair of output symbols. One is from the setY and the other, which

represents thea priori symbol, is from the setW = {0, 1, e} . Since the channel has only two

states, it suffices to consider the quantityα(t) , α
(t)
0 = 1 − α

(t)
1 = Pr(St = 0|Wt−1

1 ,Yt−1
1 ).

The real simplification, however, comes from the fact that the distribution ofα(t) has finite
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support whenX ∼ B(1/2). LetWt andYt be thea priori symbol and channel output received

at timet, respectively. Using this, we can write the forward recursion as

α(t+1) =
α(t)Mα(Wt, Yt)∥∥α(t)Mα(Wt, Yt)

∥∥
1

,

whereα(t) =
[
α(t) 1 − α(t)

]
and[Mα(w, y)]ij = Pr(St+1 = j,Wt = w, Yt = y|St = i). It is

easy to verify that this recursion is identical to the simpler recursion,

α(t+1) =



1/2 if Yt = e andWt = e

α(t) if Yt = 0 andWt = e

0 if Yt = + orWt = 1

1 if Yt = − orWt = 0

.

Using the simple recursion, we see that, for allt ≥ min {i ≥ 1|Yi 6= 0 orWi 6= e}, α(t) will be

confined to the finite set{0, 1/2, 1}.

The inherent symmetry of the channel actually allows us to consider even a smaller

support set. The real difference between the threeα values in the support set is whether the state

is known perfectly or not. Whenα(t) ∈ {0, 1}, the state is known with absolute confidence,

while α(t) = 1/2 corresponds to no prior knowledge.

Using a two state Markov chain, we can compute the steady state probabilities of a new

Markov chain which characterizes the forward recursion. To do this, we treat the known state

condition (i.e.,α(t) ∈ {0, 1}) as theKα state and unknown state condition (i.e.,α(t) = 1/2) as

theUα state. The new Markov chain transitions from theKα state to theUα state only ifW = e

andY = e. Therefore, we havePr(Kα → Uα) = 1 − Pr(Kα → Kα) = εδ. The new Markov

chain also transitions from theUα state to theUα state only ifW = e andY ∈ {e, 0}. This

means that we havePr(Uα → Uα) = 1−Pr(Uα → Kα) = δ(ε+ (1− ε)/2). The steady state

probabilitiesPr(Kα) andPr(Uα) can be found using the eigenvector equation,

[
Pr(Kα) Pr(Uα)

] 1 − εδ εδ

1 − δ(1+ε)
2

δ(1+ε)
2

 =
[
Pr(Kα) Pr(Uα)

]
,

whose solution isPr(Uα) = 1 − Pr(Kα) = 2εδ
2−δ(1+ε)+2εδ .

The backward recursion is analyzed in an almost identical manner. In this case, it

suffices to consider the quantityβ(t) , β
(t)
0 = 1 − β

(t)
1 = Pr(St = 0|Wn

t ,Y
n
t ). Now, we can
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write the backward recursion as

β(t+1) =
β(t)Mβ(Wt, Yt)∥∥∥β(t)Mβ(Wt, Yt)

∥∥∥
1

,

whereβ(t) =
[
β(t) 1 − β(t)

]
and [Mβ(w, y)]ij = Pr(St = j,Wt = w, Yt = y|St+1 = i).

Again, we have a simpler recursion which, in this case, is given by

β(t+1) =



1/2 if Yt = e

α(t) if Yt = 0 andWt = e

0 if Yt = + or (Yt = 0 andWt = 0)

1 if Yt = − or (Yt = 0 andWt = 1)

.

Using the simple recursion, we see that, for allt ≥ min {i ≥ 1|Yi 6= 0}, β(t) will be confined to

the finite set{0, 1/2, 1}.

Now, we can use a two state Markov chain to compute the steady state probabilities

of a new Markov chain which characterizes the backward recursion. To do this, we treat the

known state condition (i.e.,β(t) ∈ {0, 1}) as theKβ state and unknown state condition (i.e.,

β(t) = 1/2) as theUβ state. The new Markov chain transitions from theKβ state to theUβ state

if Y = e. Therefore, we havePr(Kβ → Uβ) = 1 − Pr(Kβ → Kβ) = ε. The new Markov

chain also transitions from theUβ state to theUβ state if: (i)Y = e or (ii) W = e andY = 0.

This means that we havePr(Uβ → Uβ) = 1 − Pr(Uβ → Kβ) = ε + δ(1 − ε)/2. The steady

state probabilitiesPr(Kα) andPr(Uα) can be found using the eigenvector equation,

[
Pr(Kβ) Pr(Uβ)

] 1 − ε ε

1 − ε− δ(1−ε)
2 ε+ δ(1−ε)

2

 =
[
Pr(Kβ) Pr(Uβ)

]
,

whose solution isPr(Uβ) = 1 − Pr(Kβ) = 2ε
(1−ε)(2−δ)+2ε .

Now, we consider the output stage of the BCJR algorithm DEC without precoding.

At any point in the trellis, there are now four distinct possibilities for forward/backward state

knowledge:KαKβ , KαUβ , UαKβ , andUαUβ. At the extrinsic output of the decoder, the re-

spective erasure probability conditioned on each possibility is: 0,ε, 0, and(1 + ε)/2. Therefore,
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the erasure probability of the extrinsic output of the BCJR is

Pe = Pr(Uβ)
(
εPr(Kα) +

1 + ε

2
Pr(Uα)

)
=

2ε
(1 − ε)(2 − δ) + 2ε

(
ε

2 − δ(1 + ε)
2 − δ(1 + ε) + 2εδ

+
1 + ε

2
2εδ

2 − δ(1 + ε) + 2εδ

)
=

4ε2

(2 − δ(1 − ε))2
.

Decoding withouta priori information is equivalent to choosingδ = 1, and the corresponding

expression simplifies to4ε2/(1 + ε)2.

5A.2 The Dicode Erasure Channel with Precoding

Consider the BCJR algorithm operating on a DEC using a1/(1 + D) precoder. In

this section, we compute the extrinsic erasure rate of that decoder as an explicit function of the

channel erasure rate,ε, and thea priori erasure rate,δ. This is done by analyzing the forward

recursion, the backward recursion, and the output stage separately.

Our approach is basically the same as that of Section 5A.1. Therefore, we start by

simplifying things with the reduced forward recursion given by

α(t+1) =



1/2 if Yt = e andWt = e

α(t) if Yt = 0 orZt = 0 orZt = 1

0 if Yt = +

1 if Yt = −

.

Using this, we see that, for allt ≥ min {i ≥ 1|Yi 6= 0}, α(t) will be confined to the finite set

{0, 1/2, 1}.

The two state Markov chain that we use to characterize the forward recursion is again

based on the known state conditionKα (i.e.,α(t) ∈ {0, 1}) and the unknown state conditionUα

(i.e.,α(t) = 1/2). In this case, the new Markov chain transitions from theKα state to theUα

state only ifW = e andY = e. Therefore, we havePr(Kα → Uα) = 1−Pr(Kα → Kα) = εδ.

The new Markov chain also transitions from theUα state to theKα state only ifY ∈ {+,−}.

This means that we havePr(Uα → Kα) = 1 − Pr(Uα → Uα) = (1 − ε)/2. The steady state

probabilitiesPr(Kα) andPr(Uα) can be found using the eigenvector equation,[
Pr(Kα) Pr(Uα)

] 1 − εδ εδ
(1−ε)

2
(1+ε)

2

 =
[
Pr(Kα) Pr(Uα)

]
,
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whose solution isPr(Kα) = 1 − Pr(Uα) = 1−ε
1−ε+2εδ .

The precoded case is also simplified by the fact that the state diagram of the precoded

channel is such that time reversal is equivalent to negating the sign of the output. Therefore, the

statistics of the forward and backward recursions are identical andPr(Kβ) = 1 − Pr(Uβ) =

Pr(Kα).

Now, we consider the output stage of the BCJR algorithm for the precoded DEC. At

any point in the trellis, there are now four distinct possibilities for forward/backward state knowl-

edge:KαKβ, KαUβ , UαKβ, andUαUβ. At the extrinsic output of the decoder, the respective

erasure probability conditioned on each possibility is: 0,ε, ε, and ε. Therefore, the erasure

probability of the extrinsic output of the BCJR is

Pe = ε (1 − Pr(Kα)Pr(Kβ))

= ε

(
1 − (1 − ε)2

(1 − ε+ 2εδ)2

)
=

4ε2δ(1 − ε(1 − δ))
(1 − ε(1 − 2δ))2

.

Again, decoding withouta priori information is equivalent to choosingδ = 1, and the corre-

sponding expression simplifies to4ε2/(1 + ε)2.

5B Joint Iterative Decoding DE for General Channels

While the initial steps of this analysis were focused on GECs, it is entirely possible

to write out the DE recursion, such as (5.3.1), for general message passing. Many of these

ideas were first introduced by Richardson and Urbanke in [13]. This recursion will track the

density function of the messages passed along a particular edge. In general, the messages will be

LLRs but most of this analysis does not depend on this. We will, however, make use of notation

based on using LLR messages. For example, we use∆∞ to denote the message implying perfect

knowledge of a “0” bit because, in the LLR domain, this message corresponds to a delta function

at infinity. Likewise, the message implying perfect knowledge of a “1” bit is denoted by∆−∞.

We also use∆0 to denote the message implying the complete lack of knowledge because, in the

LLR domain, this message corresponds to a delta function at zero.

For channels with memory, the standard DE assumption of channel symmetry may not

hold. Essentially, this means that DE can only be applied to one codeword at a time. In [7], the
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i.i.d. channel adaptor is introduced as a conceptual device which ensures the symmetry of any

channel. If the outer code is a linear code, then this approach is identical to choosing a random

coset and treating it as part of the channel. In this section, we use the i.i.d. channel adaptor

approach so that DE can be applied to all codewords simultaneously.

Let ⊗ be a commutative binary operator on message densities which represents the

message combining function for the bit nodes. For example, if the messages consist of LLRs,

then this operator will represent convolution because LLRs are added at the bit nodes. In this

case, the operator can be defined by noting thatR = P ⊗Q implies

R(x) =
∫ ∞

−∞
P (y)Q(x− y)dy.

Using the notation,

P⊗k = P ⊗ . . .⊗ P︸ ︷︷ ︸
k times

,

for exponentials, we can now defineλ⊗(P ) =
∑

ν≥1 λνP
⊗ν−1 andL⊗(P ) =

∑
ν≥1 LνP

⊗ν .

Let ⊕ be a commutative binary operator on message densities which represents the message

combining function for the check nodes. If min-sum decoding is used in the LLR domain,

then this operator can be defined by noting thatR = P ⊕ Q impliesR(x) = R+(x)U(x) +

R−(x)U(−x) +R0(x)∆0(x), where

R+(x) = P (x)
∫ ∞

x
Q(y)dy + P (−x)

∫ −x

−∞
Q(−y)dy

R0 =
∫ 0+

0−
P (y)dy +

∫ 0+

0−
Q(y)dy −

∫ 0+

0−
P (y)Q(y)dy

R−(x) = P (x)
∫ x

−∞
Q(y)dy + P (−x)

∫ ∞

x
Q(y)dy,

andU(x) is the unit step function. Using similar notation for operator exponentials, we also

defineρ⊕(P ) =
∑

ν≥1 ρνP
⊕ν−1. We also require that both of these operators be commutative

and associative with respect to scalar multiplication. This means that

cP ⊗Q = P ⊗ cQ = c(P ⊗Q),

and that the respective result holds for⊕.This allows us to apply the natural analogue of the

binomial theorem to show that

(aP ⊕ bQ)k =
k∑

i=0

(
k

i

)
aibk−iP⊕i ⊕ P⊕k−i, (5B.1)
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and that the respective result holds for⊗. We also note that the zero power gives the identity, so

P⊗0 = ∆0 andP⊕0 = ∆∞.

Our next assumption, known asdecoder symmetry, requires that the operators for the

bit and check nodes obey a few identities. The bit node operator must satisfyP ⊗ ∆0 = P ,

P ⊗ ∆∞ = ∆∞, andP ⊗ ∆−∞ = ∆−∞. This means, in some sense, that∆0 acts as an

identity and that∆∞ (and∆−∞) act as zero elements. The check node operator must satisfy

P ⊗ ∆∞ = P , P ⊗ ∆0 = ∆0, and the fact thatP = Q⊗ ∆−∞ impliesP (x) = Q(−x). This

means, in some sense, that∆∞ acts as the identity,∆−∞ acts as a negative identity, and∆0 acts

as the zero element. We note that most reasonable combining functions for the bit and check

nodes satisfy these properties.

Finally, we letF(P ) represent the mapping froma priori messages to extrinsic mes-

sages for the channel decoder. Using the same arguments used for (5.3.1), we can now write the

DE recursion as

Pi+1 = F
(
L⊗ (ρ⊕(Pi)

))
⊗ λ⊗

(
ρ⊕(Pi)

)
. (5B.2)

A sufficient condition for convergence can be defined by requiring, for example, that the hard

decision error probability is decreased by every iteration. The hard decision error probability

for a density is simply a projection of that density onto a scalar, and there are a variety of

such projections which can be used to define sufficient conditions for convergence. In the LLR

domain, entropy of the bit given the message is another projection that seems to work well.

Using the i.i.d. channel adaptor approach ensures that the expected value of the de-

coder trajectory does not depend on the codeword transmitted. Since the choice of the random

coset is absorbed into the channel, the all zero bit pattern still acts as a codeword and a fixed

point of the iteration. Therefore, the message density∆∞ is always a fixed point of the iteration

and we can discuss its stability. In the same manner as LDPC codes for memoryless channels

[13], we can expand this recursion in a series about∆∞ by lettingPi = (1 − ε)∆∞ + εQ. Our

only new assumption is that the channel mapping can be expanded about this density with

F ((1 − ε)∆∞ + εQ) = (1 − cF (Q)ε)F0 + cF (Q)εDF (Q) +O(ε2),

whereF0 is the perfect a priori channel LLR density,cF (Q) is a scalar valued function of a

density, andDF (Q) is a density valued function of a density. We note thatF0 can be estimated

in practice by simulating the channel decoder with perfecta priori information. The functions
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cF (Q) andDF (Q) will usually depend in a complicated way onQ, but we can simplify things

by definingcF = supQ cF (Q). Using simulations, more accurate results may be possible by

estimatingcF (Q) andDF (Q) along a particular decoding trajectory.

Now, we can use (5B.1) to expand the operatorsρ⊕, λ⊗, andL⊗ around the density

(1 − ε)∆∞ + εQ. Forρ⊕, this gives

ρ⊕ ((1 − ε)∆∞ + εQ) =
∑
ν≥1

ρν

ν−1∑
i=0

(
ν − 1
i

)
(1 − ε)ν−1−iεi∆⊕ν−1−i

∞ ⊕Q⊗i

=
∑
ν≥1

ρν(1 − ε)ν−1∆∞ + ρ′(1)εQ+O(ε2),

because
∑

ν≥1 ρν(ν − 1) = ρ′(1). Forλ⊗, this gives

λ⊗ ((1 − ε)∆∞ + εQ) =
∑
ν≥1

λν

ν−1∑
i=0

(
ν − 1
i

)
(1 − ε)ν−1−iεi∆⊗ν−1−i

∞ ⊗Q⊗i

= λ1∆0 +
∑
ν≥2

λν(1 − εν−1)∆∞ + λ2εQ+O(ε2).

ForL⊗, this gives

L⊗ ((1 − ε)∆∞ + εQ) =
∑
ν≥1

Lν

ν∑
i=0

(
ν

i

)
(1 − ε)ν−iεi∆⊗ν−i

∞ ⊗Q⊗i

=
∑
ν≥1

Lν(1 − εν)∆∞ + aLλ1εQ+O(ε2),

becauseL1 = L′(0) = aLλ1.

Now, we can combine these expansions with (5B.2) to estimatePi+1 given thatPi =

(1 − ε)∆∞ + εQ. Working through the details shows thatPi+1 is given by(
(1 −O(ε))F0 + cFaLλ1ρ

′(1)εQ
)
⊗
(
(1 −O(ε)) ∆∞ + λ1∆0 + λ2ρ

′(1)εQ
)

+O(ε2),

which can be simplified to

(1 −O(ε)) ∆∞ + (1 −O(ε))λ1F0 + (1 −O(ε))λ2ρ
′(1)εQ⊗ F0 + cFaLλ

2
1ρ

′(1)εQ. (5B.3)

Using this, we see that thef(0) = 0 condition for the GEC is very similar to theF0 = ∆∞ con-

dition for general channels. In this case, only the last term of (5B.3) matters and an approximate
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stability condition is given bycFaLλ
2
1ρ

′(1) < 1. If F0 6= ∆∞, then we must haveλ1 = 0 so

that the second term of (5B.3) vanishes. Whenλ1 = 0, only the third term of (5B.3) remains

and the stability condition is given by

λ2ρ
′(1)

∫ ∞

−∞
F0(x)e−x/2dx < 1.

We note that the integral in this equation follows from the stability condition derived for memo-

ryless channels in [13], and the symmetry ofF0(x) implied by the random coset assumption.
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